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We present a synopsis of superextended Landau models possessing both worldline supersymmetry and graded internal
symmetry acting in the target space. The main focus is on the recently constructed model with the worldline N' = 4

supersymmetry and the target ISU(2|2) symmetry.
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1 Introduction

The original quantum Landau model [1] describes
a charged particle moving on a plane orthogonal to a
constant uniform magnetic flux. Its generalization is
the spherical Landau-type model [2] which describes a
charged particle on the 2-sphere S? ~ SU(2)/U(1) in
the Dirac monopole background.

Superextensions of the Landau and Haldane models
deal with non-relativistic particles moving on super-
group manifolds with S? or its planar limit as a “body”.
Minimal superextensions of the S? Haldane model are:

1. Landau problem on the (2 4 2)-dimensional super-
sphere SU(2|1)/U(1]1) [3,4];
2. Landau problem on the (2+4)-dimensional superflag
SURIL/UQ) x U] [4,5].

Their large S? radius limits yield planar super Lan-
dau models [6-9]. Most surprising feature of the su-
per planar Landau problems is the hidden world-line
N = 2 supersymmetry. Thus, the super planar Lan-
dau models simultaneously provide a class of super-
symmetric quantum mechanics (SQM) models. SQM
models [10] have a plenty of applications in diverse do-
mains.

A natural approach to constructing super planar
Landau models is as follows. One takes the notion of
the world-line N' = 2 SUSY as the primary one and
reproduces the planar Landau model and its most gen-
eral N/ = 2 supersymmetric version from a worldline
superfield formalism [9,11]. Recently, this “bottom-up”
approach was applied for constructing the first exam-
ple of super Landau model with the worldline V' = 4
supersymmetry [12]. We found the target space super-
symmetry ISU(2|2) as a natural generalization of the
ISU(1|1) symmetry of the N' = 2 case. The present
talk is devoted to a short account of this construction,
with collecting, as a prerequisite, some salient facts

about the ordinary and N’ = 2 supersymmetric Lan-
dau models.

Note that sigma models with the supergroup tar-
get spaces received much attention for the last years,
in particular, in connection with superbranes (see, e.g.,
[13-15]).

2 Bosonic Landau models

The Lagrangian and Hamiltonian of the planar
bosonic Landau model are given by the following ex-
pressions
Ly =2 —in (32 — 22) = |2)* + (A2 + Az2) , (1)
where
Az = 72’/4?2,142 = 'l:liZ, 85142 - 5'ZA5 = —2iKk ;

and

1
Hy, = 3 (aTa + aaT) =dala+k, (2)
where
a=i(0:+kz), a' =i(0.—kZ), [a,al]=2k.

The invariances of the model are the “magnetic
translations” and 2D rotations generated by

P, = —i(0, + kz), Ps = —i(0z — kz), F, = 20, — 203,

[Pz>PZ] :2'%’ [vaz] = [H7P2] = [Han] =0.

The n-th Landau level (LL) wave function is defined
as

\Il(n) (Za 2) = [7’(82 - Hz)]neiﬁlzr ’l/)(n) (Z)7
H\I/(n) = /1(271 + 1)\I/(n) .

Each LL is infinitely degenerate due to (P,, Pz) invari-
ance.

The S? generalization of the planar Landau model
is defined by the following SU(2) invariant Lagrangian
Ly = S|217 +is (22 — 22), (3)
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where the 2nd term is the d = 1 Wess-Zumino term on
the coset SU(2)/U(1) ~ S2.

The relevant wave functions are finite-dimensional
SU(2) irreps, s,s+1,s+2,...s+ ¢ being their “spins”.
The energy spectrum is determined by the formula

E/=02s+L+1)+2s, £=0,1,2,.... (4)

Each LL is finitely degenerated since wave functions are
SU(2) irreps. Redefining z — rz, H — H1r?, sr? = K,
where 7 is the “inverse” radius of $2, in the limit » — 0,
with k fixed, one recovers the planar Landau model.

3 Planar super Landau models

Planar super Landau models are the large radius
limits of the supersphere and superflag Landau mod-
els. In this limit, the supersphere SU(2|1)/U(1|1) goes
into an (2 4 2)-dim. superplane.

The Lagrangian and Hamiltonian of the superplane
Landau model read:

L=L;+L,= |32+ —in <22—2z+éc_+fg),
H=d'a—ala= 35(% — 0,0z
+ k5 (20: + Oz — 20. — CO) + K° (22 + (() -
_ The invariances are generated by P, Pz, Il = J; +
k¢, ¢ = 0¢ + k(¢ and the new generators

szaC_é_'afanzzaf—’_Caza
C =20, 4 (0 — 20z — C; . (5)

They form the algebra of the supergroup ISU(1|1),
contraction of SU(2|1):

{Q,Q1y=C, [Q,P] =i, {Qt, 11} =iP.

The natural ISU(1|1)-invariant inner product

(6)

< Bl >= /du 055G Y (2,56, s du = d22d’C,

leads to negative norms for some component wave func-
tions. All norms can be made positive by introducing
the “metric” operator:

G = % [0c0¢ + K2CC + K (COc — CO¢)]
<< P >>~ /du (Go) .

Note that H commutes with G, so H = Ht = H*.
However, the hermitian conjugation properties of the
operators which do not commute with G, change. Let
O be a symmetry generator, such that [H,O] = 0.
Then

Ot =qotGc =0t + oL, 0 =[G, 0],

and Og is another operator such that [H, Og] = 0. The
symmetry generators that do not commute with G thus
generate, in general, additional “hidden” symmetries.

In our case G commutes with all ISU(1|1) genera-
tors, except @, QT, hence

Q' =Q" - %S, S =i (0.0¢ + K*2( — K20z — k(D) ,
S:aTa, St =aat.

The operators S, S*, H form N = 2,d = 1 superalgebra
{S,8*y =2kH, {S,S}={S% S} =0,
[H,S]=[H,SY=0.

The LLL ground state is annihilated by S and S*:

SQ/)(O) _ Si¢(0) =0,

and so it is A/ = 2 SUSY singlet. Hence ' = 2 SUSY
is unbroken and all higher LL form its irreps.

4 N =2 superfield formulation

One can recover the planar super Landau model
from another end, just taking the manifest N' = 2
worldline supersymmetry as an input [9].

The starting point is N'=2, d=1 superspace in the
left-chiral basis, (6,0, 7 = t + i60). The basic objects
are N'=2, d=1 chiral bosonic and fermionic superfields
® = 2(7) + 0x(1), ¥ = {(7) + 0h(7), with x(7) and
h(7) being auxiliary fields. The superfield action yield-
ing the superplane model action is:

5= —n/dtdge{@i—k\ll@—i-p[fbD\Il —$Dw]}

where p = 1/(2y/k), & # 0. On shell, the fields 2 and x
are expressed as x = i/y/k(, h =1i/y/kz. In terms
of physical fields:

S:/dt{in(zé—éé—&—(é—éf)—i—(z’é—&-(f)}.

This approach triggered the idea [11] to construct
generalized A/ = 2 Landau models by passing to the
most general N/ = 2 superfield action:

Sgen = /dtd%[l{(@,é) +V(®,0)00T

+ p(®DV - 3DT) | = / dtc. (7)

This action involves two independent superfield poten-
tials, K(®, ®), V(®,®) . Eliminating auxiliary fields in
P=z+4+..., U =19 +...,one gets

Leomp =V 122 +i(2K, — 2K;) + (¢ — terms). (8)

The superpotential V' defines a target metric, while K
produces a background super gauge field.
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5 N =4 superfield action

N = 4 counterpart of the N' = 2 Landau model ac-
tion is written in bi-harmonic superspace (bi-HSS) [16]:

iK
Sy = 75(/quzoq(l,o)Aq(l,O)BOAB

—z/ 0,-2(O.DAYODB

1 —2,0 (1,004 o1,—1,/(0,1)B
04(1L0)A p1.=1,(0. ). 9
+ \/E/,u q 1/} €AB ( )
It involves two bi-harmonic superfields, ¢(*:94 and

OV EB | which live on two different analytic subspaces
of the N' = 4,d = 1 bi-HSS. Without entering into
details, the superfields ¢(*94, OB amount to the
following sets of the off-shell components:

q = (f4, (@), ¥ = (A1), hA(®))

The fields (f?4,x%4) are physical, while (/%4 hi4) are
auxiliary. The off-shell component lagrangian reads:

(1,0)A

Loc 2if'fP =44 2)Can
+(2XaA 5_ hiAhB)GAB
20 sia, B Ay
- hi Yt 10
\/E(f + ¢ )EAB ( )
After eliminating auxiliary fields as h;4 = —ﬁ fl As
Yoa = ﬁ CapXZ , one obtains
= KvCABfiAfB — kX Xan
(fZAsz + zCABx“AxaB) . (11)

The Lagrangian (11) involves the Lorentz force-type
coupling to the external gauge field:

AiBfiB ;

This field is self-dual:

Aip = —kC5" fip .
Fia;iB = 0iaAjp —0jpAia = =2k Cype;j -

The bosonic sector of (11) corresponds to the model
used in [17] to describe U(1) quantum Hall effect on
R*.

6 Symmetries of N' =4 model
The action (11) respects N' = 4 supersymmetry:

1 S
zaCAB aA — GmfiA ,

NG

where €@ are four Grassmann parameters. The corre-
sponding conserved Noether supercharge is

5fif = — XaB, OX

7

Sia = N C*8Xoafin

After quantization it becomes the generator of N = 4
supersymmetry

Besides the worldline supersymmetry the action
respects “internal” supersymmetry which is realized by
differential operators in the target (4 + 4) superspace
(f14,x*B). Their set involves:

A. “Magnetic” supertranslations:

Pia = —i0pia + £ CapfP, Maa = Oyan + K Xan ,

[Pia, Pig] = 2re€ijCap, {Ilaa, My} = 2r€qpenn -

B. Superrotations:

; 1
Q" = i(iCB 55)X aBafA + (ZCB +63) 1B, 4,
Q. Q) =5T" ;) - 5§T(ab) + §i5§5§ Z
{Q, Q" =0.

Here, Z = CH(f"B0sia + x*P0,aa) is U(1) gener-
ator, T* ,T* , are generators of two automorphism
SU(2) groups acting on the doublet indices ¢ and a.

The fifteen generators Q% Q7%, T* o 1%y, Z form
the superalgebra su(2|2), a graded version of su(4).
The full target space superalgebra is

(Pia,Tua) 3 SU(2|2) = ISU(2|2) .

It is a natural generalization of the target ISU(1]1)
symmetry of the A" = 2 super Landau model.

7 Quantization

We use the complex fields:
Z:fll U:f21 <:X11 €:X21
L= 2+ |u]* —ik(2Z — 2z + 1a — )

+ (C+ €€ — in((C+CC+EE+E0).

The quantum Hamiltonian reads

,and c.c.,

H, = aiaz + alau - ozzozg - azag .

azzi(i—f—nz),a (g—i—/{u)

0z o
« —k(, 3 — k&
CCac T
[az,al] = [au,aT] = 2k,

{ag,al} = {ag af} = -
The N = 4 supercharges read:

—(afaz —alae),

Sll = SQ

g

S =5 = (agau +alag),

S

{S1, 57} = {82, ST} = —2H,
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(the sign will change after redefining the inner prod-
uct). In the covariant notation:

{Sie, 59} = 26 e H .

For S% and H, there exists a Sugawara representation

_ b
VE

H= %PiAPi A+ %CAB M3Taa + 2617

One can also define one more N’ = 4 supersymmetry

Sia — 2\/E(Qza + Qia) P};‘HaA’

Jia . ia Aia i i 710
§' = 2ivVK(Q" — Q") + ﬁPAHBCABa

s .
(§ie, G = 2¢lieab g

The closure of the two N/ = 4 superalgebras is the
worldline su(2]2):

{sie, 39} = 8ix (e“bTij - eijT“b) , (12)

1% and T being the R-symmetry SU(2) generators.
The wave functions are defined as follows:
A. The lowest Landau level (LLL), H¥° = 0:

U0 = e Ky, K =2+ [ul® + ¢ + &€,
oz, u,(,€) = A(z,u) + (B (2,u)
+ €C%(z,u) + CED°(2,u) .
The LLL wave function has a four-fold degeneracy:

AY, BY C° DP are closed under ISU(2|2). It is a sin-
glet of N' = 4 supersymmetry.

B. Next LLs, HU(N) = 2x NU(N) | with N > 0.

Introducing the SU(2) covariant notation a' =
(az au)a;aa = (aC 045) ” [aj,aj] - 2’“27 {a:rzvab}
2k60 , the wave function V) can be constructed as

V) = aJ(r‘ al ..al
i1 12 iN)

e—nK(b(iliQ...iN)(Z’ u, Ca f)

+alal al a4l e_“Kwa(“iQ”'iN_l)(Z,U,Cag)

a(iq 2" IN )

+(ah?al al .alf

(i1 "t2"" iN,Q)675K¢(i1i2“.i1\,72)'(zvu7<a€)
The component wave functions form irreps of the
worldline A' = 4. The N’ = 4 supermultiplet for N-th

level collects the SU(2) spins

N N -1 N -2
<81 = ?, S9 = 9 , 83 = B > . (13)
The degeneracy of the N-th level is
4[(251 + 1) 4 2(259 + 1) + (253 +1)] = 16N . (14)

Like in other super Landau models, with the stan-
dard definition of the inner product

(Bl) = / BT ), dp = d fd*x

there are negative norms. Let W ), I,m = 0,1 be

a wave function with one or two fermionic quanta O‘Z

and Ozl. Then
(W (tm) [ amy) ~ (DD |* + 26 By |
+ 26/ Cam) 1 + 262 Agm) 1),
IIf]|? == /dzdédudae#“lzlz*%l“‘zf(z, w)f(z,u).
The states with W, gy and ¥ (g ;) have negative norm.

To cure this, one redefines the inner product as in
the N = 2 case

((¢ld)) = (GYl9),

t
« [0
G =(1—2n)(1—2ng), nee = 55

2K

The metric operator G possesses the standard proper-
ties
[H,,G] =0, G*=1.

With the new definition of the hermitian conjugation,
H, becomes manifestly positive-definite:

H=adla, +ala, + agac + agag .

8 Generalized N = 4 models

Most general A/ = 4 supersymmetric action of the
superfields ¢(194 and (D4 ig

R _
2*(//1 2012.0(4(LOA 4 o)
i

_ i/uo,—Qw(O,l)Aw(O,l)BeAB

1 —2,0 (1,004 yl,—1,,(0,1)B )
- ) ) D ) )
+ \/E/“ q (0 €AB ),

Sgen =

where L?0 is an arbitrary function of its arguments.
After going to components and eliminating auxiliary
fields one obtains the on-shell Lagrangian

. . 1,s
L= A4 —ikX* Xaa + i‘f Afia

+i 5 (Gas N
Here
8L2’0
_ -1
AzA(f) == 7/{/dudv u, m,
K 92,20
Gag(f) = 5 /dudv S0 A A

The external gauge field A; 4 (f) by construction is self-
dual on R%,

Fipja = 0ipAja — 0jaAip = —2Gapeij .
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In the bosonic sector we obtain some generalization
of the Elvang, Polchinski U(1) model in R*, with an ar-
bitrary self-dual external gauge field. All other terms
in the Lagrangian can be brought to the same form as
in the original N' = 4 super Landau model. How to ob-
tain non-trivial target metric as in the general ' = 2
Landau model? This is an open question. Perhaps
one should make use of some nonlinear versions of the
off-shell /' = 4 multiplets involved [18].

9 Outlook

Among possible physical applications of the super
Landau models outlined here (including the new N' = 4
model), as well as the problems for the further study,
we would like to distinguish the following ones.

These models might constitute a basis of possible
supersymmetric versions of the Quantum Hall Effect
(QHE) in diverse dimensions. For instance, as follows
from our consideration, QHE on R* [17] could have a
natural N = 4 superextension described by the /' = 4
Landau model. Also, we expect a close relation of the
models considered to integrable structures in the pla-
nar NV = 4,d = 4 SYM theory and string theory. In-
deed, the integrable su(2]2) and su(3|2) spin chains
play an important role in these theories [19,20], and
it would be hardly accidental that the supergroups of

similar type appear as the target space symmetries in
the quantum-mechanical super Landau models. In this
context, it is of clear interest to construct and study
curved analogs of the N' = 4 Landau model based, e.g.,
on the supercoset SU(3|2)/U(2|2) ~ C22), Our pla-
nar model should be reproduced from such a curved
system in the contraction limit R — oo. The SU(3|2)
system can be treated as a superextension of one of the
SU(3)/U(2) models studied in [21] in connection with
the four-dimensional QHE.

It is interesting to generalize our consideration to
higher A/ worldline supersymmetries (e.g. N/ = 8) and
to construct alternative N = 4 super Landau models
based on other known off-shell N' = 4,d = 1 multi-
plets, e.g. (3,4,1) and (2,4, 2). The supersymmetric
Landau-type models with couplings to external non-
abelian gauge fields (introduced by methods of ref. [22])
also present an ambitious subject for the future inves-
tigations.
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E. Usaros

MO/IEJIN JIAHJAY C CYIIEPCUMMETPUSIMMI HA MUPOBON JINHUU U B
IIPOCTPAHCTBE OTOBPAXKEHUA: N =2 U N =4 IPUMEPHI

IIpencrasiien cuHOICKC CyIePPACIINPEHHBIX Mogestel Jlanaay, 061a1a0mux KaK cynepcuMMerpueil Ha MUPOBOH JIMHAN, TAK
¥ rpaJyupPOBAHHON BHYTPEHHEN CHMMeTpHel, peaJIn30BaHHOM B IPOCTPAHCTBE 0TOOpaskeHust. OCHOBHOE BHUMAHUE YeJIeHO
HEJJABHO TIOCTPOEHHOM Mozenu ¢ mupoBoit N = 4 cynepcummerpueii u [SU(2|2) cummeTpreif TpOCTPaHCTBA OTOOPasKEHUS.

KiroueBble ciioBa: cynepcummempus, modeav Jlanday, cynepnpocmpaHcmeo.
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