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In this paper, we present the theoretical basis of the calculation of proper elements for the irregular satellites of the giant
planets. We use the averaging method for solving the restricted three-body problem. This method is based on applying
transformations Lie in the space of Pfa. Expressions for the short-period perturbations are obtained in the form of series
in powers of the small parameter  (the ratio of the mean motions of the Sun and satellite) and in a closed form relative
eccentricities and inclinations. This is important, as the specic application objects have orbits with large values of these
parameters.
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Introduction

In celestial mechanics for the description of
dynamics of mechanical systems are often used orbital
elements. In nonchaotic dynamical systems, the proper
elements are functions of integrals of motions that
depend on the initial conditions. Thus, we can calculate
the proper elements from their osculating Keplerian
elements. It is assumed that the irregular satellites
of giant planet have weakly chaotic dynamics [1]
and therefore their proper elements are practically
constant for very large periods of time. However, to
achieve this requires the construction of perturbation
theory with a very high degree of accuracy. The most
convenient in this respect is the method of Lie series
mappings. Despite the seeming simplicity this method,
in the process of solving practical problems require
a large number of transformation of some variables
on others. For example, the perturbing function, as
a rule, it is very dicult, and sometimes impossible,
express through canonical variables. Usually the
disturbing function is expressed in terms of Keplerian
elements. Therefor, it is conveniently to carry out all
transformations in these elements. Using the Pfa's
method we can implement this idea.
Pfa method is based on the use of 1-form
or Pfaan. The equations of motion of Pfa was
published in 1815. They are remarkable elegant but not
very well known. These equations have already been
used in celestial mechanics. The main sources are [2,3].
For the rst time in the article of R. Broucke [3] the
theory of changes of variables in Pfa's equations was
developed. He showed that this method allows the use
of a very wide class of variables. Our goal is to nd
the connection between the canonical variables and
some arbitrary variables (the orbital elements) of phase
space and to use the Pfa's method in the algorithm
of Lie transformation. Following is brief description of

the method. A more detailed description can be found
in articles [46].
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Description of the method

The algorithm of Lie transformation is reduced
to the successive computing the Poisson brackets in
canonical variables q, p. As shown in [7], invariant
nature of connection between 1-form pdq − Hdt and
its curl lines gives you the opportunity to write the
equations of motion in any 2n + 1 coordinate system in
the extended phase space q, p, t. That is, you can write:

pdq − Hdt = X1 dx1 + . . . + Xn+1 dxn+1 ,

(1)

where xn+1 = t and Xn+1 = −H . Then the system of
the equations of motion of Pfa can be represented as

(rotX)dx = 0,
or in scalar form

n+1
X  ∂Xi
∂Xj
−
dxj = 0, i = 1, ..., n + 1.
j
i
∂x
∂x
j=1

(2)

(3)

Pfaan perturbed two-body problem for satellite case
can be written as:

 2
v
µ
Φ = v · d x − F dt = v · d x −
− − R dt. (4)
2
r
In (4) x-vector position; v  vector of velocity of
the satellite at the orbital plane; F  total energy
of the system; µ is gravitational constant of Newton,
multiplied by mass of the planet; R  perturbing
function. Next, we will use the following vector
of
√
elliptic
elements
ξ
=
(
α
,
η
,
γ
,
u
,
g
,
h
),
α
=
a
,
η
=
√
1 − e2 , γ = cos i, g = ω , h = Ω − λ́, where a 
semimagor axis, e  eccentricity, i  inclination, ω 
argument of periapsis, Ω  longitude of the ascending
node, n  mean motion of a satellite, λ́  longitude
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of disturbing body, u  eccentric anomaly, which is
connected with the time using equation

3

Conclusion

For a long time proper elements have been used for
the sole purpose of identifying the asteroid families. In
Pfaan in terms of Kepler's elements can be obtained [1] is described the history of the use of this method
if we express x and y through these elements and use to the study of the dynamics of the satellites of giant
planets. The list of problems to be solved by applying
equation (4). The result is:
the proper elements is long. For example, it is stable
η
sin u dη +
Φ = αk p
chaos, problems of resonance, determining the age of
1 − η2
objects and so on.
p
αk(1 − 1 − η 2 cos u)du + αkη dg +
To obtain the analytical expressions for proper
αkη dh − H dt,
(5) elements, the method set forth above was implemented
using the computer system Mathematica. Expressions
where Pfa's vector has the form:
for the short-period perturbations were obtained in the
p
η
sin u, 0, αk(1 − 1 − η 2 cos u),
X(0, αk p
form of series in powers of the small parameter  (the
1 − η2
ratio of average movements of the Sun and satellite)
αkη, αkη, −H). (6) to O(6). Unlike other works, these expansions were
With help of (3) and (6) we obtain the following obtained in a closed form relative eccentricities and
inclinations. This is important because the irregular
equations of motion:
satellites of the giant planets have orbits with large
α2 ∂H
dα
values of these parameters. In results, analytical
=
,
dt
kr ∂u
expressions for the proper element of a∗ was obtained
dη
α η ∂H
1 ∂H
with high accuracy. Comparison with the results of the
= −
+
,
dt
kr ∂u
α k ∂g
work [1] gave a good match. The next stage of our
dγ
γ ∂H
1 ∂H
research is to determine analytical expressions for the
= −
+
,
elements of ep and Ip and further study the global
dt
αkη ∂g
α kη ∂h
location of secular resonances in the space of proper
du
α2 ∂H
α η ∂H
αη sin u ∂H
= −
+
− p
,
elements.
dt
kr ∂α
kr ∂η
k 1 − η 2 r ∂g

u − e sin u = n(t − t0 ).

dg
dt

1 ∂H
αη sin u ∂H
γ ∂H
+ p
+
,
2
α k ∂η
∂u
αkη
∂η
k 1−η r
dh
1 ∂H
= −
,
(7)
dt
αkη ∂H
√
where r = α2 (1 − e sin u), k = µ. Hamiltonian H =
H0 (α) +  R(α, η, γ, u, g, h), and  is a small parameter.
Right parts of equations (5) dene the structure of
Poisson brackets, which are the basis of this method.
= −
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Ò. Ñ. Áîðîíåíêî

ÀÍÀËÈÒÈ×ÅÑÊÈÅ ÑÎÁÑÒÂÅÍÍÛÅ ÝËÅÌÅÍÒÛ ÄËß ÑÏÓÒÍÈÊÎÂÛÕ ÑÈÑÒÅÌ
Â ñòàòüå äàåòñÿ ìåòîä âû÷èñëåíèÿ ñîáñòâåííûõ ýëåìåíòîâ äëÿ íåðåãóëÿðíûõ ñïóòíèêîâ ïëàíåò-ãèãàíòîâ. Ìåòîä
îñíîâàí íà èñïîëüçîâàíèè ïðåîáðàçîâàíèé Ëè â ïðîñòðàíñòâå Ïôàôôà â ðàìêàõ îãðàíè÷åííîé çàäà÷è òðåõ òåë.
Ïîëó÷åíû ðàçëîæåíèÿ äëÿ êîðîòêîïåðèîäè÷åñêèõ âîçìóùåíèé ïî ñòåïåíÿì ìàëîãî ïàðàìåòðà  (îòíîøåíèå ñðåäíèõ äâèæåíèé Ñîëíöà è ñïóòíèêà). Ðàçëîæåíèÿ ïî ñòåïåíÿì ýêñöåíòðèñèòåòà è íàêëîíåíèÿ îðáèòû ñïóòíèêà íå
ïðîèçâîäÿòñÿ. Ýòî âàæíî, òàê êàê îáúåêòû ïðèëîæåíèÿ èìåþò îðáèòû ñ áîëüøèìè âåëè÷èíàìè ýòèõ ïàðàìåòðîâ.

Êëþ÷åâûå ñëîâà: ñîáñòâåííûå ýëåìåíòû, ïðåîáðàçîâàíèÿ Ëè, ïðîñòðàíñòâî Ïôàôôà, íåðåãóëÿðíûå ñïóòíèêè.
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