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U(N) spinning particles and higher spin �elds on K�ahler backgrounds
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In this short contribution we will review the quantization of U(N) spinning particles with complex target spaces, producing
equations for higher spin �elds on complex backgrounds. We will focus �rst on �at complex space, and subsequently present
our model on an arbitrary K�ahler manifold. In the �nal section, we will specialize to (p, q)-forms on arbitrary K�ahler spaces
and present their one-loop e�ective actions as well as issues related to Hodge duality.
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1 Introduction

Spinning particle models [1�4] have been a useful
framework to study �elds of di�erent spins in a �rst-
quantized approach. Wordline techniques can indeed
give manageable representations of one-loop quantities
in quantum �eld theories, such as e�ective actions, am-
plitudes and anomalies (see for a review [5, 6] and ref-
erences therein), and allow to describe ordinary higher
spin �elds in �rst quantization. We will present here
a class of spinning particles enjoying a U(N)-extended
supersymmetry on the worldline [7, 8], that naturally
live on complex manifolds and give rise to complex
higher spin equations. Although a direct spacetime
interpretation of these models is prevented by the com-
plex nature of the target space, they are useful play-
grounds to study issues related to the quantization of
higher spins. They can as well provide insights in the
study of K�ahler geometries, supersymmetric �eld the-
ories and QFT's in curved backgrounds.

More precisely, spinning particles are quantum me-
chanical models, enjoying local supersymmetries on the
worldline. For instance, particles with N local real su-
persymmetries describe spin N/2 �elds in four dimen-
sional spacetime. The constraints on the Hilbert space
of the particle theory, arising from the gauging, trans-
late into a set of di�erential equations for the spacetime
�eld, viewed as the wave function of the quantum me-
chanical model. Interactions with scalars, gauge �elds
and gravity can be achieved, when allowed, by coupling
the particle theory to suitable backgrounds. Quantiz-
ing the particle, one can recover in a rather simple
way various useful objects of the related QFT, such as
e�ective actions, n-point functions, anomalies and so
on. The path integral quantization for these non-linear
sigma models, arising in gravitational backgrounds, re-
quires regularization [6,9,10]. This is essentially related
to ill-de�ned products of distributions in perturbative
computations, and we will use Time Slicing regulariza-

tion (TS) in all the computations that will be showed.
We organize the paper as follows: in the next sec-

tion we will present the U(N) spinning particle and its
Dirac quantization in �at complex space. The end of
the section will be devoted to the coupling to a curved
K�ahler background. In the last section we will focus
on the U(2) model, studied in [11], describing (p, q)-
forms on an arbitrary K�ahler space. The local proper
time expansion of the one-loop e�ective action will be
brie�y sketched, along with the �rst Seeley-DeWitt co-
e�cients. We will comment at the end on exact re-
lations between Hodge dual forms that have been ex-
tracted from the particle model.

2 The U(N) spinning particle

The graded phase space of the model is spanned by
complex coordinates of Cd and momenta: xµ(t), x̄µ̄(t)
and pµ(t), p̄µ̄(t), along with the fermionic superpart-
ners ψµi (t) and ψ̄iµ(t), with i = 1, 2, ..., N . They obey
canonical (anti)-commutation relations:

[xµ, pν ] = i δµν , [x̄µ̄, p̄ν̄ ] = i δµ̄ν̄ , {ψµi , ψ̄
j
ν} = δµν δ

j
i .

(1)

Quadratic operators constructed from the basic vari-
ables provide generators for the U(N)-extended world-
line SUSY:

H = pµp̄
µ , Qi = ψµi pµ , Q̄i = ψ̄µ̄i p̄µ̄ ,

J ij =
1

2
[ψµj , ψ̄

i
µ] = ψµj ψ̄

i
µ −

d

2
δij , (2)

where we raise and lower indices by means of the �at
complex metric δµν̄ and its inverse. H, Qi and Q̄

i are
the hamiltonian and supercharges, respectively gen-
erating worldline translations and supersymmetries,
while J ij generates U(N) R-symmetry rotations. Given
the (anti)-commutation relations (1), the above gener-
ators obey an extended supersymmetry algebra with
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R-symmetry group U(N):[
J ij , Qk

]
= δikQj ,

[
J ij , Q̄

k
]

= −δkj Q̄i ,[
J ij , J

k
l

]
= δil J

k
j − δkj J il ,

{
Qi, Q̄

j
}

= δji H (3)

the other (anti)-commutators being zero. In order to
construct a worldline action that is invariant under lo-
cal symmetries generated by (2), we couple the gen-
erators to one-dimensional gauge �elds: an einbein
e(t) for local worldline translations, complex graviti-
nos χi(t) and χ̄i(t) for local supersymmetries and a
one-dimensional U(N) gauge �eld aij(t). Together with
the symplectic kinetic terms, we obtain the phase space
action for the U(N) spinning particle:

S =

∫ 1

0

dt
[
pµẋ

µ + p̄µ̄ ˙̄xµ̄ + iψ̄iµψ̇
µ
i − eH − iχ̄

iQi

−iχiQ̄i − aij
(
Jji − sδ

j
i

)]
, (4)

where we added a Chern-Simons coupling s that is
quantized as s = m − d

2 for integer m. The equa-
tions of motion for the one-dimensional gauge �elds
constrain the classical generators to vanish. At the
quantum level, the operators (2) impose constraints on
the Hilbert space, by requiring that they annihilate
physical states:

|Φ〉 ∈ Hphys ⇔ TA |Φ〉 = 0 ,

where TA = (H,Qi, Q̄
i, J ij − sδij). This is allowed since

(3) is a �rst class superalgebra, and amounts to Dirac
quantization. The above constraints will be the afore-
mentioned higher spin equations obeyed by spacetime
�elds, that sit as x-dependent coe�cients inside |Φ〉.

2.1 Dirac quantization in �at space

In a Schroedinger picture, we shall realize the
fermionic oscillator algebra in (1) treating the ψµi op-
erators as Grassmann-odd variables, and the ψ̄iµ as

odd derivatives thereof: ψ̄iµ ∼ ∂
∂ψµi

. The states in

the Hilbert space will have a �nite Taylor expansion in
powers of ψ's, so that the coe�cients of the expansion
are multi-form spacetime �elds with only holomorphic
indices. The J ij−sδij constraints are purely algebraic on
the multi-forms, and impose irreducibility conditions.
After imposing them, the only states that survive in
the Hilbert space correspond to tensors with N blocks
of m antisymmetric indices, with s = m− d

2 :

|F 〉 ∼ Fµ1[m],...,µN [m](x, x̄) ,

where we denoted µ[k] := [µ1...µk]. Symmetry between
block exchanges ensures they belong to a U(d) rectan-
gular Young tableaux withm rows and N columns. On

the spacetime �elds the supercharges Qi and Q̄
i act as

Dolbeault operators1 and their hermitian conjugates,
generalized to multi-forms such that Qk ∼ −i∂(k)

meaning that it antisymmetrizes the derivative only
among the indices of the k-th block. The remaining
constraints have then the form of generalized Bianchi
and Maxwell equations, i.e.

Qi |F 〉 = 0 ∼ ∂[µFµ1...µm],...,ν1...νm = 0 ,

Q̄i |F 〉 = 0 ∼ ∂̄µFµµ2...µm,...,ν1...νm = 0 . (5)

It is natural to interpret the F �elds as higher spin
curvatures that obey Maxwell-like equations. It is in-
deed possible to solve the �rst of (5) by introducing a
gauge potential φ as |F 〉 = Q1Q2...QN |φ〉 or, in tensor
language:

Fµ1[m],...,µN [m] = ∂µ1 ...∂µNφµ1[m−1],...,µN [m−1] , (6)

where each set of indices µk is antisymmetrized:
µkµk[m− 1] := [µk1 ...µ

k
m].

Let us notice that for N > 1 the Maxwell equation
(5) on the potential is higher derivative. We also men-
tion that forN = 1 we have ordinary (p, 0)-forms φ(p,0),
carefully studied in [12], while for m = 2 the gauge
potentials are completely symmetric tensors φµ1...µN .
Since (Qi)

2 = 0 for each i, it is easy to see that the
curvature F is indeed invariant under a gauge trans-
formation of the form δ |φ〉 = Qi

∣∣Λi〉, that is
δφµ1[p],...,µN [p] = ∂µ1Λ

(1)

µ1[p−1],...,µN [p]

+ . . .+ ∂µNΛ
(N)

µ1[p],...,µN [p−1]
(7)

We already noticed that the Maxwell-like equations
are higher derivative in terms of the gauge �eld:
Q̄iQ1...QN |φ〉 = 0. It is actually possible to intro-
duce a second order wave operator, analogous to the
Fronsdal-Labastida one, and reduce the �eld equations
to second order:

(
−H +QiQ̄

i
)
|φ〉 = QiQj

∣∣ρij〉 by

means of an auxiliary compensator
∣∣ρij〉. In tensor

language it reads

∂ν ∂̄
νφµ1[p],...,µN [p] −

N∑
i=1

∂µi ∂̄
νφµ1[p],..,νµi[p−1],...,µN [p] =

=
∑
i6=j

∂µi∂µjρ
(ij)

µ1[p],..,µi[p−1],..,µj [p−1],..,µN [p]
. (8)

The �eld equations are invariant under the gauge trans-
formations (7), provided that the compensator �eld
transforms as the divergence of the gauge parameter.
It turns out that it is possible to gauge �x the compen-
sators to zero, at the price of having transverse gauge
parameters2: ∂̄ · Λ = 0.

1On a complex (p,q)-form Aµ1...µpν̄1...ν̄qdz
µ1 ∧ ...dzµp ∧ dz̄ν̄1 ... ∧ dz̄ν̄q the Dolbeault operator acts as an holomorphic exterior

derivative: ∂ := dzµ∂µ
2For related issues on real spacetime, see for instance [13,14]
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2.2 Coupling to curved space

We analyze here the changes needed to couple the
spinning particle to an arbitrary background metric.
Let us consider as target space a D = 2d dimensional
K�ahler manifold, equipped with a metric gµν̄(x, x̄) in
holomorphic coordinates. Having in mind the mini-
mal coupling, it is su�cient to replace suitably covari-
antized constraints in the action (4). To this aim, we
de�ne U(d) �Lorentz� generators Mµ

ν = 1
2 [ψµi , ψ̄

i
ν ] so

that we can construct covariant momenta and super-
charges3:

πµ = pµ + iΓλµνM
ν
λ , π̄µ̄ = p̄µ̄ , (9)

Qi = ψµi g
1
2πµg

− 1
2 , Q̄i = ψ̄iµ g

µν̄ g
1
2 π̄ν̄g

− 1
2 (10)

The superalgebra (3) is deformed by the target space
geometry, namely one has{
Qi, Q̄

j
}

= δji H0 − ψµi ψ̄
jν̄ Rµν̄λσ̄M

λσ̄ , (11)

where the minimally covariantized hamiltonian reads
H0 = g

1
2 gµν̄ π̄ν̄πµg

− 1
2 . One can see from (11) that the

algebra is no longer �rst class, and hence the model is
inconsistent, on general K�ahler backgrounds. Impor-
tant exceptions are the cases N = 1, 2, presented in the
next section, that can be quantized on any curved back-
ground, and represent di�erential forms. For N > 2
one can still quantize the model on particular back-
grounds. For instance, it is possible to quantize the
spinning particle for general N , that is for arbitrary
�spin�, on K�ahler spaces with constant holomorphic
curvature [8], i.e.

Rµν̄λσ̄ = Λ (gµν̄gλσ̄ + gµσ̄gλν̄) .

3 N=2, (p,q)-forms on K�ahler spaces

We shall focus in this section to the model with
N = 2 on an arbitrary K�ahler manifold with metric
gµν̄ . We decide to realize the fermionic operators in a
slightly di�erent way: here we will treat ψµ1 and ψ̄2µ̄

as odd coordinates, and ψ̄1
µ, ψ2µ̄ as derivatives thereof.

In this way, states in the Hilbert space are (p, q)-forms.
In [11], several theories of di�erential forms were in-
vestigated by using the U(2) spinning particle. Here
we restrict ourselves to present one of those models.
To obtain the model we are interested in, it is su�-
cient to gauge only the U(1) × U(1) subgroup of the
R-symmetry U(2) generated by J1

1 and J2
2 . In such

a case one is free to have two di�erent Chern-Simons
couplings s1 and s2, compared to s in (4). This allows
to �x independently the eigenvalues of the J1

1 and J2
2

constraints, and physical states will be forms F(m,n),
for given and arbitrary m,n. The four supercharges

are realized now as Dolbeault operators and their her-
mitian conjugates: ∂, ∂̄ and ∂†, ∂̄†, while the super-
algebra (3) closes on the hamiltonian that acts as the
Hodge laplacian

4 = −{∂, ∂†} =
∇2

2
+

1

2
Rµν̄λσ̄M

µν̄Mλσ̄ .

Bianchi equations can be locally integrated by intro-
ducing a potential: F(p+1,q+1) = ∂∂̄A(p,q). In this par-
ticular model, even if we are dealing with di�erential
forms, Maxwell equations (∂†F = ∂̄†F = 0) are higher
derivative with respect to the potential A. As we did
in the general case, it is possible to have second order
�eld equations by introducing a compensator:(
4+ ∂∂† + ∂̄∂̄†

)
A(p,q) = ∂∂̄ρ(p−1,q−1) . (12)

The equations (12) are gauge invariant under the com-
bined transformations of the gauge �eld and compen-
sator

δA(p,q) = ∂Λ1
(p−1,q) + ∂̄Λ2

(p,q−1) ,

δρ(p−1,q−1) = ∂̄†Λ1
(p−1,q) − ∂

†Λ2
(p,q−1) , (13)

and one can see again that gauge �xing the compen-
sator to zero would restrict the gauge parameters to be
transverse.

Let us turn now to the path integral quantization of
the U(2) spinning particle. If the particle is quantized
on a circle with external gravity, one �nds an expansion
for the QFT one-loop e�ective action of the (p, q)-form
in a gravitational background. We will present the heat
kernel expansion in terms of local Seeley-DeWitt co-
e�cients. In order to quantize the spinning particle,
we have to take into account the gauge �xing of lo-
cal worldline symmetries and Faddeev-Popov determi-
nants. Because of the topology of the worldline circle,
one is left with three modular integrals: the usual one
over β, being the proper length of the circle, and two
angular integration over θ and φ, taking into account
the gauge invariant Wilson loops of the two U(1) fac-
tors. The resulting partition function is given by

Zp,q[g] =

∫ ∞
0

dβ

β

∫ 2π

0

dθ

2π

∫ 2π

0

dφ

2π
µ(φ, θ)×

×
∫
ddx0d

dx̄0

(2πβ)d
g(x0, x̄0)

〈
e−Sint

〉
, (14)

where x0 is an arbitrary �xed spacetime point, Sint is
the interaction part of the spinning particle action and
µ(φ, θ) is the modular measure given by

µ(φ, θ) = e−i(p+1−d/2)φei(q+1−d/2)θ ×

×
(

2 cos
φ

2

)d−2(
2 cos

θ

2

)d−2

. (15)

3The g factors ensure that (Qi)
† = Q̄i

4In the modular integration one encounters poles along the integration path. Detailed explanation of the prescription to deal
with such poles can be found in [11]
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After performing the worldline perturbative computa-
tion, and evaluating the modular integrals4 we organize
the e�ective action expansion, up to order β2, as fol-
lows:

Zp,q[g] =

∫ ∞
0

dβ

β

∫
ddx0d

dx̄0

(2πβ)d
g(x0, x̄0) v1 {1 + v2β R

+β2
[
v3 (Rµν̄λσ̄)

2
+ v4 (Rµν̄)

2
+ v5R

2 + v6∇2R
]}

.

(16)

The Seeley-DeWitt coe�cients vi are given by

v1 =

(
d− 2

p

)(
d− 2

q

)
, v2 =

1

6
− 12k1 ,

v3 =
1

180
− k2 + k3 , v4 = − 1

360
− k1 + 4k2 − 2k3 ,

v5 =
1

72
+ k1 − 3k2 + k3 , v6 =

1

60
− k1 , (17)

where the numerical factors ki read

k1 =
p(d− 2− q) + q(d− 2− p)

24(d− 2)2
,

k2 =
p(d− 2− p) + q(d− 2− q)

24(d− 2)(d− 3)
,

k3 =
p(d− 2− p)q(d− 2− q)

2(d− 2)2(d− 3)2
. (18)

A few comments are now in order. First of all, let us
stress that the overall coe�cient v1 gives the number of
propagating degrees of freedom. For p or q greater than
d − 2 it vanishes and cannot be factored out in (16).
Other coe�cients can and indeed are non-vanishing,
and represent the topological contribution of a non-
propagating form. As a second remark we should no-
tice that the result (18) holds only for d > 3. In d = 2
only scalars propagate, and all the ki vanish. In d = 3
instead, they have the form

k1 =
p(1− q) + q(1− p)

24
, k2 =

p+ q

24
, k3 =

pq

2
(19)

Finally, we stress that the ki coe�cients in (18) were
used to make manifest the symmetry under the ex-
changes p ↔ q and p ↔ d − 2 − q. The �rst exchange
is related to the symmetry under complex conjugation,
that states the equivalence Zp,q[g] = Zq,p[g] and is ex-
act. The second exchange relates Hodge dual forms
and is more subtle. Despite the manifest symmetry
in the coe�cients (18), it is not an exact symmetry
at the quantum level, and one can already see that in
d = 3 the ki (19) are not invariant under p ↔ 1 − q.
In general, for higher dimension d the mismatch ap-
pears in higher order Seeley-DeWitt coe�cients. The
spinning particle model, however, allows us to �nd an
exact non-perturbative result for the mismatch, that is

purely topological. The derivation can be found in [11],
and one has5

Zd−2−q,d−2−p(β)−Zp,q(β) = (−)q+dZtop
d−1,q(β)

+(−)p+dZtop
p,d−1(β) + (−)p+qZtop

d−1,d−1(β)

+(d− 1− p)(−)p+q
q∑

m=0

(−)m(q + 1−m) ind(Ωm,0, ∂̄)

+(d− 1− q)(−)p+q
p∑

n=0

(−)n(p+ 1− n) ind(Ωn,0, ∂̄)

+(−)p+q
[(
p+ 1− d

2

)(
q + 1− d

2

)
− d2

4

]
χ(M) .

(20)

In the above formula ind(Ωm,0, ∂̄) is the Dolbeault in-
dex twisted by the (m, 0)-form bundle, whose expres-
sion can be found in [11, 15]. χ(M) is the Euler char-
acteristics of the manifold, and the top forms Zp,d−1,
Zd−1,q, Zd−1,d−1 are related to the Ray-Singer analytic
torsion [16] via

Ztop
p,d−1 = 2

p∑
n=0

(−)n+1(n+ 1) lnTd−p+n(M) . (21)

Having presented the expansion for the e�ective actions
up to order β2, it is possible to check the mismatch (20)
only in d = 2 and d = 3. These cases have been con-
sidered in [11] and agree with (20), giving a nontrivial
check.

4 Conclusion

In this short contribution, we presented the U(N)
spinning particles, introduced in [7] and subsequently
studied in [8], where they were shown to describe a
class of gauge invariant higher spin equations, close in
form to Fronsdal-Labastida equations for real space-
times and to Maxwell-like equations recently intro-
duced in [13]. We brie�y described the possibility of
de�ning the model on a K�ahler manifold, and �nally fo-
cused on the U(2) model on an arbitrary K�ahler space.
We presented �eld equations for di�erential (p, q)-forms
as well as the heat kernel expansion of their e�ective
actions and issues related to Hodge duality. Even if a
genuine spacetime interpretation is somehow prevented
by the complex target space, these models can provide
interesting insights in the general problem of higher
spin �eld theories, sharing crucial properties such as
the appearance of constrained gauge invariance and
compensator �elds [17]. When quantized on K�ahler
backgrounds, they show quite a rich structure, such as
the topological issues related to Hodge duality, or the
coupling to the U(1) part of the K�ahler holonomy, and
could be a useful instrument in K�ahler geometry.

5We denoted Zp,q =
∫∞
0

dβ
β
Zp,q(β).
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Ð. Áîíåööè

U(N) ÑÏÈÍÎÂÛÅ ×ÀÑÒÈÖÛ È ÏÎËß ÂÛÑØÈÕ ÑÏÈÍÎÂ ÍÀ ÊÝËÅÐÎÂÎÌ ÔÎÍÅ

Äà¼òñÿ êðàòêèé îáçîð êâàíòîâàíèÿ U(N) ñïèíîâûõ ÷àñòèö íà êîìïëåêñíîì ôîíå. Â íà÷àëå ðàññìàòðèâàåòñÿ ïëîñêîå
êîìïëåêñíîå ïðîñòðàíñòâî è çàòåì ðàññìàòðèâàåòñÿ ìîäåëü íà ïðîèçâîëüíîì Êýëåðîâîì ìíîãîáðàçèè. Â ïîñëåäíåì
ðàçäåëå ðàññìàòðèâàþòñÿ (p, q)-ôîðìû íà ïðîèçâîëüíûõ Êýëåðîâûõ ïðîñòðàíñòâàõ è äà¼òñÿ èõ îäíîïåòëåâîå ýôôåêòèâíîå
äåéñòâèå à òàêæå âîïðîñû ñâÿçàííûå ñ äóàëüíîñòüþ Õîäæà.

Êëþ÷åâûå ñëîâà: ñïèíîâûå ÷àñòèöà, ïîëÿ âûñøèõ ñïèíîâ, Êýëåðîâû ìíîãîîáðàçèÿ, äóàëüíîñòü.
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