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We consider the six-dimensional (1,0) hypermultiplet theory coupled to background vector/tensor system in harmonic
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vector/tensor system are generated as the divergent parts of the e�ective action.

Keywords: extended supersymmetry, harmonic superspace, vector/tensor hierarchy, e�ective action.

1 Introduction

Construction of the non-Abelian (1, 0) and (2, 0)
superconformal theories in 6D has attracted much
attention for a long time (see e.g. [1, 2]). Such models
can be considered as the candidates for dual gauge
theories of the interacting multiple M5-branes [3] and
can be related to near-horizon AdS7 geometries. A
crucial ingredient of this construction is the problem of
description of the non-Abelian tensor multiplet gauge
�elds [4]. A solution to this problem has been found
[5] in the framework of a (1, 0) tensor hierarchy [6]
which, besides the Yang-Mills gauge �eld and the
two-form gauge potentials of the tensor multiplet,
contains the non-propagating three- and four-forms
gauge potentials. Construction of the (2,0) models can
be realized on the base of coupling the (1,0) non-
Abelian tensor/vector models to the superconformal
hypermultiplets [7]. The hypermultiplets are described
by gauge non-linear sigma models [8] with a hyper-
K�ahler cone target space and minimal coupling to the
superconformal tensor/vector models of [5]. On this
road there are many open questions as to the dynamic
description on the classical level, well as issues of
related to the quantization of these models and the fate
of the conformal and gauge symmetries at the quantum
level. The most elegant technique for the study of these
issues is the technique of harmonic superspace [9] which
was extended to six dimensions in [10�12].

Super�eld formulation of the tensor hierarchy has
been studied in the paper [13] where a set of constraints
on the super-(p+1)-form �eld strengths of non-Abelian
super-p-form potentials in (1,0) D6 superspace has
been proposed. These constraints restrict the �eld
content of the super-p-forms to the �elds of the non-
Abelian tensor hierarchy. The super�eld formulation of

the tensor hierarchy sheds light on a supersymmetric
structure of the theory and can serve as a base for
the various generalizations. They can be useful for
searching the super�eld action and for studying the
(2,0) superconformal theory by superspace methods.
However, the super�eld Lagrangian formulation of the
theory under consideration has not been constructed
so far.

It is known that the massless conformal (n, 0)
super�elds in six dimensions are divided into two
classes: (i) the super�elds whose �rst component
carries any spin but it is an USp(2n) singlet;
(ii) the 'ultrashort' analytic super�elds in harmonic
superspace, their �rst component is a Lorentz scalar
but it carries USp(2n) indices [11]. All these super�elds
satisfy some superspace constrains. In this paper
we explore the simplest super�elds from above both
classes, corresponding to the following three types
of (1,0) 6D multiplets: the hypermultiplet [12], the
vector multiplet [10] and the tensor multiplet [14]. The
corresponding construction in the harmonic superspace
a well-known.

1.1 Non-Abelian vector/tensor system

We begin with brief review of the general non-
Abelian couplings of vectors and antisymmetric p-
form �elds in six dimensions following [5]. The (1,0)
superconformal 6D �eld theory of vector/tensor system
describes a hierarchy of non-Abelian scalar, vector and
tensor �elds {φI , Ara, Y ij r, BIab, Cabc r, Cabcd A} and
their supersymmetric partners that label by indices
r = 1, . . . , nV and I = 1, . . . , nT . The full non-Abelian
�eld strengths of vector and two-form gauge potentials
are given as

Frab = ∂[aA
r
b] − f

r
st A

s
aA

t
b + hrIB

I
ab, (1)
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+gIrCabc r. (2)

Here f r
[st] are the structure constants, dI(rs) are the

d-symbols, de�ning the Chern�Simons couplings, and
hrI , g

Ir are the covariantly constant tensors, de�ning
the general St�uckelberg-type couplings among forms
of di�erent degrees. Also the existence of the non-
degenerate Lorenz-type metric ηIJ , so that hrI =
ηIJg

Jr ≡ grI , bIrs = 2ηIJd
J
rs ≡ dIrs is assumed.

The �eld strengths (1), (2) are de�ned such that they
transform covariantly under the set of non-Abelian
gauge transformations

δAm = DmΛr − hrIΛIm, (3)

δBImn = D[mΛIn]−2dIrs(Λ
rFsmn−

1

2
Ar[mδA

s
n])−g

IrΛmn r.

1.2 Harmonic superspace description of non-Abelian
vector/tensor system

A complete set of the constraints on super�eld
strengths of the p-form potentials have been proposed
in [13] in conventional 6D, (1,0) superspace. The tensor
hierarchy formulated here in terms of a generalized
Bianchi identities. Our aim is to reformulate these
constraints in harmonic superspace and study their
consistency conditions. First of all, the SYM �eld
strength constraints F ij r

αβ = 0 are not deformed by
tensor multiplet and therefore has a solution as for
the formulation of the vector multiplet in the harmonic
superspace [10,12]:

{Diα,D
j
β} = −2iεijDαβ ,

[Diγ ,Dαβ ] = −2iεαβγδWiδ. (4)

In the dimension 2 component of the generalized
Bianchi identities we have

(γa)(αδD
(j
β)W

i)δ r−2εij(γb)αβFrab =
1

2
εijγaαβΦIgrI . (5)

These equation is equivalent to the following set of
relations in the harmonic superspace formulation

D−αW+β r = δβα(Y+− r +
1

2
ΦIgrI ) +

1

2
Fβ r
α , (6)

1

4
(D−αW+α r −D+

αW−α r) = ΦIgrI ,

D+
αW+β r = δβαY++ r .

In the dimension 5/2 component of the generalized
Bianchi identities

DiαFrab + i(γ[a)αδDb]Wiδ r = i(γab)
β
αΨiI

β g
r
I (7)

determines the transformation law for the potential of
2-forms

δBIab = iεiγabΨ
iI .

The self-consistency conditions

{Diα,D
j
β}W

kδ = −2iεijDαβWkδ

leads to

D±αΦI = 2iΨ±Iα , D+
αY++ r = 0, (8)

D−αY++ r = −2i(DαβW+β r − 2Ψ+I
α grI ). (9)

In the dimension 3 component of the generalized
Bianchi identities is

D[aFbc] = HIabcgrI , Habc = (H(+) +H(−))abc. (10)

In the spinor notations it has the form

1

2
D(αδF̃δ rβ) =

1

3
H(−)I
αβ grI ,

1

2
D(αδFβ) r

δ =
1

3
H(+)αβIgrI . (11)

Besides, we obtain the equations for

DiαΨjI
β = −1

2
εijDαβΦI − 1

12
εijγabcαβ H

(−)I
abc (12)

+iεαβγδWiγ rWjδ sdIrs .

The spinor derivative of the 3-rank tensor super�eld
HIabc is

DiαHIabc = iγ
[a
αβW

iβ rFbc] sdIsr +
i

2
D[a(γbc])βαΨIi

β (13)

−iγabcαβWiβ sΦJdJsrg
Ir .

This relation also determines the transformation law of
the 3-form potential

δCabc r = −iεiγabcWi sΦJdJsr.

The corresponding degrees of freedom are not dynamic
since the generalized 4-form �eld strength satis�es the
duality conditions

− 1

4!
εabcdefHabcd r = (Fef sΦI

+ iWi sγefΨI
i )dI rs (14)

As shown in the paper [13], all other relations
among the main super�eld strengths and the equations
of motion can be derived from these relations. These
equations of motion allow the construct a component
action of the theory in the form that coincides with
the action of the superconformal vector/tensor system
constructed in the papers [5,15]. One can show that the
natural proposal for super�eld form of action is written
as follows

S =

∫
dζ(−4)du(ΦD++Y++ +D+

αΦD++W+α). (15)

The super�eldsW+α, Y++, Φ have been de�ned above.
To derive the component action from the super�eld
action (15) we essentially used the all the above
relations from this section.
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2 One-loop e�ective action in the
hypermultiplet theory

We will consider a calculation of super�eld quantum
e�ective action in the hypermultiplet theory coupled
to the external �eld of vector/tensor system. We will
show that the vector/tensor multiplet action, which
is a generalization of the action [14] for the tensor
multiplet, and higher derivative vector multiplet action
[12] are generated as the divergent parts of the e�ective
action. For simplicity we assume that the background
�elds is Abelian.

The classical conformal invariant action for
a massless covariantly analytic super�eld of the
hypermultiplet of canonical dimension 2 coupled to
a background 6D N = (1, 0) vector/tensor system is
written as

S = −
∫
dudζ(−4)q̃+D++q+ , (16)

with D++ = D++ + gV ++ the analyticity-preserving
covariant derivative and V ++ the analytic potential.
We want to emphasize that the super�eld V ++ here
is not one for pure vector multiplet, the super�eld
strengths, involving the super�eld V ++, obey the
Bianchi identities which contain the super�eld Φ
related to tensor multiplet. As a result the action
(16) describes interaction of hypermultiplet with
vector/tensor system.

The hypermultiplet e�ective action Γ is de�ned by

eiΓ[V ++] =

∫
Dq+Dq̃+ ×

exp(−i
∫
dζ(−4)q̃+D++q+) . (17)

The expression (17) yields

Γ[V ++] = iTr lnD++ = −iTr lnG(1,1). (18)

Here G(1,1)(ζ1, u1|ζ2, u2) =< q̃+(ζ1, u1)q+(ζ2, u2) > is
the super�eld Green function. This Green function is
analytic with respect to both arguments and satis�es
the equation

D++
1 G(1,1)(1|2) = δ

(3,1)
A (1|2) . (19)

Here δ
(3,1)
A (1|2) is the appropriate covariantly analytic

delta-function [9]

δ
(q,4−q)
A = (D+

2 )4δ14(z1 − z2)δ(q,−q)(u1, u2). (20)

The formal solution to this equation can be found
analogously to four-dimensional case [16�18] and looks
like

G(1,1)
τ (1|2) = − 1

4
_
2

(D+
1 )4(D+

2 )4 δ
14(z1 − z2)

(u+
1 u

+
2 )3

, (21)

where 1/(u+
1 u

+
2 )3 a special harmonic distribution.

In Eq. (21) the
_
2 is the covariantly analytic

d'Alembertian ([D+
α ,

_
2] = 0) which arises when

(D+)4(D−−)2 acts on the analytical super�eld and has
the form

_
2= −1

8
(D+)4(D−−)2| = (22)

DaDa +W+αD−α + Y ++D−− − 1

4
(D−αW+α)− 1

2
Φ .

Like in four- and �ve-dimensional cases [18] one can
obtain the useful identity

(D+
1 )4(D+

2 )4 1

(u+
1 u

+
2 )3

= (D+
1 )4{(u+

1 u
+
2 )(D−1 )4 (23)

−(u−1 u
+
2 )∆−− − 4

_
2

(u−1 u
+
2 )2

(u+
1 u

+
2 )
} ,

where

∆−− = iDαβD−αD−β + 4W−αD−α − (D−αW−α) . (24)

The de�nition (18) of the one-loop e�ective action
is purely formal. The actual evaluation of the e�ective
action can be done in various ways (see e.g. [17], [18]).
Further we will follow [18] and use the de�nition

Γ(V ) = Γy=0 +

∫ 1

0

dy∂yΓ(yV ) = (25)

−iTr

∫ 1

0

dy(V ++G(1,1)(yV )),

where

Tr(V ++G(1,1)) =

∫
du1dζ

(−4)
1 V ++(1)×

G(1,1)(1|2)|1=2. (26)

Here G(1,1)(yV ) means the Green function depending
on the background super�eld yV ++.

The e�ective action in local approximation is
represented as a series in powers of the background
�elds and their derivatives. Further we consider the
calculation of the e�ective action on the base of
super�eld proper-time technique.

It is obvious that the leading non-vanishing
contribution on the diagonal (z1, u1) = (z2, u2) of the
two-point function

− 1

4

∫
du1dζ

(−4)V ++
1

1
_
21

×

(D+
1 )4(D+

2 )4 δ
14(z1 − z2)

(u+
1 u

+
2 )3

|1=2, (27)

arises when D−−1 from
_
21 hits on (u+

1 u
+
2 )|u1=u2

and in
addition at least eight spinor derivatives acting on the
Grassmann delta-function are required to produce a
non-vanishing result, (D−)4(D+)4δ8(θ1−θ2)|θ1=θ2 = 1.
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To avoid the divergences on the intermediate steps
it is necessary to introduce a regularization. We will
use a variant of dimensional regularization (so called
ω -regularization) accommodative for regularization of
proper-time integral (see e.g. [19]). In the framework
of the proper-time technique, the ω-regularized version
of inverse operator is

−(
1
_
2

)reg =

∫ ∞
0

d(is)(isµ2)ωeis
_
2 , (28)

where ω tends to zero after renormalization and µ is
an arbitrary parameter of mass dimension. Taking into
account the (28) and the relations (21), (25) ones get
for e�ective action

1

4

∫
du1dζ

(−4)
1 V ++(1)

∫ ∞
0

d(is)(isµ2)ωeis
_
21 (29)

×(D+
1 )4(D+

2 )4 1

(u+
1 u

+
2 )3

δ14(z1 − z2)|1=2.

Here δ14(z1−z2) = δ6(x1−x2)δ4(θ+
1 −θ

+
2 )δ4(θ−1 −θ

−
2 ).

Now one uses the representation of the delta function

δ14(z1 − z2) =

∫
d6p

(2π)6
eipaρ

a

δ8(ραi ),

where

ρa = (x1−x2)a−2i(θ+
1 −θ

+
2 )γaθ−, ραi = (θ1−θ2)αi,

and i = ±. In the expression (29) we commute the
exponent exp ipaρ

a through all the operator factors
to the left and then use the coincidence limit. It
yields eis

_
21(X) · δ8(θ1 − θ2), where Xa = Da +

ipa, X−α = D−α + 2pαβρ
−β . To get expansion

of e�ective action in background �elds and their

derivatives we should expand eis
_
21(X) and calculate

the momentum integrals. All these integrals have the
standard Gauss form.

Further we will concentrate on calculating the
divergent part of e�ective action. In the regularization
scheme under consideration the divergences mean the

pole terms of the form 1
ω . Expanding the e

is
_
21(X) in the

(29) and leaving only the terms relating to divergences
we obtain �nally the divergent part of the e�ective
action in the form

Γdiv =
1

4(4π)3ω

∫
dudζ(−4)V ++(D+

αΦW+α + ΦY ++)

− 1

2(8π)3ω
SISZ . (30)

Here we used the conditions (9).

The divergent part of the e�ective action contains
two contributions. The �rst of them is the part of
the Abelian action (15) of the vector/tensor system
proposed beyond. If we consider a sum of action (15)
and �rst term in (30), we will see that this term from
(30) determines a renormalization of coupling constant
in the D++ = D++ + gV ++. Second contribution is
the Ivanov-Smilga-Zupnik higher-derivative action of
the vector multiplet [12]

SISZ =
1

2

∫
dudζ(−4)Y ++Y ++ (31)

one should emphasize once more that we have
considered only the divergent parts of the e�ective
action. Of course, the e�ective action contains the �nite
part, the calculation of which is extremely interesting
but is a more di�cult and delicate problem. As a
result we see that the classical actions (15) and (31) of
the Abelian theory are generated in quantum theory
as the one-loop counterterms. It is worth to pointing
out that the super�eld calculation of divergent part of
e�ective action is simple enough in comparison with
component calculation and demonstrates a power of
super�eld methods.

3 Conclusion

We have studied a problem of quantum e�ective
action in Abelian 6D, (1,0) hypermultiplet theory
coupled to background vector/tensor system. The
theory under consideration is formulated in super�eld
form in the framework of harmonic super�eld
approach. Such an e�ective action is generated by
hypermultiplet loop and depends on vector and
tensor multiplet super�elds. The super�eld proper-
time technique for evaluating the e�ective action is
developed. We have calculated the divergent part
of the e�ective action and showed that it de�nes
a renormalization of coupling constant. Also, it was
shown that the actions of vector and tensor multiplets
are generated as the divergent parts of e�ective action.
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È. Ë. Áóõáèíäåð, Í. Ã. Ïëåòíåâ

ÝÔÔÅÊÒÈÂÍÎÅ ÄÅÉÑÒÂÈÅ Â ÒÅÎÐÈÈ ØÅÑÒÈÌÅÐÍÎÃÎ ÃÈÏÅÐÌÓËÜÒÈÏËÅÒÀ,
ÑÂßÇÀÍÍÎÃÎ Ñ ÔÎÍÎÂÎÉ ÂÅÊÒÎÐ/ÒÅÍÇÎÐÍÎÉ ÑÈÑÒÅÌÎÉ

Ðàññìàòðèâàåòñÿ òåîðèÿ ãèïåðìóëüòèïëåòà, ñâÿçàííîãî ñ ôîíîâîé âåêòîð/òåíçîðíîé ñèñòåìîé â øåñòèìåðíîì (1,0)
ãàðìîíè÷åñêîì ñóïåðïðîñòðàíñòâå. Ðàçâèò ïîäõîä ê âû÷èñëåíèþ ñóïåðïîëåâîãî ýôôåêòèâíîãî äåéñòâèÿ. Ïîêàçàíî,
÷òî êëàññè÷åñêèå ñóïåðïîëåâûå äåéñòâèÿ âåêòîð/òåíçîðíîé ñèñòåìû ãåíåðèðóþòñÿ êàê ðàñõîäÿùèåñÿ ÷àñòè ýôôåê-
òèâíîãî äåéñòâèÿ.

Êëþ÷åâûå ñëîâà: ðàñøèðåííàÿ ñóïåðñèììåòðèÿ, ãàðìîíè÷åñêîå ñóïåðïðîñòðàíñòâî, ýôôåêòèâíîå äåéñòâèå.
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