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We propose a method for integrating the right-invariant geodesic ows on Lie groups based on the use of a special canonical
transformation in the cotangent bundle of group. We also describe an original method of constructing exact solutions for the
Klein-Gordon equation on unimodular Lie groups. Finally, we formulate a theorem which establishes a connection between
the special canonical transformation and irreducible representations of Lie group. This connection allows us to consider the
proposed methods of integrating for classical and quantum equations in the framework of a unied approach.
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Introduction

Numerous researchers in the eld of theoretical
and mathematical physics often face the problem
of integration for dierential equations describing
various classical and quantum systems. At the same
time traditional approaches to solving the classical
equations is essentially dierent from methods of
integrating the quantum equations. For example, the
general method of integrating the geodesic ows
on pseudo-Riemannian manifolds is based on the
procedure of the symplectic reduction [1], while the
problem of nding exact solutions for relativistic wave
equations (Klein-Gordon equation, Dirac equation,
etc.) is commonly decided by the technique of
separation of variables [2, 3].
In this work we discuss the problem of integrating
classical and quantum equations on manifolds of Lie
groups. Namely, we shall consider Hamilton's equations
for the right-invariant geodesic ows on Lie groups and
the corresponding Klein-Gordon equation.
The integrable geodesic ows on Lie groups were
investigated by many prominent mathematicians such
as V. Arnold [4], S. Manakov [5], A. Mishenko and
A. Fomenko [6] and others. Here we describe a
constructive method for integration of right-invariant
geodesic ows in quadratures based on the ideas from
the work [7]. Hereafter, following the noncommutative
integration method of linear dierential equations [8],
we develop a technique for constructing the general
solution of the Klein-Gordon equation on unimodular
Lie groups. In conclusion, we establish a profound
connection between this methods which allows us to
solve the problems of integrating the classical and
quantum equations on Lie group in the framework of
a unied approach.

Symmetries of classical and quantum
equations on pseudo-Riemannian manifolds

Let (M, g) be a pseudo-Riemannian n-dimensional
manifold. We denote by U ⊂ M a coordinate chart that
trivializes the cotangent bundle T ∗ M , i.e. T ∗ M |U '
U ×Rn ; the corresponding local coordinates are labelled
as (x1 , . . . , xn , p1 , . . . , pn ).
The geodesic ow on (M, g) is dened by the
Hamilton's equations

ẋi =

∂H cl
,
∂pi

ṗi = −

∂H cl
,
∂xi

(1)

with the Hamiltonian H cl (x, p) = 21 g ij (x)pi pj (we
assume Einstein summation convention). Here g ij is
the inverse of the metric tensor gij : g ik gkj = δji .
A simplest quantum analogue of Hamiltonian
system (1) is the Klein-Gordon equation

Hψ := g ij ∇i ∇j + m2 + ζR ψ = 0.
(2)
Here ∇i is the covariant derivative in the direction
of the coordinate vector eld ∂i := ∂/∂xi , m is a
positive real parameter, R is the scalar curvature of
the pseudo-Riemannian manifolds (M, g). Parameter ζ
is a dimensionless coupling constant.
Let G be the group of motions of the pseudoRiemannian manifold (M, g). The Lie algebra g of
the Lie group G is generated by Killing vectors ξa =
ξai (x)∂i with the commutation relations
c
[ξa , ξb ] = Cab
ξc .

(3)

c
Here Cab
are the structure constants of the Lie
algebra g.
The Killing vectors ξa allows us to construct
constants of motion for Hamiltonian system (1) that
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are linear on the bers of the cotangent bundle T ∗ M :

ξacl (x, p) = ξai (x)pi .

(4)

We shall call these functions Killing constants of
motion. Clearly the span of the Killing constants
of motion forms a Lie algebra with respect to the
canonical Poisson bracket {·, ·}; this Lie algebra is
isomorphic to the Lie algebra g:
c
{ξacl , ξbcl } = Cab
ξccl .

(5)

Furthermore, the vector elds ξa considered as
dierential operators in the functional space C ∞ (M )
are symmetry operators of Eq. (2) since the equality

action of G on T ∗ G, we shall call the corresponding
geodesic ow the right-invariant geodesic ow.
It is easily shown that the Klein-Gordon equation
for metric (6) can be represent as



Hψ = Gab ηa + Ca ηb + m2 + ζR ψ = 0,
(8)
b
where Ca := Cab
. Note that the scalar curvature for a
right-invariant metric on G is a constant.

4

Integration method for the right-invariant
geodesic ows

In this section we discuss the problem of integration
of arbitrary right-invariant geodesic ows on Lie groups
[H, ξa ] = 0,
in quadratures. In particular, we describe the method
of reduction for the corresponding Hamiltonian system
holds for all a = 1, . . . , dim g.
Thus, two algebras are naturally associated with based on using the∗ special canonical transformation in
the group of motions of the pseudo-Riemannian cotangent space ∗T G.
Denote by g the dual space to the Lie algebra
manifold (M, g). The rst one is the Lie algebra of
g
of
the group G. Let e1 , . . . , en be the basis of g∗
the Killing constants of motion dened by formula (4);
i
i
the second one is the symmetry algebra for the Klein- that is the dual for basis e1 , . . . , en of g: e (ej ) = δj ,
. . . , n. We dene the right momentum mapping
Gordon equation which is generated by the rst-order i, j = 1,
∗
µ
:
T
G
→ g∗ by the formula
r
dierential operators ξa . Both of these algebras are
isomorphic to the Lie algebra g of the group G.
hµr (x, p), Xi := X a ξacl (x, p),

3

Simple transitive actions of Lie groups

We assume that action of the group of motion G
on the pseudo-Riemannian manifold (M, g) is simply
transitive. This means that for any x1 , x2 ∈ M there
exists precisely one a ∈ G such that x2 = x1 a
(we assume that the action of group G is the right
action). It follows that there is a smooth one-toone correspondence between the points of M and the
elements of Lie group G. Keeping this dieomorphism
in mind, we represent Eqs. (1), (2) in terms of invariant
vector elds on the group G.
Let e1 , . . . , en be a basis in the Lie algebra g. Denote
by ηa (x) := (Rx−1 )∗ ea the right-invariant vector eld
on G corresponding to the basis vector ea . It is easy
to prove that any right-invariant pseudo-Riemannian
metric g on G can be dened by the condition

g(ηa , ηb ) = Gab ,

(6)

where G = (Gab ) is a constant symmetric nondegenerate n-by-n matrix. In the general case only
the left-invariant vector elds ξa (x) = (Lx )∗ ea are the
Killing vectors for this metric.
From Eq. (6) it follows that the Hamiltonian of the
geodesic ow for the right-invariant metric has the form

H cl (x, p) =

1 ab cl
G ηa (x, p)ηbcl (x, p),
2

(7)

where ηacl (x, p) := ηai (x)pi , Gab Gbc = δca . Since the
function H cl is invariant with respect to the right

where X = X a ea ∈ g. This mapping satises the
condition {µr ◦ ϕ, µr ◦ ψ} = µr ◦ {ϕ, ψ}g for all ϕ, ψ ∈
C ∞ (g∗ ); here {·, ·}g denotes the Lie  Poisson bracket
on dual space g∗ :
c
{ϕ, ψ}g (f ) = Cab
fc

∂ϕ(f ) ∂ψ(f )
,
∂fa ∂fb

f = fa e a .

(9)

Similarly, we dene the left momentum mapping µl :
T ∗ G → g∗ :

hµl (x, p), Xi := X a ηacl (x, p),
which satises the analogous condition: {µl ◦ϕ, µl ◦ψ} =
µl ◦ {ϕ, ψ}g , ϕ, ψ ∈ C ∞ (g∗ ).
It can be proved that the mappings µr and µl are
equivariant with respect to the co-adjoint action Ad∗ of
the group G. Recall that the co-adjoint representation
is dened by

hAd∗x f, Xi := hf, Adx−1 Xi,
for all x ∈ G, X ∈ g and f ∈ g∗ . It can easily be
checked that right and left momentum mappings are
connected by the transformation

µl (x, p) = Ad∗x µr (x, p).
It is known that any Poisson manifold can be
split into a collection of symplectic leaves. A. Kirillov
showed that the symplectic leaves of the Lie-Poisson
bracket coincide with the co-adjoint orbits of the group
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G [9]. Thus, any co-adjoint orbit is a homogeneous
symplectic manifold.
Let Oλ be the co-adjoint orbit passing through the
element λ ∈ g∗ . We denote by ωλ the symplectic 2form on orbit Oλ that is dened by the restriction of
bracket (9) to the orbit Oλ . The 2-form ωλ is called
the Kirillov-Konstant form.
It follows from Darboux's theorem that there
are local coordinates q = (q 1 , . . . , q m ) and π =
(π1 , . . . , πm ) on orbit Oλ such that
ωλ = dπα ∧ dq α ,

1
α = 1, . . . , m = dim Oλ .
2

Let J = (J1 , . . . , Jr ), r = codim Oλ , be local
coordinates in an open neighborhood of the orbit
space g∗ /G. Denote by λ(J) some local section of the
bundle g∗ → g∗ /G. We shall consider the function
S λ(J) (x; q, π 0 ) as a generating function of canonical
transformation in the cotangent bundle T ∗ G. This
canonical transformation is implicitly dened by Eqs.
(15) and the additional equalities

pi =

∂S λ(J) (x; q, π 0 )
,
∂xi

τµ =

∂S λ(J) (x; q, π 0 )
,
∂Jµ

(16)

(10)

where µ = 1, . . . , r. Thus, we have the smooth
coordinate transformation (x, p)
↔
These coordinates are called canonical coordinates. one-to-one
0
0
(q,
π,
q
,
π
,
J,
τ
)
which
preserves
the
canonical
Denote by fa (q, π; λ) the functions which dene the
∗
transition to the canonical coordinates on the orbit Oλ . symplectic form on T G:
We restrict attention now to the case of the π -linear
dpi ∧ dxi = dπα ∧ dq α + dπα0 ∧ dq 0α + dJµ ∧ dτ µ .
transition to canonical coordinates

After the canonical transformation (15),
(16) the Hamiltonian (7) of the right-invariant
The existence of such transition is possible if and only geodesic ow is converted to the function
if there exists a subalgebra p ⊂ gC such that (see [10]): H̃ cl (q 0 , π 0 ; J) = Gab fa (q 0 , π 0 ; λ(J))fb (q 0 , π 0 ; λ(J))/2.
The correspondence Hamiltonian system has the form
1
(12)
dim p = dim g − dim Oλ , hλ, [p, p]i = 0.
2
∂ H̃ cl (q 0 , π 0 ; J)
∂ H̃ cl (q 0 , π 0 ; J)
, π̇α0 =
,
(17)
q̇ 0α =
0
∂πα
∂q 0α
A subalgebra p satisfying the conditions (12) is called a
polarization of element λ ∈ g∗ . Note that polarizations
∂ H̃ cl (q 0 , π 0 ; J)
of regular elements in g∗ always exist [11].
q̇ α = π̇α = J˙µ = 0, τ̇ µ =
.
(18)
∂Jµ
It was shown in [10] that the coordinates q in
formula (11) have the following interpretation. Let P Clearly, the integrability of system (17), (18) is
be the connected Lie group, whose Lie algebra is p. equivalent to the integrability of its subsystem (17).
Then q = (q α ) are the local coordinates on the left
Recall that an index ind g of the Lie algebra g is
coset Q = G/P . In case of real P , the manifold Q is dened as the codimension of a regular co-adjoint orbit
a Lagrangian submanifold of the symplectic manifold in g∗ . The next theorem gives the integrability criterion
Oλ . The action of G on the homogeneous space Q is for an arbitrary right-invariant geodesic ow on the Lie
dened by the co-adjoint action the group on orbit Oλ : group G.

fa (q, π; λ) = Xaα (q)πα + χa (q; λ).

(11)

Ad∗x f (q, π; λ) = f (q 0 , π 0 ; λ) ⇒ q 0 = xq.

(13)

Now we introduce the function
Z
S λ (x; q, π 0 ) = fa (xq, π 0 ; λ)σ a (x),

Theorem 1 An arbitrary right-invariant geodesic ow
on T ∗ G is integrable in quadratures if and only if

(14)

1
(dim g − ind g) ≤ 1.
2

(19)

where fa (q, π; λ) are dened by (11) and σ a (x) are
5 Integration of the Klein-Gordon equation
the right-invariant 1-forms on Lie group such that
on Lie groups
σ a (ηb ) = δba , a, b = 1, . . . , dim g. The function (14) is
well-dened because the 1-form under the integral is
Now we consider the problem of integration for
closed.
the Klein-Gordon equation on unimodular Lie groups.
The most ecient way for constructing exact solutions
Lemma 1 The function S λ (x; q, π 0 ) satises the of the Klein-Gordon equation is the noncommutative
following relations
integration method of linear dierential equations
λ
0
λ
0
suggested by A. Shapovalov and I. Shirokov [8]. In
∂S (x; q, π )
∂S (x; q, π )
0α
πα =
,
q
=
−
,
(15)
contrast with the well-known method of separation
∂q α
∂πα0
of variables the noncommutative integration method
where the canonical variables (q α , πα ) and (q 0α , πα0 ) are uses to the maximal extent possible the rst-order
connected by transformation (13).
symmetry algebra of the Klein-Gordon equation.
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A basic element of the noncommutative integration
method is the so-called λrepresentation of Lie
algebra g. We describe the procedure of the
construction of this representation.
Let p be a polarization of the regular element
λ ∈ g∗ , and let {eA } be a basis in p; A = 1, . . . , dim p.
We dene the functional subspace L(G, p) of solutions
of the system

(ηA (x) − iλA )ψ(x) = 0,

ψ ∈ C ∞ (G).

There is a local isomorphism ι : L(G, p) → L(Q, p)
where L(Q, p) is the space of complex-valued functions
on the mixed manifolds Q (see [9]). Because the
functional subspace L(G, p) is invariant with respect
to the right regular representation of Lie group G, the
linear operators

`a := ι ◦ ξa ◦ ι

(20)

−1

are well-dened. The operators (20) realize an
irreducible representation of the Lie algebra g which
is called the λrepresentation. Note that in local
coordinates on the manifold Q the operators `a
are ihhomogeneous rst-order operators depending on
dim Q = (dim g − ind g)/2 independent variables q =
(q α ).
Let T λ be the lift of the λrepresentation to a local
representation of the Lie group G:

d
(T λ
ϕ)(q)
dt exp(tea )

t=0

= `a (q; λ).

By denition
Z

λ
0
0
Txλ ϕ (q) = Dqq
0 (x)ϕ(q )dµ(q ),

Here dµ(x) is the invariant Haar measure on group
G, and dµ(λ) is the spectral measure of the Casimir
operators of the λrepresentation. By δ(x, x̃), δ(q, q̃)
and δ(λ, λ̃) we denote the delta-functions for the
measures dµ(x), dµ(q) and dµ(λ) respectively.
The relations (23) and (24) allows us to dene the
direct and inverse Fourier transformations as follows:
Z
0
λ
(25)
ψ̂λ (q, q ) = Dqq
0 (x)ψ(x)dµ(x),

Z
ψ(x) =

λ (x)ψ̂ (q, q 0 )dµ(q)dµ(q 0 )dµ(λ).
Dqq
0
λ

(26)

Note that the actions of the operators ξa and ηa after
transformation (25) are mapping to actions of the
corresponding λrepresentation operators

ξa (x)ψ(x) ↔

`a (q; λ)ψ̂λ (q, q 0 ),

ηa (x)ψ(x) ↔ `a (q 0 ; λ)ψ̂λ (q, q 0 ).
Let ψ(x) be an arbitrary solution of the KleinGordon equation (8). Using the decompositions (25)
and (26) we obtain the equation for an unknown
function ψ̂λ (q, q 0 ):
 ab

G `a (q 0 ; λ)`b (q 0 ; λ) + m2 + ζR ψ̂λ (q, q 0 ) = 0.
Note that the variables q = (q α ) enter to this equation
as parameters.
We say that Eq. (8) is integrable if the problem of
nding its general solution is reduced to calculation of
quadratures and to solving ODE's. Keeping in mind
this denition, we get the next result.

Theorem 2 The Klein-Gordon equation (8) on the

unimodular Lie group G is integrable with respect to
an arbitrary right-invariant metric if and only if the
λ
where Dqq
are the matrix elements of the inequation (19) is satised.
0 (x)
representation T λ . Here dµ(q) is a measure on manifold
Q. We choose the measure dµ(q) in such a way that the 6 The connection between the generating
function and the matrix elements of λ
λrepresentation operators are anti-Hermitian: `†a =
λ
representation
−`a . In this case the representation T is a unitary
irreducible representation of Lie group G.
We dene a measure dµ(π) by the condition
It is easy to verify that the matrix elements of
Z
λ
representation T satisfy the next system of equations
0
ei(q−q )π dµ(π) = δ(q, q 0 ).
λ
(ξa (x) + `a (q; λ)) Dqq0 (x) = 0,
(21)


λ
gives the relation between the
ηa (x) + `a (q 0 ; λ) Dqq
(22) The following theorem
0 (x) = 0.
generating function S λ (x; q, π 0 ) of the special canonical
∗
λ
Moreover, the matrix elements Dqq
obey transformation in T G and the matrix elements
0 (x)
λ
λ
the following the completeness and orthogonality Dqq0 (x) of the irreducible representation T .
conditions:
Theorem 3 The matrix elements of the irreducible
Z
λ
Dλ 0 (x) Dλ̃ 0 (x) dµ(x) = δ(q, q̃)δ(q 0 , q̃ 0 )δ(λ, λ̃), (23) representation T of the group G can be expressed as:
Q

qq

Z

q̃ q̃

0
λ
λ
Dqq
0 (x)Dqq 0 (x̃) dµ(q)dµ(q )dµ(λ)

= δ(x, x̃).

(24)

λ
Dqq
0 (x) =
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∂(xq)
∂q

−1/2

Z

0

ei(q π−S

λ

(x;q,π))

dµ(π).

(27)
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The Theorem 3 is of fundamental importance in
the solving of problem of integrating classical and
quantum equations on Lie groups. Indeed, formula
(27) gives not only the rule for construction of the
λ
matrix elements Dqq
0 (x), but also allows us to consider
the methods of integration, proposed in sections 4
and 5, in the framework of a unied approach. In
particular, Theorem 3 is explained the fact that the
integrability criterion for right-invariant geodesic ows
on G coincides with the integrability criterion for the
corresponding Klein-Gordon equations.

7

Conclusion

transformation in the cotangent bundle of group.
We also have described an original method of
constructing exact solutions for the Klein-Gordon
equation on unimodular Lie groups. According
to this method, the procedure of integrating
the Klein-Gordon equation involves constructing of
irreducible representations of Lie group and using the
decomposition of the solution space into a sum of
irreducible components.
The main result of our work is Theorem 3 which
establishes a fundamental connection between the
proposed integration methods.

In this work we have suggested an integration Acknowledgement
method for the right-invariant geodesic ows on Lie
groups which, in contrast to the symplectic reduction
This research has been supported by Russian
technique, is based on the use of the special canonical Foundation for Basic Research (grant 14-07-00272-a).
References

[1] Abraham R. et al. 1978
[2] Miller Jr W. 1977

Foundations of mechanics (Addison-Wesley Publishing Company, Inc.).

Symmetry and separation of variables (Addison-Wesley, Reading, Massachusetts).

[3] Bagrov V. G. and Gitman D. 1990

Exact solutions wave equations (Springer).

[4] Arnold V. I. 1966

Annales de l'institut Fourier 16(1) 319.

[5] Manakov S. 1976

Functional Analysis and Its Applications 10(4) 328.

[6] Mishchenko A. S. and Fomenko A. T. 1978 Izvestiya
[7] Magazev A. A. and Shirokov I. V.

Theoretical and Mathematical Physics 136(3) 1212.

[8] Shapovalov A. V. and Shirokov I. V.
[9] Kirillov A. A. 1976
[10] Shirokov I. V. 2000
[11] Dixmier J. 1977

Rossiiskoi Akademii Nauk. Seriya Matematicheskaya. 42(2) 396.

Theoretical and Mathematical Physics 104(2) 921.

Elements of the Theory of Representations (Berlin: Springer-Verlag).
Theoretical and Mathematical Physics 123(3) 754.

Enveloping algebras (Newnes).
Received 04.11.2014
À. À. Ìàãàçåâ, È. Â. Øèðîêîâ

ÌÅÒÎÄ ÈÍÒÅÃÐÈÐÎÂÀÍÈß ÊËÀÑÑÈ×ÅÑÊÈÕ È ÊÂÀÍÒÎÂÛÕ ÓÐÀÂÍÅÍÈÉ,
ÎÑÍÎÂÀÍÍÛÉ ÍÀ ÑÂßÇÈ ÌÅÆÄÓ ÊÀÍÎÍÈ×ÅÑÊÈÌÈ ÏÐÅÎÁÐÀÇÎÂÀÍÈßÌÈ È
ÍÅÏÐÈÂÎÄÈÌÛÌÈ ÏÐÅÄÑÒÀÂËÅÍÈßÌÈ ÃÐÓÏÏ ËÈ
Ïðåäëîæåí ìåòîä èíòåãðèðîâàíèÿ ïðàâîèíâàðèàíòíûõ ãåîäåçè÷åñêèõ ïîòîêîâ íà ãðóïïàõ Ëè, îñíîâàííûé íà èñïîëüçîâàíèè ñïåöèàëüíîãî êàíîíè÷åñêîãî ïðåîáðàçîâàíèÿ â êîêàñàòåëüíîì ïðîñòðàíñòâå ãðóïïû. Îïèñàí òàêæå îðèãèíàëüíûé ìåòîä ïîñòðîåíèÿ òî÷íûõ ðåøåíèé óðàâíåíèÿ ÊëåéíàÃîðäîíà íà óíèìîäóëÿðíûõ ãðóïïàõ Ëè. Â çàêëþ÷åíèå ðàáîòû ñôîðìóëèðîâàíà òåîðåìà, óñòàíàâëèâàþùàÿ ñâÿçü ìåæäó ñïåöèàëüíûì êàíîíè÷åñêèì ïðåîáðàçîâàíèåì
è íåïðèâîäèìûìè ïðåäñòàâëåíèÿìè ãðóïïû Ëè. Äàííàÿ ñâÿçü ïîçâîëÿåò ðàññìàòðèâàòü ïðåäëîæåííûå ìåòîäû èíòåãðèðîâàíèÿ êëàññè÷åñêèõ è êâàíòîâûõ óðàâíåíèé â ðàìêàõ åäèíîãî ïîäõîäà.

Êëþ÷åâûå ñëîâà: ãåîäåçè÷åñêèé ïîòîê, óðàâíåíèå Êëåéíà-Ãîðäîíà, êàíîíè÷åñêîå ïðåîáðàçîâàíèå, íåïðèâîäèìîå
ïðåäñòàâëåíèå, èíòåãðèðóåìîñòü.
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