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We consider our world as a brane embedded in the 5D space-time which is a solution of the 5D Einstein equations with
Λ-term. We do not solve the modi�ed Einstein equations on the brane, instead of this we use exact solution of 5D Einstein
equations. The energy-momentum tensor appears as the Israel jump condition on the brane. This tensor at the in�nity
gives positive tension in one side of the wormhole and negative tension in the second part of the wormhole space-time. In
the case of the AdS5 model without Randall-Sundrum asymptotic we found the wormhole metric which satis�es the energy
conditions.
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1 Introduction

The central problem of wormhole physics is the fact
that the wormhole's source violates the energy con-
ditions. The exotic matter is a necessary condition
for the existence of wormholes [1]. In multidimen-
sional models the 4D space-time is understood as a sur-
face embedded in space-time of large dimensions. The
Randall-Sundrum showed [2,3] that the Minkowski 4D
spacetime maybe embedded in the 5D anti de Sitter
space-time (AdS5). As was shown in Ref. [4] the grav-
itational �eld equations on the 4D hypersurface are
di�erent from Einstein's equations. Additional terms
contain terms quadratic in the stress-energy tensor of
matter, as well as a speci�c term that depends on the
bulk. This term is the projection on the brane the 5D
Weyl tensor and the sign of this term maybe arbitrary.
From this point of view, we can expect that wormholes
can be the solution of the modi�ed Einstein equations
and the exotic matter appears due to the 5D Weyl
tensor. In this paper we use the exact solutions of 5-
dimensional Einstein equations and consider di�erent
hypersurfaces with wormhole's metric. In framework
of this approach the modi�ed Einstein equations are
satis�ed automatically and the main problem is the
choice of the hypersurface. We consider the simplest
embedding in the 5D Randall-Sundrum metric [2, 3]
and black string model metric [5]. We also consider the
general case of a static spherically symmetric metric.
In all these cases the condition, that the wormhole's
hypersurface goes into Randall-Sundrum model's hy-
persurface far from the wormhole's throat, leads to a
violation of the energy conditions. However, if we as-
sume that this condition is violated, in the case of �ve-
dimensional space-time of the Randall-Sundrum model
the wormhole's metric can be presented without viola-
tion the energy conditions.

2 Randall-Sundrum model

In framework of the Randall-Sundrum model [2, 3]
the matter is localized in 4D hypersurface in AdS5.
The metric,

ds2
RS = e−2|y|/l(dρ2 + ρ2dΩ2

(2) − dt
2) + dy2, (1)

is a solution of a 5D vacuum Einstein equations

GAB = κ5TAB = κ5(−Λ5gAB + SABδ(y)) (2)

(Λ5 = − 6
l2 ) with stress-energy tensor of brane

Sµν = −λgµν (3)

and positive tension λ: κ5λ = +6/l > 0.

3 E�ective 4D Einstein equations

Following the approach suggested in the work [4]
the e�ective 4D gravitational �eld equations in the vac-
uum Randall-Sundrum brane read

Gµν = −Λ4qµν + κ2
4τµν + κ2

5πµν − Eµν , (4)

where

πµν = −1

4
τµατ

α
ν +

1

12
ττµν+

1

8
qµνταβτ

αβ− 1

24
qµντ

2, (5)

τµν is the stress-energy tensor of brane, Eµν is the
projection of the 5D Weyl tensor on the brane and
Λ4 = 1

2κ5

(
Λ5 + 1

6κ5λ
2
)
, κ2

4 = 1
6κ

2
5λ are constants.

The sign of projection of the Weyl tensor projection
maybe arbitrary and we can assume that wormhole is
the solution of modi�ed Einstein equations without vi-
olation the energy conditions.
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Figure 1: The stress-energy tensor components Sxx , S
θ
θ , S

t
t

(thick, medium, thin) for embedding functions of the form

u =
√
x2 + a2, v = l

2
(1 + tanh2 x−b

c
) (l = 4, a = 0.5, b =

0.6, c = 0.8) as function of the radial coordinate x.

Figure 2: The stress-energy tensor components Sxx , S
θ
θ , S

t
t

(thick, medium, thin) for embedding functions of the form

u =

√
x2+a2

1+e−x/b
, v = l

1+e−x/b
(l = 10, a = 1, b = 0.51) as

function of the radial coordinate x.

4 Stress-energy tensor of the brane

The brane is delta-like distribution of matter and
tension in the bulk. The Israel matching conditions

[Kµν − gµνK] = 8πG5S
µν , (6)

connect the jump of the extrinsic curvature of the hy-
persurface with stress-energy tensor of the brane mat-
ter: Sµν = −λgµν+τµν , where τµν is the stress-energy
tensor. Thus the geometry of the brane produces the
stress-energy tensor of the matter.

We consider a metric in the form of Randall-
Sundrum solution:

ds2
5 =

l2

z2
(dρ2 + ρ2dΩ2

(2) − dt
2 + dz2), (7)

where z > 0, ρ > 0, and choose the simplest section
z = v(x), ρ = u(x) with x ≶ 0. In this case the metric
of the section is

ds2
4 =

l2

v2

{
(u′2 + v′2)dx2 + u2dΩ2

(2) − dt
2
}
. (8)

Stress-energy tensor of the brane reads

Sµν = −2(Kµ
ν − δµνK), (9)

or in manifest form

Sxx = −2 3uu′+2vv′

lu
√
u′2+v′2

,

Sθθ = −2 vv
′(u′2+v′2)+u(3u′(u′2+v′2)+v(u′v′′−v′u′′))

lu(u′2+v′2)3/2 ,

Stt = −2 2vv′(u′2+v′2)+u(3u′(u′2+v′2)+v(u′v′′−v′u′′))
lu(u′2+v′2)3/2 .

(10)

We impose the asymptotic conditions:
1) RS brane at in�nity: limx→±∞ v(x) = c± 6= 0,
2) Flatness at in�nity: limx→±∞ sgn(u′) = ±1.
Then we have the asymptotic value of the stress-

energy tensor

Sµν = −6

l
δµν sgn(u′). (11)

The signs of components of the stress-energy tensor are
di�erent on each side of the wormhole's throat in the
asymptotic region (Fig. 1). Therefore, if on one side
of the wormhole space-time the energy conditions are
satis�ed then on other side they are violated.

Similarly, we consider section r = u(x), z = v(x) of
the Black string space-time [5]

ds2 =
l2

z2
(−U(r)dt2 +U(r)−1dr2 +r2dΩ2

(2) +dz2), (12)

where U(r) = 1− 2M
r , and spherically symmetric met-

ric of the general form

ds2 =
l2

z2
(efdr2 + r2ehdΩ2

(2) − e
pdt2 + eqdz2), (13)

where f = f(r, z), h = h(r, z), p = p(r, z), q = q(r, z).
In both cases requirements in the asymptotic region
limx→±∞ v(x) = c± 6= 0, limx→±∞ sgn(u′) = ±1 lead
to violation of energy conditions, as in the case of the
RS metric, limx→±∞ Sµν = ∓ 6

l δ
µ
ν .

In the case of the RS model, the components of the
stress-energy tensor of the brane can have the same
signs when x → +∞ and x → −∞, if we allow the
violation of condition limx→±∞ v(x) = c± 6= 0. For
example this is the case (see Fig. 2) for

u =

√
x2 + a2

1 + e−x/b
, v =

l

1 + e−x/b
. (14)

Simple analysis of the geodesics gives some general
conclusion. Without loss of generality we choose the
plain of motion θ = π/2. When φ = const the �rst in-

tegral of geodesic equations is ṫ = c4
v2

l2 . For a massless
particle from geodesic equations we obtain the square
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Figure 3: The trajectory of the massive particle in the plain θ = π/2. Thick line shows the trajectory in region, where

x(s) > 0, thin line shows the trajectory in region, where x(s) < 0, point indicates the location of the throat, x0 is the initial

location of the particle.

of velocity

ẋ2 =
v4c24u

2

l4u2(u′2 + v′2)
, (15)

V 2 =

(
dx

dt

)2

=
1

u′2 + v′2
. (16)

For a massive particle these equations read

ẋ2 =
−v2(−v

2

l2 c
2
4 + 1)

l2(u′2 + v′2)
, (17)

V 2 =

(
dx

dt

)2

=
−l2(− v

2

l2 c
2
4 + 1)

c24v
2(u′2 + v′2)

. (18)

Because the square of the velocity should be positive
we obtain the condition

x ≥ −b ln(|c4| − 1). (19)

This means, that the particle can not penetrate into
speci�c region of space-time, corresponding to nega-
tive values of the x coordinate. When φ 6= const, the
trajectory of motion for massive particle is represented
on Fig. 3.

5 Conclusion

In this paper we studied the section of the 5D Ein-
stein spacetime with the geometry of a 4D wormhole. It
is shown, that the considered sections can not simulta-
neously satisfy the energy conditions and at the same
time coincide with the brane metric in the Randall-
Sundrum model in the asymptotic region. We have
presented the space-time of the wormhole which corre-
sponds to a brane embedded in the Randall-Sundrum
space-time. In this case the matter of the wormhole
preserves the energy conditions but the metric asymp-
totically does not coincide with the brane metric in the
Randall-Sundrum model.
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Ë. Í. Ëèïàòîâà, Í. Ð. Õóñíóòäèíîâ

ÊÐÎÒÎÂÛÅ ÍÎÐÛ Â 5D ÌÎÄÅËßÕ

Ìû ðàññìàòðèâàåì íàøó Âñåëåííóþ êàê áðàíó, ïîãðóæåííóþ â ïÿòèìåðíîå ïðîñòðàíñòâî-âðåìÿ, êîòîðîå ÿâëÿåòñÿ
ðåøåíèåì 5D óðàâíåíèé Ýéíøòåéíà ñ Λ ÷ëåíîì. Ìû íå ðåøàåì ìîäèôèöèðîâàííûõ óðàâíåíèé Ýéíøòåéíà íà áðàíå,
âìåñòî ýòîãî ìû èñïîëüçóåì èçâåñòíûå ðåøåíèÿ 5D óðàâíåíèé Ýéíøòåéíà. Òåíçîð ýíåðãèè-èìïóëüñà âû÷èñëÿåì ñ
ïîìîùüþ óñëîâèé ñøèâêè Èçðàýëÿ. Ýòîò òåíçîð íà áåñêîíå÷íîñòè äàåò ïîëîæèòåëüíîå íàòÿæåíèå ñ îäíîé ñòîðîíû îò
ãîðëîâèíû è îòðèöàòåëüíîå íàòÿæåíèå âî âòîðîé ÷àñòè ïðîñòðàíñòâà-âðåìåíè êðîòîâîé íîðû. Â ñëó÷àå ìîäåëà AdS5

(áåç àñèìïòîòèêè Ðàíäàëë-Ñóíäðóìà) ìû íàøëè ìåòðèêó êðîòîâîé íîðû, êîòîðàÿ óäîâëåòâîðÿåò ýíåðãåòè÷åñêèì
óñëîâèÿì.

Êëþ÷åâûå ñëîâà: êðîòîâûå íîðû, ìíîãîìåðíûå òåîðèè, ìîäåëü Ðàíäàëë-Ñóíäðóìà, áðàíû, ýíåðãåòè÷åñêèå
óñëîâèÿ.
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