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1
1.1

Introduction
Dualities in supergravity

Since the seminal work of Cremmer and Julia
[1] it is well known that 11-dimensional supergravity
compactied on a torus Td enjoys a hidden
symmetry Ed(d) . From the point of view of the
underlying M-theory these are the so-called U-duality
transformations that unify the perturbative T-duality,
that relates Type IIA and Type IIB theories, and Sduality of Type IIB string theory.
To get the basic idea of the construction it is
the most instructive to start with D = 11, N = 1
supergravity, whose eld content is very simple. This
introduction mainly follows the paper [2] by Cremmer
and Julia that contains very clear and detailed review
of their results presented in the letter [1]. The eld
content of eleven-dimensional supergravity is very
simple: graviton, 11-dimensional gravitino and the 3form gauge eld. Upon reduction on a d-dimensional
torus Td , parametrised by the coordinates {xn }, the
theory ts into the maximal supergravity in D =
11 − d dimensions. Decomposing the 11-dimensional
elds under the split 11=D+d one gets the following
eld content in 4 dimensions. From the vielbein we
m
get one D-dimensional vielbein eᾱ
µ , d vector elds Aµ
and d(d + 1)/2 scalar elds gmn . The 3-form eld
reduces into a 3-form Cµνρ , d number of 2-forms Bµνm ,
d(d−1)/2 vectors Aµmn and q = d(d−1)(d−2)/6 scalar
elds Cmnk .
Such constructed eective theory has in general
SL(d) n Rq global (rigid) symmetry group, where the
SL(d) part comes from the dieomorphisms of the
n
internal space of the form δxm = Λm
n x . The abelian
q
group R , that is the remnant of the gauge symmetry,
acts on the axions Cmnk as constant shifts

δCmnk = cmnk (= const).

(1)

In addition, in dimensions D = 3, 4, 5 one can
dualise 1,2 and 3-forms respectively to obtain addition
scalars when the p-forms enter the Lagrangian only
by their derivatives. There are certain subtleties
when this procedure is applied to the 11-dimensional
supergravity because of the Chern-Simons-like terms
F [C] ∧ F [C] ∧ C , which will not be described here.
Very detailed inspection of the global rigid symmetries
that survive this construction is presented in [3]. To
be mentioned is that such dualisations are necessary in
D ≤ 5 to obtain the full U-duality group Ed(d) in the
scalar sector.
Hence, the scalar elds can be nicely packaged
into a matrix V that is an element of the coset
Ed(d) /K(Ed(d) ). By choosing a correct parametrisation
of the coset the scalar potential can be written in the
following form that is globally invariant under Ed(d) [3]

Lscalar =

1
eT r[∂M−1 ∂M],
4

(2)

where M = V ∗ V is the metric on the coset space.
The involution ∗ here denotes the usual transposition
for D ≥ 6 and is replaced by Hermitian conjugate
and contraction with a certain symplectic matrix Ω for
D ≤ 5 (this is known as Cartan involution).
It is possible to repeat the same story for the pforms sector, taking into account that to have the
global symmetry on the level of Lagrangian (not the
EOM), in even dimensions D = 2n one has to add
extra magnetic duals to n-forms. This is necessary
since on the level of equations of motion the symmetry
is realised on the eld strengths rather than the gauge
potentials. Hence, an n-form eld strength together
with its Hodge dual forms a representation of the
duality group.
It is important that the hidden symmetries in the
described construction are global symmetries of a Ddimensional eective theory. Following analogy with
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General Relativity one may ask what is the geometric
origin of the duality symmetries and to what extent do
they present in the initial 11-dimensional supergravity.
The formalism of Exceptional Field Theory that is an
attempt to make sense of these questions and to nd a
way to answer them is briey described in this letter.
For calculational details and more involved discussion
the reader may refer to [4].
1.2

Basic conventions

In what follows we focus on the E6 exceptional
eld theory and hence it is useful to list few basic
conventions and denitions that will be used [5]. A
coset representative is denoted as usual by
ij
VM

E6(6)
,
∈
U Sp(8)

(3)

where the index convention is the following

M, N, O, P, . . . = 1, . . . , 27,

E6(6) indices

A, B, C, D, . . . = 1, . . . , 27, local U Sp(8)
i, j, k, . . . = 1, . . . , 8,

local U Sp(8)

µ, ν, ρ, σ, . . . = 1, . . . , 5,

GL(5) indices

a, b, c, d, . . . = 1, . . . , 5,

local SO(1, 4).

(4)

kl
VM
Ωkl = 0,

1
kl m
kl
VM
Vij = δij
− Ωij Ωkl ,
8
ij ∗
kl
VM ij = (VM
) = VM
Ωki Ωlj ,

(5)

Ωkl Ωlm = −δkm ,
where the star denotes complex conjugation and the
Kronecker symbol for pairs of antisymmetric indices is
ij
dened as δkl
= 1/2(δki δlj −δli δkj ). In addition we use the
convention that all (anti)symmetrisations of n indices
are performed with a prefactor of 1/n!, i.e.

A[i1 ,...in ] ≡

1
(Ai1 ...in + permutations) .
n!

supergravity

Extended geometry

Following the constructon of Cremmer and
Julia the hidden exceptional symmetries of
lower dimensional maximal supergravities most
straightforwardly can be reproduced in toroidal
reductions of 11-dimensional supergravity. The
formalism of extended geometry provides more
geometric background to the exceptional groups in
terms of extended geometric structures on an extended
space (for review see [68]).
The extended space is constructed by adding extra
directions to the would-be internal manifold that
correspond to winding modes of M-branes [9, 10]

XM = {xm , ymn , zmnklp , . . .}.

(6)

(10)

Innitesimal coordinate transformations on this space
consistent with the exceptional groups are dened
as a generalisation of the well-known Hitchin's
construction. Hence, one denes generalised tensors
that live on the extended space as objects with the
following transformation rule [11, 12]

(LΛ T )M =ΛN ∂N T M − 6PM L N K ∂N ΛK T L
+λT (∂K ΛK )T M ≡ [Λ, T ]M
D.

ij
The scalar matrix VM
and the symplectic U Sp(8)
matrix Ωij satisfy a set of constraint
ij N
N
Vij = δM
,
VM

1.3

E6(6)

(11)

The rst and the last terms play the roles of translation
and a weight term respectively. The second term
reects the exceptional group symmetry and involves
the projection of the matrix ∂N ΛK on the U-duality
algebra, since in general it does not belong to the
structure group E6(6) [13]. This is very similar to
General Relativity where, however, the group is GL(n)
and any non-degenerate matrix belongs to its algebra.
Hence, in the case of the GL geometry the projector
will be just trivial.
In addition one introduces a dierential constraint
on all elds in the theory that restricts dependence on
the extended coordinates XM

dP M N ∂M ⊗ ∂N = 0.

(12)

This extra condition in particular implies existence of
For the spinor sector we use symplectic Majorana
MNK
∂N ΞK
a trivial transformation given by ΛM
0 = d
spinors ψ i subject to the reality constraint
which itself transforms as a generalised vector. The
T
(7) Jacobi identity and closure of the algebra hold up to a
C −1 ψ̄iT = Ωij ψ j , ψ i C = Ωij ψ̄j ,
trivial transformation as well. The latter leads to the
where the charge conjugation matrix C is dened by notion of E-bracket that is an antisymmetrisation of
the following relations
the Dorfman bracket

Cγa C −1 = γaT ,

C T = −C,

C † = C −1

γabcde = 1εabcde .

(8)

This implies the following relation for fermionic
bilinears with spinor elds ψ i and ϕi

ψ̄i Γϕj = −Ωik Ωjl ψ̄l (C −1 ΓT C)ψ k
for any expression of gamma matrices Γ.

(9)

[LΛ1 , LΛ2 ] = L[Λ1 ,Λ2 ]E ,
[Λ1 , Λ2 ]E ≡ [Λ[1 , Λ2] ]D .

(13)

It is important to mention that in contrast to the Ebracket, the Dorfman bracket [, ]D is not antisymmetric
nor symmetric. This will play a crucial role in
construction of tensor hierarchy starting from the
covariant derivative to be dened in the next section.
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2 E6(6) covariant exceptional eld theory
2.1

Covariant derivative for D-bracket and tensor

Vkl M Dµ VM ij = 2δk [i Qµl j] + Pµ ijmn Ωmk Ωnl ,

hierarchy

In the formalism of Extended Geometry generalised
tensors and the corresponding transformations are
considered to be independendent of space-time
coordinates xµ , that decouples the would be scalar
sector.
In order to naturally incorporate the tensor and
fermionic sector into the formalism the elds and all
the gauge parameters are now allowed to depend on
the external space-time coordinates. In the spirit of the
ordinary Yang-Mills construction this implies that one
has to introduce a long space-time derivative, that is
covariant with respect to D-bracket [13]

δΛ Dµ T M = LΛ Dµ T M ,
Dµ = ∂µ − LAM
= ∂µ − [Aµ , ]D ,
µ

U Sp(8) connection Qµ is dened according to the
ij
group properties of the matrix VM
as usual (see [5])

(14)

Qµ ∈ usp(8),

Pµ ∈ e6

usp(8).

(17)

Explicit form of the SO(1, 4) connection ωM ab can be
found following the same story but for the space-time
vielbein eaµ , i.e.

eaµ ∂M ebµ = ωM ab + πM ab ,

(18)

where πM ab = πM ba . Finally, the internal U Sp(8)
connection QM i j is derived from an analogue of the
vanishing torsion condition for the extended space
ij
vielbein VM
. The generalised torsion is given by

TN K M = ΓN K M − 6PM K P L ΓP N L
3
+ PM K Q N ΓP Q P ,
2

(19)

M
M
δΛ AM
− [Aµ , Λ]M
µ = ∂µ Λ
D = Dµ Λ ,

that follows from the usual denition T (V, W )M =
M
− LV W M , where L∇ is the covariant
L∇
VW
is
identied
with
the
vector
where the gauge eld AM
µ
generalised Lie derivative. Hence one may write for the
eld of the corresponding maximal supergravity (with
vanishing torsion condition
all necessary dualisations).
Since the E-bracket does not satisfy the Jacobi VM̄ M DN VK M̄ − 6PM K P L VM̄ L DP VN M̄
identity, one has to deform the usual eld strenth by a
3
+ PM K Q N ΓP Q P = 0.
(20)
trivial transformation
2
[Dµ , Dν ] = −LFµν ,
This equation has the form of the familiar expression
(15)
M
M
M
MNK
∇[µ eaν] = 0 however deformed in accordance to the
Fµν = 2∂[µ Aν] − [Aµ , Aν ]E + 10d
∂N BKµν .
algebraic structure of the duality group E6 .
In the spirit of tensor hierarchy, gauge transformations
of the 1- and 2-forms naturally have the following form 3 Supersymmetry transformations
M
δAM
− 10dM N K ∂N ΞKµ ,
µ = Dµ Λ

∆BM µν = 2D[µ ΞM ν] + dM N K ΛN Fµν K .

(16)

Supersymmetry transformations of the elds of
E6(6) covariant supergravity are taken to be of the
following form

This construction nicely utilises the p-forms of the
D = 5 maximal supergravity and naturally leads δ ea = 1 ¯ γ a ψ i ,
 µ
i
µ
2
to tensor hierarchy as a consequence of generalised

√
˜ M (γµ k )
covariance.
δ ψµi = Dµ i − i 2V M ij ∇

1 ˜ k
2.2
Geometry and connections
− γµ ∇M  Ωjk ,
3
The structure of EFT explicitly distinguishes
i ijkl µ
3  M [ij k]m
ijk
m
µ
√
δ
χ
=
P
γ
Ω

−
V
Ω
lm
beetween the two sets of coordinates: space-time {x } 
2 µ
2
M

and the extended space X . Respectively, one has two
˜ M r ,
local groups SO(1, 4) and U Sp(8). Hence, there are − 1 V M m[i Ωjk] Ωmr ∇
3
four types of connections listed in the following table
h
i
ij
δ VM
= iVM kl 4Ωp[k χ̄lmn] p + 3Ω[kl χ̄mn]p p Ωmi Ωnj ,
Dµ
∇M
i
√ h
ab
SO(1, 4) ωµ
ωM ab
δ Aµ M = 2 iΩik ¯k ψµ j + ¯k γµ χijk Vij M ,
h
i
U Sp(8) Qµ i j QM i j
1
δ Bµν M = √ VM ij 2ψ̄i[µ γν] k Ωjk − iχ̄ijk γµν k
5
The SO(1, 4) connection ωµ ab is dened by the
N
P
+
d
A
(21)
a
M N P [µ δ , Aν] ,
usual vanishing torsion condition D[µ eν] = 0. The
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where we dene the full covariant derivative as

˜ M i = ∇M i − 1 FM ρσ γρσ i .
∇
8

(22)

= ξ µ Dµ + δso(1,4) (Ωab ) + δusp(8) (Λij )
+ δgauge (Ξ

α

µν )

supergravity

Exceptional Field Theory takes the following form

Closure of supersymmetry transformations on the
elds of EFT has the following structure

+ δgauge (ΛM ) + δgauge (ΞM µ )

E6(6)

(23)

1
1
MM N Fµν M F µνN − |Pµ ijkl |2
4
6
√
˜ 0 (γ ν] ψν j )
− ψ̄µi γ µνρ Dν ψρi − 2 2iV M ij Ωik ψ̄µk γ [µ ∇
M
√
4
np
µ
ijk
M
˜ 0M χmkl
− χ̄ijk γ Dµ χ − 4 2iV mn Ω χ̄pkl ∇
3
4i
+ Pµ ijkl χ̄ijk γ ν γ µ ψν m Ωlm
3√
˜ M ψµ k + Ltop − V (M, g).
+ 4 2V M ij χ̄ijk γ µ ∇

e−1 L = R −

+ δsusy (3 ) + δ(OM µν ),

˜ 0 [F] = ∇
˜ M [−F] encodes switch of the sign of
Here ∇
M
the gauge eld ux, Ltop is the topological term that
that is the same as for the ve-dimensional theory.
includes the covariant version of the Chern-Simions
Parameters of the transformation on the RHS are given
Lagrangian and V is the scalar potential of [13, 14].
by the following expressions made of the spinors 1,2
Due to the lack of space we do not check explicitly
ij
and the scalar matrix VM
supersymmetry invariance of the above Lagrangian.
For more detailed consideration the reader is referred to

1
i
k M ij
µ
µ i
M
the paper [4]. However, the E6(6) invariance is manifest
Ωjk ,
ξ = ¯2i γ 1 , Λ = − √ ¯2i 1 V
2
2
since all the objects in the Lagrangian are covariant.
√ 

i
2
˜ M k − ∇
˜ M ¯1i γ ab k V M ij Ωjk
Ωab = −
¯1i γ ab ∇
2
2
3
5 Outlook
1
− ΛM ωM ab + ΛM FM ab ,
2
In this note the U-duality covariant approach

1
to
supergravity is briey described. The essential
ΞM µ = − √ VM kl Ωlm ¯2k γµ m
1
5
feature of the Exceptional Field Theory approach is

3i
the notion of extended space and the structure of
Ξα µν = − √ (tα )M N VM si V N ki ¯2k γµν s1 ,
10
extended geometry dened on it. We describe the
i 
construction of E6(6) covariant derivatives in both
k
k
OM µν = √
¯2k γµν ∂M 1 − ∂M ¯2k γµν 1
the space-time and the extended space directions.
10

The corresponding vanishing torsion and algebraic
2
− (¯
2k s1 )ea[µ ∂M eν]a + VN si ∂M V N ki ¯2k γµν s1 .
conditions give necessary expressions for the SO(1, 4)
3
and U Sp(8) connections.
The nal result is the supersymmetric manifestly
Here ξ µ and ΛM are the dieomorphism parameters,
ab
α
E
6(6) -covariant Lagrangian that includes all the elds
Ω parametrizes the Lorentz rotations, ΞM µ and ΞM
of
the maximal D = 5 supergravity. The 11are the gauge transformation parameters of the 2α
dimensional
dieomorphism symmetry is not manifest
form BµνK and the extra 3-form C µνρ . Finally, as a
in
this
construction,
however upon solution of the
consequence of the section condition the tensor OM µν
section
constraint
one
is able to restore the full 11is constrained by
or 10-dimensional Lagrnagian.
As it was shown in [13], decomposition of the 27
dM N K ∂N OKµν = 0.
(24)
extended space coordinates under the GL(6) subgroup
of E6(6) and leaving only the coordinates in the 6,
The operator δ(OM µν ) leaves invariant the eld provides a consistent solution of the section constraint.
Fµν M that is the only way of how the 2-form eld This corresponds to the Kaluza-Klein decomposition of
enters the Largangian. The same is true for the the full 11-dimensional supergravity.
gauge transformation generated by Ξα µν . Hence, the
An alternative solution is given by decomposition of
superalgebra is closed up to the section condition.
the 27 under the GL(5) × SL(2) subgroup. This leads
to Type IIB supergravity with manifest SL(2) duality
symmetry.
4 Invariant Lagrangian
Relation between the described formalism and the
embedding tensor approach to gauged supergravities
Given the denitions of the covariant derivatives is given by generalised Scherk-Schwarz reductions [15].
that respect the E6(6) structure of the extended space As it was shown in [14, 16] the reduction naturally
the full supersymmetric Lagrangian for the covariant provides all the gaugings in terms of generalised twist
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matrices and their derivatives with respect to the full
set of extended coordinates.
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Ý. Ìóñàåâ

ÈÑÊËÞ×ÈÒÅËÜÍÀß ÒÅÎÐÈß ÏÎËß ÄËß E6(6) ÑÓÏÅÐÃÐÀÂÈÒÀÖÈÈ
Ïðåäñòàâëåíî êðàòêîå îïèñàíèå ñóïåðñèììåòðè÷íîãî äóàëüíîñòü-êîâàðèàíòíîãî ïîäõîäà ê ñóïåðãðàâèòàöèè. Â îñíîâå îïèñûâàåìîãî ôîðìàëèçìà ëåæèò ñòðóêòóðà îáîáùåííîé ãåîìåòðèè, ïðè ýòîì ñêðûòàÿ ñèììåòðèÿ U-äóàëüíîñòè
ðàññìàòðèâàåòñÿ â êà÷åñòâå ëîêàëüíîé êàëèáðîâî÷íîé ñèììåòðèè. Òåíçîðíàÿ èåðàðõèÿ ïîëåé äåôîðìèðîâàííîé ñóïåðãðàâèòàöèè ïîÿâëÿåòñÿ åñòåñòâåííûì îáðàçîì êàê ñëåäñòâèå êîâàðèàíòíîñòè ïîäõîäà. Ïîëíîñòüþ ñóïåðñèììåòðè÷íûé äóàëüíîñòü-êîâàðèàíòíûé Ëàãðàíæèàí âûïèñàí â ÿâíîì âèäå. Ýòà ðàáîòà áûëà äîëîæåíà íà ìåæäóíàðîäíîé
êîíôåðåíöèè ¾Quantum Field Theory and Gravity (QFTG'14')¿ â Òîìñêå.
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