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We propose a closed higher-spin algebra and its representation that reproduces conformal invariant Lagrangian presented
by Fradkin and Tseytlin. We use this algebra for constructing gauge invariant Lagrangian by BRST method. Lagrangian
constructed by BRST method does not have any o-shell constraints or higher derivative terms as in the non-conformal
case. As an example for spin 2 case in four space-time dimension, our Lagrangian agrees with that of conformal gravity by
using gauge xing and equations of motions of auxiliary elds.
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Introduction

Higher-spin eld theory is expected to include particles with spin higher than two [1]. In particular, the
theory we consider here is a spin independent formalism of particles. It is dened in the same form for
spin one vector gauge eld, spin two gravitational eld
and higher spin elds those were not observed. To
construct Lagrangian of higher-spin eld, we here use,
so called, BRST method. Free Lagrangian construction is well developed by using this method in the case
that the Poincare symmetry is space-time symmetry,
for bosonic case, fermionic case and mixed symmetric
case [2] [3].
A spin s conformal higher spin theory in a free Lagrangian form was proposed by Fradkin and Tseytlin
[4] in four space-time dimension1

Higher spin algebra

Lagrangian(1) and [4] [5] suggest a set of constraints those the basic eld must satisfy. They are
d'Alembertian constraint, divergence free constraint
and traceless constraint:
D−4

2s+ 2 φµ1 ···µs
∂ µ1 φµ1 ···µs
η µ1 µ2 φµ1 µ2 ···µs

= 0
= 0 .
= 0

(2)

Last two constraints are the same to the constraint for
higher-spin eld for Poincare symmetry. Only dierence from Poincare case is in the rst one.
In BRST method we rewrite these constraints on a
Fock space by introducing several set of creationannihilation operators. In order to nd a closed
algebra(higher-spin algebra) corresponding to (2), we
···µs ν1 ···νs
L = φµ1 ···µs 2s Pνµ11···ν
φ
,
(1) need to look for appropriate representation that des
nes algebra. Dierence of the rst equation of (2)
where P is a projector for traceless and divergence free from Poincare case leads dierent higher-spin algebra
eld. The structure of P considered there was very im- and its representation.
As a result, we found them in the following. First deplicit.
Our motivation is to reproduce this Lagrangian with ne Fock space:
explicit form. For that purpose BRST method may be
a good choice. In this paper we develop BRST method
∞
X
k+
k− k1 k2
µ1 ···µ
for constructing gauge invariant Lagrangian with con- |Φi =
c†+ c†− b†1 b†2 a†µ1 · · · a†µk |0iΦk− ,k+k,k0 0 ,k1 k2 ,
0
formal symmetry.
{k}=0
In section 2 we start by a set of constraints suggested
(3)
from (1) and nd a closed Higher-spin algebra. In section 3, BRST operator and Lagrangian will be constructed. For example in section 4, the Lagrangian where
agrees with that of linearized version of conformal grav- [aµ , a†ν ] = −η µν , [bI , b†I ] = [c− , c†+ ] = [c+ , c†− ] =
1, aµ |0i = bI |0i = c± |0i = 0, (I = 1, 2).
ity in spin two and in four space-time dimension.
1 It is also given in arbitrary dimension by [5].
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Then dene representation of generators:

−p2 + c†− c−
ap + c†− b1
a† p + c− b†1 

in the extended Fock space that is dened by multiplying anti-commuting ghost operators η 's, P 's on
|Φ0···0 i ≡ |Φi of (3):

L0
L1
L+
1

=
=
=

L2

=

L+
2

=

c− a2 + c†− − 21 + (b†2 b2 − s −

 †2
†2
b
c†− a2 + c− − 21 + b†2

G0
Lc

=
=

−a† a + b†1 b1 + 2b†2 b2 − s + 3
b†1 b1 + 2b†2 b2 + c†+ c− + c†− c+ − s + 4 −

2

b2

D−5
2 )b2

= −L1
= L+
1
= −2L2
= 2L+
2

X
k3 + k4 + k6
−k5 − k7

η0k3 η1†k4 P1†k5 η2†k6 P2†k7 |Φk3 ···k7 i,
=−I

D
2

(9)



L , L+ = −c− L1
 2+ 1 
L ,L
= c†− L+
1
 2 +1 
L2 , L2
= c†− c− G0
[Lc , L2+] 
Lc , L2
[Lc , L1 ]
[Lc , G0 ]

|χI i =

(8)

.

These dene the following higher-spin algebra.

[G0 , L1+] 
G0 , L1
[G
 0 , L2+] 
G0 , L2

δ|χ0 i = Q̃|χ1 i, δ|χ1 i = Q̃|χ2 i, · · ·



(4)

[L0 , all+]  = 0
L1 , L1
= L0

Q̃|χ0 i = 0 ,

.

= −L2
= L+
2
= 0
= 0

where ghost number restriction is expressed in above
summation. To nd Lagrangian we need a treatment of
Hermitian ghosts as in the bosonic Poincare case. Our
case has an additional pair of Hermitian ghosts. We
treat them as we did for Poincare case. Then BRST
equation (8) is divided to three parts:

Q|χI i = σg |χI i = σc |χI i = 0,

(10)

where σg , σc and Q are dened by using number operators of corresponding creation-annihilation operators:
(5)

Constraints in Fock space are then written as:

Q̃ ≡ Q + ηG σs + ηc σc − c†− c− η2† η2 PG , Q2 |χi i = 0
σg + s ≡ na + nb1 + 2nb2 + nη1 + nP1 + 2nη2 + 2nP2 .
σc + s + D−6
2 ≡ nb1 + 2nb2 + nc+ + nc− + nη2 + nP2

(6)

(11)

Constraint by G0 and Lc are explained as xing spin
and conformal weight of state respectively.
This algebra (5) is closed and found to be a natural
modication of massive Poincare higher-spin algebra.
Structure constant depends on oscillators c− and c†− .
It is, however, not harmful because the right hand sides
of commutators in (5) do not give new constraints.
Algebra itself does not depend on spin or conformal
weight. Representation, however, depends on them
through two arbitrary parameters s and D and one
can choose them freely.

σg and σc x spin and space-time dimension. Lagrangian and gauge transformation for xed spin and
space-time dimension are then written, by introducing
some operator K for Hermiticity [2], as
Z
L = dη0 hχ0 |KQ|χ0 i
(12)

L0 |Φi = L1 |Φi = L2 |Φi = G0 |Φi = Lc |Φi = 0.

3

BRST construction of Lagrangian

BRST nilpotent operator is dened in the usual
manner [2] [3]:

Q̃ =

η1+ L1

η1 L+
1

δ|χ0 i = Q|χ1 i, δ|χ1 i = Q|χ2 i.

(13)

These have the same form to Poincare case. All dierences are included in the structure of BRST operator
and states.

4

Example: spin two in four space-time dimension

In this section we write down Lagrangian (12) for
spin two in four space-time dimension and show it reproduces Lagrangian of linearized conformal gravity in
, at space-time.
The second and the third equation of (10) as well as
the ghost number restriction are, by setting s = 2 and
(7) D = 4, solved for states as

η0 L0 +
+
+ η2+ L2 + η2 L+
2
+
+ηG G0 + ηc Lc − η1 η1 P0 − c†− c− η2 η2+ PG
+(ηG η1+ + c− η2+ η1 )P1 + (η1 ηG + c†− η1+ η2 )P1+
+2ηG η2+ P2 + 2η2 ηG P2+ + ηc η2+ P2 + η2 ηc P2+

where {ηi , Pi† } = {ηj , Pj } = 1, ηI |0i = PI |0i =
Pj |0i = 0, (I = 1, 2; j = 0, G, c).
BRST equation and gauge transformation are written

|χ0 i = |S 0 i2,1 + η0 |A0 i2,1
|χ1 i = |S 1 i2,1 + η0 |A1 i2,1 ,
|χ2 i = 0
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where lower indexes of states represent eigenvalues of
right hand sides of last two equations of (11). We expand these states by ghost's dependencies as:

5

Conclusion

We proposed a closed higher-spin algebra and its
representation
that reproduces the conformal invari|S 0 i2,1 = |S1 i2,1 + η1† P1† |S2 i0,1
ant higher-spin Lagrangian presented by Fradkin and
(15) Tseytlin [4].
|A0 i2,1 = P1† |A1 i1,1 + P2† |A2 i0,0 .
|S 1 i2,1 = P1† |S11 i1,1 + P2† |S21 i0,0
We started a set of constraints (2) suggested by (1) and
found a closed higher-spin algebra (5).
One can eliminate |A1 i1,1 by its equation of Motion:
Some properties of the algebra (5) are the following. It
looks like a natural modication of massive Poincare
.
(16)
|A1 i1,1 = L1 |S1 i2,1 − L+
|S
i
2 0,1
1
higher-spin algebra. It does not depend on spin or
Then Lagrangian and gauge transformations are
conformal weight. It is dened for arbitrary spin in
any space-time dimension. It may correspond to a sub
+
L = hS1 |K(L0 − L1 L1 )|S1 i − 2hS2 |KL0 |S2 i
 algebra of full conformal algebra because, compared
+2
+ hS1 |KL1 |S2 i − hA2 |K (L2 |S1 i + c− |S2 i) + c.c.
to Poincare case, we have add only one additional con(17) straint by L that may correspond dilatation. Since we
c
+ 1
+ 1
did
not
consider
one for special conformal transformaδ|S1 i = L1 |S1 i + L2 |S2 i
+ 1
1
tion,
full
conformal
Higher-spin algebra will possibly be
(18)
δ|S2 i = L1 |S1 i − c− |S2 i .
1
modied
from
(5).
For spin one or two case, however,
δ|A2 i = L0 |S2 i
dierences
will
not
be
important. In fact, for spin two,
We further expand them by c†± and b†1 :
our higher-spin algebra is enough to reproduce known
Lagrangian of conformal gravity.
|S1 i2,1 = c†− |S1− i2,0 + c†+ |S1+ i2,0 + b†1 |S10 i1,0
We have used this algebra for constructing free gauge
. invariant Lagrangian by BRST method. The La|S2 i0,1 = c†− |S2− i0,0 + c†+ |S2+ i0,0
|S11 i1,1 = c†− |S11,− i1,0 + c†+ |S11,+ i1,0 + b†1 |S11,0 i0,0
grangian (12) constructed by BRST method does not
(19) have any o-shell constraints or higher derivative terms
as in the all Poincare cases. The structure of states in
Next we use equation of Motion of |A2 i0,0 , then using our Lagrangian is similar to that of Metsaev [6]. The
degrees of freedom of|S11,+ i1,0 and |S11,0 i0,0 we elimi- number of terms in our states, however, are initially
nate |S10 i1,0 and |S2+ i0,0 respectively. By using equa- not limited by denition (3). It is determined by BRST
tion of motion of hS1+ |, higher derivative term appears: equation of motion from Lagrangian.

In order to check the validity of higher-spin algebra
L
= hS1− | l0 − l1+ l1 − l1+2 l2

we proposed, we studied an example of spin two in
× 1 − 23 l2+ l2 l0 − l1+ l1 − l2+ l12 |S1− i ,
four space-time dimension. We wrote down generδ|S1− i = l1+ |S11,− i + l2+ |S21 i,
ally dened Lagrangian for this case. By using gauge
(20) xing and equations of motions of auxiliary elds, it
was reproduced that the known form of Lagrangian
where lower case l's are the generators of massless
of linearized conformal gravity (22) or of Fradkin and
Poincare one. We can write usual elds instead of
Tseytlin's. It is also possible to study spin one case
states and operators:
in arbitrary space-time dimension and the known form
(−i)2 +µ +ν
−
can be given too. We expect that the algebra (5) also
|S1 i = 2! a a |0ihµν (x)
.
(21) reproduces Lagrangian (1) and that of [5] for general
1,−
+µ
1
|S1 i = −ia |0iλµ (x), |S2 i = |0iδ(x)
integer spin in arbitrary space-time dimension.
Then Lagrangian is written by familiar form:
One of interesting future work is to clarify the relation
between the full conformal algebra and higher-spin al2L = hµν ∂ 4 hµν − 2(h∂)µ ∂ 2 (∂h)µ
gebra.
2 λ 2
2
1 λ 4 λ
+ hλ ∂ (∂∂h) + (h∂∂)(∂∂h) − hλ ∂ hλ . (22)
3
3
3
This agrees with the Lagrangian of linearised conformal gravity in at space-time and it can be written as
(1) with the projector.
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ÁÐÑÒ ÏÎÄÕÎÄ Ê ÊÀËÈÁÐÎÂÎ×ÍÎ-ÈÍÂÀÐÈÀÍÒÍÛÌ ÒÅÎÐÈßÌ
ÊÎÍÔÎÐÌÍÛÕ ÏÎËÅÉ ÂÛÑØÈÕ ÑÏÈÍÎÂ Â ÏËÎÑÊÎÌ ÏÐÎÑÒÐÀÍÑÒÂÅ
Ïðåäëàãàåòñÿ çàìêíóòàÿ àëãåáðà âûñøèõ ñïèíîâ è åå ïðåäñòàâëåíèå, êîòîðîå âîñïðîèçâîäèò êîíôîðìíî èíâàðèàíòíûé ëàãðàíæèàí, ïîëó÷åííûé Ôðàäêèíûì è Öåéòëèíûì. Ýòà àëãåáðà èñïîëüçóåòñÿ äëÿ ïîñòðîåíèÿ êàëèáðîâî÷íî
èíâàðèàíòíîãî ëàãðàíæèàíà ñ ïîìîùüþ ÁÐÑÒ ïîäõîäà. Ëàãðàíæèàí, ïîñòðîåííûé ñ ïîìîùüþ ìåòîäà ÁÐÑÒêîíñòðóêöèè íå èìååò íè ñâÿçåé âíå ìàññîâîé îáîëî÷êè íè ÷ëåíîâ ñ âûñøèìè ïðîèçâîäíûì ïî ñðàâíåíèþ ñ íåêîíôîðìíûì ñëó÷àåì. Íà ïðèìåðå ñïèíà 2 â ÷åòûðåõ èçìåðåíèÿõ íàø ëàãðàíæèàí ñîãëàñóåòñÿ ñ òåì, ÷òî ñëåäóåò èç êîíôîðìíîé ãðàâèòàöèè ñ èñïîëüçîâàíèåì êàëèáðîâêè è óðàâíåíèé äâèæåíèé íà âñïîìîãàòåëüíûå ïîëÿ.

Êëþ÷åâûå ñëîâà:

âûñøèå ñïèíû, ÁÐÑÒ, êîíôîðìíàÿ ñèììåòðèÿ.

Òàêàòà, Õ.

Òîìñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò.
Òîìñê, 634061, Ðîññèÿ.
E-mail: takata@tspu.edu.ru

 158 

