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The Dirac operator with an external Yang�Mills gauge �eld is considered on de Sitter space in terms of a noncommutative
integration method related to the orbit method in the Lie group theory. A Yang�Mills �eld is presented for which the de
Sitter group serves as the symmetry group of the Dirac operator. A spectrum of the Dirac operator with the Yang�Mills
�eld is calculated in explicit form.
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1 Introduction

Constructing solutions to the relativistic wave
equations on curved spaces with external �elds is an
inevitable stage in studying e�ects in quantum �eld
theory and cosmology [1, 2].

The integration of relativistic wave equations with
external �elds is usually based on the classical method
of separation of variables (SoV) [3�5]. The traditional
SoV method involves a complete set of commuting
observables that is a set of commuting symmetry
operators whose eigenvalues completely specify the
state of a quantum system [6].

A new method of exact integration of linear partial
di�erential equations based on noncommutative sets
of symmetry operators other than the SoV method
was proposed in Ref. [7]. This method provides new
possibilities to study the relativistic quantum wave
equations and constructing solutions di�erent from
ones obtained by the SoV method.

In this work, we consider a Yang-Mills potential for
which the generators of the de Sitter group form a non-
commutative symmetry algebra for the Dirac operator.
In the framework of the noncommutative integration
method, we calculate a spectrum for the Dirac operator
with the corresponding Yang-Mills potential.

2 Symmetry of the Dirac operator in de-
Sitter space

Consider the de Sitter space M with the de Sitter
isometry group of transformations G = SO(1, 4) and
an isotropy Lorentz subgroup H = SO(1, 3). The space
M is topologically isomorphic to R1 × S3 and has a
constant positive curvature.

The de Sitter group SO(1, 4) is a rotation group

of a 5-dimensional pseudo-Euclidean space with the
metric GAB = diag(1,−1,−1,−1,−1). The algebra
g = so(1, 4) of the de Sitter group can be de�ned in
terms of the basis {EAB | A < B} by the following
commutation relations:

[EAB , ECD] = GADEBC −GACEBD+

+GBCEAD −GBDEAC ,

where A,B,C,D = 1, . . . , 5. The basis EAB can be
written as (a, b = 1, . . . , 4)

Eab = eab, (a < b), Ea5 = ea/ε, [ea, eb] = ε2eab.

Here the basis eab forms an isotropy subalgebra h =
so(1, 3), and ε is a parameter de�ning the curvature of
de Sitter space, R = 12ε2. De�ne canonical coordinates
of the second type for a Lie group G as

g(t, x, y, z, h1, . . . , h6) = eh6e34eh5e24eh4e23eh3e14eh2e13×
×eh1e12eze4eye3exe2ete1 .

Here x = (t, x, y, z) are local coordinates on the de
Sitter space M and hab are local coordinates on the
isotropy subgroup H. In terms of these coordinates the
line element of M takes the form

ds2 = gab(x)dxadxb = ρ2(x, y, z)dt2−
− cos2 εy cos2 εzdx2 − cos2 εzdy2 − dz2,

where ρ(x, y, z) = cos εx cos εy cos εz.
Let VK be a set of vector �elds on M transforming

according to the fundamental representation of an N -
dimensional gauge Lie group K. Denote by VΨ a space
of spinor �elds onM . A multiplet of N�spinor �elds on
M can be considered as a space C∞(M,V ) of functions
on M taking values in a linear space V = VΨ ⊗ VK .
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Let us write down the Dirac operator in the space
C∞(M,V ) as follows [8]:

D = iγa(x)[∇a + Γa(x) + iκAa(x)]. (1)

Here ∇a is the covariant derivative corresponding to
the Levi-Civita connection on M , κ is a coupling
constant. The Dirac gamma matrices, γa(x), satisfy the
condition

{γa(x), γb(x)} = 2gab(x)E4, (2)

where E4 denotes an identity matrix. The spinor
connection Γa(x) satis�es the conditions [∇a +
Γa(x), γb(x)] = 0, Tr Γa(x) = 0 and can be presented
in explicit form as [9]:

Γa(x) = −1/4(∇aγb(x))γb(x).

Let us say that the Dirac operator D on the de
Sitter space M admits an external gauge �eld if the
motion group ofM is the symmetry group of the Dirac
operator.

The external gauge �eld potentials for which the
de Sitter group is the symmetry group of the Dirac
operator (1) are determined by the equation

[D, X̂] = 0, (3)

where the operators X̂ are generators of a
transformation group G acting on C∞(M,V ). Such
a potential is given as

A1 = −iε sin εxΛ12 + ε cos εx sin εyΛ13+ (4)

+ε cos εx cos εy sin εzΛ14,

A2 = ε sin εyΛ23 + ε cos εy sin εzΛ24,

A3 = ε sin εzΛ34, A4 = 0,

where Λab = − i
4 [γ̂a, γ̂b] are representation generators

of the isotropy subgroup H in a gauge space R4, γ̂a

are the standard Dirac gamma matrices. The isotropy
subgroup H is the gauge group. Then the Dirac
operator (1) with the potential (4) reads

D = −i
(
γ̂1

ρ
∂t + γ̂2 cos εx

ρ
∂x + γ̂3 cos εx cos εy

ρ
∂y−

−γ̂4∂z − εγ̂2 sin εx

2ρ
− εγ̂3 tan εy

cos εz
− 3ε

2
γ̂4 tan εz

)
⊗ E4+

+εκ

(
γ̂1 ⊗

[
tan εzΛ14 +

sin εx

ρ
Λ12 +

tan εy

cos εz
Λ13

]
+

+γ̂2 ⊗
[
tan εzΛ24 +

tan εy

cos εz
Λ23

]
+ γ̂3 ⊗ Λ34 tan εz

)
.

It can be veri�ed that the motion group of M is the
symmetry group of the Dirac operator only if κ = 1.

3 Noncommutative integration method

Consider the equation

Dψ = λψ, ψ ∈ C∞(M,V ), (5)

with the potential (4) and apply the noncommutative
integration method [7]. Note that in the framework
of this method, the condition of integer-valued orbits
[10] allows us to consider (5) as an eigenvalue
problem. Equation (5) results in the following system
of equations on the Lie group G:

iγ̂aηa(g)ψ(g) = λψ(g), (6)

(iηab(g)− Λab ⊗ E4 + E4 ⊗ Λab)ψ(g) = 0. (7)

By means of the noncommutative reduction [7, 11] of
the system (6),(7), we obtain

iγ̂a la(q, j)ψ̂(q) = λψ̂(q), (8)

(ilab(q, j)− Λab ⊗ E4 + E4 ⊗ Λab)ψ̂(q) = 0. (9)

Here the function ψ̂(q) is a Fourier transform of
ψ(g), and lA(q) are operators of the so called λ�
representation of the de Sitter algebra and have the
form

lA(q, j) = αiA(q)∂qi + iχA(q, j), A = (a, ab). (10)

From equation (9) we �nd the derivatives of ψ̂(q),
substitute them into (8), and come to the algebraic
system of equations

−jγ̂0 ⊗ E4 − ε
4∑
a=2

γ̂a ⊗ Λ1a = λE4 ⊗ E4. (11)

From (11) we �nally have[
λ2 − (2j − 3iε)2 − 9ε2κ2

]6× (12)

×
[
λ2 − (2j − 3iε)2 + ε2κ2

]2
= 0.

Note that λ can take real values only if j = 0. From (12)
we see that if the gauge �eld disappears, κ = 0, then the
spectrum has an eightfold degeneracy. Switching on the
�eld (κ = 1) lifts the degeneracy in part. Then one can
see that the �eld (4) preserves the Killing symmetry
of the Dirac operator in the sense of relation (3), but
violates the spin symmetry.

4 Conclusion

We consider a Yang-Mills potential (4) for
which the generators of the de Sitter group
are a non-commutative symmetry algebra for the
Dirac operator (1). Following the noncommutative
integration method, we examine an eigenvalue
problem of the Dirac operator. The eigenvalues are
determined by the algebraic condition (11). The
parameter j enumerates singular orbits of the coadjoint
representation of the de Sitter algebra.
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À. È. Áðååâ, À. Â. Øàïîâàëîâ

ÑÏÅÊÒÐ ÎÏÅÐÀÒÎÐÀ ÄÈÐÀÊÀ Ñ ÂÍÅØÍÈÌ ÊÀËÈÁÐÎÂÎ×ÍÛÌ ÏÎËÅÌ
ßÍÃÀ�ÌÈËËÑÀ Â ÏÐÎÑÒÐÀÍÑÒÂÅ ÄÅ ÑÈÒÒÅÐÀ

Îïåðàòîð Äèðàêà ñ âíåøíèì êàëèáðîâî÷íûì ïîëåì ßíãà-Ìèëëñà ðàññìàòðèâàåòñÿ íà ïðîñòðàíñòâå äå Ñèòòåðà â
ðàìêàõ ìåòîäà íåêîììóòàòèâíîãî èíòåãðèðîâàíèÿ, ñâÿçàííîãî ñ ìåòîäîì îðáèò â òåîðèè ãðóïï Ëè. Â ÿâíîì âè-
äå âû÷èñëåí ñïåêòð îïåðàòîðà Äèðàêà ñ ïîëåì ßíãà�Ìèëëñà, äëÿ êîòîðîãî ãðóïïà äå Ñèòòåðà ÿâëÿåòñÿ ãðóïïîé
ñèììåòðèè óðàâíåíèÿ Äèðàêà.

Êëþ÷åâûå ñëîâà: óðàâíåíèå Äèðàêà, íåêîììóòàòèâíîå èíòåãðèðîâàíèå, ïðîñòðàíñòâî äå Ñèòòåðà.
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