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Extended BRST renormalization
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The renormalization of general gauge theories curved space-time backgrounds is considered within the Sp(2)-covariant
quantization method. It is proven that gauge invariant and di�eomorphism invariant renormalizability to all orders in the
loop expansion and the extended BRST symmetry after renormalization is preserved.
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1 Introduction

In Quantum Field Theory Green's functions con-
tain divergences [1, 2]. Renormalization is one of im-
portant means to construct a suitable quantum version
for formulating fundamental interactions exiting in the
Nature.

Renormalization of general gauge theories within
the Batalin-Vilkovisky formalism [3,4] has been proved
in papers [5, 6].

Renormalizations in curved space-time using the
Dyson criterion [7] are under intense investigations
beginning with paper [8] (see [9�13] and references
therein). We are going to continue our investigation of
gauge invariant renormalizability in curved space-time
with the help of new concept of renormalizability [5].
In [14] it was done in the BV formalism [3,4]. We have
extended these considerations to the case when a the-
ory is de�ned in the presence of external backgrounds,
in particular in curved space-time and proved that in
this case the gauge invariant renormalizability is com-
patible with preserving general covariance.

In the present paper we consider the problem of
gauge invariant renormalizability of general gauge the-
ories in the Sp(2)-method [15�17] in the presence of
a gravitational background �eld and to prove general
covariance of renormalization.

The paper is organized as follows. In Section 2 the
Sp(2) formalism the general gauge theories in the pres-
ence of an external gravitational �eld is considered. In
Section 3 general covariance of renormalization in the
Sp(2) method is proved. In Section 4 concluding re-
marks are given.

We use the condensed notations as given by De-
Witt [18]. Derivatives with respect to sources and an-
ti�elds are taken from the left, and those with respect
to �elds, from the right. Left derivatives with respect
to �elds are labeled by the subscript �l�. The Grass-
mann parity of any quantity A is denoted by ε(A).

2 General gauge theories in curved space
within Sp(2) formalism

Let us consider a theory of gauge �elds Ai in an
external gravitational �eld gµν . The classical theory
is described by the action which depends on both dy-
namical �elds and external metric,

S0 = S0(A, g) . (1)

Here and below we use the condensed notation
g ≡ gµν for the metric, when it is an argument of some
functional or function. The action (1) is assumed to be
gauge invariant,

S0,iR
i
a = 0, δAi = Ria(A, g)λa,

λa = λa(x) (a = 1, 2, ..., n) , (2)

as well as covariant,

δgS0 =
δS0

δAi
δgA

i +
δS0

δgµν
δggµν = 0 , (3)

where λa are independent parameters of the gauge
transformation, corresponding to the symmetry group
of the theory. The di�eomorphism transformation of
the metric in Eq. (3) has the form

δggµν = −gµα∂νξα − gνα∂µξα − ∂αgµνξα

= −gµα∇νξα − gνα∇µξα

= −∇µξν −∇νξµ . (4)

Here ξα are the parameters of the coordinates trans-
formation,

ξα = ξα(x) (α = 1, 2, ..., d) . (5)

The generating functional Z(J,Φ∗, Φ̄, g) of the
Green functions can be constructed in the form of the
functional integral

Z(J,Φ∗, Φ̄, g) =

∫
dΦ exp

{ i
~

[
Sext(Φ,Φ

∗, Φ̄, g)

+JAΦA
]}
. (6)

Here ΦA represents the full set of �elds of the
complete con�guration space of the theory under
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consideration and Φ∗Aa, Φ̄A are anti�elds. Finally,
Sext(Φ,Φ

∗, Φ̄A, g) is the quantum action constructed
with the help of the solution S = S(Φ,Φ∗, Φ̄A, g) to
the master equations

1

2
(S, S)a + V aS = i~∆aS,

S(Φ,Φ∗, Φ̄, g)|Φ∗=Φ̄=~=0 = S0(A, g). (7)

Here on the space of �elds ΦA and anti�elds Φ∗Aa the
extended antibrackets are de�ned

(F,G)a ≡ δF

δΦA
δG

δΦ∗Aa
− (8)

−(F ↔ G) (−1)(ε(F )+1)(ε(G)+1).

In particular the extended antibrackets (8) obey the
Jacobi identities

((F,G){a, H)b}(−1)(ε(F )+1)(ε(H)+1) +

+cycl.perm.(F,G,H) ≡ 0, (9)

where curly brackets denote symmetrization with re-
spect to the indices a, b of the Sp(2) group:

A{aBb} ≡ AaBb +BbAa.

In addition the operators V a, ∆a are introduced

V a = εab Φ∗Ab
δ

δΦ̄A
, ∆a = (−1)εA

δl
δΦA

δ

δΦ∗Aa
, (10)

where εab is the antisymmetric tensor for raising and
lowering Sp(2)-indices

εab = −εba, ε12 = 1 εab = −εab.

One can �nd the algebra of the operators (10)

∆{a∆b} = 0, ∆{aV b} + V {a∆b} = 0, V {aV b} = 0.

The action of the operators (10) on a product of func-
tionals F and G gives

∆a(F ·G) = (∆aF ) ·G+ F · (∆aG)(−1)ε(F ) +

+(F, G)a(−1)ε(F ),

V {a(F,G)b} = (V {aF,G)b} − (−1)ε(F )(F, V {aG)b}.

Note that Sext satis�es the master equations

1

2
(Sext, Sext)

a + V aSext = i~∆aSext. (11)

From gauge invariance of initial action (2) in
usual manner one can derive the BRST symmetry
and the Ward identities for generating functionals
Z = Z(Φ,Φ∗, Φ̄, g),W = W (Φ,Φ∗, Φ̄, g) and ,Γ =
Γ(Φ,Φ∗, Φ̄, g) in the following form

ω̂aZ(J,Φ∗, Φ̄) = 0, (12)

where

ω̂a =

(
JA

δ

δΦ∗Aa
− εabΦ∗Ab

δ

δΦ̄A

)
, ω̂{aω̂b} = 0, (13)

ω̂aW (J,Φ∗, Φ̄) = 0, (14)

and

1

2
(Γ,Γ)a + V aΓ = 0. (15)

In what follows we assume the general covariance
of S = S(Φ,Φ∗, Φ̄, g),

δgS =
δS

δΦA
δgΦ

A + δgΦ
∗
Aa

δS

δΦ∗Aa
+

δS

δgµν
δggµν = 0. (16)

Let us choose the gauge �xing functional F =
F (Φ, g) in a covariant form

δgF = 0 , (17)

then the quantum action Sext = Sext(Φ,Φ
∗, Φ̄, g) obeys

the general covariance too

δgSext = 0 . (18)

From the Eq. (18) and the assumption that the
term with the sources JA in (6) is covariant

δg(JAΦA) = (δgJA)ΦA + JA(δgΦ
A) = 0 , (19)

it follows the general covariance of Z = Z(J,Φ∗, Φ̄, g).
Indeed,

δgZ =
i

~

∫
dΦ
[
δgΦ

∗
Aa

δSext
δΦ∗Aa

+
δSext
δgµν

δggµν +

+δgΦ̄A
δSext(

δΦ̄A
+ (δgJA)ΦA

]
×

exp
{ i
~

[
Sext + JAΦA

]}
. (20)

Making change of integration variables in the func-
tional integral, (20),

ΦA → ΦA + δgΦ
A , (21)

we arrive at the relation

δgZ =
i

~

∫
dΦ
[δSext
δΦA

δgΦ
A + δgΦ

∗
A

δSext
δΦ∗A

+

+δgΦ̄A
δSext
δΦ̄A

+
δSext
δgµν

δggµν +

+(δgJA)ΦA + JA(δgΦ
A)
]
×

exp
{ i
~

[
Sext + JAΦA

]}
=

=
i

~

∫
dΦ
[
δgSext + δg(JAΦA)

]
×

exp
{ i
~

[
Sext + JAΦA

]}
= 0 . (22)

From (22) it follows that the generating functional of
connected Green functions W (J,Φ∗, Φ̄, g))

W (J,Φ∗, Φ̄, g) =
i

~
lnZ(J,Φ∗, Φ̄, g) (23)
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obeys the property of the general covariance as well

δgW (J,Φ∗, Φ̄, g) = 0 . (24)

Consider now the generating functional of vertex
functions Γ = Γ(Φ,Φ∗, Φ̄, g)

Γ(Φ,Φ∗, Φ̄, g) = W (J,Φ∗, Φ̄, g)− JAΦA , (25)

where

ΦA =
δW (J,Φ∗, Φ̄, g)

δJA
, JA = −δΓ(Φ,Φ∗, Φ̄, g)

δΦA
. (26)

From de�nition of ΦA (26) and the general covariance
of W (J,Φ∗, Φ̄, g) we can conclude the general covari-
ance of JAΦA. Therefore,

δgΓ(Φ,Φ∗, Φ̄, g) = δgW (J,Φ∗, Φ̄, g) = 0, (27)

the generating functional of vertex functions obyes the
property of the general covariance too. So, in this Sec-
tion it is proved that if an external gravitational back-
ground gµν does not destroy the gauge invariance of
an initial action S0 = S0(A, g). then the generating
functional of Green functions can be constructed with
the help of solution to the Sp(2)-master equations in
an usual way. Moreover, if we assume the general co-
variance of the initial action then we prove the general
covariance of non-renormalized generating functional
of Green functions as well as both the generating func-
tional of connected Green functions and of vertex func-
tions.

3 Covariant renormalization in curved space-
time

Up to now we consider non-renormalized generat-
ing functionals of Green functions. We are going to
prove the general covariance for renormalized generat-
ing functionals. For this end, let us �rst consider the
one-loop approximation for Γ = Γ(Φ,Φ∗, Φ̄, g),

Γ = S + ~
[
Γ

(1)
div + Γ

(1)
fin

]
+O(~2) , (28)

where Γ̄
(1)
div and Γ̄

(1)
fin denote the divergent and �nite

parts of the one-loop approximation for Γ. The di-

vergent local term Γ
(1)
div gives the �rst counterpart in

one-loop renormalized action S1R

S → S1R = S − ~Γ
(1)
div. (29)

From (18) and (27) it follows that in one-loop approx-
imation we have

δg
[
Γ

(1)
div + Γ

(1)
fin

]
= 0 (30)

and therefore Γ
(1)
div and Γ

(1)
fin obey the general covari-

ance independently

δgΓ
(1)
div = 0 , δgΓ

(1)
fin = 0 . (31)

In its turn the one-loop renormalized action S1R is
covariant

δgS1R = 0 . (32)

Constructing the generating functional of one-loop
renormalized Green functions Z1(J,Φ∗, Φ̄, g), with the
action S1R = S1R(Φ,Φ∗, Φ̄, g), and repeating argu-
ments given above, we arrive at the relation

δgZ1 = 0 , δgW1 = 0 , δgΓ1 = 0 . (33)

The generating functional of vertex functions Γ1 =
Γ1(Φ,Φ∗, Φ̄, g) which is �nite in one-loop approxima-
tion

Γ1 = S + ~Γ
(1)
fin + ~2

[
Γ

(2)
1,div + Γ

(2)
1,fin

]
+O(~3) , (34)

contains the divergent part Γ
(2)
1,div and de�nes renormal-

ization of the action S in the two-loop approximation

S → S2R = S1R − ~2Γ
(2)
1,div . (35)

Starting from (31), (32) and (33) we derive

δgΓ
(2)
1,div = 0 , δgΓ

(2)
1,fin = 0 , (36)

that means general covariance of the divergent
and �nite parts of Γ1 in two-loop approximation.
Therefore the two-loop renormalized action S2R =
S2R(Φ,Φ∗, Φ̄, g) is covariant

δgS2R = 0. (37)

Applying the induction method we can repeat the
procedure to an arbitrary order of the loop expansion.
In this way we prove that the full renormalized action,
SR = SR(Φ,Φ∗, Φ̄, g),

SR = S −
∞∑
n=1

~nΓ
(n)
n−1,div , (38)

which is local in each �nite order in ~, obeys the general
covariance

δgSR = 0 ; (39)

and the renormalized generating functional of vertex
functions, ΓR = ΓR(Φ,Φ∗, Φ̄, g)),

ΓR = S +

∞∑
n=1

~nΓ
(n)
n−1,fin , (40)

which is �nite in each �nite order in ~, is covariant

δgΓR = 0 . (41)

Therefore, taking into account results of Section 4
we can state that in presence of an external gravita-
tional �eld the gauge invariant renormalizability can
be arrived with preserving general covariance of func-
tional Γ (41).
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4 Conclusions

We have considered the general scheme of gauge-
invariant and covariant renormalization of the quan-
tum gauge theories of matter �elds in �at and curved
space-time. Using the Sp(2) formalism we have
proved that in the theory which admits gauge invari-
ant and di�eomorphism invariant regularization, these
two symmetries hold in the counterterms to all orders
of the loops expansion together with extended BRST
symmetry. Indeed let us de�ne the renormalized ex-
tended BRST operators ŝa

ŝa• = (ΓR, •)a + V a • .

Then we �nd that ŝa satisfy the extended BRST alge-
bra

ŝ{aŝb} = 0

due to the equations for ΓR and identities for extended
antibrackets and operators V a existing in the Sp(2) for-
malism [15�17]. De�ning the extended BRST transfor-

mations in the form

δBΦA = ŝaΦAµa

where µa form of the Sp(2) doublet of constant Grass-
mann parameters we �nd invariance of renormalized
e�ective action ΓR under these transformations on the
hypersurface Φ∗Aa = 0

δBΓR
∣∣
Φ∗=0

= 0.

Note once more that to obtain these results we have
used the gauge invariant renormalizability of general
gauge theories in the Sp(2) formalism without assum-
ing the use of regularization for which acting by ∆a on
a local functional gives zero [17].
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Ï. Ì. Ëàâðîâ

ÐÀÑØÈÐÅÍÍÀß ÁÐÑÒ ÏÅÐÅÍÎÐÌÈÐÓÅÌÎÑÒÜ

Ïåðåíîðìèðóåìîñòü êàëèáðîâî÷íûõ òåîðèé îáùåãî âèäà íà èñêðèâëåííîì ïðîñòðàíñòâå-âðåìåíè èçó÷àåòñÿ â ðàìêàõ
Sp(2)-êîâàðèàíòíîãî ìåòîäà êâàíòîâàíèÿ. Äîêàçûâàåòñÿ, ÷òî êàëèáðîâî÷íàÿ èíâàðèàíòíîñòü, îáùàÿ êîâàðèàíòíîñòü
è ðàñøèðåííàÿ ÁÐÑÒ ñèììåòðèÿ ñîõðàíÿþòñÿ âî âñåõ ïîðÿäêàõ ðàçëîæåíèÿ ïî ïåòëÿì.

Êëþ÷åâûå ñëîâà: Ðàñøèðåííàÿ ÁÐÑÒ ñèììåòðèÿ, Sp(2)êâàíòîâàíèå, îáùàÿ êîâàðèàíòíîñòü, ïåðåíîðìèðîâêà.
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