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We present a synopsis of superextended Landau models possessing both worldline supersymmetry and graded internal
symmetry acting in the target space. The main focus is on the recently constructed model with the worldline N = 4
supersymmetry and the target ISU(2|2) symmetry.
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1 Introduction

The original quantum Landau model [1] describes
a charged particle moving on a plane orthogonal to a
constant uniform magnetic �ux. Its generalization is
the spherical Landau-type model [2] which describes a
charged particle on the 2-sphere S2 ∼ SU(2)/U(1) in
the Dirac monopole background.

Superextensions of the Landau and Haldane models
deal with non-relativistic particles moving on super-
group manifolds with S2 or its planar limit as a �body�.
Minimal superextensions of the S2 Haldane model are:

1. Landau problem on the (2 + 2)-dimensional super-
sphere SU(2|1)/U(1|1) [3, 4];
2. Landau problem on the (2+4)-dimensional super�ag
SU(2|1)/[U(1)× U(1)] [4, 5].

Their large S2 radius limits yield planar super Lan-
dau models [6�9]. Most surprising feature of the su-
per planar Landau problems is the hidden world-line
N = 2 supersymmetry. Thus, the super planar Lan-
dau models simultaneously provide a class of super-
symmetric quantum mechanics (SQM) models. SQM
models [10] have a plenty of applications in diverse do-
mains.

A natural approach to constructing super planar
Landau models is as follows. One takes the notion of
the world-line N = 2 SUSY as the primary one and
reproduces the planar Landau model and its most gen-
eral N = 2 supersymmetric version from a worldline
super�eld formalism [9,11]. Recently, this �bottom-up�
approach was applied for constructing the �rst exam-
ple of super Landau model with the worldline N = 4
supersymmetry [12]. We found the target space super-
symmetry ISU(2|2) as a natural generalization of the
ISU(1|1) symmetry of the N = 2 case. The present
talk is devoted to a short account of this construction,
with collecting, as a prerequisite, some salient facts

about the ordinary and N = 2 supersymmetric Lan-
dau models.

Note that sigma models with the supergroup tar-
get spaces received much attention for the last years,
in particular, in connection with superbranes (see, e.g.,
[13�15]).

2 Bosonic Landau models

The Lagrangian and Hamiltonian of the planar
bosonic Landau model are given by the following ex-
pressions

Lb = |ż|2 − iκ (żz̄ − ˙̄zz) = |ż|2 + (Az ż +Az̄ ˙̄z) , (1)

where

Az = −iκz̄, Az̄ = iκz, ∂z̄Az − ∂zAz̄ = −2iκ ,

and

Hb =
1

2

(
a†a+ aa†

)
= a†a+ κ , (2)

where

a = i(∂z̄ + κz), a† = i(∂z − κz̄), [a, a†] = 2κ .

The invariances of the model are the �magnetic
translations� and 2D rotations generated by

Pz = −i(∂z + κz̄), Pz̄ = −i(∂z̄ − κz), Fb = z∂z − z̄∂z̄,

[Pz, Pz̄] = 2κ, [H,Pz] = [H,Pz̄] = [H,Fb] = 0.

The n-th Landau level (LL) wave function is de�ned
as

Ψ(n)(z, z̄) = [i(∂z − κz̄)]ne−κ|z|
2

ψ(n)(z),

HΨ(n) = κ(2n+ 1)Ψ(n) .

Each LL is in�nitely degenerate due to (Pz, Pz̄) invari-
ance.

The S2 generalization of the planar Landau model
is de�ned by the following SU(2) invariant Lagrangian

Lb =
1

(1 + |z|2)2
|ż|2 + is

1

1 + |z|2
(żz̄ − ˙̄zz) , (3)
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where the 2nd term is the d = 1 Wess-Zumino term on
the coset SU(2)/U(1) ∼ S2.

The relevant wave functions are �nite-dimensional
SU(2) irreps, s, s+ 1, s+ 2, . . . s+ ` being their �spins�.
The energy spectrum is determined by the formula

E` = `(2s+ `+ 1) + 2s , ` = 0, 1, 2, . . . . (4)

Each LL is �nitely degenerated since wave functions are
SU(2) irreps. Rede�ning z → r z , H → H r2, sr2 = κ,
where r is the �inverse� radius of S2, in the limit r → 0,
with κ �xed, one recovers the planar Landau model.

3 Planar super Landau models

Planar super Landau models are the large radius
limits of the supersphere and super�ag Landau mod-
els. In this limit, the supersphere SU(2|1)/U(1|1) goes
into an (2 + 2)-dim. superplane.

The Lagrangian and Hamiltonian of the superplane
Landau model read:

L = Lf + Lb = |ż|2 + ζ̇ ˙̄ζ − iκ
(
żz̄ − ˙̄zz + ζ̇ ζ̄ + ˙̄ζζ

)
,

H = a†a− α†α = ∂ζ̄∂ζ − ∂z∂z̄
+κ

(
z̄∂z̄ + ζ̄∂ζ̄ − z∂z − ζ∂ζ

)
+ κ2

(
zz̄ + ζζ̄

)
.

The invariances are generated by Pz, Pz̄,Πζ = ∂ζ +
κζ̄,Πζ̄ = ∂ζ̄ + κζ and the new generators

Q = z∂ζ − ζ̄∂z̄ , Q† = z̄∂ζ̄ + ζ∂z ,

C = z∂z + ζ∂ζ − z̄∂z̄ − ζ̄∂ζ̄ . (5)

They form the algebra of the supergroup ISU(1|1),
contraction of SU(2|1):

{Q,Q†} = C , [Q,P ] = iΠ , {Q†,Π} = iP . (6)

The natural ISU(1|1)-invariant inner product

< φ
∣∣ψ >=

∫
dµ φ

(
z, z̄; ζ, ζ̄

)
ψ
(
z, z̄; ζ, ζ̄

)
, dµ = d2zd2ζ,

leads to negative norms for some component wave func-
tions. All norms can be made positive by introducing
the �metric� operator:

G =
1

κ

[
∂ζ∂ζ̄ + κ2ζ̄ζ + κ

(
ζ∂ζ − ζ̄∂ζ̄

)]
,

<< φ
∣∣ψ >>∼ ∫ dµ (Gφ)ψ .

Note that H commutes with G, so H = H† = H‡.
However, the hermitian conjugation properties of the
operators which do not commute with G, change. Let
O be a symmetry generator, such that [H,O] = 0.
Then

O‡ ≡ GO†G = O† +GO†G , OG ≡ [G,O] ,

and OG is another operator such that [H,OG] = 0. The
symmetry generators that do not commute with G thus
generate, in general, additional �hidden� symmetries.

In our case G commutes with all ISU(1|1) genera-
tors, except Q, Q†, hence

Q‡ = Q† − i

κ
S, S = i

(
∂z∂ζ̄ + κ2z̄ζ − κz̄∂ζ̄ − κζ∂z

)
,

S = a†α , S‡ = aα‡ .

The operators S, S‡, H formN = 2, d = 1 superalgebra

{S, S‡} = 2κH , {S, S} = {S‡, S‡} = 0 ,

[H,S] = [H,S‡] = 0 .

The LLL ground state is annihilated by S and S‡:

Sψ(0) = S‡ψ(0) = 0,

and so it is N = 2 SUSY singlet. Hence N = 2 SUSY
is unbroken and all higher LL form its irreps.

4 N = 2 super�eld formulation

One can recover the planar super Landau model
from another end, just taking the manifest N = 2
worldline supersymmetry as an input [9].

The starting point is N=2, d=1 superspace in the
left-chiral basis, (θ, θ̄, τ ≡ t + iθθ̄) . The basic objects
are N=2, d=1 chiral bosonic and fermionic super�elds
Φ = z(τ) + θχ(τ), Ψ = ζ̄(τ) + θh(τ), with χ(τ) and
h(τ) being auxiliary �elds. The super�eld action yield-
ing the superplane model action is:

S = −κ
∫
dtd2θ

{
ΦΦ̄ + ΨΨ̄ + ρ

[
ΦDΨ− Φ̄D̄Ψ̄

]}
,

where ρ = 1/(2
√
κ), κ 6= 0. On shell, the �elds h and χ

are expressed as χ = i/
√
κ ζ̇ , h = i/

√
κ ˙̄z. In terms

of physical �elds:

S ⇒
∫
dt
[
iκ
(
z ˙̄z − z̄ż + ζ ˙̄ζ − ζ̇ ζ̄

)
+
(
ż ˙̄z + ζ̇ ˙̄ζ

) ]
.

This approach triggered the idea [11] to construct
generalized N = 2 Landau models by passing to the
most general N = 2 super�eld action:

Sgen =

∫
dtd2θ

[
K(Φ, Φ̄) + V (Φ, Φ̄)ΨΨ̄

+ ρ
(
ΦDΨ− Φ̄D̄Ψ̄

) ]
=

∫
dtL . (7)

This action involves two independent super�eld poten-
tials, K(Φ, Φ̄), V (Φ, Φ̄) . Eliminating auxiliary �elds in
Φ = z + . . . ,Ψ = ψ + . . . , one gets

Lcomp = V −1 ż ˙̄z + i (żKz − ˙̄zKz̄) + (ψ − terms) . (8)

The superpotential V de�nes a target metric, while K
produces a background super gauge �eld.
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5 N = 4 super�eld action

N = 4 counterpart of the N = 2 Landau model ac-
tion is written in bi-harmonic superspace (bi-HSS) [16]:

SN=4 = − iκ
2

(∫
µ−2,0q(1,0)Aq(1,0)BCAB

− i
∫
µ0,−2ψ(0,1)Aψ(0,1)BεAB

+
1√
κ

∫
µ−2,0q(1,0)AD1,−1ψ(0,1)BεAB

)
. (9)

It involves two bi-harmonic super�elds, q(1,0)A and
ψ(0,1)B , which live on two di�erent analytic subspaces
of the N = 4, d = 1 bi-HSS. Without entering into
details, the super�elds q(1,0)A, ψ(0,1)B amount to the
following sets of the o�-shell components:

q(1,0)A ⇒ (f iA, ψaA(t)) , ψ0,1A ⇒ (χaA(t), hiA(t)) .

The �elds (f iA, χaA) are physical, while (ψaA, hiA) are
auxiliary. The o�-shell component lagrangian reads:

L ∝ (2iḟ iAfBi − ψaAψBa )CAB

+ (2χ̇aAχBa − ihiAhBi )εAB

− 2i√
κ

(ḟ iAhBi + ψaAχ̇Ba )εAB . (10)

After eliminating auxiliary �elds as hiA = − 1√
κ
ḟiA,

ψaA = i√
κ
CABχ̇

B
a , one obtains

L = κCAB ḟ
iAfBi − iκχ̇aAχaA

+
1

2

(
ḟ iAḟiA + iCABχ̇

aAχ̇Ba

)
. (11)

The Lagrangian (11) involves the Lorentz force-type
coupling to the external gauge �eld:

AiB ḟ iB , AiB = −κC D
B fiD .

This �eld is self-dual:

FiA jB := ∂iAAjB − ∂jBAiA = −2κCABεij .

The bosonic sector of (11) corresponds to the model
used in [17] to describe U(1) quantum Hall e�ect on
R4.

6 Symmetries of N = 4 model

The action (11) respects N = 4 supersymmetry:

δf iA = − i√
κ
εiaCABχ̇aB , δχaA = − 1√

κ
εiaḟAi ,

where εia are four Grassmann parameters. The corre-
sponding conserved Noether supercharge is

Sia = − i√
κ
CABχ̇aAḟiB

After quantization it becomes the generator of N = 4
supersymmetry

Besides the worldline supersymmetry the action
respects �internal� supersymmetry which is realized by
di�erential operators in the target (4 + 4) superspace
(f iA, χaB). Their set involves:

A. �Magnetic� supertranslations:

PiA = −i∂fiA + κCABf
B
i , ΠaA = ∂χaA + κχaA ,

[PiA, PjB ] = 2κεijCAB , {ΠaA,ΠbB} = 2κεabεAB .

B. Superrotations:

Qia =
1

2
(iCAB − δAB)χaB∂fAi +

1

2
(iCAB + δAB)f iB∂χAa ,

{Qia, Q̄jb} = δabT
(i
j) − δ

i
jT

(a
b) +

1

2
iδijδ

a
b Z,

{Qia, Qjb} = 0 .

Here, Z = CAB (f iB∂fiA + χaB∂χaA) is U(1) gener-
ator, T i k, T

a
b are generators of two automorphism

SU(2) groups acting on the doublet indices i and a.
The �fteen generators Qia, Q̄jb, T i k, T

a
b, Z form

the superalgebra su(2|2), a graded version of su(4).
The full target space superalgebra is

(PiA,ΠaA) o SU(2|2) = ISU(2|2) .

It is a natural generalization of the target ISU(1|1)
symmetry of the N = 2 super Landau model.

7 Quantization

We use the complex �elds:

z = f11, u = f21, ζ = χ11, ξ = χ21, and c.c.,

L = |ż|2 + |u̇|2 − iκ(żz̄ − ˙̄zz + u̇ū− ˙̄uu)

+ ζ̇ ˙̄ζ + ξ̇ ˙̄ξ − iκ(ζ̇ ζ̄ + ˙̄ζζ + ξ̇ξ̄ + ˙̄ξξ).

The quantum Hamiltonian reads

Hq = a†zaz + a†uau − α
†
ζαζ − α

†
ξαξ .

az = i(
∂

∂z̄
+ κz) , au = i(

∂

∂ū
+ κu) ,

αζ =
∂

∂ζ̄
− κζ, αξ =

∂

∂ξ̄
− κξ

[az, a
†
z] = [au, a

†
u] = 2κ,

{αζ , α†ζ} = {αξ, α†ξ} = −2κ.

The N = 4 supercharges read:

S11 := S2 =
i√
κ

(α†ξaz − a
†
uαζ),

S21 := S1 =
i√
κ

(α†ξau + a†zαζ),

{S1, S
†
1} = {S2, S

†
2} = −2Hq
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(the sign will change after rede�ning the inner prod-
uct). In the covariant notation:

{Sia, Sjb} = 2εijεabHq.

For Sia and Hq there exists a Sugawara representation

Sia = 2
√
κ(Qia + Q̄ia)− i√

κ
P iAΠaA,

H =
1

2
P iAPiA +

i

2
CAB Πa

BΠaA + 2κiZ

One can also de�ne one more N = 4 supersymmetry

Ŝia = 2i
√
κ(Qia − Q̄ia) +

i√
κ
P iAΠa

BC
AB ,

{Ŝia, Ŝjb} = 2εijεabHq.

The closure of the two N = 4 superalgebras is the
worldline su(2|2):

{Sia, Ŝjb} = 8iκ
(
εabT̂ ij − εij T̂ ab

)
, (12)

T̂ ij and T̂ ab being the R-symmetry SU(2) generators.
The wave functions are de�ned as follows:

A. The lowest Landau level (LLL), HΨ0 = 0:

Ψ0 = e−κKψ0, K = |z|2 + |u|2 + ζζ̄ + ξξ̄ ,

ψ0(z, u, ζ, ξ) = A0(z, u) + ζB0(z, u)

+ ξC0(z, u) + ζξD0(z, u) .

The LLL wave function has a four-fold degeneracy:
A0, B0, C0, D0 are closed under ISU(2|2). It is a sin-
glet of N = 4 supersymmetry.

B. Next LLs, HΨ(N) = 2κNΨ(N) , with N > 0.

Introducing the SU(2) covariant notation ai ≡
(az au) , ;αa ≡ (αζ αξ) ,, [a†i , a

j ] = 2κδji , {α†a, αb} =
2κδba , the wave function Ψ(N) can be constructed as

Ψ(N) = a†(i1a
†
i2
...a†iN )e

−κKφ(i1i2...iN )(z, u, ζ, ξ)

+α†aa
†
(i1
a†i2 ...a

†
iN−1)

e−κKψa(i1i2...iN−1)(z, u, ζ, ξ)

+ (α†)2a†(i1a
†
i2
...a†iN−2)

e−κKφ(i1i2...iN−2).(z, u, ζ, ξ)

The component wave functions form irreps of the
worldline N = 4. The N = 4 supermultiplet for N -th
level collects the SU(2) spins(
s1 =

N

2
, s2 =

N − 1

2
, s3 =

N − 2

2

)
. (13)

The degeneracy of the N -th level is

4[(2s1 + 1) + 2(2s2 + 1) + (2s3 + 1)] = 16N . (14)

Like in other super Landau models, with the stan-
dard de�nition of the inner product

〈φ|ψ〉 =

∫
dµφ(f, χ)ψ(f, χ), dµ = d4fd4χ

there are negative norms. Let Ψ(l,m), l,m = 0, 1 be

a wave function with one or two fermionic quanta α†ζ
and α†ξ . Then

〈Ψ(l,m)|Ψ(l,m)〉 ∼ (−1)l+m(||D(l,m)||2 + 2κ||B(l,m)||2

+ 2κ||C(l,m)||2 + 2κ2||A(l,m)||2),

||f ||2 :=

∫
dzdz̄dudūe−2κ|z|2−2κ|u|2f(z, u)f(z, u) .

The states with Ψ(1,0) and Ψ(0,1) have negative norm.
To cure this, one rede�nes the inner product as in

the N = 2 case

〈〈ψ|φ〉〉 := 〈Gψ|φ〉,

G = (1− 2nζ)(1− 2nξ), nζ,ξ :=
α†ζ,ξ αζ,ξ

2κ
.

The metric operator G possesses the standard proper-
ties

[Hq, G] = 0 , G2 = 1 .

With the new de�nition of the hermitian conjugation,
Hq becomes manifestly positive-de�nite:

H = a†zaz + a†uau + α‡ζαζ + α‡ξαξ .

8 Generalized N = 4 models

Most general N = 4 supersymmetric action of the
super�elds q(1,0)A and ψ(0,1)A is

Sgen =
κ

2i

(∫
µ−2,0L2,0(q(1,0)A, u, v)

− i

∫
µ0,−2ψ(0,1)Aψ(0,1)BεAB

+
1√
κ

∫
µ−2,0q(1,0)AD1,−1ψ(0,1)BεAB

)
,

where L2,0 is an arbitrary function of its arguments.
After going to components and eliminating auxiliary
�elds one obtains the on-shell Lagrangian

L = ḟ iAAiA − iκχ̇aAχaA +
1

2
ḟ iAḟiA

+ i
κ

2
(G−1)ABχ̇

aAχ̇Ba .

Here

AiA(f) = −κ
∫
dudv u−1

i

∂L2,0

∂f (1,0)A
,

GAB(f) =
κ

2

∫
dudv

∂2L2,0

∂f (1,0)A∂f (1,0)B
.

The external gauge �eld AiA(f) by construction is self-
dual on R4,

FiBjA := ∂iBAjA − ∂jAAiB = −2GABεij .
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In the bosonic sector we obtain some generalization
of the Elvang, Polchinski U(1) model in R4, with an ar-
bitrary self-dual external gauge �eld. All other terms
in the Lagrangian can be brought to the same form as
in the original N = 4 super Landau model. How to ob-
tain non-trivial target metric as in the general N = 2
Landau model? This is an open question. Perhaps
one should make use of some nonlinear versions of the
o�-shell N = 4 multiplets involved [18].

9 Outlook

Among possible physical applications of the super
Landau models outlined here (including the newN = 4
model), as well as the problems for the further study,
we would like to distinguish the following ones.

These models might constitute a basis of possible
supersymmetric versions of the Quantum Hall E�ect
(QHE) in diverse dimensions. For instance, as follows
from our consideration, QHE on R4 [17] could have a
natural N = 4 superextension described by the N = 4
Landau model. Also, we expect a close relation of the
models considered to integrable structures in the pla-
nar N = 4, d = 4 SYM theory and string theory. In-
deed, the integrable su(2|2) and su(3|2) spin chains
play an important role in these theories [19, 20], and
it would be hardly accidental that the supergroups of

similar type appear as the target space symmetries in
the quantum-mechanical super Landau models. In this
context, it is of clear interest to construct and study
curved analogs of the N = 4 Landau model based, e.g.,
on the supercoset SU(3|2)/U(2|2) ∼ C(2|2). Our pla-
nar model should be reproduced from such a curved
system in the contraction limit R → ∞. The SU(3|2)
system can be treated as a superextension of one of the
SU(3)/U(2) models studied in [21] in connection with
the four-dimensional QHE.

It is interesting to generalize our consideration to
higher N worldline supersymmetries (e.g. N = 8) and
to construct alternative N = 4 super Landau models
based on other known o�-shell N = 4, d = 1 multi-
plets, e.g. (3,4,1) and (2,4,2). The supersymmetric
Landau-type models with couplings to external non-
abelian gauge �elds (introduced by methods of ref. [22])
also present an ambitious subject for the future inves-
tigations.
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Å. Èâàíîâ

ÌÎÄÅËÈ ËÀÍÄÀÓ Ñ ÑÓÏÅÐÑÈÌÌÅÒÐÈßÌÈ ÍÀ ÌÈÐÎÂÎÉ ËÈÍÈÈ È Â
ÏÐÎÑÒÐÀÍÑÒÂÅ ÎÒÎÁÐÀÆÅÍÈß: N = 2 È N = 4 ÏÐÈÌÅÐÛ

Ïðåäñòàâëåí ñèíîïñèñ ñóïåððàñøèðåííûõ ìîäåëåé Ëàíäàó, îáëàäàþùèõ êàê ñóïåðñèììåòðèåé íà ìèðîâîé ëèíèè, òàê
è ãðàäóèðîâàííîé âíóòðåííåé ñèììåòðèåé, ðåàëèçîâàííîé â ïðîñòðàíñòâå îòîáðàæåíèÿ. Îñíîâíîå âíèìàíèå óäåëåíî
íåäàâíî ïîñòðîåííîé ìîäåëè ñ ìèðîâîé N = 4 ñóïåðñèììåòðèåé è ISU(2|2) ñèììåòðèåé ïðîñòðàíñòâà îòîáðàæåíèÿ.
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