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Using Scwinger�Dyson equation we prove that the β-function for N = 1 supersymmetric electrodynamics is given by
integrals of double total derivatives. This allows to calculate one of the loop integrals and obtain the exact NSVZ β-
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1 Introduction

It is well-known that in N = 1 supersymmetric the-
ories a β-function is related with anomalous dimensions
of the matter super�elds [1]. This relation is called
the exact Novikov, Shifman, Vainshtein, and Zakharov
(NSVZ) β-function. It was originally obtain using ar-
guments based on the structure of instanton contribu-
tions or anomalies. In the lowest orders of the per-
turbation theory this β-function was veri�ed by ex-
plicit calculations [2�5]. Most calculations were made
using the dimensional reduction in the MS-scheme.
The exact NSVZ β-function agrees with the explicit
calculations only in the one- and two-loop approxima-
tions. In higher orders for obtaining the exact NSVZ
β-function, it is necessary to perform a special rede�ni-
tion of the coupling constant [6]. This means that there
is a so-called NSVZ scheme in which this β-function
is obtained. For N = 1 supersymmetric electrody-
namics (SQED) such a scheme can be naturally con-
structed using the higher derivative regularization [7].
The higher covariant derivative regularization (unlike
the dimensional reduction [8]) is mathematically con-
sistent. It can be generalized to the supersymmetric
case [9, 10] so that the supersymmetry is an explicit
symmetry of the regularized theory. With the higher
derivative regularization integrals de�ning a β-function
can be calculated by di�erentiating a two-point Green
function of the gauge super�eld in the limit of vanishing
external momentum. It was noted that this integrals
are integrals of total derivatives [11] and even integrals
of double total derivatives [12]. This features were ver-
i�ed for the general renormalizable N = 1 SYM theory
in the two-loop approximation by explicit calculations
of supergraphs [13,14]. The factorization of integrands
into total derivatives allows to calculate one of the loop
integrals analytically and relate a β-function with an
anomalous dimension of the matter super�elds γ(α).
The result can be obtained exactly in all orders of the

perturbation theory [15] and coincides with the exact
NSVZ β-function, which for N = 1 SQED [16] has the
form

β(α) =
α2

π

(
1− γ(α)

)
. (1)

However, in order to generalize the results to non-
Abelian case it is more convenient to use a di�erent
method based on the Schwinger�Dyson equations [17].
In this paper we use this method in order to prove that
a β-function is given by integrals of double total deriva-
tives and coincides with the exact NSVZ β-function.

2 N = 1 SQED, regularized by higher deriva-
tives

N = 1 SQED is described by the action

S =
1

4e2
Re

∫
d4x d2θW aWa

+
1

4

∫
d4x d4θ

(
φ∗e2V φ+ φ̃e−2V φ̃

)
. (2)

In order to regularize the theory by higher derivatives,
we add to the action a term with the higher deriva-
tives. Then the kinetic term for the gauge super�eld
will have the form

1

4e2
Re

∫
d4x d2θW aR(∂2/Λ2)Wa, (3)

where R(0) = 1 and R(∞) = ∞, for example, R =
1 + ∂2n/Λ2n. After introducing the higher derivative
term divergences remain only in the one-loop approx-
imation. In order to cancel them, it is necessary to
insert the Pauli�Villars determinants into the generat-
ing functional [18]:

Z =

∫
DV DφDφ̃

∏
I

(det(V,MI))
cI

× exp
(
iSreg + iSsource

)
, (4)
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where Sreg is the regularized action and Ssource denotes
terms with sources. The masses of the Pauli�Villars
�elds ΦI are proportional to the parameter Λ, so that
there is the only dimensionful parameter in the reg-
ularized theory: MI = aIΛ, where aI are numerical
constants, which do not depend on the coupling con-
stant. The coe�cients cI satisfy the conditions∑
I

cI = 1;
∑
I

cIM
2
I = 0. (5)

It is convenient to introduce the auxiliary sources φ0

and φ̃0, modifying the action for the matter super�elds:

1

4

∫
d8x

(
(φ∗+φ∗0)e2V (φ+φ0)+(φ̃∗+φ̃∗0)e−2V (φ̃+φ̃0)

)
,

(6)

where the �elds φ0 and φ̃0 are not chiral.
The e�ective action Γ is de�ned by the standard

way. We will also use the Routhian

γ(J, φi) = W − ji · φi, (7)

where J is a source for the gauge super�eld.
With the higher derivative regularization a β-

function can be calculated by di�erentiating the two-
point Green function for the gauge super�eld with re-
spect to ln Λ in the limit of vanishing external momen-
tum:

d

d ln Λ

(
d−1(α0,Λ/p)− α−1

0

)∣∣∣
p=0

= − dα
−1
0

d ln Λ
=
β(α0)

α2
0

,

(8)

where Λ and α are considered as independent variables.
This expression is well de�ned if the RHS is expressed
in terms of the bare coupling constant α0. In order
to extract the function d−1 it is possible to make the
substitution

V → θ̄aθ̄aθ
bθb ≡ θ4. (9)

The expression in the RHS does not depend on the
space-time coordinates xµ. Therefore, this substitu-
tion automatically lead to the condition p = 0:

(2π)3δ4(p)
d

d ln Λ

(
d−1(α0,Λ/p)− α−1

0

)∣∣∣
p=0

=
d

d ln Λ

(
Γ

(2)
V − S − Sgf

)∣∣∣
V (x,θ)=θ4

. (10)

3 Schwinger�Dyson equations for N = 1
SQED

The Schwinger�Dyson equations obtained in [17]
can be written as

δ(∆Γ)

δVx
=
〈δSI
δVx

〉
=

1

2

〈
(φ∗ + φ∗0)e2V (φ+ φ0)

−(φ̃∗ + φ̃∗0)e−2V (φ̃+ φ̃0)
〉

+ (PV ), (11)

where (PV ) denotes contribution of the Pauli�Villars
�elds and

∆Γ ≡ Γ− 1

4e2
0

Re

∫
d4x d2θW aWa − Sgf. (12)

Di�erentiating equation (11) with respect to Vy we
obtain the Schwinger�Dyson equation for the two-point
Green function of the gauge super�eld. In a graphi-
cal form the result is presented in Fig. 1. Vertexes in
these diagrams contain derivatives with respect to aux-
iliary sources φ0 and φ̃0. In [17] these diagrams were
calculated substituting solutions of the Ward identi-
ties. This method allows to extract terms which give
the exact NSVZ β-function. Explicit calculations (see
e.g. [19]) show that the other terms vanish. However,
in order to prove this, it is necessary to use some new
ideas. Let us brie�y describe them here.

1. First, it is necessary to use the Schwinger�Dyson
equation one more time for vertexes which contain the
derivative δΓ/δVy. This is made using equation (11).
Note that in order to simplify the result, it is conve-
nient to write it in terms of the Routhian γ, because
in this case the number of e�ective diagrams is less.
A simple graphical interpretation of this procedure is
presented in Fig. 2. (Here we do not present expres-
sions for the e�ective lines.) As a result, the two-point
Green function can be written as a sum of two-loop
e�ective diagrams, see Fig. 3.

2. An attempt to present the two-loop e�ective di-
agram as an integral of a total derivative encounters
considerable problems. The reason can be understood
from the results of Ref. [15]. The matter is that the to-
tal derivative in this case nontrivially depends on the
number of vertexes in a diagram. Therefore, it seems
that it is impossible to present the total derivative as an
e�ective diagram. However, the solution can be found.
For this purpose we introduce the parameter g accord-
ing to the following prescription: in the kinetic terms
for the matter super�elds we make the substitution

e2V → 1 + g(e2V − 1); e−2V → 1 + g(e−2V − 1). (13)

(It is important that we introduce the parameter g af-
ter replacing the argument of the e�ective action V by
θ4. Therefore, by de�nition the parameter g will be
present only in vertexes containing the internal lines of
the gauge super�eld.) If g = 1, then the action in the
generating functional coincides with the N = 1 SQED
action.

We di�erentiate the two-point Green function of
the gauge super�eld with respect to the parameter g.
Graphically, the result can be written as a sum of some
three-loop e�ective diagrams (we do not present them
here). Our purpose is to present them as an integral of
a total derivative. In the coordinate representation an
integral of a total derivative can be written as

Tr[xµ, Something], (14)
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∆Γ
(2)
V =

1

2

∫
d8x d8y VxVy

δ2(∆Γ)

δVxδVy
= +

�
�
��� 6

@
@

@@I

A
A
AAK

δ2Γ

δφ∗0xδφz

δ3Γ

δVyδφ∗wδφv

δ3Γ

δVyδφ∗0xδφz

( δ2Γ

δφzδφ∗w

)−1

Figure 1: The Schwinger�Dyson equation for the two-point function of the gauge super�eld. Below we present Feynman

rules (for simplicity, in the massless case). In the massive case the e�ective diagrams are the same.

where Tr ≡
∫
d8x.

4 Factorization of integrals for β-function into
integrals of double total derivatives

The derivative of the two-point Green function of
the gauge super�eld with respect to ln g can be written
as an integral of a double total derivative. The result
can be written in the following form:

d

d ln Λ

∂

∂ ln g

(1

2

∫
d8x d8y (θ4)x(θ4)y

δ2Γ

δVxδVy

)
=

d

d ln Λ

( i
4
Tr (θ4)x

[
y∗µ,
[
y∗µ,
( δ2γ

δ(φ∗i)xδ(φi)x

)−1]]
− i

4

n∑
I=1

cITr (θ4)x

[
y∗µ,
[
y∗µ,
( δ2γ

δ(Φ∗i)xδ(Φi)x

)−1

+M ik
(D2

8∂2

)
x

( δ2γ

δ(Φi)xδ(Φk)y

)−1

x=y

+M∗ik

( D̄2

8∂2

)
x

( δ2γ

δ(Φ∗i)xδ(Φ∗k)y

)−1

x=y

]]
I

−singularities
)
, (15)

where φ1 ≡ φ; φ2 ≡ φ̃, Φi denotes the Pauli�Villars
�elds, and (yµ)∗ ≡ xµ − iθ̄a(γµ)a

bθb. In the graphical
form the right hand side of identity (15) is presented
in Fig. 4. According to Eq. (15) the β-function of
the N = 1 SQED, regularized by higher derivatives, in
the momentum representation is given by integrals of
double total derivatives.

5 Exact NSVZ β-function

In order to obtain a β-function it is necessary to
note that

Tr[y∗µ, A] = 0. (16)

In the momentum representation this equation corre-
sponds to vanishing substitution at the upper limit
(q → ∞) in the integral of a total derivative. How-
ever, the integral does not vanish due to a non-trivial
substitution at the lower limit (q = 0). In the coordi-
nate representation this follows from the existence of
singularities [12], which appear in the commutator

[xµ,
∂µ
∂4

] = [−i ∂

∂pµ
,− ip

µ

p4
] = −2π2δ4(pE)

= −2π2iδ4(p) = −2π2iδ4(∂). (17)

Here we take into account that the calculation of loop
integrals is made in the Euclidian space after the Wick
rotation. A contribution of these singularities with an
opposite sign is equal to the sum of diagrams de�ning
the β-function.

Calculating commutators in Eq. (15) it is also pos-
sible to �nd singular contributions. The result can be
written as a derivative with respect to ln g. This is a
nontrivial test of the calculation. Substituting explicit

Figure 2: Applying the Schwinger�Dyson equation to the e�ective vertex it is possible to see "the inner structure" of the

e�ective diagram.
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Figure 3: Using the Schwinger�Dyson equations twice we obtain two-loop e�ective diagrams.

d

d ln Λ

y∗µ
y∗µ

θ4

Figure 4: A graphical presentation of double total derivatives given by Eq. (15).

expressions for the Green functions, e.g.

δ2γ

δ(φ0)xδ(φ∗)y
= −1

8
GD2

xδ
8
xy;

δ2γ

δ(φ0)xδ(φ)y
= − 1

32
MJD2

xD̄
2
xδ

8
xy, (18)

and calculating the integrals over d4θ, after the Wick
rotation in the Euclidean space the �nal expression can
be presented in the following form:

∂

∂ ln g

d

d ln Λ

(1

2

∫
d8x d8y (θ4)x(θ4)y

δ2Γ

δVxδVy

)
= −4π2δ4(p = 0)

∂

∂ ln g

d

d ln Λ

(
ln(q2G2)−

n∑
I=1

cI

×
(

ln(q2G2
I +M2

I J
2
I ) +

M2
I JI

(q2G2
I +M2

I J
2
I )

))
q=0

.

(19)

This result agrees with the calculation made in [17]
made by another method. It is easy to see that the
contributions of the massive Pauli�Villars �elds vanish
beyond the one-loop approximation after di�erentia-
tion with respect to ln Λ. Therefore, we obtain

∂

∂ ln g

d

d ln Λ

(1

2

∫
d8x d8y (θ4)x(θ4)y

δ2Γ

δVxδVy

)
= −8π2δ4(p = 0)

∂

∂ ln g

d lnG

d ln Λ
. (20)

Integrating this equation with respect to ln g from
g = 0 to g = 1 and taking into account that g = 0
corresponds to a theory without quantum gauge su-
per�eld, we obtain

β(α0)

α2
0

− β(α0)1−loop

α2
0

= − 1

π
γ(α0). (21)

Substituting an explicit expression for the one-loop β-
function we obtain NSVZ β-function (1). Note that

deriving this result it is not necessary to perform a
rede�nition of the coupling constant, which is needed
if the calculations are made with the dimensional re-
duction. Therefore the NSVZ-scheme can be naturally
constructed using the higher derivative regularization.

6 Conclusion

Using the Schwinger�Dyson equations it is possible
to prove that the β-function in the N = 1 supersym-
metric electrodynamics regularized by higher deriva-
tives is given by integrals of double total derivatives
in all orders of the perturbation theory. For this pur-
pose we consider the derivative of the two-point Green
function of the gauge super�eld with respect to the
ln Λ in the limit of vanishing external momentum. The
Schwinger�Dyson equation for this Green function can
be written in terms of two-loop e�ective diagrams. In
order to present the result as a double total derivative
it is necessary to di�erentiate the considered expression
with respect to the auxiliary parameter g. The result
is given by the e�ective three-loop diagrams, which can
be written as a trace of a double commutator with y∗µ
minus contribution of δ-singularities. In the momen-
tum representation it corresponds to the integrals of
double total derivatives. The contribution of the sin-
gularities can be related with the anomalous dimen-
sion of the matter super�eld exactly in all orders of
the perturbation theory. This contribution gives the
exact NSVZ β-function.

Let us note that the NSVZ β-function with the
higher derivative regularization in the considered
scheme is obtained without any rede�nition of the cou-
pling constant, which is needed if the calculations are
made with the dimensional reduction in MS-scheme.
In our case �nite counterterms corresponding to the
renormalization of α can be arbitrary. Both the
β-function and the anomalous dimension depend on
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them, but the combination β/α2 + γ/π is invariant.
With the higher derivative regularization the �nite
counterterms corresponding to the renormalization of
the matter super�eld are �xed by the condition that
ratios MI/Λ are numerical constants and do not de-
pend on the coupling constant. Therefore, using the
procedure described in this paper we implicitly �x the
subtraction scheme. However, the NSVZ scheme with

the higher derivative regularization is obtained in the
most natural way.
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Ê. Ñòåïàíüÿíö

ÂÛÂÎÄ ÒÎ×ÍÎÉ NSVZ β-ÔÓÍÊÖÈÈ Ñ ÏÎÌÎÙÜÞ ÝÔÔÅÊÒÈÂÍÛÕ ÄÈÀÃÐÀÌÌ

Ñ ïîìîùüþ óðàâíåíèÿØâèíãåðà�Äàéñîíà ìû äîêàçûâàåì, ÷òî β-ôóíêöèÿN = 1 ñóïåðñèììåòðè÷íîé ýëåêòðîäèíàìèêè
îïðåäåëÿåòñÿ èíòåãðàëàìè îò äâîéíûõõ ïîëíûõ ïðîèçâîäíûõ. Ýòî ïîçâîëÿåò âû÷èñëèòü îäèí èç ïåòåëâûõ èíòåãðàëîâ
è ïîëó÷èòü òî÷íóþ NSVZ β-ôóíêöèþ, êîòîðàÿ ñâÿçûâàåò β-ôóíêöèþ è àíîìàëüíóþ ðàçìåðíîñòü ñóïåðïîëÿ ìàòåðèè.

Êëþ÷åâûå ñëîâà: ñóïåðñèììåòðèÿ, ñóïåðãðàôû, NSVZ β-ôóíêöèÿ.
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