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ACCELERATION AND DECELERATION IN COSMOLOGY WITH SPINOR AND SCALAR FIELDS
NON-MINIMALLY COUPLED TO F(R) GRAVITY
K. E. Osetrin, A. N. Makarenko, Yu. A. Rybalov

Tomsk State Pedagogical University, Kievskaya str., 60, 634061 Tomsk, Russia.
E-mail: osetrin@tspu.edu.ru; andre@tspu.edu.ru; ribalovyua@tspu.edu.ru
The solution to the current extending Universe problem, and the description of all stages of evolution compels scientists
to consider various cosmological models. We combine two dierent approaches to the description of dark energy: modied
gravity theory and introduction of the additional elds. We investigate the accelerating and decelerating cosmological
models with non-linear spinor elds and non-minimal interaction of gravity with a scalar eld. Scalar - tensor models are
rather simple and also allow us to clearly dene the separate stages of evolution. We explained the role of scalar and spinor
potentials for emergence of accelerating or decelerating cosmology.
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The problem of the dark energy and dark matter
is one of the main challenges of modern cosmology.
Astrophysical data indicates that the observed universe
is in an accelerated phase. This acceleration could be
caused by this so-called dark energy (see [1] for a recent
review). On the other hand, astrophysical observations
provide evidence [2] for the existence of a non-baryonic,
non-interacting and pressure-less component of the
Universe, dubbed dark matter. This leads us to the
need to revise the standard cosmology. The spectrum of
models, having been postulated and explored in recent
years, is extremely wide and includes, in particular,
Quintessence, K-essence, Ghost Condensates, DvaliGabadadze-Porrati gravity, Galileon gravity, and f (R)
gravity [3] (see [4] for detailed reviews of these and
other models). Such cosmological models tend to
describe not only the accelerated expansion at this
stage of evolution, but also at all other stages of
evolution. All these models are divided into two main
classes: f (R) theory and alike (see [46]), and models
which use various objects: scalars, spinor, cosmological
constant, liquid with the dicult state equation.
The cosmological constant models are the simplest
candidates for the solution of the problem of the
universe acceleration. However, these models have still
problems with the consistent description of the different evolution stages of the Universe. Scalar theory
is most popular to describe the current accelerating
expansion and early-time ination. However, to
describe the dark matter we have to introduce
additional elds. One can consider a model with
two scalar elds [7] (or scalar eld and lagrange
multiplier(s) [8]), or, for example, models with
additional spinor eld to describe dark energy and dark
matter.

a gravitational eld in a number of works, and the
interaction of the spinor and scalar elds as a factor of
ination expansion has been considered. Spinor elds
can be used to describe the primordial ination [9] and
current expansion [10]. However, the exact solutions in
the presence of the spinor eld is dicult to build (for
example, see [11]). A signicant number of attempts
have been made to construct the cosmological models
with a spinor eld for description of dark energy, where
a non-canonical kinetic term was considered, such as
k-ination and k-essence models [12]. In [13, 14], the
properties of one of the foregoing models with selfinteracting spinor with the noncanonical kinetic term
were studied.
The scalar invariant constructed from two spinor
elds dynamically develops a nonvanishing value in
Quantum Chromodynamics (QCD) theory [15]. There
is another way to solve the problem of dark energy
that does not require the introduction of the dark
component. The modied theory of gravity may be
quite realistic to describe the dierent phase of
evolution of the Universe (see recent review [6]).

We considered a cosmological model with a spinor
eld and a scalar eld couples with an arbitrary
function of the curvature. Of course, such models are
not standard ones, in the sense that they are not
multiplicatively renormalizable in curved spacetime
[16]. Hence, they should be considered as kind of
eective theories (without clear understanding of their
origin and their relation with more fundamental
string/M-theory). The paper is devoted to study
of non-minimally coupled scalar theory introduced
in [3] with self-interacting spinor eld. We study
the Friedman-Robertson-Walker (FRW) equations of
motion for such non-linear and non-minimal system
The spinor elds have been used as a source of with scalar and spinor elds. In this work we
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will study cosmological models similar to those
oered in the works [14, 17], but with nonminimally interacted scalar eld. Specic choice of
scalar and spinor potentials is made in the process
of the search of explicit accelerating/decelerating
cosmological solutions. Several power-law solutions for
current dark energy epoch are constructed. It is known
that these cosmologies are quite realistic and pass the
observational bounds.
The models allowing non-minimal interaction of
scalar eld derivatives and curvature are of particular
interest. As Amendola showed, the theory of such
kind, cannot be brought to a form of Einstein
gravitation by conformal transformation. Note that
usually eld equations in models with non-minimal
derivative interaction are the dierential equations
above the second order. However, the order goes
down to the second in a special case when the
kinetic term is connected only to Einstein's tensor,
i.e. κGµν φµ φν (see, for example [18]). In works [19,
20] authors have studied cosmological scenarios from
non-minimal interaction of the derivative κGµν φµ φν ,
concentrating on models with zero and constant
potential. According to the parameter choices, we
have obtained a variety of behaviors including the
Big Bang, an expanding universe without a beginning,
a cosmological turnaround, an eternally contracting
universe, a Big Crunch, and a cosmological bounce. In
this cosmological model the non-minimal interaction of
gravitation and a matter (a scalar eld) is considered
in a combination with the spinor eld.
Let us consider two models with the action in the
form:
Z
√
R
− (gµν + κ(Rµν
S = d4 x −g{
8π
1
(1)
− Rgµν ))∇µ φ∇ν φ − V (φ) − LD },
2

A consideration of the spinor eld is carried out in
works [14, 17], we have used the necessary results. Let
us now consider a FRW universe with the at spatial
metric:

ds2 = dt2 − a(t)2 (dx2 + dy 2 + dz 2 ).

(5)

Einstein's equations can be written as

1
1
(Rµσ − gµν R) = −Tµν ,
8π
2
where

(6)

Tµν = (Tf )µν + (Tφ )µν ,
(Tf )µν is the energy-momentum tensor of the fermion
elds and (Tφ )µν is the contribution of the variation of
the scalar eld which interacts non-minimally.
We choose the potential of a fermionny eld F (ψ̄ψ)
in the following form:

F (ψ̄ψ) = α1 (ψ̄ψ)2 + α2 (ψ̄ψ)4 + α3 (ψ̄ψ)6 ,
c
.
ψ̄ψ =
a(t)3

(7)

We choose the action in form (1). We will notice
that for α1 = α2 = α3 = mf = 0 the equation is
similar to the equation formulated in work [20]. The set
of similar scalar models is considered in [4], but in our
work the model is not only considered with the scalar,
but also with the spinor eld. We will contemplate
solutions of the eld equations.
Equation shows us that the existence of a special
value for H = ȧa follows, namely at H = 3√1 κ coecient
at φ02 addresses in zero. Furthermore, it is shown that,
in this case, there is a solution.
p
I) Solution H = const = ± 1/(3κ). In this
case the potential of a scalar eld plays a role of a
cosmological constant Λ.
p
II) Solution H = const = ± 1/(9κ).
We will now consider now solutions of the eld
where R is scalar curvature, and the action in the form: equations in the absence of scalar potential (V (φ) = 0).
Z
Asymptotic solutions are of greater interest in the
√
R
S = d4 x −g{
− f (R)Lφ − LD }.
(2) equation at small a (τ → −∞) and big a ( τ → +∞),
8π
and as transition from τ → −∞ to τ → +∞ (τ = ln a).
A) We will consider a case τ → −∞. For the
The Lagrangian of a scalar eld of mass m is given
equation there are two partial solutions Y = 1/9, Y =
by:
1/3 (Y = κH 2 ). The solution Y = 1/9  stable, Y =
1 µν
(3) 1/3  unstable. There is a special value of Y = −1/9
Lφ = g ∇µ φ∇ν φ − V (φ).
2
for which Y 0 does not exist.
At τ → −∞ for Y from an (−∞, −1/9) interval
The Dirac Lagrangian LD of fermion mass eld mf has
at approach for special value of Y 0 tends to −∞, for Y
the form:
from an (0, 1/9) interval at approach for special value
i
0
LD = {ψ̄Γµ Dµ ψ −Dµ ψ̄Γµ ψ}−mf hψ̄ψi−F (ψ ψ̄). (4) of Y tends to +∞, for Y from interval of (1/9, +∞)
2
√t
the solution tends to Y = 1/9, a(t) = αe 9κ . In
In the expression (4), F (ψ ψ̄) describes the potential the eld of Y ∈ (−∞, 0) the main contribution
of fermion eld and ψ̄ = ψ † γ 0 denotes the conjugate to the equation gives the summands of the spinor
spinor. Γµ = eµa γ a are generalized Dirac-Pauly eld, generally summed with α3 . If in the equation we
matrices in a curved spacetime (where eµa is tetrad).
consider solutions of higher order of smallness, then the
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most important are summands with α2 , α3 and the
behavior of function Y qualitatively doesn't change.
If we put mf , α2 , α3 = 0 we will receive singular
solutions Y = 0, Y = −1/9. Note that the results
calculated in works [19,20], in our case, are impossible,
as in a limit at τ → −∞ the spinor eld renders
considerable inuence. If we exclude the spinor eld,
we will receive solutions given in the work above. We
can see that the accelerated expansion is observed, and
the prevalence (existence) of the summand spinor eld,
which causes faster expansion.
B) We will consider τ → +∞ case. For the
equation there are three partial solutions Y = 0,
Y = 1/3, Y = 1/9. Solution Y = 0, Y = 1/3  stable,
Y = 1/9  unstable.
At τ → +∞ for Y from an (−∞, 1/9) interval
solution aspire at big τ to Y = 0, a(t) = const, for
Y from an (1/9, +∞) interval solution aspire big τ to
√t
Y = 1/3, a(t) → αe 3κ .
By considering an interval of positive values τ at
τ → +∞ we can observe a gradual weakening of the
spinor eld inuence, and within the limit we receive
the prevalence of the summands for a scalar eld and
the Einstein summand.
Note that in work [19] solutions, with additional
asymptotic restrictions, for a conformal factor, in
operation without the spinor eld are received. In our
case, however, the scalar eld behaves dierently, which
is caused by the inuence of the spinor eld summands.
As the existence of a spinor excludes a number of
asymptotic solutions if we do not impose additional
approximations (for example degree).
We choose the action in form (2), where the
Lagrangian of the scalar eld is (3) and a(t) =
a0 tn , f (R) = r0 Rp . We assume reconstruction of
solutions. Thus, in our model we have a dierent types
of behavior of the universe expansion. The presence
of the spinor eld leads to a slowing of the universe
expansion, when the scale factor is positive and less
than one (n = 1/9, 1/6, 1/3 and 2/3). For the case
of a free scalar eld if n = 2/3 then we get the scalar
eld decreasing over time. Otherwise, the scalar eld
increases with time (φ ∼ t1/2 , t3/4 and t5/6 ).
If we consider the model in the absence of a spinor
eld the situation is changing. The presence of nonminimal interaction allows to obtain solutions for any
value of the degree in the scale factor. The degree of a
scalar eld is arbitrary. We have only one restriction k = p (where φ = f0 tk ).
All the solutions we obtained for the power-law
scalar eld (φ ∼ tk ). Choosing a dierent type of elds,
such as logarithmic function of time, lead us to an
equation without explicit solution.
Consider as an example the case of the scalar

potential eld set to 1/2mφ2 . In this case, the equation
of motion of the scalar eld gets the form

2m t φ + (3n − 2p)φ̇ + tφ̈ = 0.


√ √
1
3n
1 3n
−
+ p, 2 mt c1
φ = t 2 − 2 +p (BesselJ
2
2


√ √
1 3n
+BesselY
−
+ p, 2 mt c2 ),
2
2
where c1 and c2 are constant, BesselJ is the Bessel
function of the rst kind and BesselY is the Bessel
function of the second kind. We see that in this case
it would be dicult to check the compatibility of the
solutions with the Einstein equations. For this reason,
we restricted ourselves to the power dependence of the
scalar eld on time.
If the degree of the scale factor is positive, we
get the quintessence-type universe. However, we can
consider the case of a negative power. One can do a
replacement t → t − ts (ts is a constant) and we obtain
the phantom universe with the singularity of the future
such as the Big Rip.
We see that the presence of a spinor eld of specic
type does not permit the universe to expand with
acceleration. The introduction of a scalar eld does
not change the situation. However, in the absence of
a spinor eld the non-minimal interaction leads us to
arbitrary powers of the scale factor and the scalar (in
power form), but xing potential and function f (R).
For the action in form (2). The behavior of the
cosmological model with the spinor eld and nonminimally interacted scalar eld has been considered.
In the work a number of solutions addressing the
exponential behavior of a large-scale factor for model
with a scalar and spinor eld have been calculated.
That partial solution are solutions of dS (de-Sitter),
or solutions a(t) = const. Asymptotic solutions are
generally more dicult to comprehend and partial
asymptotic solutions are the de Sitter's solutions
or solutions a(t) = const. If we impose additional
conditions on the asymptotic equations it is possible
to receive also the series solutions for a large-scale
factor. The existence of the spinor eld has an impact
on evolution in the initial stage and further weakens
its inuence. Towards the latter stages of evolution,
a scalar eld and R/2 term are very inuential.
Our following research will include the equivalent
model with interaction of the scalar eld and f (R)
gravitation.
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Ê. Å. Îñåòðèí, À. Í. Ìàêàðåíêî, Þ. À. Ðûáàëîâ

ÓÑÊÎÐÅÍÈÅ È ÇÀÌÅÄËÅÍÈÅ Â ÊÎÑÌÎËÎÃÈÈ ÑÎ ÑÏÈÍÎÐÍÛÌ ÏÎËÅÌ È
ÍÅÌÈÍÈÌÀËÜÍÛÌ ÂÇÀÈÌÎÄÅÉÑÒÂÈÅÌ f(R) ÃÐÀÂÈÒÀÖÈÈ ÑÎ ÑÊÀËßÐÍÛÌ
ÏÎËÅÌ
Ðåøåíèå ïðîáëåìû òåêóùåãî ðàñøèðåíèÿ Âñåëåííîé è îïèñàíèå âñåõ ñòàäèé ýâîëþöèè Âñåëåííîé çàñòàâëÿåò ó÷åíûõ
ðàññìàòðèâàòü ðàçëè÷íûå êîñìîëîãè÷åñêèå ìîäåëè. Â íàøåé ðàáîòå îáúåäèíåíû äâà ðàçëè÷íûõ ïîäõîäà ê îïèñàíèþ
òåìíîé ìàòåðèè: ìîäèôèöèðîâàííûå òåîðèè ãðàâèòàöèè è ââåäåíèå äîïîëíèòåëüíûõ ïîëåé. Èññëåäîâàíî óñêîðåíèå
è çàìåäëåíèå â êîñìîëîãè÷åñêèõ ìîäåëÿõ ñ íåëèíåéíûì ñïèíîðíûì ïîëåì è íåìèíèìàëüíîå âçàèìîäåéñòâèå ãðàâèòàöèè ñî ñêàëÿðíûì ïîëåì. Ñêàëÿðíî-òåíçîðíûå ìîäåëè äîâîëüíî ïðîñòû è òàêæå ïîçâîëÿþò ÿñíî îïðåäåëèòü
ðàçëè÷íûå ýòàïû ýâîëþöèè Âñåëåííîé. Â èññëåäîâàíèè îáúÿñíåíà ðîëü ñêàëÿðíîãî è ñïèíîðíîãî ïîòåíöèàëîâ äëÿ
ïîÿâëåíèÿ óñêîðåíèÿ èëè çàìåäëåíèÿ êîñìîëîãèè.

Êëþ÷åâûå ñëîâà: êîñìîëîãè÷åñêèå ìîäåëè, ñêàëÿðíîå ïîëå, ñïèíîðíîå ïîëå, íåìèíèìàëüíîå âçàèìîäåéñòâèå.
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