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EARLY-TIME COSMIC DYNAMICS IN F (R) AND F (|Ω̂|) EXTENSIONS OF BORN-INFELD GRAVITY
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We consider two types of modifications of Born-Infeld gravity in the Palatini formulation and explore their dynamics in
the early universe. One of these families considers f(R) corrections to the Born-Infeld Lagrangian, which can be seen as
modifications of the dynamics produced by the quantum effects of matter, while the other consists on different powers
of the elementary building block of the Born-Infeld Lagrangian, which we denote by |Ω̂|. We find that the two types of
nonsingular solutions that arise in the original Born-Infeld theory are also present in these extensions, being bouncing
solutions a stable and robust branch. Singular solutions with a period of approximate de Sitter inflation are found even in
universes dominated by radiation.
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1 Introduction

Understanding the dynamical laws of nature at very
high energies is a challenge for theoretical physics. The
idea of our Universe being born from a big bang singu-
larity is disturbing and alternative nonsingular scenar-
ios are desirable. In this respect, a high-energy exten-
sion of General Relativity (GR) constructed in analogy
with the Born-Infeld theory of nonlinear electrodynam-
ics [1] has been recently considered with very positive
results. In this theory, formulated in a metric-affine
manifold, nonsingular solutions exist that prevent the
big bang. These solutions are of two types: bouncing
solutions, characterized by H = 0 and dH/dρ 6= 0 at
the density of the bounce, and unstable minimal vol-
ume solutions with H = 0 and dH/dρ = 0. In recent
works we have studied the stability of these solutions
under small perturbations of the action and also un-
der large deformations. In this talk we summarize the
main results of our analyses and the main conclusions.

2 Perturbations of BI via f(R) corrections

The action of the Born-Infeld theory of gravity
takes the form

SBI =
1

κ2ε

∫
d4x

×
[√
−|gµν + εRµν(Γ)| − λ

√
−|gµν |

]
. (1)

This action was originally introduced [2] and reconside-
red in [3] within the Palatini formulation, i.e., assuming

that the metric and affine geometric structures are in-
dependent. For clarifications on the notation see [4]
(for reviews on modified gravity in Palatini formula-
tion, see [5, 6]). It admits a power series expansion in
the parameter ε of the form

SBI ≈
∫
d4x

2κ2

√
−g

×
[
R− 2Λeff +

εR2

4
− ε

2
RµνR

µν + . . .

]
, (2)

where Λeff = λ−1
ε . Clearly, it recovers GR at the

zeroth order and quadratic gravity with specific coef-
ficients at the next-to-leading order. It is important
to note, however, that if quantum effects of matter
are taken into account, quadratic curvature corrections
arise that depend on the kind and number of matter
fields, which induces deviations from this effective low-
energy Lagrangian. It is thus interesting to explore
their potential effect on the dynamics as a test of the
robustness of the predictions of this theory for the early
universe.
In order to be as general as possible, we consider a
family of extensions of the original Born-Infeld theory
of the form

SBI−f(R) = SBI +
α

2κ2

∫
d4x
√
−gf(R) + Sm . (3)

In the limit ε → 0 this theory can be seen as a ty-
pical f(R) theory (for general review of f(R) gravity,
see [7]), whereas for α → 0 it recovers the original
Born-Infeld theory. The analysis and discussion of the
field equations of this type of Born-Infeld-f(R) theories
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was presented in [4] (see also [8] and [9]). Here we sim-
ply summarize the relevant results regarding the Hub-
ble function in cosmologies with a perfect fluid with
constant equation of state P = wρ.
In Fig. 1, we represent the (dimensionless) Hubble
function |ε|H2 as a function of the (dimensionless) en-
ergy density |ε|κ2ρ in the original BI theory for differ-
ent equations of state. The blue curves, which end at
|ε|κ2ρ = 1 represent bouncing solutions and occur for
w > −1. The other curves are nonsingular if w > 0
and represent unstable states of minimum volume.

In Fig. 2, we show that bouncing solutions exist in
the original BI theory (solid blue) and in two quadratic
modifications of the form f(R) = aR2, with a = 1/2
(dashed orange) and a = 1 (dashed red), for different
equations of state (w = −1/5, 0, and 1/3). The exis-
tence of a bounce appears as a robust property of the
ε < 0 branch of the theory.

In Fig. 3, we find the Hubble function in a ra-
diation universe (ω = 1/3) in the cases a = 0 (solid
blue), a = 1/10 (dashed brown), a = 1/3 (dashed
green), a = 1/2 (dashed orange), and a = 1 (dashed
red). We see that a plateau follows a maximum around
εκ2ρ ≈ 0.6 in the case a = 1/3, which could support a
period of inflation generated by the radiation fluid.

The plots in Figs 1 – 3 put forward that the bounc-
ing solutions of Born-Infeld gravity are robust against
modifications of the R2 coefficient, whereas those in the
unstable branch undergo significant changes. Remark-
ably, the modifications experienced by these solutions
may lead to a period of de Sitter-like expansion after
the big bang singularity, as is apparent from the case
a = 1/3 in Fig. 3.

3 Deformations of Born-Infeld gravity

The Lagrangian density in the action (1) can be
rewritten in a more standard form by noting that one
can introduce an auxiliary metric qµν ≡ gµν + εRµν
such that qµν ≡ gµαΩαν , which allows to write (1) as

SBI =
1

κ2ε

∫
d4x
√
−g
[√
|Ω̂| − λ

]
+ Sm . (4)

This representation suggests the following family of
theories:

Sf =
1

κ2ε

∫
d4x
√
−g
[
f(|Ω̂|)− λ

]
+ Sm , (5)

being f(|Ω̂|) = |Ω̂|1/2 the original Born-Infeld theory.
A detailed exploration of the field equations of these
models and their representation in cosmological mod-
els was provided in [10]. Here we simply discuss the re-
sults through their graphical representation. In Fig. 4
we see that for a radiation fluid (w = 1/3) the two

types of nonsingular solutions, those of the bouncing
type (dashed curves) and those representing unstable
minimum volume states (solid curves), persist for small
deviations of the parameter n from the original Born-
Infeld case n = 1/2.

For the case ω = −1/5 (see Fig. 5) we find that the
solid lines are divergent for small values of n, which in-
dicates that only the bouncing branch is able to yield
non-singular solutions.

For larger values of the deformation parameter n
and ω > 0, these theories are able to yield nonsingular
solutions even in the unstable branch (solid curves in
Fig. 6). In these solutions, the curve H2 hits the axis
forming a non-zero angle, which indicates that they are
closer to the bouncing solutions of the original Born-
Infeld theory than to the unstable type, characterized
by dH/dρ = 0 at the maximum density.

4 Conclusions

By exploring different extensions of the Born-Infeld
theory of gravity we have been able to conclude that
the avoidance of the big bang singularity by means of a
bounce is a very robust result in theories of the Born-
Infeld type. This property is stable against perturba-
tions of the R2 term of the low-energy expansion of
the Lagrangian, which suggests that the predictions of
the theory might be quite insensitive to matter loop
corrections. We have also found that periods of infla-
tionary behavior can be induced by means of R2 cor-
rections. On the other hand, large deformations of the
Lagrangian, encoded in the power of the function |Ω̂|,
also preserve the bouncing branch of the original the-
ory. The unstable solutions become more stable when
n > 1. The study of cosmological perturbations and
black hole solutions in these models are subjects of fu-
ture work.
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Figure 1. H2 in Born-Infeld theory
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Figure 2. Hubble function in BI with f(R) = aR2 corrections
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Figure 3. Inflationary behavior for a = 1/3 (dashed green curve). The solid blue curve is a = 0
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Figure 4. H2 for radiation in f(|Ω̂|) = |Ω̂|n
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Figure 5. H2 for w = −1/5 and n < 1
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Figure 6. H2 for w = 1/3 and n > 1
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À. Í. Ìàêàðåíêî, Ñ. Ä. Îäèíöîâ, Ã. Ä. Îëìî, Ä. Ðóáüåðî-Ãàðñèÿ

ÊÎÑÌÈ×ÅÑÊÀß ÄÈÍÀÌÈÊÀ ÐÀÍÍÅÉ ÂÑÅËÅÍÍÎÉ Â ÐÀÑØÈÐÅÍÍÎÉ f(R) È
f(|Ω̂|) ÃÐÀÂÈÒÀÖÈÈ ÁÎÐÍÀ-ÈÍÔÅËÜÄÀ

Ðàññìîòðåíî äâà òèïà ìîäèôèêàöèè ãðàâèòàöèè Áîðíà-Èíôåëüäà â ôîðìàëèçìå Ïàëàòèíè è èçó÷åíà èõ äèíàìè-
êà äëÿ ðàííåé Âñåëåííîé. Ìîäèôèêàöèÿ, ñîäåðæàùàÿ f(R) ïîïðàâêè ê ëàãðàíæèàíó Áîðíà-Èíôåëüäà, èçìåíÿåò
äèíàìèêó êâàíòîâûõ ýôôåêòîâ ìàòåðèè. Âòîðîé òèï ðàññìîòðåííûõ ìîäèôèêàöèé ñîñòîèò èç ðàçëè÷íûõ ñòåïåíåé
ýëåìåíòàðíûõ ñòðîèòåëüíûõ áëîêîâ ëàãðàíæèàíà Áîðíà-Èíôåëüäà, êîòîðûå îáîçíà÷àþòñÿ ñëåäóþùèì îáðàçîì: |Ω̂|.
Ïîêàçàíî, ÷òî äâà òèïà íåñèíãóëÿðíûõ ðåøåíèé, âîçíèêàþùèõ â òåîðèè Áîðíà-Èíôåëüäà, òàêæå ïðèñóòñòâóþò â
ýòèõ ðàñøèðåíèÿõ â âèäå, òàê íàçûâàåìûõ, ðåøåíèé ñ îòñêîêîì, îáðàçóþùèõ óñòîé÷èâîå îòâåòâëåíèå. Ñèíãóëÿðíûå
ðåøåíèÿ ñ ïåðèîäîì, áëèçêèì ê èíôëÿöèè äå Ñèòòåðà, íàéäåíû äëÿ âñåëåííûõ ñ ïðåîáëàäàíèåì èçëó÷åíèÿ.

Êëþ÷åâûå ñëîâà: êîñìîëîãèÿ, íåñèíãóëÿðíàÿ Âñåëåííàÿ, ìîäèôèöèðîâàííûå òåîðèè ãðàâèòàöèè, ôîðìàëèçì
Ïàëàòèíè.

� 162 �



A. N. Makarenko, S. D. Odintsov, G. J. Olmo, D. I. Rubiera-Garcia. Early-time cosmic dynamics in f(R) . . .

Ìàêàðåíêî À. Í., êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, äîöåíò.
Òîìñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò.
Óë. Êèåâñêàÿ, 60, 634061 Òîìñê, Ðîññèÿ.
E-mail: andre@tspu.edu.ru

Îäèíöîâ Ñ. Ä., äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîð.
Èíñòèòóò êîñìè÷åñêèõ èññëåäîâàíèé.
Torre C5-Par-2a- pl, E-08193 Barcelona, Èñïàíèÿ.
Òîìñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò.
Óë. Êèåâñêàÿ, 60, 634061 Òîìñê, Ðîññèÿ.
E-mail:odintsov@ieec.uab.es

Îëìî Ã. Ä., êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê (PhD).
Óíèâåðñèòåò Âàëåíñèè.
Burjassot 46100, Valencia, Èñïàíèÿ.
E-mail: gonzalo.olmo@uv.es

Ðóáüåðî-Ãàðñèÿ Ä., êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê (PhD).
Óíèâåðñèòåò Ôóäàíü.
220 Handan Road, 200433 Shanghai, Êèòàé.
E-mail: drubiera@fudan.edu.cn

� 163 �


