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We argue that de Sitter universes with a small cosmological constant are entropically favored to have three spatial
dimensions. The conclusion relies on the causal-patch description of de Sitter space, where fiducial observers experience
local thermal equilibrium up to a stretched horizon, on the holographic principle, and on some assumptions about the
nature of gravity and the constituents of Hawking/Unruh radiation.
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1 Introduction

The fact that the observable Universe has three
large dimensions of space defies explanations other
than anthropic [1]. This issue is sharpened by String
Theory, which allows a humongous multitude of
universes with various dimensions [2]. One may wonder
whether the Anthropic Principle is the only way to
understand the observed spacetime dimensionality.

The standard view of cosmology holds that the
Universe began with an epoch of inflation, during
which spacetime geometry was approximately de
Sitter [3]. One may present particular frameworks
in which inflation is one among various competing
cosmological scenarios, whose relative probabilities of
creation can be quantified [4,5]. In the braneworld
context in String Theory, it can be argued that
the quantum creation of inflationary universes prefers
one similar to our early Universe [6]. String gas
cosmology may also shed light on how only three
(or less) spatial dimensions could have grown into a
macroscopic size [7]. Other attempts to understand the
dimensionality of spacetime can be made in the context
of brane gas dynamics [8] or by invoking some entropic
principle [9].

On the other hand, the late phase of our Universe
is asymptotically de Sitter with a small cosmological
constant [10]. One may ask whether this ultimate
phase can be (partly) understood by an entropic
principle: the final spacetime configuration must have
maximum entropy for a given amount of energy. In
this note we will argue, under certain fairly justifiable
assumptions (to be spelled out as we proceed), that
an asymptotically de Sitter universe with a small
cosmological constant is entropically favored to have
three spatial dimensions. Our regime of interest for the
possible number of spatial dimensions, d,is 2 < d < 10.

de Sitter space, entropy, spacetime dimensions.

Such a restriction follows if one assumes that gravity
is described by General Relativity in the infrared, and
that the underlying theory of quantum gravity yields
Supergravity as some low-energy approximation.

2 de Sitter Space & Entropy Thereof

We will use the natural units: c=h=kg = G = 1.
In (d+ 1) spacetime dimensions, this sets to unity the
Planck length, Ip = “+/Ghe=3, and the Planck mass,
Mp = he 5!, which however may be carried around
for the sake of clarity.

Let us write down the (d+1)-dimensional de Sitter
metric in the static coordinates:

2
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where dQ?l—l is the line element on Sdil, and the
Hubble parameter H is related to the (positive)
cosmological constant as: A = Zd(d — 1)H? The
apparent singularity at » = 1/H is a coordinate
artifact. One can analytically extend the metric to a
geodesically complete spacetime of constant curvature
with topology S¢ x R!, where r = 0 represents
antipodal origins of polar coordinates on a d-sphere.
However, no single observer can access the entire de
Sitter space: an observer at r = 0 experiences the
presence of an event horizon at a distance r = 1/H.
The “causal patch” of the observer is the region which
is in full causal contact with her, namely 0 < r <
1/H. The horizon is observer-dependent in that any
observer following a time-like geodesic can be chosen
to be at » = 0, and two such observers will belong to
different causal patches. While the isometry group for
de Sitter space is SO(d+1, 1), the manifest symmetries
of the causal patch are SO(d) rotations plus translation
in ¢. The remaining d compact and d non-compact
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generators displace an observer from one causal patch
to another.

In what follows we will restrict all attention to a
single causal patch, a la [4,11]. As regions that are
out of causal contact with a particular observer have
no operational meaning to her, the observer should
consider the physics inside her horizon as complete,
without making reference to any other region. Without
loss of generality, this we can choose to be the
“southern” causal patch, where the Killing vector 0
is time-like and future-directed, so that time evolution
is well defined. We imagine that the causal patch is
filled with “fiducial observers” (FIDOs), each of whom
is at rest relative to the static coordinate system,
i.e. each is located at a fixed r and fixed values of
the angular variables. The only geodesic observer is
the FIDO at r = 0, whom we call the “principal
investigator” (PI). The PI can send a request to any
other FIDO to perform certain local measurements and
report the results, which the PI will eventually receive
after waiting for a finite amount of time.

The PI at » = 0 detects a thermal radiation with
a temperature Tgg = H/2m—the Gibbons-Hawking
temperature of de Sitter space [12]. More generally, a
FIDO at a radial position r, whose Killing orbit has
a proper acceleration a = H?r/v/1 — H?r?, detects a
thermal bath with an effective local temperature [13]:

1 H
_ 2 2 __
Tr) =g VI +a* = o1 — H2r2

which is just the Gibbons-Hawking temperature
multiplied by a Tolman factor [14]. Using an Unruh-
like detector [15], the FIDO can indeed discover a
thermal radiation with the temperature 7'(r). This
effect is real, and can also be understood as pure
Unruh effect associated with Rindler motion in the
global embedding Minkowski space [16]. The local
temperature, however, blows up at the horizon r =
1/H. A way to regularize this divergence is to consider
a “stretched horizon” [17], that extends from the
mathematical horizon (by some Planck length) up
to some r. < 1/H. The thickness may well be a
physical reality, originating possibly from quantum
fluctuations [18]. The temperature measured at the
stretched horizon is then large but finite:

(2)

H
— <0,
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which sets a cutoff value for the temperature. It is
natural to identify the cutoff with the Planck scale.
In our case it will indeed turn out that T, ~ Mp.

A global notion of temperature is not meaningful
in curved spacetime [14]. Instead, one may need to
introduce operationally meaningful local concepts of
temperature and thermal equilibrium [19]. It was

T.=T(r=r.)= (3)

shown in Ref. [13] that the unique invariant locally
Minkowskian state of quantum fields in de Sitter space
has exactly the temperature given by (2). We will
therefore consider only local thermal equilibrium with
temperature T'(r) of the physical degrees of freedom
(DOF) accessible to a FIDO at a radial position
r. What DOFs does the thermal radiation contain,
i.e., what are the constituents of Hawking/Unruh
radiation? Postponing justification until later, let us
assume that the accessible number of DOFs, ©, does
not depend on 7.

The PI can ask a FIDO at radial position r to
measure the local entropy density, and receive the
result

d+1
o) = (T ) Da@ T
where a(d)—the radiation constant per DOF in d
spatial dimensions—is given by
2 d/2
o(d) = w(d)d T =
w(d) being the surface area of the boundary of a unit

d-ball. The PI can take the volume integral of (4) to
compute the total thermal entropy of the causal patch:

(4)

Cd+1)I'(d+1), w(d)= (5)
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This integral can be expressed in terms of

hypergeometric functions by the variable redefinition:
x = H?? and the wuse of the integral
representation [20]:

# drxe?! P
/ m:E(l—z)52F1(a+,3,1;a+1;z)’ (7)
0

which holds for $i(a)) > 0. Thereby the PI finds that
the total entropy amounts to

- (43 o () (1)

2B (3, L 31—,

(8)

where € is a positive number defined as

H \?
— 1 2.2 _
e=1— H%? (%TC) . (9)

Note that € < 1, because we consider H/2m to be
much smaller than 7. ~ Mp, which is necessary
for a semiclassical treatment to be valid. The total
entropy (8), which clearly diverges in the limit ¢ — 0,
is rendered large but finite by the stretched horizon.
Now, there is an entropy associated with de Sitter
horizon, known as the Gibbons-Hawking entropy [12],
which is % of the horizon area, A, in Planck units:

1 A 1 Mp\ 4!
Sap = - ——w(d) (=2 .
G =g i )(H)

(10)
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To see its possible connection with the total entropy (8)
of the causal patch, we note that the hypergeometric
function appearing in the latter can be written as [20]:
1 d+2 — d

2F1(§7 1; 7;1—6): 1 [1+4d(d,e)], (11)
where the function 4 is such that it vanishes in the limit
e — 0. Thanks to Eq. (11) and some properties of the
gamma function, one can rewrite the entropy (8) as

d+1 T d—1
(d (B&fWﬁ (H) T (12

where the ellipses stand for subleading terms. Their
H-dependencies differ from that of the leading term,
which mimics the area law (10) for de Sitter entropy.

Now we invoke the holographic principle, which
entails that the leading term in (12) should be
identified with the Gibbons-Hawking entropy (10) of
the de Sitter horizon [21]!. This relates the cutoff
temperature 7. and the Planck mass Mp in the
following way:

5 = w(d)

_1
d—1
1c

Mp

(d—D(vm)**?
49T (43) ¢(d+1)

(13)

Similar relations show up in the brick wall model,
propounded in [22], and subsequently used for dSj
in [23]. Note that the cutoff T is independent of the
Hubble parameter H, as expected, but depends on
the number of DOFs in a way that is in complete
accordance with the results of [24]. With some
reasonable assumptions on ®, the right-hand side of
Eq. (13) is O(1). This sets T, ~ Mp. Then, it is easy
to see that the thickness of the stretched horizon is
O(lp). With the identification (13), one can now make
explicit the area dependence of the entropy:

Sf<%f>“€W%H@Jﬁfmawm

where the parameter ¢ depends on A as follows

1 [8®DT
_ ( 2 ) d (15)
472 Ald—-1)r /21" (5)
In the limit e — 0 or A — oo, thanks to Eq. (11), S/A

reaches the value i for any space dimensionality.
Similarly, the PI can define the total “energy” of the
causal patch as follows.

d—1

Te o drr
E =w(d) ——
0 1— H?r

p(T), (16)

where p(r) = Da(d)[T(r)]%*" is the local energy
density that a FIDO at a radial position r reports to
the PI. Again, using the integral representation (7) one
finds

o () ow@at (Y2 (L) an
Ird o e

Expressing /e in terms of the cutoff temperature
T, through the relation (9), one arrives at a rather
counter-intuitive conclusion: the “energy” scales like
(1/H)?~! ~ A. This is due to the extra factor of H
appearing in Eq. (17). More explicitly,

E = <2‘:d> Da(d) (1—e)* T2

Finally, using the expression (13) for T, one finds after
some simplifications that the total “energy” is given by

Afd-1 o
4<d+1>(16)

(d—D(/m)**?
ADT (H3) ¢(d+1)

(18)

E =

1
d—1
: (19)

That the total “energy” (19) follows an area law just
like the total entropy was also noticed in Ref. [25] for
a box of ideal gas kept near a de Sitter horizon. It
is therefore natural to consider the quantity £ as an
attribute of the de Sitter horizon.

Our total “energy” E is unique and well defined
in the following sense. As soon as the de Sitter
entropy (14) is taken to be finite, we must forgo the
symmetry of different causal patches [11]. In the given
causal patch, all the FIDOs are on equal footing in
that they all follow time-like trajectories, are in causal
contact with one another, and of course experience the
same causal horizon. Any quantity to be attributed to
the entire causal patch or to the horizon itself must
not depend on which FIDO, be her the PI or not, is
assigned the job of defining it. In other words, all the
FIDOs must agree upon the value of any such quantity.
Now that any FIDO can learn about the results of
local measurements performed by any other FIDO,
they all will have identical sets of data for the density
distributions o(r) and p(r), and therefore will agree
upon their respective volume integrals S and E. This
is not the case if in the definition (17) one inserts a
redshift factor (as was suggested in Ref. [25]), which
itself depends on the position of the FIDO assigned to
define the quantity.

Egs. (14) and (19) can be viewed as relations among
three extensive properties of the horizon, namely S, E
and A. Dividing Eq. (14) by (19), one can also write

1Defining the entropy of the causal patch as (6) and identifying it with the Gibbons-Hawking entropy (10) has also been suggested
by N. Kaloper in a talk titled “Inflation and leaky cans”. We thank L. Sorbo for pointing this out.
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1
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S (d+1
E d

It is clear, in view of Eq. (11), that in the limit
e — 0, the ratio S/E is finite, although both S and F
diverge. For € < 1, Eq. (20) can be approximated as
49T (43) ¢(d+1)

s=(729)| | () e

The virtue of Eq. (21) is that it allows one to compare
the entropies of de Sitter spaces with different d, for a
given E in Planckian units. It does not make sense to
compare the horizon areas of two spaces with different
dimensionalities, and indeed A does not appear in (21).

(20)

3 Is 4D Spacetime Entropically Favored?

Let us first note that the Hawking/Unruh radiation
is (approximately) thermal. Then, in order for the
density distributions o(r) and p(r) to be smooth, the
constituent particles of the radiation cannot have mass
m 2, H. This also means that the accessible number of
DOFs does not depend on r. If the Hubble parameter H
is smaller than the mass of the lightest massive DOF,
only strictly massless particles would contribute to the
DOFs constituting the radiation. Known difficulties
with massless higher spins [26] then make it natural
to consider only particles of spin s < 2. If there
is a massless spin-1 particle, no other particle can
be charged under this, because otherwise interactions
would render the radiation non-thermal. While the
Hawking/Unruh effect is very fundamental and takes
place in all dimensions, a massless chargeless fermion
can exist only in some particular dimensions. This rules
out spin-1/2 and spin-3/2 particles as non-generic.
Scalars are also ruled out, since there is no symmetry
to assure their masslessness. So we are left only with
spin-1 and spin-2 particles, whose masslessness can be
guaranteed by gauge invariance. Now, there is one and
just one massless spin 2, namely the graviton [26]. More
than one vector particle is not a possibility, because
they either confine and cease to exist as long-range
particles (when they are mutually charged), or there
is no way to distinguish them as different constituent
particles of the radiation. At any rate, that photons and
gravitons could be the sole constituents of the radiation

may not seem so surprising given that these are the
natural DOFs to consider at low energy.

Thus one can assume, quite justifiably, that for
a small cosmological constant the Hawking/Unruh
radiation will be a gas of photons and gravitons,
whose interactions are negligible. In (d + 1) spacetime
dimensions photon has (d—1) DOFs, while graviton has
£(d+1)(d —2). The total number of DOFs is therefore
D =D(d)=(d-1)+i(d+1)(d-2). (22)

Let us consider universes that evolve from some
initial state into a final state of a de Sitter space with
a small cosmological constant, like our Universe [10].
The asymptotically de Sitter universes are assumed
to have different dimensionalities, but the same values
of the fundamental constants, which all can be set to
unity (we do not consider scenarios in which the Planck
mass Mp may depend on spacetime dimensionality).
Now for any given value of the characteristic quantity
E, one can use Eq. (21) to formally consider S as a
function of the number of space dimensions d. Is there
any particular value of d that is favored entropically?

In the regime 2 < d < 10, when d is treated as a
continuous variable, its function S/E has an absolute
maximum at d = 2.97. An upper bound on d is
essential since the function increases monotonically as
S/E ~ \/d/2me for large d. Explicitly, the respective
values for d = 2,3,4,...10 are approximately
1.096, 1.495,1.458,1.425,1.409, 1.404, 1.407,1.414, and
1.425. For a given value of the “energy” F, the entropy
is therefore maximum for d = 3. In other words,
a universe whose final configuration is a de Sitter
phase with a small cosmological constant is entropically
favored to have three spatial dimensions.
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A. Momen, P. Paman

PASMEPHOCTD ITPOCTPAHCTBA-BPEMEHU KAK CJIEJCTBUE SHTPOIINN
ITIPOCTPAHCTBA JIE CUTTEPA

Mser yTBepkgaeM, ITO BCeseHHble ge Currepa ¢ Majoil KOCMOJIOIHYECKOH IIOCTOSHHOH MOJKHBI, IPUHUMAs BO BHHMa-
HHe SHTPONUIO, IPEANOYTHTEIFHO HMeTh TPH IPOCTPAHCTBEHHBIX H3MEPEeHHSA. DTO 3aK/II0UeHHe OCHOBAHO HA IPUYINHHO-
C/IeCTBEHHOM ONMCAHWM IPOCTpaHcTBa ge CuTTepa, B KOTOPOM JIOKAJIbHBIA HAO/MOJATe b (PUKCUDPYeT TEIIOBOe DaBHO-
BecHe BILJIOTH 10 FOPHU30HTA, Ha TojorpadudecKoM NPHHIOUINE W Ha HEKOTODBHIX IPEANOJIOKEeHHAX OTHOCUTEIBHO MPUPOJIBI
IDABUTALNA U W3JIy9IeHHs] XOKuUHra/ YHpY.

KiroueBsle ciyioBa: npocmparcmso de Cummepa, SHMPonus, npocmparCmMeeHHbie USMEPEHUS.
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