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We discuss a possibility to extend a Fradkin-Vasiliev formalism of constructing consistent cubic interaction vertices to the
cases where vertex contains massive and/or massless higher spin �elds. As an illustration we provide application of this
formalism to the gravitational interactions of massless and partially massless spin-5/2 �elds.
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1 Fradkin-Vasiliev formalism

Let us �rst of all brie�y remind what is Fradkin-
Vasiliev formalism [1,2] developed for the construction
of consistent cubic interaction vertices among the
massless higher spin �elds. The main ingredient of
this formalism is the so-called frame-like description
of massless higher spin �elds [3�5]. Its main features
can be described as follows.

• Each massless higher spin �eld is described by a
set of one-forms Φ (physical, auxiliary and extra
ones).

• Each �eld has its own gauge transformation

δΦ = Dξ + . . .

where dots stand for the terms without
derivatives.

• For each �eld a gauge invariant object (two-form)
can be constructed

R = D ∧ Φ + . . .

where again dots stand for the terms without
derivatives.

• Using these objects the free Lagrangian can be
rewritten in a explicitly gauge invariant form

L0 ∼
∑
R∧R.

There exist three types of possible cubic vertices:

• trivial: L ∼ R∧R∧R, i.e constructed using gauge
invariant two-forms only and thus trivially gauge
invariant (hence the name);

• abelian: L ∼ R ∧ R ∧ Φ, which contain one-
form and whose gauge invariance (up to total
derivative) follows from the Bianci identities;

• non-abelian: L ∼ R ∧ Φ ∧ Φ, which look similar
to the ones in the Yang-Mills theories and whose
gauge invariance requires introduction of non-
trivial corrections to the gauge transformations.

All the non-abelian vertices can be constructed by
the following deformation procedure:

• take the most general quadratic deformation of
curvatures in the form: ∆R ∼ Φ ∧ Φ;

• take the most general linear deformation of gauge
transformations δΦ ∼ Φξ;

• require that deformed curvatures transform
covariantly, i.e. δR̂ ∼ Rξ;

• extract cubic vertex as a part of interacting
Lagrangian L ∼

∑
R̂ ∧ R̂, which is just the

free Lagrangian but with the initial curvatures
replaced by the deformed ones.

Vasiliev has shown [6] that any non-trivial cubic
vertex for massless completely symmetric �elds with
spins s1, s2 and s3 having up to

N = s1 + s2 + s3 − 2

derivatives can be obtained as a linear combination of
abelian and non-abelian vertices.

The Fradkin-Vasiliev formalism was initially
developed and e�ectively applied for the construction
of cubic vertices for the massless higher spin �elds (see
e.g. [7�12]). As we have seen the two main ingredients
of this formalism are frame-like description and gauge
invariance. But frame-like gauge invariant description
exists for the massive higher spin �elds as well [13,14].
Thus it seem natural to extend this formalism to
the case of cubic vertices containing massive and/or
massless �elds. Some examples for electromagnetic and
gravitational interactions of massive �elds already exist
[15�18]. In what follows we apply such formalism for
gravitational interaction of partially massless spin-5/2
�eld as a simplest non-trivial fermionic case.
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Note that in the frame-like description most of the
auxiliary and extra �elds are mixed symmetry (spin-)
tensors (γ-traceless in fermionic cases)

Φa1...as−1,b1...bk

and this make all calculations rather involved
(especially in the fermionic cases). One of the possible
ways to simplify investigations is to restrict ourselves
with particular space-time dimension d = 4 and use
a multispinor frame-like formalism where all �elds are
still one forms but with all local indices replaced by
spinor ones a → (αα̇). For the spin 5

2 case we are
interested in here it means for example:

Ψa, (γΨ) = 0 ⇔ Ψαβα̇,Ψαα̇β̇ ,

Ω[ab], γaΩab = 0 ⇔ Ωαβγ ,Ωα̇β̇γ̇ .

Thus in what follows we will work in (A)dS4 space
with background frame eαα̇ and covariant derivative D
normalized so that (Λ = −λ2)

D ∧Dξα = 2λ2Eαβξβ , Eαβ =
1

2
eαα̇ ∧ eβα̇.

2 Massless spin
5

2

In this section we begin with the massless case that
will be useful for the comparison. The free Lagrangian
in AdS4 space can be written as follows [13]:

L0 = ψαβα̇e
α
β̇Dψ

βα̇β̇ +
3λ

2
ψαβα̇E

α
γψ

βγα̇

−λ
2
ψαβα̇E

α̇
β̇ψ

αββ̇ + h.c. (1)

This Lagrangian is invariant under the following local
gauge transformations:

δ0ψ
αβγ̇ = Dξαβγ̇ + eγ

γ̇ηαβγ + λe(α
δ̇ξ
β)γ̇δ̇. (2)

We will need also an auxiliary �eld Ωαβγ (though
it does not enter the free Lagrangian) with the
corresponding gauge transformations:

δ0Ωαβγ = Dηαβγ + λ2e(α
δ̇ξ
βγ)δ̇. (3)

Following the general procedure we construct two
gauge invariant objects (similar to the curvature and
torsion in the spin-2 case):

Rαβγ = DΩαβγ + λ2e(α
δ̇ψ

βγ)δ̇,

T αβγ̇ = Dψαβγ̇ + λe(α
δ̇ψ

β)γ̇δ̇ + eδ
γ̇Ωαβδ. (4)

Note that there is an essential di�erence between spin-
2 and spin-5/2 cases as far as the zero torsion condition
is concerned. In the spin-2 case this condition simply
allows one to express Lorentz connection in terms of

physical frame �eld, while in spin-5/2 case it also put
physical �eld on shell:

T = 0 ⇒ Ω = Ω(ψ) ⊕ δS

δψ
= 0.

Using these gauge invariant objects the free Lagrangian
can be rewritten in the form:

L0 = a1RαβγRαβγ + a2Tαβγ̇T αβγ̇ + h.c., (5)

where coe�cients a1,2 must be adjusted so that
auxiliary �eld Ω do not enter.

Now let us turn to the gravitational interactions. It
turns out that deformations for the spin- 5

2 correspond
just to the minimal substitution rules: D → D + ω,
e→ e+ h:

∆Rαβγ = c0[ω(α
δΩ

βγ)δ + λ2h(α
α̇ψ

βγ)α̇],

∆T αβα̇ = c0[ω(α
γψ

β)γα̇ + ωα̇β̇ψ
αββ̇ (6)

+λh(α
β̇ψ

β)α̇β̇ + hγ
α̇Ωαβγ ].

At the same time deformations for the gravitational
curvature and torsion have the form:

∆Rαβ = b0[Ω(α
γδΩ

β)γδ + 2λ2ψ(α
γα̇ψ

β)γα̇

+λ2ψ(α
α̇β̇ψ

β)α̇β̇ ], (7)

∆Tαα̇ = 2b0[Ωαβγψ
βγα̇ + 2λψαββ̇ψ

βα̇β̇ + h.c.].

In this, non-trivial (on-shell) part of gauge
transformations looks like:

δR̂αβγ = R(α
δη
βγ)δ,

δT̂ αβα̇ = R(α
γξ
β)γα̇ +Rα̇β̇ξ

αββ̇ , (8)

δR̂αβ = 2b0R(α
γδη

β)γδ.

Now we consider the following interacting Lagrangian,
which is just the sum free spin-5/2 and spin-2
Lagrangians with the initial curvatures replaced by the
deformed ones:

L = a1R̂αβγR̂αβγ + a2T̂αβγ̇ T̂ αβγ̇

+a0R̂αβR̂
αβ + h.c. (9)

For the Lagrangian (9) to be invariant under the
transformations (8) we have to put:

3a1c0 = 4a0b0.

Note that the cubic vertex extracted from this
Lagrangian contains terms with up to 2 derivatives in
agreement with [19�21].
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3 Partially massless spin
5

2

Now let us turn to the partially massless spin-
5
2 (recall that in four dimensions such �eld has four
physical degrees of freedom corresponding to helicities
± 5

2 , ±
3
2 ). Correspondingly, gauge invariant description

requires two �elds (main and Stueckelberg ones) and
the free Lagrangian has the form:

L0 = ψαβα̇e
α
β̇Dψ

βα̇β̇ − ψαeαα̇Dψα̇

+
α1

2
[3ψαβα̇E

α
γψ

βγα̇ − ψαβα̇Eα̇β̇ψ
αββ̇ ]

+3α2[ψαβα̇E
αβψα̇ − ψαα̇β̇E

α̇β̇ψα]

−3α1ψαE
α
βψ

β + h.c. (10)

Here α1
2 = λ2

4 , α2
2 = − 5λ2

12 . This Lagrangian is
invariant under the following gauge transformations:

δ0ψ
αβα̇ = Dξαβα̇ + α1e

(α
β̇ξ
β)α̇β̇

+eγ
α̇ηαβγ + α2e

α̇(αξβ), (11)

δ0ψ
α = Dξα + 3α2eβα̇ξ

αβα̇ + 3α1e
α
α̇ξ
α̇.

Correspondingly, we will need two auxiliary �elds (note
thatV αβγ is a zero form):

δ0Ωαβγ = Dηαβγ , δV αβγ = 6α2η
αβγ . (12)

Each of these four �elds has its own gauge invariant
object:

Rαβγ = DΩαβγ − 4α2

5
E(α

δV
βγ)δ,

T αβα̇ = Dψαβα̇ + eγ
α̇Ωαβγ

+α1e
(α
β̇ψ

β)α̇β̇ + α2e
α̇(αψβ),

Ψα = Dψα + 3α2eβα̇ψ
αβα̇ (13)

+3α1e
α
α̇ψ

α̇ − EβγV αβγ ,
Vαβγ = DV αβγ − 6α2Ωαβγ .

Similarly to the massless case, the zero torsion
conditions not only allows one to express auxiliary
�elds in terms of physical ones, but simultaneously put
physical �elds on shell:

T = 0 ⇒ Ω = Ω(ψ) ⊕ δS

δψ
= 0,

Ψ = 0 ⇒ V = V (ψ) ⊕ δS

δψ
= 0.

At last, the free Lagrangian in terms of these gauge
invariant objects looks as follows:

L0 = a1RαβγRαβγ + a2Tαβα̇T αβα̇

+a3ΨαΨα + a4VαβγEγδVαβδ

+a5Tαβα̇eγα̇Vαβγ + h.c. (14)

Note that there is an ambiguity in the choice of
coe�cients due to identity:

0 ≈ D(RαβγVαβγ)

= DRαβγVαβγ +RαβγDVαβγ

= −6α2RαβγRαβγ +
12α2

5
VαβγEγδVαβδ.

Now let us turn to the gravitational interactions.
Deformations for partially massless spin 5

2 again
correspond to the minimal substitution rules D → D+
ω, e→ e+ h, while deformations for the gravitational
curvature and torsion are de�ned up to the possible
�eld rede�nitions:

hαα̇ ⇒ hαα̇ + κ1e
βα̇V αγδVβγδ + κ2e

αα̇V βγδVβγδ + . . .

Non-trivial (on-shell) part of gauge transformations
looks like:

δR̂αβ = 2b1R(α
γδη

β)γδ + b2Rαβγξγ + . . .

δR̂αβγ = c0R
(α
δη
βγ)δ (15)

δT̂ αβα̇ = c0R
(α
γξ
β)γα̇ + c0R

α̇
β̇ξ
αββ̇ .

The interacting Lagrangian is just the sum of
free Lagrangians with deformed curvatures plus one
possible abelian vertex:

L0 = a1R̂αβγR̂αβγ + a2T̂αβα̇T̂ αβα̇

+a3Ψ̂αΨ̂α + a4V̂αβγEγδV̂αβδ

+a5T̂αβα̇eγα̇V̂αβγ + ia0R̂αβR̂
αβ

+a6RαβVαβγψγ + h.c. (16)

Gauge invariance �xes all the coe�cients in
deformations as well as coe�cient a6 of abelian vertex
in terms of gravitational coupling constant c0 hence
we obtained one non-trivial vertex only. As in the
massless case cubic vertex contains terms with up to
two derivatives in agreement with [19].

Conclusion

Thus the Fradkin-Vasiliev formalism allows
one systematically investigate cubic vertices for
massless, partially massless and massive �elds (in
any combination). Here we use the multispinor frame-
like formalism. Thus means a restriction to d = 4
case, but allows us to describe bosonic and fermionic
�elds on equal footing with possible generalization to
arbitrary spins. Let us stress some points where good
understanding is still lacking:

• ambiguities in the choice of free Lagrangians in
terms of gauge invariant objects;

• admissible �eld rede�nitions;

• on-shell equivalence of some vertices.
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Þ. Ì. Çèíîâüåâ

Î ÂÇÀÈÌÎÄÅÉÑÒÂÈßÕ ÌÀÑÑÈÂÍÛÕ ÏÎËÅÉ Ñ ÂÛÑØÈÌÈ ÑÏÈÍÀÌÈ

Ìû îáñóæäàåì âîçìîæíîñòü ðàñøèðèòü ôîðìàëèçì Ôðàäêèíà-Âàñèëüåâà ïîñòðîåíèÿ íåïðîòèâîðå÷èâûõ êóáè÷åñêèõ
âåðøèí âçàèìîäåéñòâèÿ íà ñëó÷àè, êîãäà âåðøèíà ñîäåðæèò ìàññèâíûå è/èëè áåçìàññîâûå ïîëÿ âûñøèõ ñïèíîâ.
Â êà÷åñòâå èëëþñòðàöèè ìû äàåì ïðèìåíåíèå ýòîãî ôîðìàëèçìà ê ãðàâèòàöèîííîìó âçàèìîäåéñòâèþ áåçìàññîâûõ
è ÷àñòè÷íî áåçìàññîâûõ ïîëåé ñî ñïèíîì 5/2.

Êëþ÷åâûå ñëîâà: âûñøèå ñïèíû, ðåïåðíûé ôîðìàëèçì, ôîðìàëèçì Ôðàäêèíà-Âàñèëüåâà.
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