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The �eld of a rotating inclined magnetic dipole is studied. One �rst integral of motion and some particular solutions of
equations of motion for a charged particle in this �eld are found. The e�ective potential energy of a charge is studied. It
is shown that the e�ective potential energy in the corotating reference system has six stationary points, which correspond
to circular motion of a charge.
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1 Introduction

Magnetic �eld of the planets and stars can be
thought of as a dipole �eld in good approximation. Mo-
tion of a charged particle in the �eld of magnetic dipole
has been investigated in details since 1907. In partic-
ular, the Earth magnetic �eld was studied by Størmer
[1,2]. Solution of equation of motion for charged parti-
cle in a dipolar magnetic �eld gives trapping regions for
particles, with energy of limited range. These regions
of planets are known as radiation belts [3,4]. The �rst
theoretical studies on the properties of the trajecto-
ries of charged particle in a dipolar �eld are presented
in [1, 5, 6].

There are also well known bodies, for which direc-
tion of magnetic moment is di�erent from the direc-
tion of axis of rotation. In this case there is an electric
�eld around the body induced by magnetic �eld. The
neutron stars and pulsars are examples of such bod-
ies. Some models of electric �eld which is generated
in the neighbourhood of neutron stars were developed
in [7]. All these models are based on suggestion that
the neutron star is a conducting body. But there are
also celestial bodies, which consist of non-conducting
matter and their axis of rotation is inclined with re-
spect to the magnetic �eld axis. Magnetic �eld of such
objects can be in good approximation described as the
�eld of inclined rotating magnetic dipole.

In this paper we present calculation of the �eld of
rotating magnetic dipole and we consider also equa-
tions of motion of a charged particle in this �eld. It is
shown that each stationary point of the e�ective poten-
tial energy corresponds to particular solution of equa-
tions of motion for a charged particle.

2 The �eld of precessing magnetic dipole

Let us consider the �eld which is produced by pre-
cessing magnetic dipole. We de�ne the law of motion of

a dipole moment µ in the Cartesian coordinate system
as follows:

µ = µ(sinα cosωt, sinα sinωt, cosα), (1)

where µ > 0 and ω > 0 are the magnitude and angular
velocity of the dipole respectively, 0 ≤ α ≤ π is the
angle between vector µ and the rotational axis. The
general formulae for the �eld of an arbitrary changing
dipole are given, for example, in [8]:

E =
(n× µ̇)

r2c
+

(n× µ̈)

rc2
, (2)

H =
(n× (n× µ̈))

rc2
+

3n(nµ̇)− µ̇
r2c

+
3n(nµ)− µ

r3
, (3)

where c is the speed of light, n = r/r is the unit vector,
r is the radius-vector. Field is calculated at time t, and
all the quantities on the right side of these equations

should be taken at the retarded time t′ = t− r

c
.

In a spherical coordinate system (r, θ, ϕ) the electric
�eld vector has the form:

r3Er = 0, (4)

r3Eθ = µρ sinα (ρ sin τ − cos τ) , (5)

r3Eϕ = −µρ cos θ sinα (ρ cos τ + sin τ) (6)

where

τ = ωt′ − ϕ, ρ =
rω

c
. (7)

Magnetic �eld vector has components:

r3Hr = 2µ [sinα sin θ(cos τ − ρ sin τ)

+ cos θ cosα] , (8)

r3Hθ = −µ [cos θ sinα(cos τ − ρ sin τ

− ρ2 cos τ)− sin θ cosα
]
, (9)

r3Hφ = −µ sinα(sin τ + ρ cos τ

−ρ2 sin τ) . (10)
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One can see that time dependence appears only as
composition ωt′ − ϕ. It means that the electromag-
netic �eld looks like as the �eld rotates with angular
velocity ω around z-axis. At �rst glance it would seem
that we have a paradox: the linear velocity of motion
well away from z-axis is getting more then speed of
light. But motion of the �eld lines does not relate to
transfer of matter or �eld energy. The above equations
state only that the electromagnetic �eld at any point
(r, θ, ϕ) of space is equivalent to the value of �eld at the
point (r, θ, ϕ−δϕ) at the moment t−δϕ/ω. Evidently,
in the far �eld zone only radiation �eld remains, which
moves radially with the speed of light.

3 Equation of motion of a charged particle

Let us �nd the Lagrangian for a charged particle in
the �eld under consideration [9]:

L = −mc2
√

1− v2

c2
+
e

c
(Av) , (11)

where v is the particle velocity vector, A is the vector
potential. It is easy to prove that the vector potential

A = − (n× µ)

r2
− (n× µ̇)

rc

gives the �elds (2) and (3). Substituting spherical com-
ponents of vectors A and v into Lagrangian (11), we
obtain

L = −mc2
√

1− ṙ2 + θ̇r2 + ϕ̇2r2 sin θ2

c2

+
eµ

cr

{
θ̇ sinα(sin τ + ρ cos τ)

+ϕ̇ sin2 θ cosα (12)

−ϕ̇ sin θ cos θ sinα(cos τ − ρ sin τ)} .

Further we consider a charged particle to be a non-
relativistic one. Let us introduce a new set of general-
ized coordinates ρ, θ, ψ with

ρ =
rω

c
, ψ = ϕ− ωt. (13)

Actually, this means that we use a co-rotating refer-
ence system. As the particle is a non-relativistic one,
we restrict our consideration by ωr � c or ρ � 1.
This means that the particle moving around the axis
of precession with an angular velocity of about ω is
non-relativistic. In this approximation τ ≈ −ψ.

Then the nonrelativistic Lagrangian function takes
the form

L =
mc2

2ω2

[
ρ̇2 + ρ2θ̇2 + ρ2(ψ̇ + ω)2 sin2 θ

]
−eµω
c2ρ

sinα
[
(ψ̇ + ω) sin θ cos θ cosψ

+ θ̇ sinψ
]

+
eµω

c2ρ
cosα(ψ̇ + ω) sin2 θ.

Substituting this function into Lagrange's equation

d

dt

∂L

∂q̇
− ∂L

∂q
= 0, (14)

we obtain equations of motion for a charged particle in
the �eld of rotating magnetic dipole

mc2

ω2
[ρ̈− ρθ̇2 − ρ(ψ̇ + ω)2 sin2 θ]

− eµω sinα

ρ2
[θ̇ sinψ +

1

2
(ψ̇ + ω) sin 2θ cosψ]

+
eµω cosα

ρ2
(ψ̇ + ω) sin2 θ = 0, (15)

mc2

ω2
[2ρρ̇θ̇ + ρ2θ̈ − 1

2
ρ2(ψ̇ + ω)2 sin 2θ]

+
eµω sinα

ρ2
[ρ̇ sinψ − 2ψ̇ρ sin2 θ cosψ

+ ρω cos 2θ cosψ]

− eµω cosα

ρ2
(ψ̇ + ω) sin 2θ = 0, (16)

mc2

ω2
[ρ2ψ̈ sin2 θ + ρ(ψ̇ + ω)(ρθ̇ sin 2θ + 2ρ̇ sin2 θ)]

+
eµω sinα

ρ2
[sin θ cos θ(ρ̇ cosψ − ρω sinψ)

+ 2ρθ̇ sin2 θ cosψ]

+
eµω cosα

ρ2
(θ̇ρ sin 2θ − ρ̇ sin2 θ) = 0. (17)

In order to �nd an integral of motion we multiply Eq.
(15) by ρ̇, Eq. (16) by ρθ̇ and Eq. (17) by ρψ̇ and sum
up all the three equations. The left-hand site of result-
ing equation is a full time derivative. After integration
we obtain �rst order equation

mc2

2ω2
(ρ̇2 + ρ2θ̇2 + ρ2ψ̇2 sin2 θ − ω2ρ2 sin2 θ)

+
eµω2 sin 2θ

2c2ρ
sinα cosψ

− eµω2

c2ρ
cosα sin2 θ = E . (18)

Here E is a constant. The �rst term in this expression

K =
mc2

2ω2
(ρ̇2 + ρ2θ̇2 + ρ2 sin2 θψ̇2) is always positive

hence, it can be considered as the kinetic energy of
the particle. The rest terms are usually referred to as
e�ective potential energy. It can be written as follows:

Vef =
mc2

2

{
−ρ2 sin2 θ

+
N⊥ sin 2θ

ρ
cosψ −

2N‖ sin2 θ

ρ

}
, (19)
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where

N⊥ =
eµω2 sinα

mc4
, N‖ =

eµω2 cosα

mc4
.

In this notation Eq. (18) can be represented as:

K = E − Vef . (20)

Inequality E −Vef ≥ 0 imposes restrictions on possible
area of the particle motion.

4 Extremes of the e�ective potential energy

Let us investigate the e�ective potential energy. A
particle can be in a stable, unstable or indi�erent equi-
librium at the stationary points of the e�ective poten-
tial energy. The aim of this investigation is to �nd the
stationary points of the function Vef . In order to do so
we have to solve the set of equations:

∂Vef
∂qi

= 0, (21)

where qi = ρ, θ, ψ. This gives a system of three equa-
tions

−2ρ3 + 2N‖ − 2N⊥ cot θ cosψ = 0, (22)

−ρ3 − 2N‖ + 2N⊥ cot 2θ cosψ = 0, (23)

N⊥ sin 2θ sinψ = 0. (24)

Equation (24) has next solutions:

ψ = 0, π and any θ; (25)

θ =
πn

2
, (n ∈ Z) and anyψ. (26)

4.1 Solution for ψ = 0, π

Using Eq. (25) we can eliminate the variable ψ from
the equations (22) and (23) by substitution cosψ = ε,
where ε = +1 corresponds to ψ = 0 and ε = −1 cor-
responds to ψ = π. This results in a system of two
equations:

−ρ3 +N‖ − εN⊥ cot θ = 0,

−ρ3 cot θ − 2N‖ cot θ + εN⊥(cot2 θ − 1) = 0.

Excluding cot θ from these equations we obtain:

2ρ6 −N‖ρ3 −N2 = 0, (27)

where N =
eµω2

mc4
. This equation has the solution:

ρ3 =
N

4

[
cosα±

√
9− sin2 α

]
.

The sign before the square root is de�ned by the sign of
the charge which is hidden in N , and condition ρ > 0.
Therefore, the last equation takes the form

ρ3 =
N

4

[
cosα+ q

√
9− sin2 α

]
, (28)

where q = e/|e| = ±1 is the sign of the charge. And
for tan θ we �nd:

tan θ = −
ε
(

3 cosα+ q
√

9− sin2 α
)

2 sinα
. (29)

Hence, the solution of equations (22) � (24) for the
case sin 2θ 6= 0 gives two stationary points for a posi-
tive charge and two points for a negative charge.

4.2 Solution for θ =
πn

2

It follows from Eqs (22) � (24) that at the axis of
rotation (θ = 0, π) all the �rst derivatives from e�ec-
tive potential energy are equal to zero only in the plane
ψ = 0, π and for any ρ. Which means that on the axis
θ = 0, π there are not stationary points.

As to the equatorial plane θ =
π

2
, Eqs (22) � (24)

have the next solution:

ρ = N
1
3

‖ , cosψ = 0, N‖ > 0. (30)

This gives two solutions for ψ = π/2 and ψ = 3π/2
According to inequality N‖ > 0 stated in (30) the

sign of the charge and angle α are bound by e cosα > 0,
which means that the two above mentioned stationary
points correspond to a positive charge if α < π/2 and
to a negative charge if α > π/2.

Particle located at a stationary point can be in a
state of equilibrium. Let us verify whether a particle
with initial coordinates (ρi, θi, ψi) de�ned by Eqs (28)
� (30) and initial zero velocity with respect to the ro-
tating reference frame will be in equilibrium position.
Substituting these coordinates and ρ̇ = θ̇ = ψ̇ = 0
in equations of motion (15) � (17) and taking into ac-
count that ϕ = ωt + ψ we obtain identical equalities.
Hence, a particle being at rest at one of the stationary
points in the co-rotating coordinate system will keep
this position. This means that in laboratory reference
frame the particle is moving along a circle with con-
stant velocity vi = ρic. Thus, there are at least six
particular solutions of equations of motion which de-
scribe circuition of the particles in the �eld of inclined
rotating dipole. Positions of the orbits de�ned by an-
gle ψ and their radius are di�erent for the positive and
negative particle. Two of the trajectories are laying in
the equatorial plane z = 0.

5 Conclusions

We have recorded the components of the magnetic
and electric �elds of precessing magnetic dipole mo-
ment and equations of motion of a charged particle
in this �eld. One �rst integral of motion was found.
This made possible to introduce e�ective potential en-
ergy for the �eld of precessing magnetic dipole mo-
ment. All stationary points of the potential energy
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were found and it was shown that the stationary points
correspond to six particular solutions of equations of
motions. These solutions describe circular motion of a
particle with a constant velocity.
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Â. Ýïï, Ì. À. Ìàñòåðîâà

ÏÎËÅ ÏÐÅÖÅÑÑÈÐÓÞÙÅÃÎ ÌÀÃÍÈÒÍÎÃÎ ÄÈÏÎËß

Èññëåäîâàíî ïîëå ïðåöåññèðóþùåãî ìàãíèòíîãî äèïîëÿ. Ïîëó÷åí ïåðâûé èíòåãðàë äâèæåíèÿ è íàéäåíû íåêîòîðûå
÷àñòíûå ðåøåíèÿ óðàâíåíèé äâèæåíèÿ çàðÿæåííîé ÷àñòèöû â ýòîì ïîëå. Ðàññìîòðåíà ýôôåêòèâíàÿ ïîòåíöèàëüíàÿ
ýíåðãèÿ çàðÿæåííîé ÷àñòèöû. Ïîêàçàíî, ÷òî ýôôåêòèâíàÿ ïîòåíöèàëüíàÿ ýíåðãèÿ èìååò øåñòü ñòàöèîíàðíûõ òî÷åê,
ñîîòâåòñòâóþùèõ äâèæåíèþ çàðÿäà ïî îêðóæíîñòè.

Êëþ÷åâûå ñëîâà: ìàãíèòíûé äèïîëü, ýëåêòðîìàãíèòíîå ïîëå, íàêëîííûé ðîòàòîð, çàðÿä, óðàâíåíèÿ äâèæåíèÿ.
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