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GAUGE INVARIANT LAGRANGIAN FORMULATIONS FOR MIXED-ANTISYMMETRIC FERMIONIC
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A Lagrangian formulation of irreducible half-integer higher-spin representations of the Poincare algebra with a Young
tableaux having two columns is presented based on the BRST approach. Starting from Casimir constraints written by
oscillator representation of Poincare algebra, which is the necessary condition of the irreducibility, we find closed higher
spin superalgebra. In order to convert all constraints to the first class we introduce four auxiliary oscillators with γ-matrix
and use Verma module method. To get nilpotent BRST operators we further introduce ghosts. After using restrictions on
spin number and ghost number we construct Lagrangian having gauge symmetry with finite stage of reducibility.
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1 Introduction

Higher spin theory has been studied in the hopes
as an unified description of elementary particles [2].
For the progress in higher-spin field theory, see the
reviews [3]. For our study, we will construct un-
constraint Lagrangian by using BRST approach [4]. In
this construction, we make a connection between La-
grangian and space-time symmetry, like Poincare sym-
metry. Considering constraints from suitable represen-
tation of Casimir operators in Poincare algebra, one
may find constraint algebra, that is, higher spin alge-
bra which leads nil-potent BRST operators [5]. Once
BRST operator is found, gauge invariant Lagrangian
can be constructed straightforwardly.

BRST approach has been applied for various cases
of constructing free Lagrangian. In the metric-like ap-
proach for bosonic tensors Φµ1,··· ,µs(x) or fermionic
tensors Ψµ1,··· ,µs(x) with general type of indexes
µ1, · · · , µs, there are two different approaches; sym-
metric base approach and anti-symmetric base ap-
proach. In the former approach one start from totally
symmetric tensor [4,6] and then generalize it to mixed
symmetric case [7]. One introduce bosonic oscillators

[a′iµ, a
′+
jν ] = −δijηµν , i, j = 1, 2, · · · (1)

to construct Fock space and consider suitable vanish-
ing constraints on that for each case. For example, for
massless fields in flat space-time, it is as follows.

Totally sym. Mixed sym.

Bosonic
∂µ∂

µ

a′µ∂
µ , 1

2a
′
µa
′µ ∂µ∂

µ

a′iµ∂
µ ,

1
2a
′
iµa
′µ
j

a′
+
1µa
′µ
2

Fermionic γ̃µ∂
µ, γ̃µa

′µ γ̃µ∂
µ,

γ̃µa
′µ
i

a′
+
1µa
′µ
2

In other word, these approaches correspond row based
classification of associated Young-tableau. While to-
tally symmetric case corresponds one row Young-
tableau, mixed symmetric case corresponds Young-
tableau with more than one row.

On the other hand, in the later approach one start
from totally anti-symmetric tensor [8] and then gener-
alize it to mixed anti-symmetric case [1]. One introduce
fermionic oscillators

{aiµ, a+
jν} = −δijηµν , i, j = 1, 2, · · · (2)

to construct Fock space and consider suitable vanish-
ing constraints on that for each case. It is as follows
for massless fields in flat space-time.

Totally anti-sym. Mixed anti-sym.

Bosonic
∂µ∂

µ

aµ∂
µ

∂µ∂
µ

aiµ∂
µ ,

1
2a1µa

µ
2

a+
1µa

µ
2

Fermionic γ̃µ∂
µ, γ̃µa

µ γ̃µ∂
µ,

γ̃µa
µ
i

a+
1µa

µ
2

These approaches correspond column based classi-
fication of associated Young-tableau. While to-
tally anti-symmetric case corresponds one column
Young-tableau, mixed anti-symmetric case corresponds
Young-tableau with more than one column.

In fact, for the antisymmetric case, there was no
clear explanation about the fact that above condition
gives irreducible representation of Poincare algebra.
Therefore in the next section we will explain, by con-
sidering Casimir operators, how irreducible representa-
tion of Poincare algebra and the vanishing constraints
are related.

1This talk is based on the collaboration with J. L. Buchbinder and A. A. Reshetnyak [1]
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2 Irreducibility condition

In this section, we consider the meaning of the
supplementary condition in terms of the irreducibil-
ity. To consider general type of tensor indexes we can
use symmetric base or anti-symmetric case. Unlike the
symmetric base we did not know how irreducibility con-
dition for the general type of tensor can be written
in the anti-symmetric base. We study it for massive
bosonic tensor in four space-time dimension as the sim-
plest case. Consider bosonic tensor Φµ1···µs1,ν1···νs2(x)
with constraint on indexes as

Φµ1···µs1,ν1···νs2(x) = Φ[µ1···µs1],[ν1···νs2](x), (3)

where square bracket describe anti-symmetrization.
We are going to explain that the following conditions:

Φµ1···[µs1,ν1···νs2](x) = 0 (4)

(2−m2)Φµ1···µs1,ν1···νs2(x) = 0 (5)

∂µ1Φµ1···µs1,ν1···νs2(x) = 0 (6)

∂ν1Φµ1···µs1,ν1···νs2(x) = 0 (7)

ηµ1ν2Φµ1···µs1,ν1···νs2(x) = 0. (8)

can be understood as the condition that Casimir oper-
ator C2 is a multiple of the identity operator. For
Poincare algebra we adopt oscillator representation on
space |Φ〉:

|Φ〉 = a+µ1

1 · · · a+µs1
1 a+ν1

2 · · · a+νs2
2 |0〉Φµ1···µs1,ν1···νs2(x)

with two sets of anti-commuting oscillators

{aµi , a
+ν
j } = −ηµνδij , i, j = 1, 2. (9)

It is found that the representations of generators of
Poincare algebra can be written as [9].

Pν = −i∂µ,
Mµν = Lµν + Σµν ,
Lµν = −i(xµ∂ν − xν∂µ),
Σµν = Σ1

µν + Σ2
µν ,

Σjµν = i(aj+µ ajν − aj+ν ajµ), j = 1, 2.

(10)

Supplementary conditions (4)-(8) are also rewritten as2

g12|Φ〉 = l0|Φ〉 = li |Φ〉 = l12|Φ〉
= (gii + si − 2)|Φ〉 = 0 (11)

where we have used definitions (pµ = −i∂µ)

l0 = −p2 +m2,
gij = a+

iµa
µ
j + 2δij ,

li = aµi pµ,

l+i = aµ+
i pµ,

l12 = 1
2a1µa

µ
2 ,

l+12 = 1
2a
µ+
2 a+

1µ.

One can easily see that if the following constraints

t0|Ψ〉 = t1|Ψ〉 = t2|Ψ〉 = g12|Ψ〉
= (gii + si − d

2 )|Ψ〉 = 0, (12)

The second Casimir operator C2 can be written by
the Pauli-Lubanski vector Wµ [10]

C2 = WµW
µ, Wµ =

1

2
εµνρσP

νΣρσ. (13)

By defining

Cij = W i
µW

jµ, Wiµ =
1

2
εµνρσP

νΣρσi , (14)

the second Casimir can be written as C2 = W1µW
µ
1 +

W2µW
µ
2 +2W1µW

µ
2 . In the following we will show that

C2 are multiples of the identity operator on the vector.
Note that these Cij can be directly checked to com-
mute to the generators. By inputting expressions of
eqs (10) we get the following expression

Cij=
{
− (a+i · a+j)(ai · aj) + (aj+ · ai)(a+i · aj) + (a+j · aj)

+2δij(a+j · aj)
}∂2

2
− (a+j · ∂)(a+i · aj)(ai · ∂) (15)

+(a+i · a+j)(ai · ∂)(aj · ∂)− δij(a+i · ∂)(aj · ∂) +h.c.

When using above conditions eq. (11), it lead to the
final result3

C2|Φ〉 = m2 {s1(s1 − 3) + s2(s2 − 5)} |Φ〉. (16)

Thus we have shown that the second Casimir operator
C2 is a multiple of the identity operator on the vector
which satisfies supplementary conditions eq. (11), that
is a necessary condition of irreducibility of the repre-
sentation.

3 HS Symmetry Superalgebra for mixed-
antisymmetric fermionic fields

In this section, we consider a massless half-integer
spin irreducible representation of Poincare group in a
Minkowski space which is described by a tensor field
Ψ[µ1···µs1 ],[ν1···νs2 ](x) to be corresponding to a Young
tableaux with 2 columns of height s1, s2, respectively

Ψ[µ1···µs1 ],[ν1···νs2 ]←→

µ1 ν1

· ·
µs2 νs2
·
µs1

. (17)

We call this field as spin [s1, s2] field, that is antisym-
metric with respect to the permutations of each type
of Lorentz indices µ, ν. This is realized in the space

2The first condition (3) is automatically satisfied.
3General formula for arbitrary Young tableaux in anti-symmetric base and in symmetric base are similary given as C2|Φ〉 =

m2
∑# of colums
j=1 sj(sj − 2j − 1)|Φ〉 and C2|Φ〉 = −m2

∑# of rows
j=1 s′j(s

′
j − 2j + 3)|Φ〉, respectively. It can be easily proved that

these two formulas are equal to each other for given fixed Young tableaux, independently from the choice of the base as expected.
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of fermionic tensor field Ψ[µ1···µs1 ],[ν1···νs2 ](x) satisfying
the following constraints

γµ∂µΨ[µ1···µs1 ],[ν1···νs2 ](x) = 0

γµ1Ψ[µ1···µs1 ],[ν1···νs2 ](x) = 0

γν1Ψ[µ1···µs1 ],[ν1···νs2 ](x) = 0

Ψµ1µ2···[µs1 ,ν1ν1···νs2 ](x) = 0, (18)

those can be naturally guessed from the bosonic ver-
sion (4)–(8) in the previous section. Our purpose is
to construct a Lagrangian which reproduces these con-
straints as the consequences of the equations of mo-
tion. It is convenient to introduce grassmann-odd
creation and annihilation operators with space-time
indices (µ, ν = 0, 1, . . . , d − 1) and column indices
(i, j = 1, 2)

{aµi , a
+ν
j } = −ηµνδij , ηµν = diag(+,−, · · · ,−) (19)

We follow [6] and introduce a set of (d+1) Grassmann-
odd gamma-matrix-like objects γ̃µ, γ̃, subject to the
conditions

{γ̃µ, γ̃ν} = 2ηµν , {γ̃µ, γ̃} = {γ̃µ, a(+)ν
i } = 0,

γ̃2 = −1. (20)

An arbitrary vector in this Fock space has the form

|Ψ〉 =

{∞,n1}∑
{n1,n2}={0,0}

a+µ1

1 . . . a
+µn1
1 a+ν1

2. . . a
+νn2
2 |0〉Ψ{µ}n1 ,{ν}n2

(x).

(21)

We call the vector (21) as basic vector. The fields
Ψ{µ}n1 ,{ν}n2

(x) are the coefficient functions of the vec-
tor |Ψ〉, where the simplified notation {µ}n is used be-
cause its symmetry properties are stipulated by the
properties of the product of the creation operators.

Let us define a set of operators being quadratic in

powers of all oscillators, a
µ(+)
i , odd gamma-matrices,

γ̃µ, momenta pµ (with notation pµ = −i∂µ) and re-
quirement to have aµi , aµ+

i , pµ in the products

t0 = γ̃µpµ, l0 = −pµpµ, gij = a+
iµa

µ
j + d

2δij ,

ti = γ̃µa
µ
i ,

t+i = aµ+
i γ̃µ,

li = aµi pµ,

l+i = aµ+
i pµ,

l12 = 1
2a1µa

µ
2 ,

l+12 = 1
2a
µ+
2 a+

1µ,

(22)

One can easily see that if the following constraints

t0|Ψ〉 = t1|Ψ〉 = t2|Ψ〉 = g12|Ψ〉
= (gii + si − d

2 )|Ψ〉 = 0, (23)

are satisfied for |Ψ〉 then each component Ψ{µ}n1
,{ν}n2

of (21) obeys the conditions (18)–(18) Let us turn
to the algebra generated by operators t0, ti, g12 and
gii, (i = 1, 2). To get a real Lagrangian we need a
Hermitian BRST operator. Therefore, we should add
operators t+i (i = 1, 2) and g21. By taking super-

commutators we get operators l0, l
(+)
i (i = 1, 2),l

(+)
12 .

As a result we need all of operators defined in (22).
Our task is to find a closed algebra including these ope-
rators. After simple calculation, we find the following
closed algebra using these operators.

[↓,→} t0 lk l+k l0 tk t+k l12 l+12 gkl

t0 −2l0 0 0 0 2li −2l+k 0 0 0

li 0 0 δikl0 0 0 −δikt0 0 −δi[2l+1]
−δkill

l+i 0 δikl0 0 0 δikt0 0 δi[2l1] 0 δlil
+
k

l0 0 0 0 0 0 0 0 0 0

ti −2li 0 −δikt0 0 −4l12εik −2gki 0 −δi[1t+2]
−δiktl

t+i 2l+i δikt0 0 0 2gik 4l+12εik δi[1t2] 0 δilt
+
k

l12 0 0 −δk[2l1] 0 0 −δk[1t2] 0 1
4

(g11 + g22) −δkll12

l+12 0 δk[2l
+
1]

0 0 δk[1t
+
2]

0 − 1
4

(g11 + g22) 0 δkll
+
12

gij 0 δkilj −δkj l+i 0 δkitj −δkjt+i δij l12 −δij l+12 δilgkj − δjkgil
HS superalgebra for massless fermionic field corresponding to two columns Young-tableaux. (εik = −εki, ε12 = 1.)

In this table, the first and the second arguments
of the super-commutators are listed in the first col-
umn and the first row, respectively. The algebra cor-
responding to this table is a base for massless half-
integer higher spin field Lagrangian construction corre-
sponding Young tableaux with 2 columns in flat space.
We should emphasize some points. First, there are
four hermitian operators l0,t0,gii for i = 1, 2. Second,
t0, li and l+i are grassmann-odd operators and oth-
ers are grassmann-even. Third, a straightforward use
of BRST-BFV construction as if all the operators are
the first class constraints doesn’t lead to the proper

equations (23) for any spin [s1, s2] (see e.g. [4, 6]). In
fact, in the table, there are second-class constraints
caused by super-commutators among eight operators:

t
(+)
i (i = 1, 2), l

(+)
12 , g12 and g21. Thus we must some-

how get rid of these second class constraints. Method
of elaboration of the second class constraints consists
in constructing new representations of the superalge-
bra so that the hermitian operators g11 and g22 will be
modified with constant parameters to be controlling
possible values of spin [s1, s2].
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4 Conversion of HS Symmetry Superalgebra

In this section, to solve the problem of modi-
fication of ti, t

+
i ,l12,l+12, g12 and g21 we describe the

method of auxiliary representation construction for the
superalgebra with second-class constraints, in terms of
new creation and annihilation operators. It implies
the enlarging of oI = {t0, li, l+i , l0, ti, t

+
i , l12, l

+
12, gij} to

OI = oI + o′I , where additional parts o′I are given on a
new Fock space with requirement,

[oI , o
′
J} = 0, [o′I , o

′
J} = fKIJo

′
K , [OI , OJ} = fKIJOK

with the same structure constants fKIJ of the super-
algebra in the table. Because of only sub-algebra of
left-bottom part of the table has the second-class con-
straints, it is enough to get new operator realization
form them. We will solve this problem by means of
special procedure known as Verma module construc-
tion [11] for the latter algebra.

Corresponding to four pair of bosonic operators t1,
t2,l12 and g12 and their conjugations, we introduce the
same number of pair of auxiliary bosonic oscillators
[bi, b

+
j ] = δij , (i, j = 1, · · · , 4). Owing to this conver-

sion two arbitrary constants h1 and h2 can be intro-
duced in the system. They, in fact, control the size of
spin [s1, s2]. Detailed calculation and explicit form are
written in [1].

As explained in the beginning of this section, new
representation of the algebra is

Ti = ti + t′i
T+
i = t+i + t+i

′ ,
L12 = l12 + l′12

L+
12 = l+12 + l+12

′ , Gij = gij + gij

It is obvious that these operators with capital letter
form the same algebra to the table.

5 BRST operator and fixed spin theory

In order to construct BRST operator one may use
prescription [5]. It is as follows. Corresponding to
the each generators OI ’s of the algebra having only
the first class constraints, we introduce a pair of cre-
ation -annihilation operator CI and PI satisfying to the
canonical commutation relations, [CI ,PJ} = δIJ , whose
Grassmann parity is opposite to the one of OI . We call
CI ghost coordinate and PI ghost momentum . Then
nilpotent BRST-BFV operator Q′ are given as

Q′ = CIOI +
1

2
CICJfKJIPK(−1)ε(OK)+ε(OI), (24)

corresponding to the structure of given Higher spin al-
gebra

[OI , OJ} = fKIJOK , f
K
IJ = −(−1)ε(OI)ε(OJ )fKJI , (25)

where ε(O) describe Grassmann parity of O. Follow-
ing to this prescription, we introduce ghost coordinate

and ghost momenta and define Q′ corresponding our
superalgebra of the table. Including oscillators b+i and
creation operators of ghosts, Hilbert space is now ex-
tended from |Ψ〉 of eq. (21) to that we will write as
|χ〉. As usual prescription of BRST approach, one need
specially treat Hermitian ghosts parts, which originate
from hermite operators l0, t0 and Gii. The detail is
in [1]. Generalized spin number operators σi + hi are
defined in Q′ as the coefficient of the ghost coordinate
that corresponds to gii. As a result for spin [s1, s2]
model, we fix parameters hi to be

hi = si −
(
d

2
+ 1 + (−1)i

)
. (26)

Thus, we now study spin fixed theory.

6 Unconstrained Gauge-invariant Lagrangian

Nilpotent BRST operator Q′ gives us equations of
motion and gauge transformations in the space |χ〉. Af-
ter partially fixing gauge and using equation of motion
those do not give any new constraints, eq. of mo-
tion and gauge transformations in reduced subspace
are given as

δ|χ(n−1),0〉=∆Q|χ(n),0〉+
1

2
{T ′0, q+

i qi}|χ
(n),1〉, (27)

δ|χ(n−1),1〉=∆Q|χ(n),1〉+ T ′0|χ(n),0〉, (28)

where n = 0 giving equations of motion (l.h.s≡ 0) and

n = 1, 2, · · ·
∑2
i=1 si + 3 giving reducible gauge trans-

formations. ∆Q is defined as terms that independent
of any Hermitian ghosts in Q′ of (24). T ′0 is also defined
there as coefficient of the Hermitian ghost coordinate
that corresponds to T0. q+

i and qi are ghost coordi-
nates corresponding to Li and L+

i respectively. Two
independent vectors |χ(n),n0〉, (n0 = 0, 1) are supposed
to be independent of any Hermitian ghosts and to have
ghost number −(n + n0), where ghost number +1 is
assigned to the ghost coordinates and −1 to the ghost
momenta. We can easily find Lagrangian that derive
above equations of motion as

L = 〈χ0|KT ′0|χ0〉+
1

2
〈χ1|K{T ′0, q+

i qi}|χ
1〉

+〈χ0|K∆Q|χ1〉+ 〈χ1|K∆Q|χ0〉, (29)

where |χn0〉 ≡ |χ(0),n0〉 and operator K has been intro-
duced in order to make Lagrangian real [1]. This (29)
is invariant under gauge transformations (27) and (28)
with finite stage of reducibility, and is an unconstraint
Lagrangian of massless free half-integer HS fields cor-
responding Young tableaux having two column in any
space-time dimension. These are our final results.
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7 Conclusion

In the present work, we have constructed a
gauge-invariant Lagrangian description of massless free
half-integer HS fields belonging to an irreducible repre-
sentation of the Poincare group with the corresponding
Young tableaux having two column in the metric-like
formulation in a Minkowski space of any space-time
dimension..

By using oscillator representation of Poincare alge-
bra in mixed anti-symmetric base, an explicit expla-
nation has been given, through the Casimir constraint
(16), about initial conditions of BRST construction for
massive bosonic fields in four space-time dimension.

We have started from initial condition (23) or (18)

supposed to give an irreducible Poincare-group repre-
sentation for massless fermionic field with correspond-
ing two column Young-tableaux (17).

These constraints generate a closed Lie superalge-
bra of HS symmetry as in the table, whose representa-
tion can be additively converted to have only first class
constraints.

The nilpotent BRST operator Q′ (24) are defined
and in its reduced subspace equations of motion, gauge
transformations with finite stage of reducibility (27)-
(28) and unconstraint lagrangian (29) for massless free
half-integer HS fields corresponding Young tableaux
having two column in any space-time dimension are
given.
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Õ. Òàêàòà

ÊÀËÈÁÐÎÂÎ×ÍÎ-ÈÍÂÀÐÈÀÍÒÍÀß ËÀÃÐÀÍÆÅÂÀ ÔÎÐÌÓËÈÐÎÂÊÀ ÄËß
ÑÌÅØÀÍÍÛÕ ÀÍÒÈÑÈÌÌÅÒÐÈ×ÍÛÕ ÔÅÐÌÈÎÍÍÛÕ ÏÎËÅÉ Ñ ÂÛÑØÈÌÈ

ÑÏÈÍÀÌÈ

Ïðåäñòàâëåíà ëàãðàíæåâà ôîðìóëèðîâêà íåïðèâîäèìîãî ïðåäñòàâëåíèÿ àëãåáðû Ïóàíêàðå ñ ïîëóöåëûì âûñøèì
ñïèíîì, îñíîâàííàÿ íà ìåòîäå ÁÐÑÒ. Èñõîäÿ èç ñâÿçåé Êàçèìèðà â îñöèëëÿòîðíîì ïðåäñòàâëåíèè àëãåáðû Ïóàíêàðå,
ìû íàõîäèì çàìêíóòóþ ñóïåðàëãåáðó âûñøèõ ñïèíîâ. Ñ öåëüþ ïðåîáðàçîâàíèÿ âñåõ ñâÿçåé ê ïåðâîìó êëàññó, ìû
ââîäèì ÷åòûðå âñïîìîãàòåëüíûõ îñöèëëÿòîðà è èñïîëüçóåì ìåòîä Âåðìà. ×òîáû ïîëó÷èòü íèëüïîòåíòíûå ÁÐÑÒ
îïåðàòîðû ìû ââîäèì äóõè. Èñïîëüçóÿ ñâÿçè íà ñïèíîâîå ÷èñëî è äóõè, ìû êîíñòðóèðóåì êàëèáðîâî÷íî-èíâàðèàòíûé
ëàãðàíæèàí.
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Êëþ÷åâûå ñëîâà: ïîëÿ âûñøèõ ñïèíîâ, êàëèáðîâî÷íûå òåîðèè, ìåòîä ÁÐÑÒ, ëàãðàíæåâà ôîðìóëèðîâêà, êîãå-
ðåíòíîñòü.
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