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We consider collision of a point particle with an infinitely thin planar domain wall within the linear and post-linear
approximations of Einstein classical gravity in Minkowski space-time of arbitrary dimension. Both colliding objects are
treated dynamically and the branon excitation of the domain wall is taken into account. The energy balance in this process
is non-trivial since the interaction force does not fall with distance and the particle and the domain wall are never free.
We show that contribution of the gravitational stresses effectively localizes on the particle and the wall world-volumes and
gives rise to the relativistic potential energies of each object in the gravitational field of the partner. The contribution of
the branons to the energy of the domain wall in the lowest order in gravitational constant is shown to be zero.
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1 Introduction

Existence of asymptotically free states is crucial in
the standard theory of particle collisions, both classical
and quantum. For this to be valid, the interaction
force between the colliding objects must fall down with
the distance sufficiently fast. Meanwhile, in various
physical systems, like two quarks mediated by the
gluon string, this is not so and the question arises,
whether one can sensibly define the notion of the
potential energy in the relativistic two-body problem.
To this aim we consider here a model problem with
non-decaying interaction force, namely, collision of the
point particle with the Nambu-Goto brane immersed
into space-time with the codimension one. Such a
problem may have physical applications in cosmology
[1-3], in particular, perforation of the domain walls
by black holes was suggested as novel mechanism of
domain walls destruction in the Early Universe [4-6].
It may be of interest also in the context of the Rundall-
Sundrum scenario [7-10], in studying the brane —
black hole composites [11,12], black hole escape from
branes [13-18], in dynamical description of branes in
supergravity /string theory [19, 20]. Recently we have
considered a simpler problem of interaction of the point
particle with the domain wall in the linearized gravity
and have shown [21,22] that the perforation of the
domain wall by the particle can be well described
in terms of distributions. Here we will discuss some
peculiar features of the energy balance in this collision.

If the static domain wall gravity is viewed as fixed
background, the particle moves along the geodesic
line, and the total energy is defined contracting the
tangent vector with the time-translation Killing vector.

gravitation, branes, domain walls, conservation laws.

This total energy contains the potential energy of
the particle in the static gravitational field. When we
consider the interacting two-body system mediated by
gravity, the notion of the potential energy seems to fail,
since there is no more the necessary Killing field and
gravity enters as the third participant possessing an
infinite degrees of freedom. In other words, in order
to establish the energy conservation low one has to
include contribution of the gravitational stresses as
separate quantity. These stresses generically are non-
local, so it seems impossible to describe the momentum
balance as usual in terms of momenta associated with
the colliding objects only. We will show, however,
that treating the particle — domain wall problem
perturbatively, expanding dynamical variables in terms
of the gravitational coupling, one observes, that in the
leading order the stresses effectively localize at the
particle and wall world-volumes, leading to possibility
to define the potential energy of each object in the
gravitational field of the partner in relativistic way.

It is worth noting that gravitational interaction
of branes is an essentially relativistic problem even
if their relative velocity is small, since the brane
tension, causing gravitational repulsion, contributes to
interaction on equal footing with the energy density.
The net effect of gravitational interaction of two branes
therefore varies with dimensionality of the world-
volumes and codimension of their embedding into
space-time. It is repulsive for codimension one (domain
walls) [23,24], locally vanishes for codimension two and
attractive in other cases. Another new feature due to
the extended nature of branes is possibility of their free
oscillations which may accompany the generic collision
process. While two point particles under collision just
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change their momenta, but remain in the same intrinsic
state, the brane will get excited and will not remain
in the initial state even asymptotically. Fortunately,
within the linearized gravity the piercing collision of
point particle with the domain wall may be treated
analytically. In fact, the degree of singularity of the
linearized gravitational field at the location of the
brane essentially depends on its codimension: the
metric diverges as a negative power of the distance
for codimension greater than two, as logarithm for
codimension two, but it remains finite in the case
of the domain wall. Therefore, though generically
gravitational collision of two infinitely thin branes is
a singular problem, the collision particle — domain wall
turns out to be tractable.

2 Linearized gravitational interaction of

static branes

For more generality we start with an arbitrary p-
brane propagating in D-—dimensional curved space-
time (the bulk). We denote the bulk metric as
gun, M,N = 0,1,2,...,D — 1, the signature is + —
— ..., and define the brane world-volume V,;; by the
embedding equations ™ = XM (o#), parameterized
by arbitrary coordinates o*, (1 = 0,...,p) on Vpiq .
The corresponding action in the Polyakov form is a
functional of X (o#) and the metric 7, on Vpi1:

Sp = —%/ [X,]YXI%MN’Y“V—(?—U

x /]y dP o . (1)

Here 41 is the brane tension, X} = XM /9o are the
tangent vectors and ¥ is the inverse metric on Vp41,
v = detry,,,. Variation of (1) with respect to XM gives
the brane equation of motion

Oy (Xl],VgMN’YW \/M)

1
= §9NP,MXZLVX57“” vl (2)
which is covariant with respect to both the space-time
and the world-volume diffeomorphisms. Variation over
~* gives the constraint equation

1
(320 = G )

-1
XQMN-FL

. 3)

Ypv = 0,
whose solution defines 7,, as the induced metric on
Vp+1i

(4)

M N
’Y}LV = Xy, Xl/ gMN =X .

Adding to (1) the Einstein action

1
&z-T/%VMW% (5)
)

where 3% = 167G p, and varying S, + Sg with respect
to the space-time metric gy we obtain FEinstein
equations

2

1 »n
Run — =gunR= "2 Tyn

5 ) (6)

with the source term

6P (z — X (o))

VIl

TMN _ ‘LL/X;\/[XiV,}/Nu

« /I dP=1o. (7)

Consider static solutions of the system (2, 3, 6)
for planar branes described by the linear embedding
functions
XM — Efy ot (8)
with constant system of linearly independent vectors
¥M. In what follows we will mostly use the internal
coordinates o coinciding with the bulk coordinates
z#, so that XM = 67, but in some cases ¥ will be
still used to avoid confusion.

Consistency of the above coupled system involving
singular delta sources depends on codimension d =
D — p — 1 of the embedding of the brane world-
volume into the bulk. Strictly speaking, for d > 3
the use of distributions in the full non-linear gravity is
not legitimate, though the presence of delta-sources in
classical p-brane solutions in supergravities sometimes
still can be detected [19]. The case d = 2 as it is well-
known from an example of the cosmic string in four-
dimensional space-time [3], is exceptional: in this case
the cylindrically symmetric field configurations exist
for which Einstein equations reduce to two-dimensional
Laplace equation with the delta-source leading to static
locally flat conical transverse space. The case d = 1
(domain wall) is legitimate too, but has a peculiar
feature: exact solutions of Einstein equations are non-
static [1,2,25,26] (the static solutions exist if one adds
a negative cosmological constant of some special value
[27,28]). Here we will restrict to the linearized theory
expanding the metric as

(9)

All subsequent operations with indices of hpsn will be

performed with respect to the Minkowski metric, e.g.,

gMN = MN — 5 n hMN Tn the Lorentz gauge

gMN = NMMN + 2phyN -

1
OnhMN = 3 OMh, h=hnit, (10)
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the linearized Einstein equations reduce to

1
Ohpn = — 2D (TMN - D_2T77MN> )

T="T, (11)
with O 0 OM. Consider again an arbitrary
plane unexcited p-brane described by the embedding
functions (8), choose the coordinates on V1 as 0¥ =
20 =t, o' =2',i=1,...,p and denote the coordinate
transverse to the brane as 2™ ,n =1,..., d. Then the
brane stress-tensor Ty will have non-zero only the
components p,v = 0,7 given by

T

uy = l”];wfsj(z) ) (12)

where 7),,,, is Minkowski metric on the brane (and unity
in the case p = 0), leading to

ds? = (1 + 4k(d — 2)<I>J) Nuvdatdz”

- (1 — 4k(p + 1)@&) dz2, (13)
where

_ _MED
k= D=7 (14)

Here ®; is the solution of the tramsverse Poisson
equation

Aj®;(z) = 6%(z), (15)
which reads explicitly
2| /2, d=1
B (z) = { _@m)7infzl, d=2 .,  (16)
—(d-2)7107! [2[*7Y, d>3

where €25 , is the volume of the d — 1—dimensional

unit sphere in d—dimensional euclidean
Q5 , =2n¢/T(d).

Consider now the second p-brane, (with p < p)
sitting parallel to the first at some finite distance. We

split the space-time coordinates as 2™ = (t,x,y,z),
where x € RP, y € RP~P, z € R?. Let the first p-brane
occupy the sector 4 = (t,x,y) and located at z = 0 in
the overall transverse space, while the second extends
in the sector 2 = (¢,x) at the position z = z. To
extract the effective interaction potential we start with
the action

space:

XD

5 hMNTMNdD(E s

Sint == (17)
vyhere harn is the linearized metric of the p-brane and
TMN is the stress-tensor of the p brane (or vice-versa)

and insert as hjs;ny the solution of the corresponding

d’Alembert equation. Using the scalar Green’s function
of the d’Alembert equation

OpG(z,2') = 6P (x — '), (18)

we obtain the bilinear form of the stress-energy tensors
32 _
Sun = ~ 72 [ Glaa!) (VY @) Tars ()

1 _
Substituting here the corresponding quantities for both
branes at rest, we find that the integral (19) reduces
to that over time and the spatial coordinates x of
the p-brane, allowing for introduction of the effective

potential U.g per unit volume of the smaller brane:

Sint = —/Ueﬂ‘(z) dtdx, (20)
which explicitly reads

s ufi(p -+ 1)(d — 2 _
Ueff — D:u:u(p )( ) (I)CZ(Z) ) (21)

2(D - 2)

Inserting here the transverse potential (16) we finally
obtain

- z/2,
_ #pup(p+1) /

Uet == =90 —2)

ST
|

1

, 2
—1151(2—d

Q |z|(2~4), 3

WV

(22)

Thus, the character of interaction depends on
codimension of the embedding of the bigger p-brane
into the bulk: the potential is repulsive for d= 1, there
is no force for d = 2 and it is attractive for d > 2. This
simple picture, however, holds only in the static case.
As we will see, situation becomes more sophisticated
when branes are in motion. Somewhat unexpectedly,
however, we will still be able to introduce the notion
of the relativistic potential energy as well.

3 Interaction of domain wall with moving
particle

Now we pass to the system of the gravitationally
interacting domain wall p = D — 2 and a moving point
particle (5 = 0), adding to the sum S, + Sg the particle
action

1 2
So = —2/(6 gMNZMZN + m) CZT7
e

where e(7) is the ein-bein of the particle world-line
and dots denote derivatives with respect to 7. Varying
Sp with respect to zM(7) and e(7) one obtains the
geodesic equation in arbitrary parametrization

(23)

(ezNgun) = ggNP,M NP

dr (24)
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and the constraint equation

M N _ 2

guniMiN =m?. (25)

The corresponding energy-momentum tensor reads

M 3N §D (., _
TMN:/ez NP (z — 2(7)) g

Vgl

Both the domain wall and the point particle will
be treated on equal footing in the framework of the
linearized gravity on Minkowski background. So we
expand the total metric similarly to (9) adding to the
metric perturbation hjsn, which will be still associated
with the brane, the metric perturbation hy;x due to
the particle (preserving the notation of sec. 2D):

(26)

gun = nun + #p (hun + huw) - (27)
The Lorentz gauge condition (10) will be assumed for
both components independently.

To treat the interaction problem in terms of
formal expansions in the gravitational coupling we
have to substitute X + §XM M 4 §:M 4, +
07, and e + de and treat the deviations iteratively.
Here XM,zMﬁW,e are assumed to describe free
motion of both objects in Minkowski space-time, while
SXM 07, are the perturbations of the brane variables
due to the gravitational field of the particle hyw,
and §zM,de are the perturbations of the particle
variables due to the gravitational field of the brane
hyy (and we omit singular self-interaction terms).
The unperturbed domain wall is thus described by
the embedding functions (8) and the corresponding
induced metric is 7y,, = 1,,. The unperturbed stress
tensor is

TMN — uzjﬁz%*t”&(z% (28)

and the corresponding metric deviation can be read off
from Eq. (11):

D -1
hyun = ZDH EuMN — == nunN | |2
2 D -2
xpplz|
= ——d -1,1,....1,D -1 2
2(D_2) lag( b b) b) ) )7 (9)

where Zyny = E‘&EVNUW. From here one derives the
validity condition for our iteration scheme. Smallness
of »xphy;n implies
kz <1, (30)
where k is given by (14). This parameter has meaning
of the inverse curvature radius of the bulk, so our
approximation is valid at the distance from the brane
small with respect to this curvature radius.

Assuming the particle to move orthogonally to the
wall, we parameterize the unperturbed world-line as

Mr) = uMr,
vy=1/V1—-v2.

This trajectory intersects the domain wall at the
moment of proper time 7 = 0, the corresponding
coordinate time also being zero, ¢ = 0. Using (29) and
(31) in the Egs. (25) and (24) one obtains for de and
§2™ the system of equations

uM =~(1,0,...,0,v),
(31)

de = —% (%DhMNuMuN+2nMNuM52N) (32)
and
d .
— (5euM +m52M) =
dr

1
= —Xxpm (hP]VLQ — 5 hpQ7M) uPuQ 5 (33)
which upon the elimination of de gives for 5zM:
ﬂMN(SéN = — XD ﬁMN

1

X (hpN)Q — 5 hPQ,N) uPuQ, (34)
where
[IMN — MN _ M N (35)

is a projector onto the subspace orthogonal to u™ . Let
us now choose the overall gauge condition

guniMEN =1, (36)

with 2 including the perturbation. In view of the zero
order parametrization assumed (31), this amounts to
the condition de = 0, i.e.,

% (%DhMNUMUN+2’I7MNUM5ZN) =0. (37)
Going back to eq. (33) one has thereby

(SZM = —Xp hpM’Q— §hPQ,M u ur, (38)
or, in components,

639 = 2kv~? sgn(r),

6% = 3P71 = k(Dy?v? + 1) sgn(r), (39)

so, the force is repulsive as expected.

Integrating (39) twice with initial conditions
§zM(0) =0, 62(0) = 0, one has
62° = kvr? 42 sgn(1), (40)

0z = %/@7’2 (Dy*v? +1) sgn(r). (41)
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Substituting (40) into (32) one can check that the
gauge condition (37) holds.

According to (40), the perturbation of the particle
D-velocity §2° has no discontinuity at the location
of the brane =z 0, but its derivative has.
The discontinuity of acceleration has simple physical
meaning: the repulsive force changes its sign at the
moment of perforation.

4 Excitation of branons

Denoting the stress-tensor and the gravitational
field of the particle by bar, we will have:

_ _ 1
Ophuyn = —xp (TMN ~D_3 T77MN> ) (42)
where the source term
TMN () = Dy MyN§(2 — vt) 6P~2(r) (43)

has only ¢, 2— components non-zero. The solution (for
D > 4) reads:

- »wpml (%) 1
h = - —
MmN (2) = UMUN — 5 N
1
X 55 (44)

(= — vt + 77

where r = ./d;;x'z7 is the radial distance on the
wall from the perforation point. This is just the
Lorentz-contracted D-dimensional Newton field of the
uniformly moving particle.

Perturbations of the Nambu-Goto branes in the
external gravitational field were expensively studied
in the literature, see e.g. [29,30]. On the Minkowski
background the derivation is particularly simple. First,
from Eq. (4) we find the perturbation of the induced
metric
67/w = 2(56/{ 5X11,\§771V[N + %DhMNE/JyZ,I/V s (45)
where brackets denote symmetrization over indices
with the factor 1/2. Then linearizing the rest of the
Eq. (2), after some rearrangements one obtains the
following equation for deformation of the wall:

My y Opo1 XN = Ty JV,
TN = M — SIS (46)
where Op_; = 9,0" and IIMN is the projector onto
the (one-dimensional) subspace orthogonal to Vp_j.
The source term in (46) reads:

1- _

z=0

Using the aligned coordinates on the brane o =
(t,r), we will have &} ¥, so the projector
MY reduces the system (46) to a single equation for
M = z component. Thus only the z-components of
XM and JM are physical. Generically, the transverse
coordinates of the branes can be viewed as Nambu-
Goldstone bosons (branons) which appear as a result
of spontaneous breaking of the translational symmetry
[31]. These are coupled to gravity and matter on the
brane in the brane-world models via the induced metric
(for a recent discussion see [32,33]). In our case of
co-dimension one there is only one such branon. The
remaining components of the perturbation §X* can be
removed by suitable transformation of the coordinates
on the world-volume, so 6X* = 0 is nothing but
the choice of gauge. Note that in this gauge the
perturbation of the induced metric 6v,, does not
vanish, as it was for the perturbation of the particle
ein-bein e.

Denoting the physical component as ®(o*)
dX* we obtain the branon (D — 1)-dimensional wave
equation:

DD_l(I)(O"u) = J(O"u)7 (48)

with the source term J = JZ. Substituting (44) into
the eq. (47) we obtain the source term for the branon:

1 _ _
J(o) = —»p {2 Nuwh "% — hzo’o]

2=0
vt
T [v202¢2 + 7"2]% 7 (49)
where
22 m'y21" D1 1
)\: D 47TD2(1 2 ) (72v2+D2>. (50)

The retarded solution of the branon wave equation
(48) reads

b(2H) = —

1 / e—ikw
@2m)P-1 | w? —k? + 2iew

x J(k*) dP~ 'k, (51)

where J(k*) is the Fourier-transform of the source :

D—1

2n 2z A w
J(kH) = — . 52
W)= “r ey e v 2
Expanding the product of two pole factors as
1 B 1
(Y202k2 + w?) (w2 — k2 + 2iew)  \w — k + e
1 2w 1
— 53
er—l—k;—&—ie w2 —|—72v2k2> 272wk?’ (53)
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and integrating over angles we present the solution as
the sum

(I):q)a+<bb7 a— ASgn()
O, =2A0(t)I,, A ED_QL)\DA» (54)
20 (T)

where the remaining integrals involve Bessel functions:

L( /kJD s(kr) kT2 e Rl (55)
0
Iy(t,r) = ﬁ/dk(t,r)J% (kr) k"= cos kt. (56)
r-z

The first term @, is time antisymmetric and present
the “action at a distance” interaction of the particle and
the domain wall. The second term @, is the shock-wave
branon starting at the moment of perforation. Details
of integration ar given in [22]. The result for odd D > 5
is

o 2A 10\ 7 1 + T
a=—— | ——% — arctan —— ,
: Vom ror r ~yult|

By, = VorA(t) (-ii) - 9(’"; H (57)
For even D > 6 one finds [34]
(22 - )]
()"
Vo rgg:z: J_r:/)t’Z - r2)> ' (5)

These expressions were obtained as exact solutions
of the branon equations and as such they are valid
for all ¢. But it is important to understand that our
perturbation is valid for small enough z, see (30), and
since the unperturbed particle world-line is z = vt, this
amounts to the condition on time

1
t<< —

kv’ (60)

provided v # 0; in the static case one has simply the
condition (30) on z. Thus the formal expansions in
terms of sp are convergent only in bounded region
of z and t¢.

5 Energy conservation

We would like to check the energy momentum
balance in our collision problem in lowest non-trivial

order in »p. First we have to construct the divergence-
free energy-momentum tensor (in Minkowski sense)
which in zero order approximation is the sum of (28)
and (43). This sum is obviously divergence free.

The first order particle stress tensor is obtained
expanding the general expression (26) in sp:

m/ 452MN

X (h+25zpap>} 6P (x —ur) dr,

TMN M, N

—XZpUuU U
(61)

where h is the trace of the first order metric deviation
due to the wall (13); the symmetrization over the
indices (M N) as well as the anti-symmetrization [M N|
below is defined with 1/2. The delta-function indicates
on the localization of the integrand at the non-
perturbed particle world-line.

The first order stress-tensor of the wall is obtained
substituting the first-order metric deviation (44) due
to the particle and the first-order perturbations of the
wall world-volume into the Eq. (7):

TMN (z) = %/ [MgMaij)nW —28M5)

x (B + 2ntRoiox ) ) + Mol (A —h  (62)

+ 20X%6) — 26XL6L)] Pz —0) 6(2) dP~ o

Again, the delta-functions in the integrand indicate on
its localization on the unperturbed wall world-volume.

The sum of (61) and (62) is not divergence
free in the Minkowski sense, since in this order the
gravitational effective stress tensor obtained as the
quadratic term in the expansion of the Einstein tensor
in s»p enters into play:

GMN__%DD<HMN_

1 MN
S pMN
2 N >

2

%2
— 7’3 SMN L O(H?), (63)

where H = HAJYI[, 0 = nMN9,,0n and SMY stands for

SMN 2HMP’QHN[Q,1D] + HPQ (H]WP,NQ
4 gNPMQ _ pfPQMN _ HMN,PQ)

1 1
—2HMoEM? - 5HPQ,MHPQ N 5HMNDH

1
+ 3 77MN (QHPQDHPQ — HPQ,LHPL’Q

3
+ 3 HPQ,LHPQL) . (64)
To exclude the divergent self-action terms (we do not
intend to investigate radiation reaction aspects of he
problem) one has to substitute here the sum

Hyn =hun +hun, (65)
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and keep only the product terms of hysx and hasy, the
resulting quadratic form will be denoted SM¥(h, h).
Then is straightforward, though rather tedious, to
check the conservation equation

ontMN =0, (66)
for the current
TMN:TNN—I—Tf”N—i—SMN(h,ﬁ). (67)

Actually only the sum of three terms is invariant under
gauge transformations of the linear theory
hyn = hyun + Ovén + Onéwm (68)
but we can by definition associate with the first two
terms the kinetic momenta of the wall and the particle
respectively since these quantities are directly localized
on them. The third term looks essentially non-local and
a priori can be associated neither with the particle, nor
with the wall. Our main result is demonstration of the
fact that within the perturbation theory it can be split
into the particle and the wall “potential” terms.

Omitting the trivial zero order contributions, we
thus define the kinetic energies of the brane and the
particle as

/ TGPy E(t)
3t

E() 7/ T0dP 1z, (69)
3¢

where ¥; is the D — 1 space hyper-surface chosen
to be orthogonal to the time axis at the moment ¢,
with the measure d”~'z = dzdP~?r. The particle
kinetic energy is calculated substituting the wall metric
deviation hpsn (7) given by (29) and the particle world-
line deviation 62M(7) given by (40) into (61) and
integrating with the help of the delta-function:

E(t) = 2Dmkvlt]. (70)
Similarly, to calculate the wall kinetic energy we
substitute the deviation 6X™ = §™® with the branon
field ® given by (54) into the integrand in (69)
obtaining

700 % [(—2 hoo + h) 3(z) — 2@ 5'(2)} . (71)
Since @ is the function of the world-volume coordinates
(t,r) only, the term ® §’(z) vanishes upon integration
over z, so the brane kinetic energy in the first order in
»p does not depend on ®. Substituting into (71) the

particle metric deviation (44) one gets

LCE) ((0- 222 + 20 - 1) mhxo(2),

Y =
22

(72)

which leads after integration to:

CD
TR

a =yvt,

((D =222+ 2D 7)) mkQ(a),

(73)

where Q)(a) denotes the integral of y over r including
the volume factor

rP=3 dr

(oo}
/ N
0 (a2+r2) 2

This integral linearly diverges at the upper limit. This
divergence is due to insufficiently fast decay of the
particle gravity with the radial distance along the wall.
Meanwhile, the resulting dependence of the kinetic
energy on time can be trusted only for sufficiently small
t satisfying the applicability condition (60) since the
metric perturbation is legitimate only for small time
intervals around the perforation moment ¢ = 0. So
expanding Q(t) = Q(0) 4+ t9:@Q + ... we can trust only
the linear term. Omitting the (infinite) constant, we
are led to the following prescription for the regularized

Q:

Q(a) (74)

D—3
R e
da (a2 +r2)" =

The integral in the expression for Qe is finite and is
evaluated by the substitution 1+ (r/a)? = 1/y leading
to the Euler beta-function:

Jal(D - 3)y7T (252)

Qreg (a) (75)

reg = = ; (76)
2T (557)
so the desired quantity reads:
E=—yw ((D —2)v*0? 4+ 2D — 7) mk |t . (77)

The sum of this expression and the particle kinetic
energy (70) is not zero. This is not surprising, since
we still have to take into account the gravitational
energy-momentum tensor S~ (h, h). Substituting into
the quadratic form S%°(h, ) the first order particle and
wall metric deviations one finds the following non-zero
terms:

1. The products of the first derivatives of both
hyn and hyy whose resulting z-dependence is
sgnz d,x. Since this function must be further
integrated over z, we can replace sgn z0,x —
—2x0(2), dropping the total derivative which
gives a constant. The §(z) appearing afterward
indicates on the connection of this term with the
wall.

2. Terms proportional to the second z-derivatives
of harn: with z-dependence |2/0%x . These also
become localized on the wall after integrating by
parts twice.
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3. The second derivatives of hp;ny, which are
proportional to §(z)y; these are directly attached
to the wall.

4. Boxes of EMNi —3 hgo \:‘Boo + %hoo Oh +
hpg ORF@ . These are localized on the particle
world-line after application of the linearized
Einstein equations.

Thus, omitting the total derivatives, we can rewrite the
stress term as

5% = 8, 6(z — vt) + Sy 8(z2), (78)
where
S, =2 ((D +1) 2+ 42> mk|z\5D*2(r),
Y

T(L=3
su=-"U2) ((p 922

2m 2
+2D—5—2(D2_3)} mkyx . (79)

Y

After integration over z we are left with the quantities
which can be interpreted as effective potential energies
of the wall V and the particle V in the gravitational
field of the partner:

V= /Sw dP2r, V= /Sp dP=2r. (80)

The integral for V' gives again the divergent quantity
(74) which is regularized according to (75) as the
corresponding quantity for kinetic energy. Performing
the evaluation we get:

V =mk[(D—-2)y*v*+2D -5

- 2“’7‘3)] Yol (81)
V = —2mk ((D +1)v% + ;) yult| . (82)

The sum of the kinetic and potential terms therefore
reads

E4+V =—(E+V) =2mkyvlt|

x (D—4—(D-3)v) . (83)
This quantity has a meaning of the total energy
transferred by the wall to the particle during the
collision; it is opposite to the total energy transferred
by the particle to the wall, so the energy balance
is fulfilled indeed. The energy transfer linearly
depends on time, this is the consequence of our
linear approximation in the interaction constant.
The sign depends on the relative velocity and the
dimension. The somewhat unexpected feature here is
the emergence of the potential terms due to effective

localization of gravitational stresses. There is nothing
mysterious here, however, since the gravitational
interaction in this order looks like an action at a
distance. The retardation effect is only in the branon
wave, but as we have seen, this does not contribute to
the energy transfer in the linear order. Though we did
not consider here the transfer of the spatial momentum,
it is worth noting that the corresponding balance
equations are more complicated. First, the contribution
of he branon waves is non-zero, and second, there is
non-zero momentum flux through the lateral surface of
the world tube [35].

6 Conclusion

We have discussed some unusual properties of
gravitational interaction of the point particle with
the Nambu-Goto domain wall. In the static case the
interaction force is repulsive, so the particle impinging
on the wall is decelerated. The wall is not simply
repelled but it gets excited, which is interpreted as the
branon. If the particle reaches the wall and perforate
it, a second shock-like spherical branon wave is created
which then propagates outward along the wall. Both
these branons do not carry the energy within the lowest
non-trivial approximation of the perturbation theory in
terms of the gravitational coupling constant.

We then analyzed the energy conservation in the
same order including the contribution of the mediating
field. Generically, the field stresses are non-local, but
we have discovered that in the lowest non-trivial order
of the perturbation theory their contribution can be
unambiguously split into two parts which are effectively
localized on the particle world-line and the wall world-
volume and can be therefore prescribed to the particle
and the wall separately, leading to the notion of the
relativistic potential energy in the collision problem.

A question arises whether similar picture can be
valid in other collision problems. Actually, the nature of
the mediating field is not essential. Two other features
seem to be crucial for possibility to define relativistic
potentials. One is the use of the perturbation theory
in terms of the interaction coupling, and another is the
locality of the colliding objects, which looks natural
within the classical theory. In fact, iterations in terms
of the coupling constant is the standard tool in the
quantum field theory as well, but the use of non-
localized particle states with definite momentum would
make such a procedure obscure. However, in the case
of localized wave packets this still may work, so further
investigations along these lines are desirable.
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. B. I'aavuos, E. IO. Meaxymosa, II. Cnupur

TPABUTAIIMOHHOE CTOJIKHOBEHUWE YACTUIIL C JOMEHHBIMU CTEHKAMU "N
PEJIATUBUNCTCKUE ITOTEHIIN A JIBI

PaccmarpuBaercst CTOJIKHOBEHUE TOYEYHON 4aCTHIlbl ¢ OECKOHEYHO TOHKON IJIOCKOHN JOMEHHOW CTEHKOM B JIMHEHHOM M [1OCT-
JIMHEHHOM MPUOIMXKEHUSX KJIACCUIECKON SUHINTEfHOBCKOM rpaBuTaIliM B MPOCTPAHCTBE MUHKOBCKOTO MMPOU3BOJILHON pa3-
MepHOCTH. O6a CTATKUBAIOIMUXCS 00BEKTA TPAKTYIOTC TUHAMUYIECKU C YIeTOM OPaHOHHOTO BO30OYKIEHUS TOMEHHOW CTeH-
KH. Banch JHEPIr'UH B 3TOM IIPOIECCe HETPUBUAJIEH, TAK KaK CHAJIa BSaHMOﬂeﬁCTBHH HE CIIagaeT C PaCTOAHUEeM, U HU YaCTHUIla,
HYU CTEHKa HUKOTJA He SBJSI0TCA CBOOOAMHBIMHU. [loKazaHO, 9TO rpaBUTAIMOHHBIE HATKEeHUA 3(DOEKTUBHO JIOKATUZYIOTCS
B MUPOBBIX 06’]36MaX YaCTULOBI U CTEHKHU U NAI0OT PEJIATUBUCTCKHE IMOTEHIHUAJIBI KazKA0T0 U3 O6']36KTOB B I'PaBUTALMUOHHOM
noJie napTHepa. Bkiag OpaHOHOB B SHEPTHIO JOMEHHON CTEHKH B HU3IIeM HNPUOJIMKEHUH II0 TPABUTAIMOHHOMN IOCTOSHHON
PaBeH HYJIIO.

KiroueBble ciioBa: 2pasumayus, 0pansi, JOMeHHDbIE CMENRKY, 34KOHb COTPAHEHUA.
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