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SCHWINGER-DYSON ANALYSIS OF 1+2 DIMENSIONAL QED
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The QED ground state is studied for a four component Dirac fermion with the topological Chern-Simons term in 1+2
dimension. The Lagrangian for a massless Dirac fermion has the parity and the chiral symmetries. Spontaneous breaking
of these symmetries can be found by evaluating the vacuum expectation values for fermion and anti-fermion pairs. We
introduce approximate vertex functions and calculate the expectation values by solving the Schwinger-Dyson equation. We
observe a smaller gauge dependence for the Ball-Chiu vertex function.
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1 Introduction

Spontaneous symmetry breaking is one of the
fundamental concepts in elementary particle physics.
Non-perturbative e�ect is essential for spontaneous
symmetry breaking caused by gauge interactions.
The Schwinger-Dyson (SD) equation is often used
to evaluate it. A solution of the SD equation for a
propagator gives a full self-energy. However, a full-
vertex function is necessary to solve the SD equation.
We usually set some approximate vertex functions in
order to de�ne a closed form for the SD equation. In
the ladder approximation we replace the full-vertex
function by the tree level one.

The Ward-Takahashi (WT) identity is preserved
in the ladder approximation with the Landau gauge
for 1+3 dimensional QED. It should be noted that
the physical observable in the solution of the SD
equation depends on the gauge parameter because
of the approximate vertex function. The ladder
approximation with the Landau gauge can not preserve
the WT identity in low dimensional systems or thermal
environment. The validity of the ladder approximation
can not be guaranteed in such systems. Much works
have been done to �nd a better vertex function [1�5]
and a gauge parameter [6�8].

The 1+2 dimensional QED with the Chern-Simons
(CS) term is one of the simple models to develop
the procedure to analyze the SD equation beyond
the ladder approximation. In this paper we employ
some vertex functions and solve the SD equation and
show the gauge dependence of the result. In Sec. 2 we
introduce the 1+2 dimensional QED with the CS term
and review the chiral symmetry for a four component
Dirac fermion. In Sec. 3 we give an explicit form for
the SD equation and adopt some vertex functions.
Evaluating the SD equation numerically, we show the
gauge dependence for the vacuum expectation values

for fermion and anti-fermion pairs.

2 Chiral symmetry in 1+2 dimensional QED

The QED Lagrangian is uniquely �xed by the
gauge symmetry, the Lorentz covariance and the
renormalizability. We start form the Lagrangian
density with a massless Dirac fermion,

L = −1

4
FµνFµν −

1

2α
(∂µA

µ)2 +
µ

2
εµνρAµ∂νAρ

+ψ̄iγµDµψ. (1)

The �rst term in the right hand side is ordinary QED
Lagrangian density written by the �eld strength, Fµν ≡
∂µAν−∂νAµ. The second term is the gauge �xing part
in the Lorentz gauge with the gauge parameter, α.
The third term is called the CS term. This term is
topologically determined and can be written as a total
divergence. The coe�cient µ introduces a topological
mass for the gauge �eld, Aµ.Dµ = ∂µ+ieAµ represents
the covariant derivative for the Dirac fermion, ψ. γµ

denotes the 4×4 Dirac matrices. Since we consider the
1+2 dimensional space-time, the indices, µ, ν run from
0 to 2.

The Cli�ord algebra in 1+2 dimensions is de�ned
by the anti-commutator for the Dirac matrices,

{γµ, γν} = gµν , µ, ν ∈ {0, 1, 2}. (2)

There are two Casimir operators, γ3 and γ5,

{γ3, γµ} = 0, {γ5, γµ} = 0. (3)

Thus we can de�ne two-kinds of the chiral
transformations,

ψ → eiγ
3θ3

ψ, ψ → eiγ
5θ5

ψ, (4)

where θ3 and θ5 are real parameters.
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The Lagrangian (1) is invariant under the chiral
transformations (4). If the fermion acquire a non-
vanishing mass, the mass term, mψ̄ψ, breaks the chiral
symmetries. We can introduce a parity odd mass term,

mτ ψ̄τψ, τ =
1

2
{γ3, γ5}. (5)

This term is invariant under the chiral transformations.
Therefore the spontaneous breaking for the chiral
and the parity symmetries is found by observing
the vacuum expectation values for the composite
operators, 〈ψ̄ψ〉 and 〈ψ̄τψ〉, respectively [6] .

3 SD euqation in 1+2 dimensional QED

The vacuum expectation values, 〈ψ̄ψ〉 and 〈ψ̄τψ〉,
are calculated by taking the trace of the fermion
propagator. These values vanish for the massless
fermion without considering the non-perturbative
contribution of the gauge interaction. Here we
introduce the non-perturbative e�ect by solving the SD
equation. The SD equation for the fermion propagator,
S(p), is given by

S(p) =
i

/p− Σ(p) + iε
, (6)

with the fermion self-energy,

iΣ(p) = e2

∫
d3k

(2π)3
γµDµν(p− k)S(k)Γν(p, k), (7)

where Dµν(p−k) and Γµ(p, k) are the full gauge boson
propagator and the full vertex function, respectively.
The self-energy Σ(p) has an 4× 4 matrix form and can
contain a parity odd and a chirality odd mass terms.

If we insert some functional forms for Dµν(p −
k) and Γµ(p, k), we can solve the SD equation (6)
and �nd the fermion self-energy, Σ(p). In the ladder
approximation we employ a tree-level gauge boson
propagator and a vertex function,

Dµν(p) =
−i

p2 − µ2

(
gµν −

pµpν
p2

)
−µ 1

p2 − µ2

1

p2
εµνρp

ρ − iαpµpν
p4

, (8)

and

Γµ(p, k) = γµ. (9)

It is known that the ladder approximation is not
consistent with the WT identity,

i(p− k)µΓµ(p, k) = S−1(k)− S−1(p). (10)

Here we introduce the parity projection operators,

χ± ≡
1± τ

2
(11)

and assume a decomposed form for the fermion
propagator,

S(p) =
i

A+/p−B+
χ+ +

i

A−/p−B−
χ−, (12)

where A± and B± are functions of p. Then the WT
identity (10) �x the longitudinal part of the vertex
function [9],

ΓµL(p, k) = ΓBCµL+ χ+ + ΓBCµL− χ−, (13)

with

ΓBCµL± =
1

2
[A±(p) +A±(k)]γµ

+
1

2
[A±(p)−A±(k)]

pµ + kµ

p2 − k2
(/p+ /k)

−[B±(p)−B±(k)]
pµ + kµ

p2 − k2
. (14)

The transverse part of the vertex function can not be
�xed by the WT identity. We simply drop the transfers
part below.

The Ball-Chiu (BC) vertex function (13) satis�es
the WT identity by de�nition and may be a better
assumption for the vertex function on the SD equation
for the 1+2 dimensional QED with the CS term.
Employing the Ball-Chiu vertex function and a tree-
level gauge boson propagator, we numerically solve
the SD equation and calculate the vacuum expectation
values for fermion and anti-fermion pairs. It is found
that the obtained expectation value 〈ψ̄τψ〉 depends on
the gauge parameter, α. Between α = 0 and 1 we �t
the expectation value as a linear function of the gauge
parameter, α,

〈ψ̄τψ〉 − 〈ψ̄τψ〉|α=0 = aα+O(α2), (15)

and �nd a = −(0.495 ± 0.005) × 10−3. In the ladder
approximation we obtain a = (1.79 ± 0.06) × 10−3. A
smaller gauge dependence is observed for the BC vertex
function compared with the ladder approximation. It
should be noted that both results approach near the
Landau gauge, α = 0. Thus the ladder approximation
seems to be a good assumption with the Landau gauge.
Details of the numerical algorithm and the results are
given in Ref. [10].

4 Concluding remarks

We have performed the SD analysis of 1+2
dimensional QED with the CS term. The often used
ladder approximation is extended to avoid a large
gauge dependence. For the BC vertex function a
non-trivial vertex correction is introduced through
the WT identity. The solution of the SD equation
shows a smaller gauge dependence for the BC vertex
function. We have also pointed out that the ladder
approximation is not so bad with the Landau gauge.
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Here we have applied some assumptions to solve
the SD equation. The tree level propagator is adopted
for the gauge boson. It is interesting to introduce
the SD equation for the gauge boson propagator and
simultaneously solve it with the SD equation (6). We
have simply droped the transverse part of the vertex
function. It is generated even at the one-loop level [11].
It is also interesting to study the gauge dependence for
some possible assumptions of the transverse part of
the vertex function. We hope to report any progress

for these problems in future.
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Ò. Èíàãàêè

ÔÎÐÌÀËÈÇÌ ØÂÈÍÃÅÐÀ-ÄÀÉÑÎÍÀ Â 1+2 ÐÀÇÌÅÐÍÎÉ ÊÝÄ

Èññëåäóåòñÿ îñíîâíîå ñîñòîÿíèå ÷åòûðåõêîìïîíåíòíîãî ôåðìèîíà Äèðàêà â ÊÝÄ ñ òîïîëîãè÷åñêèì ÷ëåíîì ×åðíà�
Ñàéìîíà â 1+2 ðàçìåðíîñòÿõ. Ëàãðàíæèàí áåçìàññîâîãî äèðàêîâñêîãî ôåðìèîíà îáëàäàåò êèðàëüíîé è P-ñèììåòðèÿìè.
Ñïîíòàííîå íàðóøåíèå ýòèõ ñèììåòðèé ìîæåò áûòü íàéäåíî ñ ïîìîùüþ ðàñ÷åòà çíà÷åíèÿ âàêóóìíîãî îæèäàíèÿ äëÿ
ôåðìèîí�àíòèôåðìèîííûõ ïàð. Ìû ââîäèì ïðèáëèæåííóþ âåðøèííóþ ôóíêöèþ è âû÷èñëÿåì çíà÷åíèÿ âàêóóìíî-
ãî îæèäàíèÿ ðåøàÿ óðàâíåíèå Øâèíãåðà�Äàéñîíà. Ìû íàáëþäàåì ñëàáóþ êàëèáðîâî÷íóþ çàâèñèìîñòü âåðøèííîé
ôóíêöèè Áîëëà�×üþ.

Êëþ÷åâûå ñëîâà: 1+2 ðàçìåðíàÿ ÊÝÄ, óðàâíåíèå Øâèíãåðà-Äàéñîíà, ÷ëåí ×åðíà � Ñàéìîíà.
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