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ANGULAR MOMENTUM OF THE RADIATION FROM RELATIVISTIC POSITRONS AT PLANAR
CHANNELING IN SI CRYSTAL
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The calculation of the both spin and orbital angular momenta of the radiation from 350 MeV positrons at (100) planar
channeling in the ultra-thin silicon crystal is carried out by means of computer simulation. The calculations are performed
as a proposal for an experimental veri�cation at the DAFNE LINAC (INFN-LNF, Italy; energy up to 500 MeV). The
possibility of the usage of the channeling radiation from relativistic positrons as the source of 4-5 MeV twisted photons is
discussed.

Keywords: channeling radiation, angular momentum of electromagnetic �eld, twisted photon.

1 Introduction

The works on the angular momentum of the elec-
tromagnetic �eld (AMEF) can be divided into three
branches: the theoretical description and experimen-
tal con�rmation [1�7], the practical applications [8�11]
and the search of the new sources of the so-called
twisted photons (i.e. photons carrying de�nite angular
momentum) [7, 9, 12�14].

The earliest work we have found, which deals with
the idea that the light (i.e. photons) has its own an-
gular momentum belongs to Sadowsky [1]. The e�ect
described in his works predict, that the body absorbed
elliptically polarized light must be rotated, due to the
transfer of angular momentum from the photons to the
body. These works being published in Russian have re-
mained unnoticed more later publications. These au-
thors give more attention to the work of Poynting [2],
who even did not mention Sadowsky in his works. For
a long time, the idea that photons can possess their
own orbital angular momentum (OAM) remained just
a hypothesis, until found con�rmation in experimental
studies of Beth and Holborn [3, 4].

The Lorentz-covariant relativistic theory of AMEF
was developed by Ivanenko and Sokolov [5]. In this
approach, the tensor of AMEF density is determined
based on the principle of least action for the electro-
magnetic �eld. However, the proposed by Ivanenko and
Sokolov decomposition of the total angular momentum
into the orbital (OAM) and spin (SAM) components
was not relativistically invariant and the resulting ten-
sor of the spin angular momentum was not gauge in-
variant. Alternatively Teitelboim [6] proposed another
approach: to determine the AMEF he used a gauge
invariant symmetric electromagnetic stress-energy ten-
sor. This approach allows to get rid of signi�cant limi-

tations of the Ivanenko-Sokolov approach. Remarkable
fact was observed in [7]: in the wave zone these two
approaches [5,6] lead to the same results. Also the ex-
pressions for the OAM and SAM of the radiation from
the relativistic particle moving in given trajectory was
obtained in [7].

The authors of the work [9] have shown experimen-
tally, that it is possible to use two beams of incohe-
rent radio waves at almost the same frequency but en-
coded by di�erent orbital angular momentum states
for transmission of two independent radio channels si-
multaneously. This technique is able to increase the
information capacity of data transmission in several
times in future. The authors of Ref. [10] have demon-
strated that four encoded light beams signals with dif-
ferent values of orbital angular momentum can be mul-
tiplexed and de-multiplexed, allowing an increasing of
data transmission in 4 times. In another work [11]
the same technique was applied for data transmitting
through the suitable optical �ber.

To produce the twisted photons two di�erent tech-
niques are used: to transfer the OAM to the photon
having no initial OAM or to create conditions for the
emission of a photon carrying necessary OAM. A sim-
ple method for producing twisted photons in the radio
range is proposed in [9] � the transmitter antenna was
cut radially and physically twisted, so that emitted ra-
dio signal initially possess OAM. The e�ective way for
production twisted photons in near optical range is de-
scribed in [12], the laser beam (800 nm, 1.55 eV) passed
through a specially prepared thin foil (shaped like a
spiral stairway). By adjustment of the spirial stairway
steps number, it is possible to control the amount of
OAM transferred to the photons. Another method for
the production of the twisted photons in a near opti-
cal range, which uses the hologram of special form was
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suggested in Ref. [8]. Regarding X-Ray region, we can
mention the theoretical paper [13], the authors of which
suggested to use the helical undulator as a source of X-
ray twisted photons. In the experiment [14] the dual
undulator scheme was used, which allowed to observe
twisted photons with energies of 99 eV. The angular
momentum of the synchrotron radiation (at the maxi-
mum photon energy 75 keV) from the 1011 bunch of 10
GeV electrons was calculated to be equal to 9·1023h [7].

In this work we consider both SAM and OAM
of (100) channeling radiation (CR) from 350 MeV
positrons in thin Si crystal. The maxima of the spec-
trum is near 4-5 MeV [15]. For the SAM and OAM
calculations, we use the Ivanenko-Sokolov method [5].
The trajectories of positrons at planar channeling in
Si crystal are calculated using Wolfram Mathemati-
ca code BCM-1 [16]. Commonly in other works the
OAM of the particles (electrons or positrons) instead
of OAM of photons is considered, for the axial channel-
ing see [17]. We made this calculations as a proposal
to experimental groups at INFN-LNF for collaboration
in this subject. We assume that CR from relativistic
positrons can be suitable as the source of high-energy
(more 1 MeV) twisted photons.

2 The equations of the motion and the trajec-
tories of the positrons at planar channeling
in crystals

The trajectories of relativistic (with the energy
range from hundreds of MeV to dozens of GeV)
positrons (as well as electrons) at channeling in a crys-
tal can be determined by solution of the classical rela-
tivistic equation of motion:

dp

dt
=

d

dt

(
mv√

1− (v2/c2)

)
= − gradU (x, y, z) , (1)

here p, m, v are the positron momentum, rest mass,
and velocity respectively, c is the speed of light, and F
is the force applied to the positron.

Fig. 1 shows the scheme of orientation of the initial
velocity of positrons in the system of atomic planes. In
the case of planar channeling equations (1) reads:

γmẍ = −∂U (x)

∂x
. (2)

The x coordinate of the initial point of incidence of
the positron into a planar channel of the crystal and
the projection of its initial velocity onto OX axis are
the initial conditions to the equation (2): x(0) = x0,

vx(0) = c
√

1− γ−2sin(θ).
the trajectories (2) of 350 MeV positrons at (100)

channeling in a thin Si crystal with di�erent incidence
angles are calculated numerically using the Wolfram
Mathematica code BCM-1 [16].

3 OAM and SAM of the radiation from the
positrons at planar channeling in crystals

The OAM (3) and SAM (4) of the electromagnetic
�eld being emitted (wave zone) from moving relativis-
tic particle are determined by equations derived in [7]:

dΛ̃µν

dτ
=

2

3

e2

c5
ωρω

ρ (rµvν − rνvµ) , (3)

dΠ̃µν

dτ
=

2

3

e2

c3
(vµων − ωνvµ) . (4)

In the case of planar channeling (Fig. 1) the expres-
sions for OAM and SAM can be considerably simpli-
�ed. As a result, only OY component of OAM and
SAM in the case of planar channeling are nonzero:

Λ̃31 =

∫ (
2

3

e2

c5
γ4ax

2 (xvz − zvx)

)
dt, (5)

Π̃31 =

∫ (
2

3

e2

c3
γ2vzax

)
dt, (6)

here Λ31 is the OY component of the OAM of the
positron, Π31 is the OY component of the SAM of the
positron, e is positron charge, γ is relativistic factor, x
and z is transverse and longitudinal coordinates respec-
tively, v and a is the positron velocity and acceleration.

For the determination of the total yields of radia-
tion with OAM and SAM one needs to integrate equa-
tions (5) and (6). According to Fig. 2 and (5), (6)
in the planar case SAM and OAM of CR are possible
to observe only in crystals of the half-wave thickness,
since the contributions to the total SAM or OAM from
subsequent oscillations of positrons neglect each other.
To obtain the angle-of-incidence and crystal thickness
dependencies in the case of planar channeling, we cal-
culated 200 positron trajectories choosing the angle
of incidence up to 2θc (21 angles in total) and aver-
aged over trajectories the values of OAM (5) and SAM
(6) obtained for each individual trajectory using the
method [19].

4 Conclusion

The angle-of-incidence and crystal thickness depen-
dences of OAM and SAM of radiation from 350 MeV
positrons at (100) channeling in thin Si crystal is stu-
died by means of computer simulation.

We performed representative calculations for pla-
nar channeled positrons, but the beams of relativistic
positrons are available only at several high-energy ac-
celerators. Therefore, one needs to consider relativistic
electrons channeling, too. In the case of electrons, since
the radiation from axially channeled electrons is more
intensive than one from planar channeled electrons, one
can expect larger values of angular momentum in axial
channeling radiation. Also it is possible to use axial

� 10 �
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channeling instead of planar for the observation of x
component of OAM in CR instead of y component.
These experiments are possible at linear accelerator at
SAGA-LS (Japan) for the axial channeling of 255 MeV
electrons [20].
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Figure 1. The scheme of orientation of the initial velocity of

positrons in the system of crystallographic planes

Figure 2. The 50 calculated trajectories of 350 MeV positrons

at (100) channeling in Si crystal. The angle of incidence θ is

0.7 of the Lindhard critical angle (264 µrad)

Figure 3. The OAM (5) of the radiation from 350 MeV

positrons at (100) channeling Si as the function of angle of

incidence and the crystal thickness. θc is the critical Lindhard

angle

Figure 4. The SAM (6) of the radiation from 350 MeV

positrons at (100) channeling Si as the function of angle of

incidence and the crystal thickness. θc is the critical Lindhard

angle
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Ñ. Â. Àáäðàøèòîâ, Â. À. Áîðäîâèöûí, Þ. Ë. Ïèâîâàðîâ

ÓÃËÎÂÎÉ ÌÎÌÅÍÒ ÈÇËÓ×ÅÍÈß ÐÅËßÒÈÂÈÑÒÑÊÈÕ ÏÎÇÈÒÐÎÍÎÂ ÏÐÈ
ÏËÎÑÊÎÑÒÍÎÌ ÊÀÍÀËÈÐÎÂÀÍÈÈ Â ÊÐÈÑÒÀËËÅ ÊÐÅÌÍÈß

Ìåòîäîì êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ðàññ÷èòàíû ñïèíîâûé è îðáèòàëüíûé óãëîâûå ìîìåíòû èçëó÷åíèÿ 350 ÌýÂ
ïîçèòðîíîâ ïðè (100) ïëîñêîñòíîì êàíàëèðîâàíèè â óëüòðàòîíêîì êðèñòàëëå êðåìíèÿ. Ðàñ÷åòû ïðîâåäåíû â êà÷å-
ñòâå ïðåäëîæåíèÿ äëÿ ýêñïåðèìåíòàëüíîé ïðîâåðêè íà ëèíåéíîì óñêîðèòåëå DAFNE (INFN-LNF, Èòàëèÿ; ýíåðãèÿ
ïîçèòðîíîâ äî 500 ÌýÂ). Ðàññìîòðåíà âîçìîæíîñòü èñïîëüçîâàíèÿ èçëó÷åíèÿ ðåëÿòèâèñòñêèõ ïîçèòðîíîâ ïðè êàíà-
ëèðîâàíèè â êà÷åñòâå èñòî÷íèêà çàêðó÷åííûõ ôîòîíîâ ñ ýíåðãèåé 4-5 ÌýÂ.

Êëþ÷åâûå ñëîâà: èçëó÷åíèå ïðè êàíàëèðîâàíèè, óãëîâîé ìîìåíò ýëåêòðîìàãíèòíîãî ïîëÿ, çàêðó÷åííûå ôîòî-
íû.
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COSMOLOGICAL PERTURBATIONS IN THE THEORY OF GRAVITY WITH NONMINIMAL KINETIC
COUPLING
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Institute of Physics, Kazan Federal University, Kremlevskaya, 16a, Kazan 420111, Russia.
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We consider cosmological perturbations in the theory of gravity with nonminimal kinetic coupling. The Lagrangian of
the theory contains the term ηGijφ,iφ,j , and represents the particular example of a general Horndeski Lagrangian, which
results in second-order �eld equations. We derive a complete set of equations for scalar, vector and tensor pertubations.
The tensor modes are analyzed in detail. It is shown that their behavior inside the Hubble horizon di�ers cardinally from
the analogous behavior of tensor modes in Friedmann cosmology.

Keywords: nonminimal kinetic coupling, cosmological perturbations.

1 Introduction

Natural modi�cations of general relativity are the
models describing possible nonminimal coupling be-
tween matter �elds and the curvature. The most inten-
sively and widely studied are various nonminimal ge-
neralizations of scalar-tensor theories of gravity which
have numerous cosmological applications (see Ref. [1]
for detailed reviews of these and other models). An
especial approach to modi�ed theories of gravity repre-
sent models allowing for nonminimal coupling between
derivatives of dynamic quantities of matter �elds and
the curvature. The most general scalar-tensor theory
of such type was suggested in the 70-es of the last cen-
tury in the Horndeski work [2]. Horndeski developed
his theory on the base of mathematical facts but later
the same results were obtained on the basis of more
intuitive approach from Galileons research [3].

The simplest Lagrangian in the Horndeski theory
contains a term Gµνφ,µφ,ν providing nonminimal ki-
netic coupling of a scalar �eld to the curvature. Cos-
mological applications of such theory have been inten-
sively investigated in [4, 5]. In particular, in our re-
cent works [4] we have found that the non-minimal
derivative coupling provides an essentially new in�a-
tionary mechanism and naturally describes transitions
between various cosmological phases without any �ne-
tuning potential.

It is worth noticing that most of works on cosmolo-
gies with nonminimal kinetic coupling had focused on
the background cosmological evolution. However, in
order to reveal the full structure and the physical im-
plications of the theory, one must proceed to the de-
tailed investigation of the perturbations. The linear
scalar perturbations was discussed in Ref. [6]. The aim
of this work is to derive the complete set of equations
for scalar, vector and tensor cosmological pertubations

in the theory of gravity with nonminimal kinetic cou-
pling.

2 Field equations

The action of the theory of gravity with nonmini-
mal kinetic coupling is given as follows

S =

∫
d4x
√
−g
[
R

8π
−
(
εgµν + ηGµν

)
φ,µφ,ν

− 2V (φ)

]
+ Sm, (1)

where Sm is the action for ordinary matter (not inclu-
ding the scalar �eld), and η is the coupling parameter
with dimension of (length)2. Varying the action with
respect to gµν and φ gives the �eld equations, respec-
tively:

Gµν = 8π
[
T (m)
µν + T (φ)

µν + ηΘµν

]
, (2)

[εgµν + ηGµν ]∇µ∇νφ = −Vφ, (3)

where Vφ ≡ dV (φ)/dφ, T
(m)
µν is a stress-energy tensor

of ordinary matter, and

T (φ)
µν = ε[∇µφ∇νφ− 1

2gµν(∇φ)2]− gµνV (φ), (4)

Θµν = − 1
2∇µφ∇νφR+ 2∇αφ∇(µφR

α
ν)

+ ∇αφ∇βφRµανβ +∇µ∇αφ∇ν∇αφ
− ∇µ∇νφ�φ− 1

2 (∇φ)2Gµν

+ gµν
[
− 1

2∇
α∇βφ∇α∇βφ

+ 1
2 (�φ)2 −∇αφ∇βφRαβ

]
. (5)

Now let us consider a spatially-�at FRW cosmolog-
ical model with the metric

ds2 = −dt2 + a2(t)δijdx
idxj , (6)

where a(t) is the scale factor, and H(t) = ȧ(t)/a(t)
is the Hubble parameter. Supposing homogeneity

and isotropy, we also get φ = φ(t) and T
(m)
µν =
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diag(ρ, p, p, p), where ρ = ρ(t) is the energy density
and p = p(t) is the pressure of matter.

The general �eld equations (2), (3) written for the
metric (6) yield

3H2 = 8πρ+ 4πφ̇2
(
ε− 9ηH2

)
+ 8πV (φ), (7)

2Ḣ + 3H2 = −8πp+ 8πV (φ)

− 4πφ̇2
[
ε+ η

(
2Ḣ + 3H2 + 4Hφ̈φ̇−1

)]
, (8)

ε(φ̈+ 3Hφ̇)− 3η(H2φ̈+ 2HḢφ̇+ 3H3φ̇) = −Vφ, (9)

where a dot denotes derivatives with respect to time.
The most intriguing feature of this model is ex-

istence of an essentially new in�ationary mechanism
which does not depend on a form of scalar potential.
The in�ation is driven by terms in the �eld equations
responsible for the nonminimal derivative coupling. At
early times these terms are dominating, and the cos-
mological evolution has the quasi-de Sitter character
a(t) ∝ eHηt with Hη = 1/

√
9η. Later, in the course of

the cosmological evolution the domination of η-terms
is canceled, the usual matter comes into play, and the
Universe enters into the matter-dominated epoch.

3 Perturbations

Let us consider the perturbed FRW metric:

gµν = ḡµν + hµν , (10)

where ḡµν is the background metric:

ḡ00 = −1, ḡi0 = ḡ0i = 0, ḡij = a2 (t) δij

and hµν = hνµ are small perturbations. Hereafter, we
perform the calculations supposing that hi0 = h0i = 0
and using the Newtonian gauge for scalar perturba-
tions. Generally, we have

h00 = −E, (11)

hi0 = a (∂iF +Gi) , (12)

hij = a2 (Aδij + ∂ijB

+ ∂iCj + ∂jCi +Dij) , (13)

where A, B, E, F are scalars (helicity 0), Ci, Gi are
transverse vectors (helicity 1), and Dij = Dji is a
transverse traceless tensor (helicity 2). All functions
depend on x and t and obey the following conditions:

∂iCi = ∂iGi = 0, ∂iDij = 0, Dii = 0,

Also we have the following perturbations of the stress-
energy tensor:

δT00 = −ρh00 + δρ, (14)

δTi0 = phi0 − (ρ+ p)δui, (15)

δTij = phij + a2δijδp, (16)

and the scalar �eld:

φ(x, t) = φ̄0(t) + δφ(x, t). (17)

Substituting the pertubed values (11)-(17) into the
�eld equations (2) and taking into account the back-
ground equations (7)-(9), one can obtain the following
equations for perturbations:
00-component:

P1E + P2Ȧ+ P3∇2A

+ P4δφ̇+ P5∇2δφ+ P6δρ = 0. (18)

ii-component:

Q1E +Q2Ė +Q3∇2E

+Q4Ȧ+Q5Ä+Q6∇2A+Q7δφ̇

+Q8δφ̈+Q9∇2δφ+Q10δp = 0. (19)

0i-component:

R1∂iE +R2∂iȦ+R3∇2Ċi

+R4∂iδφ+R5∂iδφ̇+R6δui = 0. (20)

ij-component:

S1∂i∂jE + S2∂i∂jA+ S3∂i∂jδφ

+ S4

(
∂iĊj + ∂jĊi

)
+ S5

(
∂iC̈j + ∂jC̈i

)
+ S6Ḋij + S7D̈ij + S8∇2Dij = 0. (21)

4 Tensor modes

Let us discuss tensor modesDij of cosmological per-
turbations. Using Eqs. (21) and (31), we obtain

(1 + 4πηφ̇2)D̈ij +
(

3H + 4πη(2φ̇φ̈+ 3Hφ̇2)
)
Ḋij

− 1

a2
(1− 4πηφ̇2)∆Dij = 0. (22)

As usually, an arbitrary transversal traceless tensorDij

can be represented as a linear combination of two ba-

sic tensors e
(+)
ij and e

(×)
ij with helicities +2 and −2,

respectively, so that

Dij =
∑

A=+,×
e

(A)
ij θ(A), (23)

where θ(A) are amplitudes. Applying the Fourier trans-
form

θ(A)(t,x) =

∫
dkeikxθ(A)(t,k), (24)

we can rewrite Eq. (22) as follows:

(1 + 4πηφ̇2)θ̈ +
(

3H + 4πη(2φ̇φ̈+ 3Hφ̇2)
)
θ̇

+
k2

a2
(1− 4πηφ̇2)θ = 0. (25)

� 14 �



R. Abzalov, S. V. Sushkov. Cosmological perturbations in the theory of gravity . . .

(Hereafter, for simplicity, we have omitted the index
A.) Now, it is worth considering two limiting cases.

A. 4πηφ̇2 � 1.
In this case we can neglect terms responsible for the

nonminimal kinetic coupling, and Eq. (25) for tensor
amplitudes θ(A) reads

θ̈ + 3Hθ̇ +
k2

a2
θ = 0. (26)

This is nothing but the well-known equation describing
an evolution of tensor modes in Friedmann cosmology.
In case k/a� H (outside the Hubble horizon) θ is con-
stant; in case k/a� H (inside the Hubble horizon) the
amplitude θ behaves as a damping oscillating mode.

B. 4πηφ̇2 � 1.
In this case terms in the �eld equations responsi-

ble for the nonminimal kinetic coupling are domina-
ting, and the background cosmological evolution has
the quasi-de Sitter character a(t) ∝ eHηt with Hη =
1/
√

9η, and the scalar �eld behaves as φ(t) ∝ e−3Hηt

(see Ref. [4]). Now, Eq. (25) takes the following form:

θ̈ − 3Hη θ̇ −
k2

a2
θ = 0. (27)

As in the previous case, we can see that amplitudes of
tensor modes outside the Hubble horizon, i.e., k/a �
Hη, are constant. However, a behavior of modes in-
side the Hubble horizon, when k/a� Hη, is cardinally
changed. From Eq. (27) we �nd θ ∝ exp(k

∫
dt
a ).

5 Summary

In this paper we have derived a complete set of
equations for scalar, vector and tensor cosmological
pertubations in the theory of gravity with nonminimal
kinetic coupling. Tensor modes have been analyzed in
more details. It has been shown that their behavior
inside the Hubble horizon di�ers cardinally from the
analogous behavior of tensor modes in Friedmann cos-
mology.
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Appendix: Coe�cients of perturbed equations

In this section we present explicit expressions for
coe�cients Pi, Qi, Ri, and Si, which appear in Eqs.
(18)� (21) for cosmological perturbations.

Coe�cients Pi:

P1 = −8π

(
ρ+

9

2
ηH2φ̇2

)
,

P2 = 3H
(

1 + 12πηφ̇2
)
,

P3 = − 1

a2

(
1 + 4πηφ̇2

)
,

P4 = −8πφ̇
(
ε− 9ηH2

)
,

P5 = −16πηHφ̇

a2
,

P6 = −8π. (28)

Coe�cients Qi:

Q1 = 4πεφ̇2 + 32πηHφ̇φ̈+
(

3H2 + 2Ḣ
)(

1 + 8πηφ̇2
)
,

Q2 = H
(

1 + 12πηφ̇2
)
,

Q3 =
1

3a2

(
1 + 4πηφ̇2

)
,

Q4 = −3H
(

1 + 4πηφ̇2
)
− 8πηHφ̇φ̈,

Q5 = −
(

1 + 4πηφ̇2
)
,

Q6 =
1

3a2

(
1− 4πηφ̇2

)
,

Q7 = −8π
[(
ε+ 3ηH2 + 2ηḢ

)
φ̇+ 2ηHφ̈

]
,

Q8 = −16πηHφ̇,

Q9 =
16πη

3a2

(
φ̈+Hφ̇

)
,

Q10 = −8π. (29)

Coe�cients Ri:

R1 = H
(

1 + 12πηφ̇2
)
,

R2 = −
(

1 + 4πηφ̇2
)
,

R3 =
1

2

(
1 + 4πηφ̇2

)
,

R4 = −8πφ̇
(
ε− 3ηH2

)
,

R5 = −16πηHφ̇,

R6 = 8π (ρ+ p) . (30)

Coe�cients Si:

S1 = −1 + 4πηφ̇2

2a2
,

S2 = −1− 4πηφ̇2

2a2
,

S3 = −8πη

a2

(
φ̈+Hφ̇

)
,

S4 = 4πηφ̇φ̈+
3

2
H
(

1 + 4πηφ̇2
)
,

S5 =
1

2

(
1 + 4πηφ̇2

)
,

S6 = 4πηφ̇φ̈+
3

2
H
(

1 + 4πηφ̇2
)
,

S7 =
1

2

(
1 + 4πηφ̇2

)
,

S8 = −1− 4πηφ̇2

2a2
. (31)
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ÊÎÑÌÎËÎÃÈ×ÅÑÊÈÅ ÂÎÇÌÓÙÅÍÈß Â ÒÅÎÐÈÈ ÃÐÀÂÈÒÀÖÈÈ Ñ
ÍÅÌÈÍÈÌÀËÜÍÎÉ ÊÈÍÅÒÈ×ÅÑÊÎÉ ÑÂßÇÜÞ

Ðàññìîòðåíû êîñìîëîãè÷åñêèå âîçìóùåíèÿ â òåîðèè ãðàâèòàöèè ñ íåìèíèìàëüíîé êèíåòè÷åñêîé ñâÿçüþ. Ëàãðàíæè-
àí ìîäåëè ñîäåðæèò ÷ëåí âèäà ηGijφ,iφ,j è ïðåäñòàâëÿåò ñîáîé ÷àñòíûé ïðèìåð îáùåãî ëàãðàíæèàíà Õîðíäåñêè,
êîòîðûé ïðèâîäèò ê óðàâíåíèÿì äâèæåíèÿ âòîðîãî ïîðÿäêà. Ïîñòðîåí ïîëíûé íàáîð óðàâíåíèé äëÿ ñêàëÿðíûõ,
âåêòîðíûõ è òåíçîðíûõ âîçìóùåíèé. Äåòàëüíî èññëåäîâàíû òåíçîðíûå ìîäû âîçìóùåíèé. Ïîêàçàíî, ÷òî èõ ïî-
âåäåíèå ïîä õàááëîâñêèì ãîðèçîíòîì êàðäèíàëüíî îòëè÷àåòñÿ îò ñîîòâåòñòâóþùåãî ïîâåäåíèÿ òåíçîðíûõ ìîä âî
ôðèäìàíîâñêîé êîñìîëîãèè.

Êëþ÷åâûå ñëîâà: íåìèíèìàëüíàÿ êèíåòè÷åñêàÿ ñâÿçü, êîñìîëîãè÷åñêèå âîçìóùåíèÿ.

Ñóøêîâ Ñ. Â., äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîð.
Êàçàíñêèé (Ïðèâîëæñêèé) ôåäåðàëüíûé óíèâåðñèòåò.
Èíñòèòóò ôèçèêè.
Óë. Êðåìëåâñêàÿ, 18, 420008 Êàçàíü, Ðîññèÿ.
E-mail: sergey.sushkov@kpfu.ru

Àáçàëîâ Ð. À., ìàãèñòðàíò.
Êàçàíñêèé (Ïðèâîëæñêèé) ôåäåðàëüíûé óíèâåðñèòåò.
Èíñòèòóò ôèçèêè.
Óë. Êðåìëåâñêàÿ, 18, 420008 Êàçàíü, Ðîññèÿ.
E-mail: robert-abzalov@mail.ru

� 16 �



V. G. Bagrov, V. A. Bordovitsyn, V. G. Bulenok, A. V Kulikova. Linear polarization of radiation . . .

UDC 530.1; 539.1

LINEAR POLARIZATION OF RADIATION OF AN ARBITRARILY MOVING RELATIVISTIC CHARGE
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Exact methods of relativistic radiation theory have been used to construct indicatrixes of the angular distributions of
instantaneous power radiated by an arbitrarily moving relativistic charge. It is assumed that at the moment of emission,
the charge path is arbitrarily located relative to the coordinate system. The same technique has been used to study the
linear polarization of radiation of an arbitrarily moving particle in the cases of curvature and fan-like radiation.

Keywords: radiation, relativistic particle, indicatrix of radiation, linear polarization, synchrotron radiation.

1 Angular distribution of instantaneous radi-
ated power

In the general case of arbitrarily orientation of the
velocity and acceleration vectors, the angular distri-
bution of the total power of instantaneous radiation
follows from [1,2]

W =
e2

4πc3

∮
a2 [1− (nβ)]

2
+ 2(na)(βa) [1− (nβ)]

[1− (nβ)]
5

− (1− β2)(na)2

[1− (nβ)]
5 dΩ.

Choosing

n = (sin θ cosϕ, sin θ sinϕ, cos θ),

β = (0, 0, β), a = (a sinα, 0, a cosα),

we obtain

ρ(θ, ϕ;α, β) =
1

(1− β cos θ)3

+ 2β
(sin θ cosϕ sinα+ cos θ cosα) cosα

(1− β cos θ)4−

− (1− β2)
(sin θ cosϕ sinα+ cos θ cosα)2

(1− β cos θ)5
.

To �nd the angular distribution of radiation from
charge arbitrarily located relative to the coordinate
system we introduce two parameters: η and λ (see
Fig. 1). The angular parameters of an arbitrarily mov-
ing charge are described by the equations

sin θ cosϕ = (sin θ′ cosϕ′ cos η) cosλ+ sin θ′ sinϕ′ sinλ,

sin θ sinϕ = (cos θ′ sin η − sin θ′ cosϕ′ cos η) sinλ

+ sin θ′ sinϕ′ cosλ,

cos θ = cos θ′ cos η + sin θ′ cosϕ′ sin η.

The indicatrixes of the total power of an arbitrarily
moving charges have the form:

ρ(θ′, ϕ′;α, β; η, λ) =

1

[1− β(sin θ′ cosϕ′ sin η + cos θ′ cos η)]
3

+ 2β cosα

(
sinα

[1− β(sin θ′ cosϕ′ sin η + cos θ′ cos η)]
4

× [(sin θ′ cosϕ′ cos η′ − cos θ′ sin η) cosλ

+ sin θ′ sinϕ′ sinλ]

+
(sin θ′ cosϕ′ sin η + cos θ′ cos η) cosα

[1− β(sin θ′ cosϕ′ sin η + cos θ′ cos η)]
4

)

− (1− β2)

[1− β(sin θ′ cosϕ′ sin η + cos θ′ cos η)]
5

× ([(sin θ′ cosϕ′ cos η′ − cos θ′ sin η) cosλ

+ sin θ′ sinϕ′ sinλ] sinα

+ (sin θ′ cosϕ sin η + cos θ′ cos η) cosα)2.

In the particular case for η = 0, λ = 0, we have an
indicatrix of curvature radiation. For η = π/2, λ = π/2
we have the indicatrix of fan-like radiation:

ρ(θ′, ϕ′;α, β; η =
π

2
, λ =

π

2
) =

1

(1− β sin θ′ cosϕ′)3
+

+2β cosα
sin θ′(sinϕ′ sinα+ cosϕ′ cosα)

(1− β sin θ′ cosϕ′)4
−

−(1− β2)
sin2 θ′(sinϕ′ sinα+ cosϕ′ cosα)2

(1− β sin θ′ cosϕ′)5
.

For α = π/2, this equation gives well known syn-
chrotron radiation indicatrix [5]

ρ(θ′, ϕ′;α =
π

2
, β; η =

π

2
, λ =

π

2
)

=
1

(1− β sin θ′ cosϕ′)3
− (1− β2)

sin2 θ′ sin2 ϕ′

(1− β sin θ′ cosϕ′)5
.
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In the case of curvature radiation for α = π/2, we have

ρ(θ′, ϕ′;α =
π

2
, β; η = 0, λ = 0)

=
1

(1− β cos θ′)3
− (1− β2)

sin2 θ′ cos2 ϕ′

(1− β cos θ′)5
.

It can be seen that in int these two di�erent cases
(curvature and fan-like radiation) the indicatrixes of
total angular distribution power have identical forms
for the same α, β and di�er only in their orientation
respect to the coordinate system (see Fig. 2).

2 Linearly polarized radiation from an arbi-
trarily moving charge

To calculate polarization we introduce unit vectors
of linear polarization (see Fig. 3). Using these vectors
and angles η, λ we �nd indicatrixes of polarization for
a charge arbitrarily moving relative to the coordinate
system. And for example the indicatrixes of linearly
polarized radiation in the cases of curvature and fan-
like radiation have the form [3�5]

ρ(θ, ϕ;α, β) = ρa,bθ (θ, ϕ;α, β) + ρa,bϕ (θ, ϕ;α, β).

a) Curvature radiation (η = 0, λ = 0)

ρaθ(θ, ϕ;α, β) =
(β − cos θ) cosϕ sinα+ sin θ cosα

(1− β cos θ)3
,

ρaϕ(θ, ϕ;α, β) =
sin2 α sin2 ϕ

(1− β cos θ)3
.

b) Fan-like radiation (η = π/2, λ = π/2)

ρbθ(θ, ϕ;α, β) =
cos2 θ(cosϕ cosα+ sinϕ sinα)2

(1− β sin θ cosϕ)5
,

ρbϕ(θ, ϕ;α, β) =
[sinϕ cosα+ (β sin θ − cosϕ) sinα]

2

(1− β sin θ cosϕ)5
.

The corresponding indicatrixes are shown in Fig. 4.
The integral characteristics of radiation have the form

a) Curvature radiation (η = 0, λ = 0)

Wθ = WSR(γ2 cos2 α+
sin2 α

4
)|α=π

2
=
WSR

4
,

Wϕ = WSR
3

4
sin2 α|α=π

2
=

3

4
WSR,

W = WSRγ
2(1− β2 sin2 α)|α=π/2 = WSR;

b) Fan-like radiation (η = π/2, λ = π/2)

Wθ =
WSR

8

{
γ2(2 + 3β2 − β4) cos2 α

+(2− β2) sin2 α
}
|α=π

2
=

2− β2

8
WSR,

Wϕ =
WSR

8

{
γ2(6− 3β2 + β4) cos2 α

+(6 + β2) sin2 α
}
|α=π

2
=

6 + β2

8
WSR,

W = WSRγ
2(1− β2 sin2 α)|α=π

2
= WSR.

3 Conclusion

Thus, the indicatrixes of the angular distribution of
instantaneous radiated power by an arbitrarily moving
relativistic charge have been constructed. It is shown
that all of them have the same form for di�erent kinds
of trajectory con�gurations on condition that the kine-
matic description of the motion of the emitting particle
is identical. The total radiated power is described by
one and the same formula in all cases.

The same approach has been used to study the lin-
ear polarization radiation by an arbitrarily moving par-
ticle. It is shown that the integral components of linear
polarization depend in a large degree on the spatial ori-
entation of the particle trajectory with respect to the
coordinate axes. This statement is supported by ex-
amples of curvature and fan-like radiation.

The results obtained here can be used to analyze the
angular distribution and the polarization of radiation
in the tasks for which the orientation of the radiating
charge trajectory with respect to the used experimen-
tal equipment is essential. This investigation is also
important in issues of cosmic radiation, for example,
in constructing pro�les of total and polarized pulsar
radiation.
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Figure 1. Coordinate system of an arbitrarily moving charge and angular orientation of its radiation. Jet lies in XY plane

Figure 2. Angular distribution indicatrixes of the total power radiation by an arbitrarily moving charge for α = π/6, β = 0.9.

a) η = 0, λ = 0 (curvature radiation) b) η = π/2, λ = π/2 (fan-like radiation) c)η = π/6, λ = π/6 (arbitrarily radiation)

Figure 3. The kinematic con�gurations of radiation and unit vectors of the linear polarization: a) the case of curvature

radiation (η = 0, λ = 0), b) the case of fan-like radiation (η = π/2, λ = π/2)
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Figure 4. Polarization indicatrixes of an arbitrarily moving charge ρθ, ρϕ, ρ = ρϕ + ρθ (top down) β = 0.5, α = 0, 55, 75, 90

(left right): a) curvature radiation; b) fan-like radiation
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ËÈÍÅÉÍÀß ÏÎËßÐÈÇÀÖÈß ÈÇËÓ×ÅÍÈß ÏÐÎÈÇÂÎËÜÍÎ ÄÂÈÆÓÙÅÃÎÑß
ÐÅËßÒÈÂÈÑÒÑÊÎÃÎ ÇÀÐßÄÀ

Ìåòîäû êëàññè÷åñêîé òåîðèè ðåëÿòèâèñòñêîãî èçëó÷åíèÿ ïðîèçâîëüíî äâèæóùåãîñÿ çàðÿäà èñïîëüçóþòñÿ äëÿ èñ-
ñëåäîâàíèÿ îáùèõ ñâîéñòâ óãëîâîãî ðàñïðåäåëåíèÿ ïîëíîé ìîùíîñòè è ñîîòâåòñòâóþùèõ êîìïîíåíò ëèíåéíîé ïîëÿ-
ðèçàöèè èçëó÷åíèÿ.

Êëþ÷åâûå ñëîâà: ðåëÿòèâèñòñêîå èçëó÷åíèå çàðÿäà, óãëîâîå ðàñïðåäåëåíèå ìãíîâåííîé ìîùíîñòè èçëó÷åíèÿ,
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In this paper, we present the theoretical basis of the calculation of proper elements for the irregular satellites of the giant
planets. We use the averaging method for solving the restricted three-body problem. This method is based on applying
transformations Lie in the space of Pfa�. Expressions for the short-period perturbations are obtained in the form of series
in powers of the small parameter ε (the ratio of the mean motions of the Sun and satellite) and in a closed form relative
eccentricities and inclinations. This is important, as the speci�c application objects have orbits with large values of these
parameters.

Keywords: proper elements, Lie transformation, Pfa�'s space, irregular satellites.

1 Introduction

In celestial mechanics for the description of
dynamics of mechanical systems are often used orbital
elements. In nonchaotic dynamical systems, the proper
elements are functions of integrals of motions that
depend on the initial conditions. Thus, we can calculate
the proper elements from their osculating Keplerian
elements. It is assumed that the irregular satellites
of giant planet have weakly chaotic dynamics [1]
and therefore their proper elements are practically
constant for very large periods of time. However, to
achieve this requires the construction of perturbation
theory with a very high degree of accuracy. The most
convenient in this respect is the method of Lie series
mappings. Despite the seeming simplicity this method,
in the process of solving practical problems require
a large number of transformation of some variables
on others. For example, the perturbing function, as
a rule, it is very di�cult, and sometimes impossible,
express through canonical variables. Usually the
disturbing function is expressed in terms of Keplerian
elements. Therefor, it is conveniently to carry out all
transformations in these elements. Using the Pfa�'s
method we can implement this idea.

Pfa� method is based on the use of 1-form
or Pfa�an. The equations of motion of Pfa� was
published in 1815. They are remarkable elegant but not
very well known. These equations have already been
used in celestial mechanics. The main sources are [2,3].
For the �rst time in the article of R. Broucke [3] the
theory of changes of variables in Pfa�'s equations was
developed. He showed that this method allows the use
of a very wide class of variables. Our goal is to �nd
the connection between the canonical variables and
some arbitrary variables (the orbital elements) of phase
space and to use the Pfa�'s method in the algorithm
of Lie transformation. Following is brief description of

the method. A more detailed description can be found
in articles [4�6].

2 Description of the method

The algorithm of Lie transformation is reduced
to the successive computing the Poisson brackets in
canonical variables q, p. As shown in [7], invariant
nature of connection between 1-form pdq − Hdt and
its curl lines gives you the opportunity to write the
equations of motion in any 2n+1 coordinate system in
the extended phase space q, p, t. That is, you can write:

pdq −Hdt = X1dx
1 + . . .+Xn+1dx

n+1, (1)

where xn+1 = t and Xn+1 = −H. Then the system of
the equations of motion of Pfa� can be represented as

(rotX)dx = 0, (2)

or in scalar form

n+1∑
j=1

(
∂Xi

∂xj
− ∂Xj

∂xi

)
dxj = 0, i = 1, ..., n+ 1. (3)

Pfa�an perturbed two-body problem for satellite case
can be written as:

Φ = v · d x− Fdt = v · d x−
(
v2

2
− µ

r
−R

)
dt. (4)

In (4) x-vector position; v � vector of velocity of
the satellite at the orbital plane; F � total energy
of the system; µ is gravitational constant of Newton,
multiplied by mass of the planet; R � perturbing
function. Next, we will use the following vector of
elliptic elements ξ = (α, η, γ, u, g, h), α =

√
a, η =√

1− e2, γ = cos i, g = ω, h = Ω − λ́, where a �
semimagor axis, e � eccentricity, i � inclination, ω �
argument of periapsis, Ω � longitude of the ascending
node, n � mean motion of a satellite, λ́ � longitude
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of disturbing body, u � eccentric anomaly, which is
connected with the time using equation

u− e sinu = n(t− t0).

Pfa�an in terms of Kepler's elements can be obtained
if we express x and y through these elements and use
equation (4). The result is:

Φ = αk
η√

1− η2
sinu dη +

αk(1−
√

1− η2 cosu)du+ αkη dg +

αkη dh−H dt, (5)

where Pfa�'s vector has the form:

X(0, αk
η√

1− η2
sinu, 0, αk(1−

√
1− η2 cosu),

αkη, αkη, −H). (6)

With help of (3) and (6) we obtain the following
equations of motion:

dα

dt
=

α2

kr

∂H

∂u
,

dη

dt
= −αη

kr

∂H

∂u
+

1

αk

∂H

∂g
,

dγ

dt
= − γ

αkη

∂H

∂g
+

1

αkη

∂H

∂h
,

du

dt
= −α

2

kr

∂H

∂α
+
αη

kr

∂H

∂η
− αη sinu

k
√

1− η2r

∂H

∂g
,

dg

dt
= − 1

αk

∂H

∂η
+

αη sinu

k
√

1− η2r

∂H

∂u
+

γ

αkη

∂H

∂η
,

dh

dt
= − 1

αkη

∂H

∂H
, (7)

where r = α2(1 − e sinu), k =
√
µ. Hamiltonian H =

H0(α)+ εR(α, η, γ, u, g, h), and ε is a small parameter.
Right parts of equations (5) de�ne the structure of
Poisson brackets, which are the basis of this method.

3 Conclusion

For a long time proper elements have been used for
the sole purpose of identifying the asteroid families. In
[1] is described the history of the use of this method
to the study of the dynamics of the satellites of giant
planets. The list of problems to be solved by applying
the proper elements is long. For example, it is stable
chaos, problems of resonance, determining the age of
objects and so on.

To obtain the analytical expressions for proper
elements, the method set forth above was implemented
using the computer system Mathematica. Expressions
for the short-period perturbations were obtained in the
form of series in powers of the small parameter ε (the
ratio of average movements of the Sun and satellite)
to O(6). Unlike other works, these expansions were
obtained in a closed form relative eccentricities and
inclinations. This is important because the irregular
satellites of the giant planets have orbits with large
values of these parameters. In results, analytical
expressions for the proper element of a∗ was obtained
with high accuracy. Comparison with the results of the
work [1] gave a good match. The next stage of our
research is to determine analytical expressions for the
elements of ep and Ip and further study the global
location of secular resonances in the space of proper
elements.
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Ò. Ñ. Áîðîíåíêî

ÀÍÀËÈÒÈ×ÅÑÊÈÅ ÑÎÁÑÒÂÅÍÍÛÅ ÝËÅÌÅÍÒÛ ÄËß ÑÏÓÒÍÈÊÎÂÛÕ ÑÈÑÒÅÌ

Â ñòàòüå äàåòñÿ ìåòîä âû÷èñëåíèÿ ñîáñòâåííûõ ýëåìåíòîâ äëÿ íåðåãóëÿðíûõ ñïóòíèêîâ ïëàíåò-ãèãàíòîâ. Ìåòîä
îñíîâàí íà èñïîëüçîâàíèè ïðåîáðàçîâàíèé Ëè â ïðîñòðàíñòâå Ïôàôôà â ðàìêàõ îãðàíè÷åííîé çàäà÷è òðåõ òåë.
Ïîëó÷åíû ðàçëîæåíèÿ äëÿ êîðîòêîïåðèîäè÷åñêèõ âîçìóùåíèé ïî ñòåïåíÿì ìàëîãî ïàðàìåòðà ε (îòíîøåíèå ñðåä-
íèõ äâèæåíèé Ñîëíöà è ñïóòíèêà). Ðàçëîæåíèÿ ïî ñòåïåíÿì ýêñöåíòðèñèòåòà è íàêëîíåíèÿ îðáèòû ñïóòíèêà íå
ïðîèçâîäÿòñÿ. Ýòî âàæíî, òàê êàê îáúåêòû ïðèëîæåíèÿ èìåþò îðáèòû ñ áîëüøèìè âåëè÷èíàìè ýòèõ ïàðàìåòðîâ.
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The Dirac operator with an external Yang�Mills gauge �eld is considered on de Sitter space in terms of a noncommutative
integration method related to the orbit method in the Lie group theory. A Yang�Mills �eld is presented for which the de
Sitter group serves as the symmetry group of the Dirac operator. A spectrum of the Dirac operator with the Yang�Mills
�eld is calculated in explicit form.
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1 Introduction

Constructing solutions to the relativistic wave
equations on curved spaces with external �elds is an
inevitable stage in studying e�ects in quantum �eld
theory and cosmology [1, 2].

The integration of relativistic wave equations with
external �elds is usually based on the classical method
of separation of variables (SoV) [3�5]. The traditional
SoV method involves a complete set of commuting
observables that is a set of commuting symmetry
operators whose eigenvalues completely specify the
state of a quantum system [6].

A new method of exact integration of linear partial
di�erential equations based on noncommutative sets
of symmetry operators other than the SoV method
was proposed in Ref. [7]. This method provides new
possibilities to study the relativistic quantum wave
equations and constructing solutions di�erent from
ones obtained by the SoV method.

In this work, we consider a Yang-Mills potential for
which the generators of the de Sitter group form a non-
commutative symmetry algebra for the Dirac operator.
In the framework of the noncommutative integration
method, we calculate a spectrum for the Dirac operator
with the corresponding Yang-Mills potential.

2 Symmetry of the Dirac operator in de-
Sitter space

Consider the de Sitter space M with the de Sitter
isometry group of transformations G = SO(1, 4) and
an isotropy Lorentz subgroup H = SO(1, 3). The space
M is topologically isomorphic to R1 × S3 and has a
constant positive curvature.

The de Sitter group SO(1, 4) is a rotation group

of a 5-dimensional pseudo-Euclidean space with the
metric GAB = diag(1,−1,−1,−1,−1). The algebra
g = so(1, 4) of the de Sitter group can be de�ned in
terms of the basis {EAB | A < B} by the following
commutation relations:

[EAB , ECD] = GADEBC −GACEBD+

+GBCEAD −GBDEAC ,

where A,B,C,D = 1, . . . , 5. The basis EAB can be
written as (a, b = 1, . . . , 4)

Eab = eab, (a < b), Ea5 = ea/ε, [ea, eb] = ε2eab.

Here the basis eab forms an isotropy subalgebra h =
so(1, 3), and ε is a parameter de�ning the curvature of
de Sitter space, R = 12ε2. De�ne canonical coordinates
of the second type for a Lie group G as

g(t, x, y, z, h1, . . . , h6) = eh6e34eh5e24eh4e23eh3e14eh2e13×
×eh1e12eze4eye3exe2ete1 .

Here x = (t, x, y, z) are local coordinates on the de
Sitter space M and hab are local coordinates on the
isotropy subgroup H. In terms of these coordinates the
line element of M takes the form

ds2 = gab(x)dxadxb = ρ2(x, y, z)dt2−
− cos2 εy cos2 εzdx2 − cos2 εzdy2 − dz2,

where ρ(x, y, z) = cos εx cos εy cos εz.
Let VK be a set of vector �elds on M transforming

according to the fundamental representation of an N -
dimensional gauge Lie group K. Denote by VΨ a space
of spinor �elds onM . A multiplet of N�spinor �elds on
M can be considered as a space C∞(M,V ) of functions
on M taking values in a linear space V = VΨ ⊗ VK .
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Let us write down the Dirac operator in the space
C∞(M,V ) as follows [8]:

D = iγa(x)[∇a + Γa(x) + iκAa(x)]. (1)

Here ∇a is the covariant derivative corresponding to
the Levi-Civita connection on M , κ is a coupling
constant. The Dirac gamma matrices, γa(x), satisfy the
condition

{γa(x), γb(x)} = 2gab(x)E4, (2)

where E4 denotes an identity matrix. The spinor
connection Γa(x) satis�es the conditions [∇a +
Γa(x), γb(x)] = 0, Tr Γa(x) = 0 and can be presented
in explicit form as [9]:

Γa(x) = −1/4(∇aγb(x))γb(x).

Let us say that the Dirac operator D on the de
Sitter space M admits an external gauge �eld if the
motion group ofM is the symmetry group of the Dirac
operator.

The external gauge �eld potentials for which the
de Sitter group is the symmetry group of the Dirac
operator (1) are determined by the equation

[D, X̂] = 0, (3)

where the operators X̂ are generators of a
transformation group G acting on C∞(M,V ). Such
a potential is given as

A1 = −iε sin εxΛ12 + ε cos εx sin εyΛ13+ (4)

+ε cos εx cos εy sin εzΛ14,

A2 = ε sin εyΛ23 + ε cos εy sin εzΛ24,

A3 = ε sin εzΛ34, A4 = 0,

where Λab = − i
4 [γ̂a, γ̂b] are representation generators

of the isotropy subgroup H in a gauge space R4, γ̂a

are the standard Dirac gamma matrices. The isotropy
subgroup H is the gauge group. Then the Dirac
operator (1) with the potential (4) reads

D = −i
(
γ̂1

ρ
∂t + γ̂2 cos εx

ρ
∂x + γ̂3 cos εx cos εy

ρ
∂y−

−γ̂4∂z − εγ̂2 sin εx

2ρ
− εγ̂3 tan εy

cos εz
− 3ε

2
γ̂4 tan εz

)
⊗ E4+

+εκ

(
γ̂1 ⊗

[
tan εzΛ14 +

sin εx

ρ
Λ12 +

tan εy

cos εz
Λ13

]
+

+γ̂2 ⊗
[
tan εzΛ24 +

tan εy

cos εz
Λ23

]
+ γ̂3 ⊗ Λ34 tan εz

)
.

It can be veri�ed that the motion group of M is the
symmetry group of the Dirac operator only if κ = 1.

3 Noncommutative integration method

Consider the equation

Dψ = λψ, ψ ∈ C∞(M,V ), (5)

with the potential (4) and apply the noncommutative
integration method [7]. Note that in the framework
of this method, the condition of integer-valued orbits
[10] allows us to consider (5) as an eigenvalue
problem. Equation (5) results in the following system
of equations on the Lie group G:

iγ̂aηa(g)ψ(g) = λψ(g), (6)

(iηab(g)− Λab ⊗ E4 + E4 ⊗ Λab)ψ(g) = 0. (7)

By means of the noncommutative reduction [7, 11] of
the system (6),(7), we obtain

iγ̂a la(q, j)ψ̂(q) = λψ̂(q), (8)

(ilab(q, j)− Λab ⊗ E4 + E4 ⊗ Λab)ψ̂(q) = 0. (9)

Here the function ψ̂(q) is a Fourier transform of
ψ(g), and lA(q) are operators of the so called λ�
representation of the de Sitter algebra and have the
form

lA(q, j) = αiA(q)∂qi + iχA(q, j), A = (a, ab). (10)

From equation (9) we �nd the derivatives of ψ̂(q),
substitute them into (8), and come to the algebraic
system of equations

−jγ̂0 ⊗ E4 − ε
4∑
a=2

γ̂a ⊗ Λ1a = λE4 ⊗ E4. (11)

From (11) we �nally have[
λ2 − (2j − 3iε)2 − 9ε2κ2

]6× (12)

×
[
λ2 − (2j − 3iε)2 + ε2κ2

]2
= 0.

Note that λ can take real values only if j = 0. From (12)
we see that if the gauge �eld disappears, κ = 0, then the
spectrum has an eightfold degeneracy. Switching on the
�eld (κ = 1) lifts the degeneracy in part. Then one can
see that the �eld (4) preserves the Killing symmetry
of the Dirac operator in the sense of relation (3), but
violates the spin symmetry.

4 Conclusion

We consider a Yang-Mills potential (4) for
which the generators of the de Sitter group
are a non-commutative symmetry algebra for the
Dirac operator (1). Following the noncommutative
integration method, we examine an eigenvalue
problem of the Dirac operator. The eigenvalues are
determined by the algebraic condition (11). The
parameter j enumerates singular orbits of the coadjoint
representation of the de Sitter algebra.
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ÑÏÅÊÒÐ ÎÏÅÐÀÒÎÐÀ ÄÈÐÀÊÀ Ñ ÂÍÅØÍÈÌ ÊÀËÈÁÐÎÂÎ×ÍÛÌ ÏÎËÅÌ
ßÍÃÀ�ÌÈËËÑÀ Â ÏÐÎÑÒÐÀÍÑÒÂÅ ÄÅ ÑÈÒÒÅÐÀ

Îïåðàòîð Äèðàêà ñ âíåøíèì êàëèáðîâî÷íûì ïîëåì ßíãà-Ìèëëñà ðàññìàòðèâàåòñÿ íà ïðîñòðàíñòâå äå Ñèòòåðà â
ðàìêàõ ìåòîäà íåêîììóòàòèâíîãî èíòåãðèðîâàíèÿ, ñâÿçàííîãî ñ ìåòîäîì îðáèò â òåîðèè ãðóïï Ëè. Â ÿâíîì âè-
äå âû÷èñëåí ñïåêòð îïåðàòîðà Äèðàêà ñ ïîëåì ßíãà�Ìèëëñà, äëÿ êîòîðîãî ãðóïïà äå Ñèòòåðà ÿâëÿåòñÿ ãðóïïîé
ñèììåòðèè óðàâíåíèÿ Äèðàêà.
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We consider the one-loop correction to the probe D3-brane action in AdS5×S5 expanded around the classical Drukker-Fiol
solution ending on a circle at the boundary. It is given by the logarithm of the one-loop partition function of an Abelian
N = 4 vector multiplet in AdS2 × S2 geometry. This one-loop correction is expected to describe the subleading 1/N
term in the expectation value of circular Wilson loop in the totally symmetric rank k representation in N = 4, SU(N)
supersymmetric Yang-Mills theory at strong coupling. We also discuss a comparison with the matrix model.
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1 Introduction

According to the AdS/CFT correspondence [1]N =
4, SU(N) supersymmetric Yang-Mills theory admits
a dual description as string theory on the AdS5 ×
S5 background. The correspondence provides a string
theory interpretation of various �eld theory phenomena
and gives a way to perform computations in gauge
theory in the regime of strong coupling where the
standard �eld theoretic methods break down. However,
since the AdS/CFT remains a conjecture �nding its
non-trivial checks is an important problem.

Supersymmetric circular Wilson loops represent a
good lab for high precision tests of the AdS/CFT
correspondence. The reason is that they admit a matrix
model solution for any representation R as well as for
any N and for any 't Hooft coupling λ [2, 3]

〈WR〉 =
1

Z

∫
dM

1

N
TrRe

Me−
2N
λ trM2

, (1)

where M is an Hermitian matrix. Recently, a general
solution (though rather inexplicit and hard to use)
to (1) was found in [4] to all order in N and λ. Hence,
any string calculation of 〈WR〉 can be compared with
the matrix model result. Such a comparison is not
based on any symmetry and represents a highly non-
trivial test of the AdS/CFT correspondence.

In this paper, we will concentrate on circular Wilson
loops in the symmetric representation. If in the large
N limit the number of boxes k in the Young tableau is
small comparing to N then at strong coupling such
a Wilson loop is described by k coincident circular
strings in AdS5 × S5. The case k = 1 corresponds to
the Wilson loop in the fundamental representation 2

and is described by a single string [5�7]. The situation
becomes di�erent when k gets of order N . It was
argued in [8�13] that as the number of boxes in the
Young tableau becomes of order N the Wilson loop
is e�ectively described by D-branes rather than by

strings. In particular, the Wilson loop in the symmetric
representation is now described by a probe D3-brane
in AdS5 × S5.

The classical solution corresponding to a probe
D3-brane ending on a circle on the boundary was
found by Drukker and Fiol in [8]. The investigation
of the semiclassical quantization near the Drukker-
Fiol solution was initiated in [14, 15]. The action for
the quadratic �uctuations was found to be that of an
AbelianN = 4 multiplet in AdS2×S2. In this paper we
discuss the 1-loop e�ective action for these quadratic
�uctuations following [16]. Essectially, we compute the
1-loop e�ective action on AdS2 × S2 using the heat
kernel technique and the ζ-function regularization. At
the end we comment on a comparison with the matrix
model.

2 Circular Wilson loops in the fundamental
representation

Let us review the string theory description
of circular Wilson loops in the fundamental
representation. In the large N limit, semiclassically
they are described by a solution to the Nambu-Goto
action in the AdS5 × S5 target space ending on a
circle [5�7]. The solution sits in AdS3 and in conformal
gauge it is of the form

z = tanh τ, x1 =
cosσ

cosh τ
, x2 =

sinσ

cosh τ
. (2)

Here (z, x1, x2) are the Poincare coordinates in AdS3

(z is the radial coordinate), τ ∈ (0,∞), σ ∈ [0, 2π].
The induced worldsheet is AdS2. To compute 〈W2〉
semiclassically at large λ we compute the Nambu-Goto
action on this solution to get

ln〈W2〉 = −
√
λ

2π
A(AdS2) =

√
λ , (3)
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where A(AdS2) is the regularized volume of AdS2,
A(AdS2) = −2π. Expanding the Nambu-Goto action
around this solution gives the following structure of the
1-loop correction [17]

〈W2〉1−loop =
Det8/2[−∇2 + 1 +R/4]

Det3/2[−∇2 + 2]Det3/2[−∇2]
. (4)

That is to �nd the 1-loop correction we have to
study the 1-loop e�ective action of the following
�elds propagating on AdS2: 5 scalars with m2 = 0,
3 scalars with m2 = 2 and 8 Majorana fermions
with m2 = 1. The 1-loop e�ective action in (4)
was computed using the methods of quantum �eld
theory in curved space [16] and by the Gelfand-Yaglom
method [18,19]. Both methods give

ln〈W2〉1−loop = −1

2
ln(2π) . (5)

Let us compare these results with the matrix model.
The matrix integral (1) for the representation 2 in the
limit of large N and large λ gives

ln〈W2〉 =
√
λ+

1

2
ln

2

π
+ . . . . (6)

Comparing (6) with (3) and (5) we see that the leading
terms

√
λ agree but the subleading terms do not

−1

2
ln(2π) 6= 1

2
ln

2

π
. (7)

Surprisingly, the resolution of this disagreement is
currently unknown. It suggests that the string partition
function (4) is missing a factor of 2 = eln 2 which
presumably should come from a proper division of the
1-loop determinant of the longitudinal modes by the
ghost determinant.

Now let us brie�y discuss the simplest higher
representation 2k, k � N . At the level of the matrix
integral (1) the modi�cation is very simple: λ → k2λ.
At the level of string theory we modify the classical
solution (2) as τ → kτ, σ → kσ. Semiclassically,
ln〈W2k〉 = k

√
λ. However, �nding the 1-loop e�ective

action becomes a very di�cult problem. The reason is
that the induced metric now has a conical singularity
at the origin with de�cit angle 2π(1− k) and we have
to study quantum �eld theory on a singular space.

3 Wilson loops as D-branes

Now we will discuss the case when the number of
boxes k becomes of order N . In this case the number
of strings becomes large and Drukker and Fiol [8]
proposed that the appropriate description is given in
terms ofD3-branes. Let us parametrize AdS5 as follows

ds2 =
L2

sin2 η
[dη2 + cos2 ηdψ2 +dρ2 + sinh2 ρ dsS2 ] , (8)

where L is the radius of AdS5 and dsS2 is the metric
on the unit 2-sphere. The circular Wilson loop is then
given by the following solution of the Born�Infeld
action

sin η = κ−1 sinh ρ , Fψρ =
iκ
√
λ

2π sinh2 ρ
, κ =

k
√
λ

4N
.

(9)

Note that the solution involves a non-trivial electric
�eld propagating on the D3-brane worldvolume. Near
the boundary η = 0 we also have ρ = 0 and, hence,
from (8) we see that the solution at the boundary is
parametrized by an angular variable ψ which means
that the D3-brane ends on a circle. The induced metric
gab on the D3-brane is that of AdS2 × S2 where

RAdS2 = L
√

1 + κ2 , RS2 = Lκ . (10)

The vev of the Wilson loop was found to be

ln〈W 〉 = 2N [κ
√

1 + κ2 + arcsinhκ] . (11)

The above discussion shows that the description in
terms of D3-branes is valid in the limit of large k,N
and λ but �xed κ. Note that in the limit k � N , that
is κ � 1 we obtain ln〈W 〉 → k

√
λ which is the action

of k strings.
Originally it was proposed in [8] that a probe D3-

brane describes Wilson loops in the representation 2k

when k becomes large. However, it was later agued
in [9] that D3-branes describe Wilson loops in the
symmetric representation Symk. Indeed, let us take N
D3-branes and intersect them with some other branes
in a supersymmetric way so that the intersection is
1-dimensional. It was shown in [9] that there are
only 2 such possibilities: a D3 − D3 system or a
D3−D5 system. The action describing the intersecting
branes is given by SN=4 + Sdefect, where SN=4 is the
action of N = 4, SU(N) supersymmetric Yang-Mills
theory supported on the stack of the original N D3-
branes and Sdefect is the defect action supported on
the intersection. We can integrate the defect degrees
of freedom which can be interpreted as an insertion
of a Wilson loop in some representation into the
path integral. In [9] it was shown that the D3 −
D3-system corresponds to inserting a Wilson loop
in the symmetric representation and the D3 − D5-
system corresponds to inserting the Wilson loop in the
antisymmetric representation. When we go to strong
coupling limit we replace the stack of N D3-branes
with the AdS5×S5 geometry and the remaining brane
becomes a probe. From this viewpoint, a probe D3-
brane should describe Wilson loops in the symmetric
representation. At the semiclassical limit the matrix
integral (1) for both 2k and Symk representations give
the same answer (11) [8,10]. However, at the subleading
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level we should expect to see the di�erence. Note that
the leading semiclassical contributions scales as N ,
hence, the higher order corrections will go as powers
of 1/N .

4 The 1-loop correction to the D3-brane
e�ective action

Expansion of the D3-action around the Drukker-
Fiol solution was performed in [14,15]. The result reads

SB =

∫
d4σ
√
M [

1

2
Gab∂aΦI∂bΦ

I +
1

4
fabf

ab] ,

SF =

∫
d4σ
√
MΘ̄A(iGabΓa∇b)ΘA , (12)

where SB and SF are the actions for the bosonic and
fermionic �uctuations respectively. In (12) ΦI are the
6 scalar �uctuations, fab are the �uctuations of the
Abelian gauge �eld and ΘA are the 4 Majorana spinors.
Except for the

√
M the action is de�ned using the

background metric Gab

Gab = gab + (2πα′)2gcdFacFbd ,

Gabdσ
adσb = L2κ2(ds2

AdS2
+ ds2

S2) ,

RAdSs = RS2 = Lκ . (13)

Finally, the matrix M is given by

Mab = gab + (2πα′)2Fab . (14)

The metric Gab is called the open string metric [20] and
it is related toM as follows Gab = M (ab). Furthermore,
we have a relation

√
M = c

√
G , c =

√
1 + κ2

κ
. (15)

To summarize, we �nd that

SB + SF = cSAbelianN=4 (AdS2 × S2), (16)

that is the action of the quadratic �uctuations is, up
to the prefactor c, the action of an Abelian N = 4
multiplet on AdS2 × S2 where both AdS2 and S2

have the same radius Lκ. The prefactor c, however,
is important as it depends on κ. It also means that the
�uctuations have a non-trivial norm given by

||Φ||2 =

∫
d4σ
√
MΦIΦI = c

∫
d4σ
√
GΦIΦI (17)

and similarly for the vector and spinor �uctuations.
Now let us explicitly compute the 1-loop e�ective

action

Γ1 = Γv + 6Γs + 4Γf , ln〈W 〉1−loop = −Γ1, (18)

where we have contributions from a vector, 6 scalars
and 4 Majorana fermions. Let us �rst ignore the

prefactor c and discuss the e�ective action on just
AdS2 × S2 where both AdS2 and S2 have the same
radius a. We can study the e�ective action using the
heat kernel K(s):

K(s) =

∫
d4σ

∑
n

e−λnsf∗n(σ)fn(σ)

= Vol ·
∑
n

e−λnsf∗n(σ)fn(σ), (19)

where {fn(σ)} is a full set of orthonormal functions
with eigenvalues λn, Vol is the regularized volume of
AdS2 × S2 and in the last equality we used the fact
that on a homogeneous space the integrand does not
depend on the point. The 1-loop e�ective action is then
given by

Γ1 = −1

2

∫ ∞
ε/a2

ds

s
K(s) , (20)

where ε is a UV cut-o�. Note that since AdS2 × S2

is conformally �at the dependence on the radius a
appears only via the combination a2/ε. Let us expand
the heat kernel for small s which corresponds to
concentrating on the UV divergences. In 4 dimensions
the expansion is of the form

K(s) = Vol · [ b0
s2

+
b2
s

+ b4 +O(s)] . (21)

In the present case the coe�cient b0 = 0 because we
have equal number of bosonic and fermionic degrees of
freedom. The coe�cient b2 = 0 because we the total
curvature of AdS2 and S2 vanishes. The coe�cient
b4 has the following general structure (see [21] for a
review)

b4 =
b̃

(360(4π)2
[2GabDaDbR

+ 5R2 − 2R2
ab + 2R2

abcd], (22)

where b̃ equals 1 for a scalar, 11/2 for a Majorana
fermion and 62 for a vector. In the present case we
obtain

Vol · b4 = −1 . (23)

This means that the 1-loop e�ective action is given by

Γ1 = −Vol · b4
2

ln
a2

ε
+ Γfin =

1

2
ln
a2

ε
+ Γfin , (24)

where Γfin is �nite and independent of the radius a.
The term Γfin can be computed using the ζ-

function regularization [16]

ζ(s) =
1

Γ(s)

∫ ∞
0

dt ts−1K(t) ,

Γ1 = −1

2
ζ(0) ln

a2

ε
− 1

2
ζ ′(0) . (25)
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With the proper zero mode treatment one can show
that ζ(0) = Vol · b4 = −1. Explicit calculations
presented in [16] give

ζ ′(0) =
45− 158 ln 2− 160 lnπ

120
+ 4 lnA

− 30ζ ′R(−3)J1 + J2. (26)

Here A is the Glaisher's constant lnA = 1
12 − ζ

′
R(−1)

and J1,2 are given by

J1,2 = 32

∫ ∞
0

dv v

e2πv ± 1
H1,2(v) ,

H1 = iv
Γ(−iv + 1/2)

Γ(iv + 1/2)

+ ψ(−2)(−iv + 1/2) + ψ(−2)(iv + 1/2) , (27)

H2 = iv
Γ(−iv)

Γ(iv)
+ ψ(−2)(−iv) + ψ(−2)(iv) ,

where ψ(−2) is the poly-gamma function. We were not
able to evaluate the integrals J1,2 analytically but it is
straightforward to evaluate them numerically.

Finally, let us take into account the contribution
from the prefactor c in (16). Let us consider

Det(c ·∆) = Det(c) ·Det(∆) = eTr ln c+Tr ln ∆ . (28)

We are interested in the �rst factor

Tr ln c = ln c · Tr∆1 = ln c ·Vol ·
∑
n

f∗n(σ)fn(σ) , (29)

where we represented the trace of the unit operator
in terms of a complete set of eigenfunctions of
the corresponding di�erential operator. Comparing
with (19) we notice that

(Tr∆1)reg = K(s)
∣∣∣
s→0

= Vol · b4 , (30)

where we recalled that b0 = b2 = 0 after we sum over
the bosonic and fermionic degrees of freedom. Thus,
the full 1-loop contribution is

Γ1 =
1

2
ln
(a2

ε

1

c

)
+ Γfin . (31)

Recalling that a = Lκ, c =
√

1+κ2

κ we obtain

Γ1 =
1

2
ln
L2

ε
+

1

2
ln

κ3

√
1 + κ2

+ Γfin . (32)

Note that the result is not UV �nite and, hence, is
not well-de�ned. This is not surprising since the Born�
Infeld action is only the e�ective action for massless

open string modes. However, we observe that the
second term in (32) is cut-o� independent. Thus, we
propose that it is robust and survives the proper
embedding in string theory. That is up to a possible κ-
independent constant the 1/N correction to the Wilson
loop reads

ln〈W 〉1−loop = −1

2
ln

κ3

√
1 + κ2

. (33)

Let us compare it with the matrix model results.
First, lets us compare with the matrix integral for the
representation 2k. The matrix model result in this case
is [22]

ln〈W2k〉 = −1

2
ln[κ3

√
1 + κ2] (34)

which is not the same as (33). Hence, we showed
explicitly that D3-branes do not describe Wilson loops
in the tensor product of k fundamental representation
as was originally proposed by Drukker and Fiol in [8].
Note, however, that (33) and (34) agree in the limit
of small κ. This fact can be explained as follows. The
dimensions of the representations 2k and Symk,

d2k = Nk , dSymk =
(N + k − 1)!

k!(N − 1)!
, (35)

in the limit of large N and small k/N satisfy

ln d2k = ln dSymk = k lnN . (36)

Due to this equality it is natural to expect that

ln〈W2k〉 = ln〈WSymk〉 (37)

in this limit.
Finally, let us compare (33) with the matrix integral

for the representation Symk. The matrix model
calculation of the subleading correction in the limit
of large N,λ and �xed κ for this representation was
recently performed in [23] and gave exactly the same
result as (33). This can be viewed as a con�rmation
that D3-branes indeed describe Wilson loops in the
symmetric representation and as a highly non-trivial
check of the AdS/CFT correspondence.
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Å. È. Áóõáèíäåð

1/N ÏÎÏÐÀÂÊÀ Ê D3-ÁÐÀÍÍÎÌÓ ÎÏÈÑÀÍÈÞ ÊÐÓÃÎÂÛÕ ÏÅÒÅËÜ ÂÈËÜÑÎÍÀ

Ìû ðàññìàòðèâàåì îäíîïåòëåâóþ ïîïðàâêó ê äåéñòâèþ ïðîáíîé D3-áðàíû â AdS5 × S5, ðàçëîæåííîìó îêîëî êëàñ-
ñè÷åñêîãî ðåøåíèÿ Äðóêêåðà-Ôèîëà, çàêàí÷èâàþùåãîñÿ íà îêðóæíîñòè íà ãðàíèöå. Îíà äàåòñÿ ëîãàðèôìîì îäíî-
ïåòëåâîé ñòàòèñòè÷åñêîé ñóììû Àáåëåâà N = 4 âåêòîðíîãî ìóëüòèïëåòà â ãåîìåòðèè AdS2 × S2. Ýòà îäíîïåòëåâàÿ
ïîïðàâêà îïèñûâàåò 1/N ñëàãàåìîå â âàêóóìíîì ñðåäíåì ïåòëè Âèëüñîíà, èìåþùåé ôîðìó îêðóæíîñòè, â ñèì-
ìåòðè÷íîì ïðåäñòàâëåíèè â N = 4, SU(N) òåîðèè ßíãà-Ìèëëñà â ïðåäåëå ñèëüíîé ñâÿçè. Ìû òàêæå îáñóæäàåì
ñðàâíåíèå ñ ìàòðè÷íîé ìîäåëüþ.

Êëþ÷åâûå ñëîâà: AdS/CFT ñîîòâåòñòâèå, ïåòëè Âèëüñîíà, Ä-áðàíû, ìàòðè÷íûå ìîäåëè, ÿäðo òåïëîïðîâîäíî-
ñòè.
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Óíèâåðñèòåò Çàïàäíîé Àâñòðàëèè.
35 Stirling Highway, Crawley WA 6009, Àâñòðàëèÿ.
E-mail: evgeny.buchbinder@uwa.edu.au

� 32 �



I. L. Buchbinder, N. G. Pletnev. E�ective action in six-dimensional hypermultplet theory ...

UDC 530.1; 539.1

EFFECTIVE ACTION IN SIX-DIMENSIONAL HYPERMULTPLET THEORY COUPLED TO THE
BACKGROUND VECTOR/TENSOR SYSTEM

I. L. Buchbinder a, N. G. Pletnev b

aDepartment of Theoretical Physics, Tomsk State Pedagogical University,
Tomsk, 634061 Russia.

bDepartment of Theoretical Physics, Sobolev Institute of Mathematics
and National Research Novosibirsk State University,
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We consider the six-dimensional (1,0) hypermultiplet theory coupled to background vector/tensor system in harmonic
superspace. An approach to calculating the super�eld e�ective action is developed. It is shown that the classical actions for
vector/tensor system are generated as the divergent parts of the e�ective action.

Keywords: extended supersymmetry, harmonic superspace, vector/tensor hierarchy, e�ective action.

1 Introduction

Construction of the non-Abelian (1, 0) and (2, 0)
superconformal theories in 6D has attracted much
attention for a long time (see e.g. [1, 2]). Such models
can be considered as the candidates for dual gauge
theories of the interacting multiple M5-branes [3] and
can be related to near-horizon AdS7 geometries. A
crucial ingredient of this construction is the problem of
description of the non-Abelian tensor multiplet gauge
�elds [4]. A solution to this problem has been found
[5] in the framework of a (1, 0) tensor hierarchy [6]
which, besides the Yang-Mills gauge �eld and the
two-form gauge potentials of the tensor multiplet,
contains the non-propagating three- and four-forms
gauge potentials. Construction of the (2,0) models can
be realized on the base of coupling the (1,0) non-
Abelian tensor/vector models to the superconformal
hypermultiplets [7]. The hypermultiplets are described
by gauge non-linear sigma models [8] with a hyper-
K�ahler cone target space and minimal coupling to the
superconformal tensor/vector models of [5]. On this
road there are many open questions as to the dynamic
description on the classical level, well as issues of
related to the quantization of these models and the fate
of the conformal and gauge symmetries at the quantum
level. The most elegant technique for the study of these
issues is the technique of harmonic superspace [9] which
was extended to six dimensions in [10�12].

Super�eld formulation of the tensor hierarchy has
been studied in the paper [13] where a set of constraints
on the super-(p+1)-form �eld strengths of non-Abelian
super-p-form potentials in (1,0) D6 superspace has
been proposed. These constraints restrict the �eld
content of the super-p-forms to the �elds of the non-
Abelian tensor hierarchy. The super�eld formulation of

the tensor hierarchy sheds light on a supersymmetric
structure of the theory and can serve as a base for
the various generalizations. They can be useful for
searching the super�eld action and for studying the
(2,0) superconformal theory by superspace methods.
However, the super�eld Lagrangian formulation of the
theory under consideration has not been constructed
so far.

It is known that the massless conformal (n, 0)
super�elds in six dimensions are divided into two
classes: (i) the super�elds whose �rst component
carries any spin but it is an USp(2n) singlet;
(ii) the 'ultrashort' analytic super�elds in harmonic
superspace, their �rst component is a Lorentz scalar
but it carries USp(2n) indices [11]. All these super�elds
satisfy some superspace constrains. In this paper
we explore the simplest super�elds from above both
classes, corresponding to the following three types
of (1,0) 6D multiplets: the hypermultiplet [12], the
vector multiplet [10] and the tensor multiplet [14]. The
corresponding construction in the harmonic superspace
a well-known.

1.1 Non-Abelian vector/tensor system

We begin with brief review of the general non-
Abelian couplings of vectors and antisymmetric p-
form �elds in six dimensions following [5]. The (1,0)
superconformal 6D �eld theory of vector/tensor system
describes a hierarchy of non-Abelian scalar, vector and
tensor �elds {φI , Ara, Y ij r, BIab, Cabc r, Cabcd A} and
their supersymmetric partners that label by indices
r = 1, . . . , nV and I = 1, . . . , nT . The full non-Abelian
�eld strengths of vector and two-form gauge potentials
are given as

Frab = ∂[aA
r
b] − f

r
st A

s
aA

t
b + hrIB

I
ab, (1)
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HIabc =
1

2
D[aBbc] + dIrsA

r
[a∂bA

s
c] −

1

3
f s
pq d

I
rsA

r
[aA

p
bA

q
c]

+gIrCabc r. (2)

Here f r
[st] are the structure constants, dI(rs) are the

d-symbols, de�ning the Chern�Simons couplings, and
hrI , g

Ir are the covariantly constant tensors, de�ning
the general St�uckelberg-type couplings among forms
of di�erent degrees. Also the existence of the non-
degenerate Lorenz-type metric ηIJ , so that hrI =
ηIJg

Jr ≡ grI , bIrs = 2ηIJd
J
rs ≡ dIrs is assumed.

The �eld strengths (1), (2) are de�ned such that they
transform covariantly under the set of non-Abelian
gauge transformations

δAm = DmΛr − hrIΛIm, (3)

δBImn = D[mΛIn]−2dIrs(Λ
rFsmn−

1

2
Ar[mδA

s
n])−g

IrΛmn r.

1.2 Harmonic superspace description of non-Abelian
vector/tensor system

A complete set of the constraints on super�eld
strengths of the p-form potentials have been proposed
in [13] in conventional 6D, (1,0) superspace. The tensor
hierarchy formulated here in terms of a generalized
Bianchi identities. Our aim is to reformulate these
constraints in harmonic superspace and study their
consistency conditions. First of all, the SYM �eld
strength constraints F ij r

αβ = 0 are not deformed by
tensor multiplet and therefore has a solution as for
the formulation of the vector multiplet in the harmonic
superspace [10,12]:

{Diα,D
j
β} = −2iεijDαβ ,

[Diγ ,Dαβ ] = −2iεαβγδWiδ. (4)

In the dimension 2 component of the generalized
Bianchi identities we have

(γa)(αδD
(j
β)W

i)δ r−2εij(γb)αβFrab =
1

2
εijγaαβΦIgrI . (5)

These equation is equivalent to the following set of
relations in the harmonic superspace formulation

D−αW+β r = δβα(Y+− r +
1

2
ΦIgrI ) +

1

2
Fβ r
α , (6)

1

4
(D−αW+α r −D+

αW−α r) = ΦIgrI ,

D+
αW+β r = δβαY++ r .

In the dimension 5/2 component of the generalized
Bianchi identities

DiαFrab + i(γ[a)αδDb]Wiδ r = i(γab)
β
αΨiI

β g
r
I (7)

determines the transformation law for the potential of
2-forms

δBIab = iεiγabΨ
iI .

The self-consistency conditions

{Diα,D
j
β}W

kδ = −2iεijDαβWkδ

leads to

D±αΦI = 2iΨ±Iα , D+
αY++ r = 0, (8)

D−αY++ r = −2i(DαβW+β r − 2Ψ+I
α grI ). (9)

In the dimension 3 component of the generalized
Bianchi identities is

D[aFbc] = HIabcgrI , Habc = (H(+) +H(−))abc. (10)

In the spinor notations it has the form

1

2
D(αδF̃δ rβ) =

1

3
H(−)I
αβ grI ,

1

2
D(αδFβ) r

δ =
1

3
H(+)αβIgrI . (11)

Besides, we obtain the equations for

DiαΨjI
β = −1

2
εijDαβΦI − 1

12
εijγabcαβ H

(−)I
abc (12)

+iεαβγδWiγ rWjδ sdIrs .

The spinor derivative of the 3-rank tensor super�eld
HIabc is

DiαHIabc = iγ
[a
αβW

iβ rFbc] sdIsr +
i

2
D[a(γbc])βαΨIi

β (13)

−iγabcαβWiβ sΦJdJsrg
Ir .

This relation also determines the transformation law of
the 3-form potential

δCabc r = −iεiγabcWi sΦJdJsr.

The corresponding degrees of freedom are not dynamic
since the generalized 4-form �eld strength satis�es the
duality conditions

− 1

4!
εabcdefHabcd r = (Fef sΦI

+ iWi sγefΨI
i )dI rs (14)

As shown in the paper [13], all other relations
among the main super�eld strengths and the equations
of motion can be derived from these relations. These
equations of motion allow the construct a component
action of the theory in the form that coincides with
the action of the superconformal vector/tensor system
constructed in the papers [5,15]. One can show that the
natural proposal for super�eld form of action is written
as follows

S =

∫
dζ(−4)du(ΦD++Y++ +D+

αΦD++W+α). (15)

The super�eldsW+α, Y++, Φ have been de�ned above.
To derive the component action from the super�eld
action (15) we essentially used the all the above
relations from this section.
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2 One-loop e�ective action in the
hypermultiplet theory

We will consider a calculation of super�eld quantum
e�ective action in the hypermultiplet theory coupled
to the external �eld of vector/tensor system. We will
show that the vector/tensor multiplet action, which
is a generalization of the action [14] for the tensor
multiplet, and higher derivative vector multiplet action
[12] are generated as the divergent parts of the e�ective
action. For simplicity we assume that the background
�elds is Abelian.

The classical conformal invariant action for
a massless covariantly analytic super�eld of the
hypermultiplet of canonical dimension 2 coupled to
a background 6D N = (1, 0) vector/tensor system is
written as

S = −
∫
dudζ(−4)q̃+D++q+ , (16)

with D++ = D++ + gV ++ the analyticity-preserving
covariant derivative and V ++ the analytic potential.
We want to emphasize that the super�eld V ++ here
is not one for pure vector multiplet, the super�eld
strengths, involving the super�eld V ++, obey the
Bianchi identities which contain the super�eld Φ
related to tensor multiplet. As a result the action
(16) describes interaction of hypermultiplet with
vector/tensor system.

The hypermultiplet e�ective action Γ is de�ned by

eiΓ[V ++] =

∫
Dq+Dq̃+ ×

exp(−i
∫
dζ(−4)q̃+D++q+) . (17)

The expression (17) yields

Γ[V ++] = iTr lnD++ = −iTr lnG(1,1). (18)

Here G(1,1)(ζ1, u1|ζ2, u2) =< q̃+(ζ1, u1)q+(ζ2, u2) > is
the super�eld Green function. This Green function is
analytic with respect to both arguments and satis�es
the equation

D++
1 G(1,1)(1|2) = δ

(3,1)
A (1|2) . (19)

Here δ
(3,1)
A (1|2) is the appropriate covariantly analytic

delta-function [9]

δ
(q,4−q)
A = (D+

2 )4δ14(z1 − z2)δ(q,−q)(u1, u2). (20)

The formal solution to this equation can be found
analogously to four-dimensional case [16�18] and looks
like

G(1,1)
τ (1|2) = − 1

4
_
2

(D+
1 )4(D+

2 )4 δ
14(z1 − z2)

(u+
1 u

+
2 )3

, (21)

where 1/(u+
1 u

+
2 )3 a special harmonic distribution.

In Eq. (21) the
_
2 is the covariantly analytic

d'Alembertian ([D+
α ,

_
2] = 0) which arises when

(D+)4(D−−)2 acts on the analytical super�eld and has
the form

_
2= −1

8
(D+)4(D−−)2| = (22)

DaDa +W+αD−α + Y ++D−− − 1

4
(D−αW+α)− 1

2
Φ .

Like in four- and �ve-dimensional cases [18] one can
obtain the useful identity

(D+
1 )4(D+

2 )4 1

(u+
1 u

+
2 )3

= (D+
1 )4{(u+

1 u
+
2 )(D−1 )4 (23)

−(u−1 u
+
2 )∆−− − 4

_
2

(u−1 u
+
2 )2

(u+
1 u

+
2 )
} ,

where

∆−− = iDαβD−αD−β + 4W−αD−α − (D−αW−α) . (24)

The de�nition (18) of the one-loop e�ective action
is purely formal. The actual evaluation of the e�ective
action can be done in various ways (see e.g. [17], [18]).
Further we will follow [18] and use the de�nition

Γ(V ) = Γy=0 +

∫ 1

0

dy∂yΓ(yV ) = (25)

−iTr

∫ 1

0

dy(V ++G(1,1)(yV )),

where

Tr(V ++G(1,1)) =

∫
du1dζ

(−4)
1 V ++(1)×

G(1,1)(1|2)|1=2. (26)

Here G(1,1)(yV ) means the Green function depending
on the background super�eld yV ++.

The e�ective action in local approximation is
represented as a series in powers of the background
�elds and their derivatives. Further we consider the
calculation of the e�ective action on the base of
super�eld proper-time technique.

It is obvious that the leading non-vanishing
contribution on the diagonal (z1, u1) = (z2, u2) of the
two-point function

− 1

4

∫
du1dζ

(−4)V ++
1

1
_
21

×

(D+
1 )4(D+

2 )4 δ
14(z1 − z2)

(u+
1 u

+
2 )3

|1=2, (27)

arises when D−−1 from
_
21 hits on (u+

1 u
+
2 )|u1=u2

and in
addition at least eight spinor derivatives acting on the
Grassmann delta-function are required to produce a
non-vanishing result, (D−)4(D+)4δ8(θ1−θ2)|θ1=θ2 = 1.
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To avoid the divergences on the intermediate steps
it is necessary to introduce a regularization. We will
use a variant of dimensional regularization (so called
ω -regularization) accommodative for regularization of
proper-time integral (see e.g. [19]). In the framework
of the proper-time technique, the ω-regularized version
of inverse operator is

−(
1
_
2

)reg =

∫ ∞
0

d(is)(isµ2)ωeis
_
2 , (28)

where ω tends to zero after renormalization and µ is
an arbitrary parameter of mass dimension. Taking into
account the (28) and the relations (21), (25) ones get
for e�ective action

1

4

∫
du1dζ

(−4)
1 V ++(1)

∫ ∞
0

d(is)(isµ2)ωeis
_
21 (29)

×(D+
1 )4(D+

2 )4 1

(u+
1 u

+
2 )3

δ14(z1 − z2)|1=2.

Here δ14(z1−z2) = δ6(x1−x2)δ4(θ+
1 −θ

+
2 )δ4(θ−1 −θ

−
2 ).

Now one uses the representation of the delta function

δ14(z1 − z2) =

∫
d6p

(2π)6
eipaρ

a

δ8(ραi ),

where

ρa = (x1−x2)a−2i(θ+
1 −θ

+
2 )γaθ−, ραi = (θ1−θ2)αi,

and i = ±. In the expression (29) we commute the
exponent exp ipaρ

a through all the operator factors
to the left and then use the coincidence limit. It
yields eis

_
21(X) · δ8(θ1 − θ2), where Xa = Da +

ipa, X−α = D−α + 2pαβρ
−β . To get expansion

of e�ective action in background �elds and their

derivatives we should expand eis
_
21(X) and calculate

the momentum integrals. All these integrals have the
standard Gauss form.

Further we will concentrate on calculating the
divergent part of e�ective action. In the regularization
scheme under consideration the divergences mean the

pole terms of the form 1
ω . Expanding the e

is
_
21(X) in the

(29) and leaving only the terms relating to divergences
we obtain �nally the divergent part of the e�ective
action in the form

Γdiv =
1

4(4π)3ω

∫
dudζ(−4)V ++(D+

αΦW+α + ΦY ++)

− 1

2(8π)3ω
SISZ . (30)

Here we used the conditions (9).

The divergent part of the e�ective action contains
two contributions. The �rst of them is the part of
the Abelian action (15) of the vector/tensor system
proposed beyond. If we consider a sum of action (15)
and �rst term in (30), we will see that this term from
(30) determines a renormalization of coupling constant
in the D++ = D++ + gV ++. Second contribution is
the Ivanov-Smilga-Zupnik higher-derivative action of
the vector multiplet [12]

SISZ =
1

2

∫
dudζ(−4)Y ++Y ++ (31)

one should emphasize once more that we have
considered only the divergent parts of the e�ective
action. Of course, the e�ective action contains the �nite
part, the calculation of which is extremely interesting
but is a more di�cult and delicate problem. As a
result we see that the classical actions (15) and (31) of
the Abelian theory are generated in quantum theory
as the one-loop counterterms. It is worth to pointing
out that the super�eld calculation of divergent part of
e�ective action is simple enough in comparison with
component calculation and demonstrates a power of
super�eld methods.

3 Conclusion

We have studied a problem of quantum e�ective
action in Abelian 6D, (1,0) hypermultiplet theory
coupled to background vector/tensor system. The
theory under consideration is formulated in super�eld
form in the framework of harmonic super�eld
approach. Such an e�ective action is generated by
hypermultiplet loop and depends on vector and
tensor multiplet super�elds. The super�eld proper-
time technique for evaluating the e�ective action is
developed. We have calculated the divergent part
of the e�ective action and showed that it de�nes
a renormalization of coupling constant. Also, it was
shown that the actions of vector and tensor multiplets
are generated as the divergent parts of e�ective action.
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È. Ë. Áóõáèíäåð, Í. Ã. Ïëåòíåâ

ÝÔÔÅÊÒÈÂÍÎÅ ÄÅÉÑÒÂÈÅ Â ÒÅÎÐÈÈ ØÅÑÒÈÌÅÐÍÎÃÎ ÃÈÏÅÐÌÓËÜÒÈÏËÅÒÀ,
ÑÂßÇÀÍÍÎÃÎ Ñ ÔÎÍÎÂÎÉ ÂÅÊÒÎÐ/ÒÅÍÇÎÐÍÎÉ ÑÈÑÒÅÌÎÉ

Ðàññìàòðèâàåòñÿ òåîðèÿ ãèïåðìóëüòèïëåòà, ñâÿçàííîãî ñ ôîíîâîé âåêòîð/òåíçîðíîé ñèñòåìîé â øåñòèìåðíîì (1,0)
ãàðìîíè÷åñêîì ñóïåðïðîñòðàíñòâå. Ðàçâèò ïîäõîä ê âû÷èñëåíèþ ñóïåðïîëåâîãî ýôôåêòèâíîãî äåéñòâèÿ. Ïîêàçàíî,
÷òî êëàññè÷åñêèå ñóïåðïîëåâûå äåéñòâèÿ âåêòîð/òåíçîðíîé ñèñòåìû ãåíåðèðóþòñÿ êàê ðàñõîäÿùèåñÿ ÷àñòè ýôôåê-
òèâíîãî äåéñòâèÿ.

Êëþ÷åâûå ñëîâà: ðàñøèðåííàÿ ñóïåðñèììåòðèÿ, ãàðìîíè÷åñêîå ñóïåðïðîñòðàíñòâî, ýôôåêòèâíîå äåéñòâèå.
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COSMOGRAPHIC TRANSITION REDSHIFT IN F (R) GRAVITY
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We propose a strategy to infer the transition redshift zda, which characterizes the passage through the universe decelerated
to accelerated phases, in the framework f(R) gravities. To this end, we numerically reconstruct f(z), i. e. the corresponding
f(R) function re-expressed in terms of the redshift z and we show how to match f(z) with cosmography. In particular, we
relate f(z) and its derivatives to the cosmographic coe�cients, i. e. H0, q0 and j0 and demonstrate that its corresponding
evolution may be framed by means of an e�ective logarithmic dark energy term ΩX , slightly departing from the case of
a pure cosmological constant. Afterwards, we show that our model predicts viable transition redshift constraints, which
agree with ΛCDM. To do so, we compute the corresponding zda in terms of cosmographic outcomes and �nd that zda ≤ 1.
Finally, we reproduce an e�ective f(z) and show that this class of models is fairly well compatible with present-time data.
To do so, we get numerical constraints employing Monte Carlo �ts with the Union 2.1 supernova survey and with the
Hubble measurement data set.

Keywords: cosmography, f(R) gravity, transition redshift, dark energy.

1 Introduction

The ΛCDM model predicts the existence of
a cosmological constant Λ, entering the Einstein
equations and responsible for the dynamical properties
of the universe today. Indeed, the model arguably
represents the simplest cosmological paradigm to allow
the universe to speed up at late times. Despite its
experimental successes, the ΛCDM model is unable
to explain why the magnitudes of both matter and Λ
energy densities are so comparable today. Nevertheless,
cosmological constraints indicate a severe di�erence
between the observed Λ and the corresponding
quantum �eld theory's value. It follows that the
standard ΛCDM model could represent only a limiting
case of more general paradigm, based on the existence
of some sort of (dynamical) cosmic �uid, driving
the universe today, dubbed dark energy [1]. Dark
energy seems to dominate over all cosmological species
enabling the universe to accelerate. Dark energy acts
as a dynamical source for speeding up the universe,
whereas dark matter is responsible for structure
formation. Recently, the need of understanding at
which time the decelerating-accelerating transition
phase occurs has leads cosmologists to directly measure
the corresponding transition redshift zda [2, 3]. There
exists a wide consensus, based on robust observational
supports, indicating zda around the unity [2, 4]. Even
though the ΛCDM value of zda reproduces the same
result of recent observations, we cannot conclude that
dark energy is a constant at all stages of universe's
evolution. However, several classes of models depart

from the case of zda ∼ 1, indicating that zda represents
a new cosmic number which any cosmological model
should reproduce to be in accordance with cosmic
bounds. Among concurring models to ΛCDM, modi�ed
gravity is considered a realistic alternative to dark
energy. In particular, the challenge of �nding out
the most viable function f(R), which permits to
describe the gravity as a whole, passes through the
reconstruction of the correct cosmological model. In
other words, determining viable numerical outcomes of
zda means to reproduce the f(R) models which satisfy
the late-time bounds in a model independent way [5].
To support this idea, one can consider cosmography,
which represents a technique for matching cosmic
data with observable quantities without imposing a
particular cosmological model. In general, a Taylor
expansions evaluated at present-time is adopted in
cosmography. Constraining a class of coe�cients gives
rise to the cosmographic series [6]. Hence, the use of
cosmography may suggest possible departures from the
standard ΛCDM model and also allows to understand
how and whether dark energy evolves in time [7].
In this paper, we show how to get the Hubble rate
by assuming the cosmographic constraints on f(R)
models. Further, we bound numerical intervals for
the transition redshift zda and demonstrate that only
particular classes of f(R) models allow to get zda in the
correct observable ranges. Afterwards, we propose an
e�ective evolving dark energy term which extends the
ΛCDM model and provides a logarithmic correction
to the dark energy density. This model predicts that
the corresponding acceleration parameter changes sign
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around z ≤ 1. Finally, we describe the corresponding
f(z) ≡ f(R(z)) function in terms of the cosmographic
coe�cients and propose a possible expression for it.
The paper is structured as follows: in Sec. II we
describe the cosmographic approach in the context of
f(R) gravity and compute the corresponding transition
redshift. We also show a comparison with current
data and demonstrate that the dark energy corrections
are compatible with observations. We also report
numerical outcomes. Finally, Sec. III is devoted to
conclusions and perspectives.

Best �ts performed by considering Monte
Carlo techniques based on the Metropolis
algorithm evaluated with 1σ error bars for each
parameter. We perform a �t by using supernovae
without imposing any priors, i.e. adopting a free
experimental test. We also use H(z) data without
imposing any assumptions. The experimental tests
have been carried out by using the luminosity
distance and the de�nition of H respectively.
The transition redshifts here reported have been
found using the de�nition of zda for the model,
whereas error bars through standard logarithmic
propagation. All is adimensional except H0 which
is reported in units of km s−1 Mpc−1.

�t supernovae H(z)

p value 0.692 0.960

H0 68.070+3.330
−2.200

68.490+3.390
−2.500

q0 −0.542+0.072
−0.083

−2.941+0.092
−0.043

j0 0.577+0.448
−0.353

−0.955+0.228
−0.175

Ωm 0.214+0.039
−0.041

0.272+0.034
−0.033

α 2.301+0.165
−0.169

1.966+0.231
−0.199

β 0.760+0.643
−0.471

0.285+0.773
−0.537

zda 0.860+0.289
−0.272

0.632+0.161
−0.140

2 Cosmographic reconstruction of transition
redshift in f(R) models

Corrections to the Hubble rate, inferred from f(R)
gravity, can be achieved by means of cosmography. The
technique allows to determine the corresponding f(R)-
transition redshift zda showing its compatibility with
present-time constraints. In particular, cosmography
represents a technique to �x limits on f(R) and its
derivatives by passing through the use of an auxiliary
function f(z). This means to de�ne f(z) ≡ f(R(z)) and

its �rst derivative through df(R(z))
dR ≡ df(z)

dz

(
dR
dz

)−1
. To

this end, one needs the scale factor expansion into a

Taylor series around the present epoch t0:

a(t) =

∞∑
m=1

dma

dtm

∣∣∣
t−t0=0

(t− t0)m

m!
. (1)

Keeping in mind Eq. (1), we are able to evaluate
f(z) and derivatives at z = 0 which corresponds
to t = t0. To relate f(z) and derivatives to the
cosmographic expansion of a(t), it is necessary to
assume the constraint on R [8]

R

6H
= (1 + z) Hz − 2H , (2)

with Hz ≡ dH
dz . Simple algebra leads to R0 =

6H0 (Hz0 − 2H0) and Rz0 = 6H2
z0−H0(3Hz0−H2z0).

From Eq. (1), we de�ne the cosmographic coe�cients
as

H(t) =
1

a

da

dt
, (3)

q(t) = − 1

aH2

d2a

dt2
= −

(
1 +

Ḣ

H2

)
, (4)

j(t) =
1

aH3

d3a

dt3
= −(3q + 2) +

1

H3

d2H

dt2
, (5)

respectively the Hubble rate H, the acceleration
parameter q, the variation of acceleration, i.e. the
jerk parameter j. Constraining the above quantities
by means of cosmological data permits one to �x
the initial settings on the curvature dark energy
term and so on the form of f(R). Moreover, once
scalar curvature is somehow �xed by geometrical
observations, cosmography becomes a pure model-
independent treatment to �x cosmic bounds and
to understand which corrections due to f(R)
models are really viable to describe current universe
expansion. Furthermore, it is easy to show that the
measurements of the cosmographic parameters provide
the disadvantage that all coe�cients H, q and j cannot
be measured alone. Assuming, in fact, the luminosity
distance as function of the cosmographic series, i.e.
DL = DL(H0, q0, j0), and comparing cosmic data
with it, we notice that it is impossible to decouple
the terms H−1

0 (1 − q0) and H−1
0 (3q2

0 + q0 − j0 − 1),
respectively the second and third orders of the Taylor
expansion of DL [9]. Thus, to better limit H0, q0

and j0 independently, alleviating the corresponding
degeneracy problem between coe�cients, and also
reducing the error bars, one can measure H0 alone,
by considering the �rst order of DL Taylor expansion

DL ∼ H−1
0 z , (6)

in the observational range z ≤ 0.3. Here, we adopt the
Union 2.1 supernova compilation [10] and we compare
our results with those predicted by the Planck mission
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[11]. Once H0 is �xed, it is possible to determine the
corresponding q0 and j0 and it is also possible to obtain

Hz0

H0
= 1 + q0 , (7)

H2z0

H0
= j0 − q2

0 . (8)

Finally, we have

q0 =
f0

2H2
0

+ 2 , (9)

j0 =
fz0
6H2

0

+ q0 + 2 . (10)

These expressions are needful for setting priors on
f(z) in terms of cosmography and to understand
which deceleration-acceleration transition redshift zda
is predicted in the context of f(R) gravity. With these
considerations in mind, we can integrate the modi�ed
Friedmann equations, directly by using cosmographic
measurements as a sort of setting conditions. In so
doing, we infer a parameterized cosmological model,
which di�ers from the ΛCDM model and shows an
e�ective logarithmic dark energy term ΩX of the form
[5]:

ΩX = log(α+ βz) . (11)

The whole Hubble rate becomes H(z) =
H0

√
Ωm(1 + z)3 + ΩX , with α and β constants to be

�xed by present-time bounds. In fact, to get H = H0,
terms α and β are

α = exp(1− Ωm) , (12)

β ∈ [0.01, 0.1] , (13)

which are consistent with cosmographic bounds. The
corresponding cosmographic f(z) function becomes

f(z) ≈ f̃0 + f̃1 a
−σ1 + f̃2 a

−σ2 + a , (14)

with f̃0 ∼ −10, f̃1 ∼ 7, f̃2 ∼ −3.7, σ1 = 1 and
σ2 = 2 and a ≡ (1+z)−1. This f(z) predicts the above
modi�ed Hubble rate and provides a deceleration-
acceleration transition redshift of the form [5]

qf(R) = −1 +

+
(1 + z)

2

[
3Ωm(1 + z)2 + β(α+ βz)−1

]
[Ωm(1 + z)3 + ln(α+ βz)]

.(15)

By means of Eqs. (12) and (15), the cosmographic
reconstruction favors values of the Hubble constant
in agreement with other previous estimations [12�
14] and with the Planck results on H0 [11]. The
bounds on f0 and fz0 suggest that q changes sign at
zda ≤ 1, in agreement with previous measurements [2],
showing meanwhile that our model provides zda to be
compatible with the ΛCDM predictions. In addition,

our cosmological model, providing an evolving dark
energy, as presented in Eq. (11) estimates viable
Ωm and β, with zda ∈ [0.57, 0.97], providing slight
departures from the standard ΛCDM model. Further,
our model seems to pass experimental tests, performed
using Monte Carlo analyses and the union 2.1 and
Hubble rate measurement data sets [2, 10, 15]. All our
numerical outcomes have been listed in Table. Future
improvements will better distinguish any signi�cant
deviations from the ΛCDM case at higher redshift
domains. With our results, in fact, it seems that
dark energy slightly evolves also at small redshift,
although a de�nitive conclusion remains object of
future developments.

3 Concluding remarks

The passage between the deceleration to
acceleration phases happens as the acceleration
parameter q vanishes, corresponding to a precise
transition redshift zda. To understand how well f(R)
gravities are able to reproduce suitable bounds on
zda, we proposed to reconstruct the class of f(R)
functions by means of cosmography. Cosmography
represents a strategy to �x constraints on the principal
observable quantities by means of Taylor expansions
around present-time. Cosmic data may be directly
matched with the cosmographic coe�cients and so
the cosmographic series permits to understand which
models are really favored than others. In the case
of f(R) gravity, we de�ned the auxiliary function
f(z) as f(z) ≡ f(R(z)) and its �rst derivative as
df(R)
dR = df(z)

dz

(
dR
dz

)−1
. Thus, we showed how to relate

them to the cosmographic parameters, i.e. H0, q0

and j0. In particular, reconstructing the modi�ed
dark energy term in terms of f(R), by using as
initial settings the numerical values inferred from
cosmography, we found that dark energy seems to
evolve as a curvature �uid proportional to a logarithm,
at small redshift. This fact departures from the
cosmological standard model, in which dark energy is a
constant at all stages of universe's evolution. However,
albeit our model showed an evolving dark energy term,
its transition redshift zda is compatible with present-
time observations. We also found the corresponding
f(z) ≈ f̃0 + f̃1 a

−σ1 + f̃2 a
−σ2 + a. To �nd out f(z),

the degeneracy between cosmographic coe�cients are
alleviated, �xing H0, by �tting the �rst order Taylor
expansion of the luminosity distance in the range
z ≤ 0.3. All numerical results are in agreement with
present-time observations and it seems possible that
dark energy may be framed in terms of a curvature dark
energy �uid. To show that paradigm is capable of well
reproducing cosmic bounds, we employed experimental
tests, making use of the most recent Union 2.1
supernova survey and of the Hubble measurement data
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set. Future developments will assum di�erent redshift
domains to better �x the cosmographic coe�cients.
Thus, the corresponding e�ective dark energy term
would change correspondingly, providing a di�erent
transition redshift. This technique will be useful to
understand whether f(R) functions are compatible

with cosmological data at di�erent epochs. Moreover,
another signi�cative aspect will be to directly relate
the cosmographic coe�cients to the transition redshift
itself, opening the possibility to use zda as a direct
cosmographic coe�cient.
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ÊÎÑÌÎÃÐÀÔÈ×ÅÑÊÎÅ ÊÐÀÑÍÎÅ ÑÌÅÙÅÍÈÅ ÍÀ ÏÓÒÈ ËÓ×À ÑÂÅÒÀ Â f(R)
ÃÐÀÂÈÒÀÖÈÈ

We propose a strategy to infer the transition redshift zda, which characterizes the passage through the universe decelerated
to accelerated phases, in the framework f(R) gravities. To this end, we numerically reconstruct f(z), i. e. the corresponding
f(R) function re-expressed in terms of the redshift z and we show how to match f(z) with cosmography. In particular, we
relate f(z) and its derivatives to the cosmographic coe�cients, i. e. H0, q0 and j0 and demonstrate that its corresponding
evolution may be framed by means of an e�ective logarithmic dark energy term ΩX , slightly departing from the case of
a pure cosmological constant. Afterwards, we show that our model predicts viable transition redshift constraints, which
agree with ΛCDM. To do so, we compute the corresponding zda in terms of cosmographic outcomes and �nd that zda ≤ 1.
Finally, we reproduce an e�ective f(z) and show that this class of models is fairly well compatible with present-time data.
To do so, we get numerical constraints employing Monte Carlo �ts with the Union 2.1 supernova survey and with the
Hubble measurement data set.
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SCATTERING OF A QUANTUM PARTICLE ON THE POTENTIAL STEP: CHARACTERISTIC TIMES
FOR THE TRANSMISSION AND REFLECTION

N. L. Chuprikov

Department of Theoretical Physics, Tomsk State Pedagogical University, Kievskaya str., 60, 634061 Tomsk, Russia.

E-mail: chnl@tspu.edu.ru

We present a new model of scattering a quantum particle on the potential step, which reconstructs the prehistory of the
subensembles of transmitted and re�ected particles by their �nal states. Unlike the conventional one this model predicts the
existence of a transitional spatial region behind the potential step where the probability to �nd re�ected particles is nonzero
and the average velocity of transmitted particles monotonously varies between asymptotic values. For both subprocesses
we de�ne the dwell and asymptotic group times.

Keywords: potential step, dwell time, group velocity

1 Introduction

As far as we know, to date there are at least
two approaches [1, 2] in the tunneling time literature
(TTL) that deal directly with the temporal aspects of
scattering a non-relativistic quantum particle by the
potential step (see also the recent paper [3] where the
approach [2] is generalized onto relativistic particles).
Both approaches are treated in the TTL as realistic
ones since they de�ne the transmission and re�ection
times with making use of clock models which imply a
direct measurement of these scattering times.

Our purpose is to show that these models violate
the causality principle and their results can hardly
be called realistic. We begin with the most striking
result whose essence is the following (see [2]). When the
particle's energy is less by an in�nitesimal magnitude
than the height of the potential step (situated for
example at the point x = a) the average time of staying
a particle in the spatial region x > a located behind
the step diverges; that is, in this case the particle takes
(on average) an in�nite time to bounce back into the
region (−∞, a]. However, when its energy is higher by
an in�nitesimal magnitude than the step height, the
particle bounces o� the step instantaneously.

Davies emphasizes the paradoxicality of this result.
But he believes that it creates no interpretational
problems since this discontinuity occurs just at that
point on the energy scale where the clock model [2] is
unreliable because of its limited resolution.

But such an explanation is not convincing since the
re�ection time de�ned in this model exhibits strange
physical properties not only at this point. This occurs
at all energies exceeding the step height: according to
this model, the re�ection time is nonzero when the
particle's energy is less than the step height; whilst
otherwise it equals strictly to zero. That is, this model

says, in fact, that the probability to �nd re�ected
particles in the spatial region behind the step is nonzero
when this region is classically forbidden, but zero when
this region is classically accessible.

Note that this consequence of [2] is in a full
agreement with the conventional quantum-mechanical
model (CQM) of scattering a particle on the potential
step. Under this model, when the particle energy is less
by an in�nitesimal magnitude than the step height,
the probability to �nd re�ected particles, at a �nite
distance behind the step, is nonzero. However, if its
energy exceeds the step height by an in�nitesimal
magnitude, then this probability equals strictly to zero
everywhere in this region (where only the transmitted
wave exists).

That is, according to the CQM, in the �rst case,
re�ected particles are able to penetrate (due to their
wave properties) into the classically forbidden spatial
region. While in the second case (when this region
becomes classically accessible, and the di�erence in
energy, in the comparison with the �rst case, is
in�nitesimal) they cannot. Such energy dependence
of the probability density, in the CQM, is evident to
contradict the very spirit of quantum mechanics. So
that the strange behavior of the re�ection time in
the clock model [2], based fully on the CQM, is a
consequence of the latter.

Another argument against the CQM is that it,
in principle, does not allow one to introduce the
transmission and re�ection times in accordance with
the causality principle. To show this, let us analyze
in detail the presented in [2] idea of introducing the
transmission time: �To achieve this, the particle is
coupled (weakly) to a quantum clock. The coupling
is chosen to be non-zero only when the particle's
position lies within a given spatial interval. . . Initially
the clock pointer is set to zero. After a long time,
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when the particle has traversed the spatial region of
interest with high probability, the position of the clock
pointer is measured. The change in position yields the
expectation value for the time of �ight of the particle
between the two �xed points.�

Note that this clock model has been designed for
timekeeping a scattering particle, but its key features
have been illustrated in [2] by the example of a free
particle. That is, per se, the dynamics of free and
scattering particles are treated in [2] as qualitatively
identical. But this is not; this model, being true in the
case of a free particle, violates the causality principle
in the case of a particle scattering by the potential step
or rectangular barrier.

To see the principal di�erence between the
timekeeping of the quantum dynamics of free and
scattering particles, one has to take into account the
following two points. First, the mentioned coupling
between a quantum clock and a particle in the
stationary state is realized in [2] as a coupling between
the clock and the phase of the wave function that
describes the particle's state. Second, when �the spatial
region of interest� is empty the incident wave, that
traverses it, never splits into parts. Whilst, when
this region contains the potential step or rectangular
barrier, the incident wave splits here into two waves �
transmitted and re�ected.

The latter means that at the initial stage of
scattering the clock pointer is coupled in this model
to the phase of the incident wave (that describes the
whole ensemble of particles, without distinguishing
its to-be-transmitted and to-be-re�ected parts), while
at the �nal stage it is coupled to the phase of the
transmitted wave (that describes only the transmitted
part of the incident ensemble). That is, in this model,
the procedure of setting to zero of the clock pointer
is based, in fact, on the implicit assumption that
the average departure times of the whole ensemble
of particles and its to-be-transmitted part (causally
connected to the transmitted subensemble), coincide
with each other. But this is not (see [4]). So that
the clock model [2] violates the causality principle. To
correctly perform this procedure for clocks used for
measuring the transmission (re�ection) time, one needs
�rst to restore the whole prehistory of the subensemble
of transmitted (re�ected) particles by the transmitted
(re�ected) wave.

One more crucial point, that should be taken
into account in studying the temporal aspects of
both subprocesses, is that the transmission and
re�ection times, even being properly de�ned, cannot
be directly measured because of interference between
these subprocesses. Neither the measurement of
these characteristic times nor the unambiguous
interpretation of measurement data can be properly
realized without a quantum-mechanical model of

the scattering process, that would able to 'see' the
dynamics of each subprocess at all stages of scattering.
In particular, the key point of all such measurements �
zero setting of the clock pointer � cannot be correctly
performed if the dynamics of each subprocess at the
initial stage of scattering is unknown.

In the papers [5�8] we suggest, by the example of
scattering a particle by symmetric potential barriers,
the technique of restoring the individual prehistory of
the subensembles of transmitted and re�ected particles
by their �nal states. The main idea of this approach
is to present the total wave function that describes
this process as a superposition of two �subprocess wave
functions� (SWFs) that describe the dynamics of each
subprocess at all stages of scattering. According to
this approach, any characteristic time and expectation
value of any one-particle physical observable can be
calculated only for subprocesses.

This idea contradicts the conventional practice
of a quantum-mechanical description of scattering a
particle by 1D potential barriers. And its proponents
claim that any decomposition into SWFs of the total
wave function � the solution of the scattering problem,
continuous everywhere together with its �rst spatial
derivative � is inadmissible. Only this wave function
they say should be used for calculating any physical
quantities; no part of the total wave function can be
used for that.

However, as was shown above, characteristic times
for the potential step cannot be correctly calculated
on the basis of the total wave function. Moreover,
even the transmission and re�ection coe�cients cannot
be calculated on its basis: the incident wave that
is used for this purpose is just a part of the total
wave function. Besides, for the �nal stage of a time-
dependent scattering, it is clearly pointless to calculate
the expectation values of the particle's position and
momentum on the basis of the total wave function,
because it represents at this stage the superposition of
the transmitted and re�ected wave packets occupying
macroscopically distinct spatial regions.

So that the validity of this practice is an illusion, in
fact, and the idea to apply the decomposition technique
[5] to the potential step is quite motivated.

2 Backgrounds

We begin with the CQM. Let a particle with a given
momentum ~k impinges from the left on the potential
step of height V0, situated at the point x = a (a > 0).
The total wave function Ψtot(x, k) to describe this
scattering process when E > V0, where E = ~2k2/2m,
is

Ψtot(x, k) =

{
eikx +Be−ikx x < a,

Aeiκx x > a,
(1)
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A =
2k

k + κ
ei(k−κ)a, B =

k − κ
k + κ

e2ika; (2)

κ = k
√

1− β(κ0/k)2, κ0 =
√

2m|V0|/~, β = sgn(V0);

the corresponding transmission and re�ection
coe�cients are

T =
4kκ

(k + κ)2
, R =

(
k − κ
k + κ

)2

.

The wave function Ψtot(x, t) to describe a time-
dependent scattering process is

Ψtot(x, t) =
1√
2π

∫ ∞
−∞
A(k)Ψtot(x, k)e−iE(k)t/~dk; (3)

A(k) is the Gaussian function

A(k) = (2l20/π)1/4 exp[−l20(k − k0)2]

for example. In this setting of the problem, at the initial
time t = 0

x̄tot(0) = 0, p̄tot(0) = ~k̄, x2
tot(0) = l20 (4)

hereinafter, for the average value of any physical
observable F and localized state ΨA

B we will use two
equivalent notations:

F̄AB (t) ≡< F >AB (t) =
< ΨA

B |F̂ |ΨA
B >

< ΨA
B |ΨA

B >
,

if F̄AB (t) is constant its argument will be omitted.
We assume that the parameters l0 and k̄ obey the
conditions that are necessary for a one-dimensional
completed scattering (OCS): the rate of scattering the
transmitted and re�ected wave packets exceeds the rate
of widening each packet, so that the transmitted and
re�ected wave packets non-overlap each other at the
�nal stage of scattering, i.e., when t → ∞. We also
assume that the origin of coordinates, which is the
starting point of the �center of mass� (CM) x̄tot(t) of
the wave packet Ψtot(x, t), lies far enough from the
potential step: a� l0.

At the initial stage of the OCS, i.e., long before the
scattering event,

Ψtot(x, t) ' Ψinc(x, t) =

=
1√
2π

∫ ∞
−∞
A(k) ei[kx−iE(k)t/~]dk. (5)

At the �nal stage of the OCS, i.e., long after the
scattering event,

Ψtot(x, t) = Ψtr(x, t) + Ψref (x, t); (6)

Ψtr(x, t) =
1√
2π

∫ ∞
−∞
A(k)A(k) ei[κx−E(k)t/~]dk,

Ψref (x, t) =
1√
2π

∫ ∞
−∞
A(k)B(k) e−i[kx+E(k)t/~]dk.

Our next step is to present the scattering process
described by Ψtot(x, t) as a complex process consisting
of two alternative subprocesses, transmission and
re�ection, described at all stages of scattering by the
SWFs ψtr(x, t) and ψref (x, t), respectively.

3 The total wave function as a superposition
of two SWFs

3.1 Physical requirements imposed on the SWFs

According to [5], the uniqueness of partitioning this
time-dependent scattering process into subprocesses,
for any function A(k), is provided by the uniqueness
of presenting the total stationary state Ψtot(x, k) in
the form of a superposition of the SWFs ψtr(x, k)
and ψref (x, k). The latter, in its turn, is provided
by physically motivated requirements imposed on the
SWFs.

The �rst requirement follows from the fact that
at the �nal stage of scattering the total wave
function Ψtot(x, t) represents the superposition of
two nonoverlapping wave packets, transmitted and
re�ected (see (6)). Thus, to provide the ful�lment of
this property for any function A(k), the stationary
SWFs must be such that, for any values of x and k,

(a) ψtr(x, k) + ψref (x, k) = Ψtot(x, k).

In this case, the time-dependent SWFs

ψtr,ref =
1√
2π

∫ ∞
−∞
A(k)ψtr,ref (x, k)e−iE(k)t/~dk (7)

are evident to obey the equality

Ψtot(x, t) = ψtr(x, t) + ψref (x, t). (8)

Next requirement is dictated by the very nature of
the SWFs:

(b) each SWF must have only one incoming wave
and only one outgoing wave; the outgoing wave of
ψtr(x, k) is Aeiκx and that of ψref (x, k) is Be−ikx

(see (1)).

As is known, for E > V0 there is no solution to
the stationary Schr�odinger equation, which would be
everywhere continuous together with its �rst spatial
derivative and simultaneously possess one incoming
wave and one outgoing wave. Thus, we must so weaken
the continuity conditions of the SWFs that they would
ensure, on the one hand, the existence of a nontrivial
resolution of the decomposition problem and, on the
other hand, a causal relationship between the incoming
and outgoing waves in each SWF.

Namely, we believe that an incoming wave and
outgoing wave of each stationary SWF represent two
di�erent solutions to the Schr�odinger equation (for
the same potential step), that are joined together at
some spatial point xc(k) according to the following
requirement:
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(c) at the point xc(k) where the incoming and
outgoing waves of each stationary SWF are
joined to each other, the SWF must be
continuous together with the corresponding
probability current density.

According to the (b) and (c) requirements, the
SWF ψref (x, k) must be zero in the region x > xc(k)
because its incoming and outgoing waves move to the
left of the point xc(k). Thus, ψref (x, k) is a currentless
wave function and the point xc(k), that plays in this
model the role of an extreme right turning point for
re�ected particles, is evident to coincide with some
zero of this function. The right zero obeys the following
requirement:

(d) for any given value of k the point xc(k) must
coincide with such a zero of the currentless wave
function ψref (x, k), at which the absolute value
of dxc(k)/dk is less than at other zeros of this
function.

The crucial di�erence between the k dependence of the
sought-for zero and others is most noticeable in the
limiting cases k → κ0 + 0 when V0 > 0, and k → 0
when V0 < 0. As will be seen from the following, for
the step potential the point xc(k) always lies behind
the step, i.e., in the region x > a. Thus, according
to our approach, the interval [a, xc(k)] is accessible for
re�ected particles; hereinafter, it will be referred to as
`the transitional region'. Note that, according to the
CQM, re�ected particles can enter the region x > a
only when V0 > 0 and E < V0 (see Introduction and
Section 4.3).

Our next step is to realize the above program of
decomposing the total wave function into SWFs.

3.2 Wave functions for transmission and re�ection

Note that, due to the (b) and (c) requirements, the
search of the SWFs ψtr(x, k) and ψref (x, k) reduces in
fact to �nding the amplitudes of their incoming waves
as well as to �nding the position of the point xc. In
this case the (a), (b) and (c) requirements uniquely
determine these amplitudes. Indeed, according to the
(b) and (c) requirements, both SWFs in the region
x < a can be written in the form

ψtr(x, k) = Atre
ikx, (9)

ψref (x, k) = Arefe
ikx +Be−ikx;

and in the region x > xc(k) they are

ψtr(x, k) = Aeiκx, ψref (x, k) = 0. (10)

As the probability current densities of the incoming
and outgoing waves of each SWF are equal,

|Atr|2 =
κ

k
|A|2 = T, |Aref |2 = |B|2 = R. (11)

Thus, the complex amplitudes Atr and Aref can be

written in the form Atr =
√
Teiµ and Aref =

√
Reiν ,

where µ and ν are unknown phases. Since Atr+Aref =
1, what follows from the (a) requirement, these phases
obey the equation

√
Teiµ +

√
Reiν = 1. Solving this

equation for any given value of k, we obtain two pairs
of roots:

µ1 = λ− π

2
, ν1 = λ; µ2 = −λ+

π

2
, ν2 = −λ;

λ = arctan
√
T/R = 2 arctan

√
(κ/k)β . (12)

However, only the pair of amplitudes

Aref =
√
R exp(iβλ), (13)

Atr =
√
T exp

[
iβ
(
λ− π

2

)]
.

gives ψref (x, k) whose zero in the region x > a, nearest
to the step, obeys the (d) requirement and hence can
serve as the extreme right turning point xc. For x < a
this function is determined by the expression (see also
(9))

ψref (x, k) =
√
Rei(ka+βλ/2)

×
[
ei[k(x−a)+βλ/2] + βe−i[k(x−a)+βλ/2]

]
. (14)

In the transitional region [a, xc(k)] it can be written in
the form

ψref = C sin [κ(x− xc)] , xc = a+
1

κ
arctan

√
κ

k
; (15)

C = −2i
β−1

2

√
k

κ
R exp

[
i

(
ka+ β

λ

2

)]
.

Note that in the limiting cases we have

• V0 > 0 and k → κ0 + 0 (κ → 0): (xc − a) →
(κκ0)−1/2 and κ(xc − a)→ 0;

• V0 < 0 and k → 0: (xc − a) → π/(2κ0) and
κ(xc − a)→ π/2;

• k →∞: (xc − a)→ +0 and κ(xc − a)→ π/4 for
both signs of V0.

As is seen, when V0 > 0 the length xc − a tends
to in�nity as κ−1/2 in the limit κ → 0. Note that
κ(xc − a) → 0 in this case! For all other zeros, the
corresponding lengths increase in this limit as κ−1.

Thus, according to our model, the probability to
�nd re�ected particles to the right of the step is nonzero
for both signs of V0. And this takes place in the
transitional region [a, xc(k)]. The CQM does not imply
the existence of such a region. This model says that for
V0 > 0 the penetration depth of re�ected particles is
in�nite for E → V0−0 but zero for E → V0+0 (see [2]).
As it will be shown below, in our model this quantity is
in�nite in both these limits (see Exps. (17) and (21)).
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Note also that for the alternative pair of roots in
(12) the corresponding function ψaltref (x, k) is nonzero
at the point xc; but its �rst spatial derivative is zero
here. For both signs of V0, there is no zero of ψ

alt
ref (x, k)

which would lie between the step x = a and zero xc(k)
of the function ψref (x, k).

4 Characteristic times for transmission and
re�ection

Since the dynamics of both subprocesses is now
known in all spatial regions, we can proceed to studying
their temporal aspects. Our aim is to de�ne for each
subprocess the dwell and asymptotic group times. The
former will be de�ned on the basis of the �ow velocity
concept for the stationary scattering problem. The
latter will be de�ned on the basis of the group velocity
concept for narrow in k space wave packets (the value
of l0 is assumed to be large enough).

4.1 Dwell times for transmission and re�ection

In the case of transmission the �ow velocity
vtr−flow(x, k) at any point x is

vtr−flow(x, k) =
Itr

|ψtr(x, k)|2
; (16)

Itr = Itot =
~k
m
T (k).

In the regions x ≤ a and x ≥ xc the �ow velocity of
transmitted particles coincides with the `free-particle'
velocities vk = ~k/m and vκ = ~κ/m, respectively. In
the transitional region [a, xc] it varies monotonously
between these two asymptotic values. When V0 > 0
(V0 < 0), the average velocity of transmitted particles
in this region is higher (smaller) than vκ. Thus, since
a particle is free (in the above sense) outside the
transitional region, it is su�cient to consider in detail
only this region.

The transmission dwell time for this region is
de�ned as

τtr−dwell =
1

Itr

∫ xc

a

|ψtr(x, k)|2dx.

As regards re�ected particles, the �ow velocity
concept is inapplicable for revealing their average
velocity in the transitional region because Iref = 0.
Therefore the re�ection dwell time for the transitional
region is de�ned here in line with [9]:

τref−dwell =
1

Iincref

∫ xc

a

|ψref (x, k)|2dx; Iincref =
~k
m
R(k).

Considering the equality

ψtr(x, k) = Ψtot(x, k)− ψref (x, k)

and Exps. (15) for ψref (x, k), we obtain dwell times for
both subprocesses:

τtr−dwell =
m

2~kκ3

[
(κ2 + k2) arctan

√
κ

k
− βκ2

0

√
kκ

k + κ

]
,

τref−dwell =
2m

~κ2

[
arctan

√
κ

k
−
√
κk

k + κ

]
.

Thus, if τfree = (xc − a)/vκ then τtr−dwell − τfree
(which will be denoted as τtr−dwell−del) is the dwell
delay time for transmission:

τtr−dwell−del =
m(κ− k)

2~kκ3

[
(κ− k) arctan

√
κ

k
+
√
kκ

]
.

This quantity is negative for V0 > 0, but positive for
V0 < 0. This agrees with the fact that the �ow velocity
vtr−flow(x, k) in the transitional region is greater than
vκ, when V0 > 0, but less than vκ, when V0 < 0.

As regards re�ected particles, by analogy with [2]
we introduce for them the e�ective penetration depth.
Assuming that re�ected particles move in the region
x > a with the velocity vk and τref−dwell = 2ldepth/vk,
we obtain

ldepth =
k

κ2

[
arctan

√
κ

k
−
√
κk

k + κ

]
. (17)

Thus, the average turning point for re�ected particles
lies always to the left of their extreme right turning
point: a+ldepth(k) ≤ xc(k). For V0 > 0 the penetration
depth ldepth(k) diverges in the limit k → κ0+0 (κ→ 0)
as κ−1/2. But ldepth = 0 in the limit k → 0 for V0 < 0.
In both cases, κldepth → (π−2)/4 and κ(xc−a)→ π/4
when k →∞.

So, for a particle scattering at the potential step the
�ow velocity concept leads in our approach to nonzero
transmission and re�ection delay times.

4.2 Group times for transmission and re�ection

Our next step is to study the temporal aspects of
both subprocesses on the basis of the group velocity
concept. More precisely, we intend here to determine
asymptotic group times for narrow wave packets
peaked at the point k̄, where k̄ 6= 0 when V0 < 0, and
k̄ 6= κ0 when V0 > 0; hereinafter, dealing with such
packets, we will omit the top dash in the notation k̄.

Before doing so, we want to note that, for studying
the time-dependent SWFs (7), it is suitable to rewrite
the stationary SWFs ψtr(x, k) and ψref (x, k) in terms
of `usual' solutions of the Schr�odinger equation,
which are continuous everywhere on the OX axis
together with their �rst spatial derivatives. Indeed,
let Φref (x, k) be the wave function determined by
Exp. (14) in the region x < a and by Exps. (15)
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everywhere in the region x > a. Then the SWFs
ψref (x, k) and ψtr(x, k) can be written as ψref (x, k) =
Φref (x, k)θ(xc(k) − x) and ψtr(x, k) = Ψtot(x, k) −
Φref (x, k)θ(xc(k)−x), where θ(x) is the Heaviside step
function.

Since we are interested in asymptotic scattering
times, let us consider the asymptotically large interval
[0, a+L] where L� l0 and let ψ

inc
tr (x, t) and ψincref (x, t)

be wave packets to describe the transmission and
re�ection subprocesses at the initial stage of scattering.
These are (see (13))

ψinctr =
−iβ√

2π

∫ ∞
−∞
A(k)

√
T (k) ei[kx+βλ(k)−E(k)t/~]dk,

ψincref =
1√
2π

∫ ∞
−∞
A(k)

√
R(k) ei[kx+βλ(k)−E(k)t/~]dk.

These wave packets di�er from the incident one
Ψinc(x, t) (5) to describe the whole scattering process.
And in the general case the average departure time
ttrdep (t

ref
dep) of transmitted (re�ected) particles from the

point x = 0 does not coincide with the departure time
ttotdep of the whole ensemble of particles; in our setting

of the problem ttotdep = 0 (see (4)). Thus, the procedure
of zero setting, for clocks used in [2] for `measuring'
the transmission and re�ection times, is justi�ed only
in those cases when ttrdep and t

ref
dep coincide with t

tot
dep.

As regards the scattered packets ψfintr (x, t) and

ψfinref (x, t), they coincide with the scattered parts

of Ψtot(x, t) (see (6)): ψfintr (x, t) ≡ Ψtr(x, t) and

ψfinref (x, t) ≡ Ψref (x, t). Thus, in our model and in the

CQM, the average time of arrival ttrarr of transmitted
particles at the point x = a+L is the same! This is also
true for the time of arrival trefarr of re�ected particles at
the point x = 0.

Note, the de�nition of the transmitted wave packet
ψfintr (x, t) is valid at those points x that lie far
enough from the turning points xc(k) of all waves
that constitute this packet. At the �rst blush, this
requirement cannot be ful�lled in the general case
because xc(k) → ∞ in the limits k → 0 (V0 < 0)
and k → κ0 + 0 (V0 > 0). However this is not the
case, because T (k)xc(k) → 0 in both these limits.
The e�ective length < xc >tr −a of the transitional
region is �nite for any transmitted wave packet with the
weighted function A(k) exponentially decreasing in the

limit |k| → ∞. That is, in the general case ψfintr (x, t) is
de�ned for such x that < xc >tr +l0 � x.

As in the model of symmetric potential barriers
(see [5�7]), calculations carried out for the potential
step show that the norms T and R of ψtr(x, t) and
ψref (x, t), respectively, take the same constant values
at the initial and �nal stages of scattering:

< ψinctr |ψinctr >=

∫ ∞
−∞
|A(k)|2T (k)dk ≡ Tas,

< ψincref |ψincref >=

∫ ∞
−∞
|A(k)|2R(k)dk ≡ Ras.

Moreover, Tas + Ras = 1. This means that the
transmission and re�ection subprocesses behave as
alternative ones not only at the �nal stage of scattering
(when the scattered wave packets do not overlap each
other) but also at the initial stage (when the incident
wave packets ψinctr (x, t) and ψincref (x, t) interfere with
each other). We have to stress that this is true for wave
packets of any width.

However, T +R 6= 1 at the very stage of scattering,
and there are two reasons why the transmission and
re�ection subprocesses cannot be considered now as
alternative.

One of them has been discussed in [5�7] by the
example of symmetric potential barriers, where it
leads to the nonconservation of the norm T . Its
essence is that the (a)�(d) requirements ensure the
balance of the input (Itr(x, k)|x=xc−0) and output
(Itr(x, k)|x=xc+0) probability �ow densities only in
the stationary case, i.e., only for every single wave
ψtr(x, k) in the wave packet ψtr(x, t). However, for
the packet itself, the interaction between its main
'harmonic' ψtr(x, k̄) and `subharmonics' ψtr(x, k) leads
to the imbalance between the time-dependent input
and output �ow densities at the point xc: dT /dt =
Itr(x, t)|x=xc+0 − Itr(x, t)|x=xc−0 6= 0.

This e�ect in�uences the velocity of the CM of
the wave packet ψtr(x, t). In the case of a narrow
packet ψtr(x, t) peaked at the point k, this in�uence
is maximal when the leading or trailing front of the
packet crosses the point xc(k), i.e., when the role of
its subharmonics is essential. Speci�cally, when the
leading front crosses this point, it serves, depending
on the parameters V0 and k, as a source (or sink) of
particles. This leads to acceleration (or deceleration)
of the CM of the wave packet ψtr(x, t). When the
trailing front crosses this point, it serves conversely as
a sink (or source), leading again to the acceleration (or
deceleration) of the CM. Thus, this acceleration (or
deceleration) e�ect, that has no relation to the average
velocity of to-be-transmitted particles, is accumulated
in the course of the OCS. At the same time the total
change of the `number of particles' involved in the
transmission subprocess is strictly zero.

Other reason of violating the equality T +R = 1 is
associated with the fact that, unlike symmetric barriers
when the function xc(k) is constant on the k scale, for
the step potential the function xc(k) is not constant.
Now, for the wave packet ψref (x, t) with the small
width ∆k (∆k ∼ l−1

0 ) we have

Iref (x, t)|x=xc(k)−0 ∼
dxc(k)

dk
∆k 6= 0,

while Iref (x, t)|x=xc(k)+0 = 0. Due to imbalance
between these �ows the norm R now varies at the very
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stage of scattering (for symmetric barriers R is strictly
constant (see [5])).

It is evident that, in addition toR, the second e�ect
in�uences also the norm T . And, unlike the �rst e�ect,
its in�uence on this norm is maximal when the CM
of the packet ψtr(x, t) crosses the point < xc >tr. Of
course, the smaller is ∆k, the smaller is its in�uence.

Let further l0 � |x′c(k)/xc(k)| and xc(k)−a� l0 �
a+L−xc(k); here the prime denotes the derivative with
respect to k. For such narrow packets the second e�ect
is negligible and < xc >tr≈< xc >ref≈ xc(k).

In this case the CM's dynamics for both
subprocesses is described, at the initial and �nal stages
of scattering, by the expressions

< x >inctot=
~k
m
t, < x >inctr =< x >incref=

~k
m
t− βλ′,

< x >fintr =
~κ
m
t+ a

(
1− κ

k

)
, < x >finref= −~k

m
t+ 2a.

As it follows from them, the CMs of the narrow
wave packets ψtr(x, t) and ψref (x, t) start from the
same point

< x >inctr (0) =< x >incref (0) = xstart = −βλ′,

which di�ers from the initial position of the CM of
the total wave packet: < x >inctot (0) = x̄tot(0) = 0

(see (4)). As a result, the departure times ttrdep, t
ref
dep

and ttotdep of the CMs of the wave packets ψtr(x, t),
ψref (x, t) and Ψtot(x, t), respectively, are determined
by the expressions

ttrdep = trefdep = tdep = β
λ′(k)

vk
=
m(k − κ)

~(kκ)3/2
, (18)

while ttotdep = 0. As regards the arrival times ttrarr and

trefarr , they are

trefarr =
2a

vk
, ttrarr =

a

vk
+
L

vκ
. (19)

Thus, the group transmission and re�ection times
for the interval [0, a+L] are, respectively, ∆ttr = ttrarr−
tdep and ∆tref = trefarr − tdep. Considering Eqs. (18)
and (19), we obtain for them

∆ttr =
a

vk
+
L

vκ
− β λ

′

vκ
, ∆tref =

2a

vk
− β λ

′

vk
.

Excluding expressions related to the 'free' regions
[0, a] and [xc(k), a + L], we obtain the asymptotic
(extrapolated) group times τtr−group and τref−group for
transmission and re�ection, respectively:

τtr−gr = (xc − a)/vκ − tdep = τfree − tdep,
τref−gr = −tdep.

However, according to the clock model [2], these
characteristic times should be de�ned as follows:
τDavtr−gr = τfree and τDavref−gr = 0. That is, the `zero

setting' procedure in this model is based in fact on the
implicit assumption that the departure times of the
CMs of the transmitted and re�ected packets coincide
with that of the total wave packet, and hence tdep = 0.
This means that the delay times for both subprocesses
are zero in this model. In particular, in line with [2],
re�ected particles with E > V0 bounce o� the step
instantaneously. This takes place even in the limit
E → V0 + 0 for V0 > 0.

In our approach the group delay time for the CM of
the re�ected wave packet is nonzero in the general case.
This delay is fully determined by the group re�ection
time: τtr−gr−del = τtr−gr = −tdep. For the transmitted
CM the delay time is τtr−gr−del = τtr−gr − tfree =
−tdep. So that, in the last analysis, for the potential
step we obtain

τtr−gr−del = τref−gr−del = −tdep =
m(κ− k)

~(kκ)3/2
. (20)

For V0 > 0 both group delay times are negative; for
V0 < 0 they are positive.

4.3 Scattering times for the total re�ection

Let us now consider the case when V0 > 0 and
E < V0, i.e., when transmission is absent: T (k) ≡ 0 in
the region (0, κ0]. Now, in Exps. (1)

A =
2k

k + iκ
e(κ+ik)a, B =

k − iκ
k + iκ

e2ika,

where κ =
√
κ2

0 − k2. For this one-channel scattering
the SWF ψref transforms into the total wave function
Ψtot, and ψtr ≡ 0. Thus, ψref (x, k) = eikx + Be−ikx

for x < a, and ψref (x, k) = Ae−κx for x > a.
Calculations yield that now

τref−dwell =

∫∞
a
|ψref (x, k)|2dx

Iincref

=
2mk

~κκ2
0

=
2ldepth
vk

, ldepth =
k2

κκ2
0

. (21)

As regards the group re�ection time, since now λ ≡ 0
we have tdep(k) ≡ 0 and τref−group = 2m/~kκ = 2/κvk
as in the clock model [2].

On the basis of this expression Davies de�nes the
length scale d = 1/κ and treats it as "the expectation
value for the penetration depth of the particle into the
potential step" [2]. But our analysis shows that this
interpretation is unjusti�ed.

5 On the average penetration depth of
re�ected particles into the potential step

By our approach, only the parameter ldepth de�ned
on the basis of the re�ection dwell time can play the role
of the average penetration depth of re�ected particles
into the potential step. Both quantities behave equally
only in the limit k → κ0 − 0, when they tend to ∞.
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While, everywhere in the region k > κ0 as well as
in the long-wave region k → 0 their properties di�er
cardinally.

When k > κ0 the probability to �nd re�ected
particles behind the step is nonzero in our model; this
takes place in the transitional region [a, xc(k)]. But in
the model [2], based on the CQM, this probability is
strictly zero in the region x > a, including the limiting
case k → κ0 + 0. That is, within the CQM (which does
not imply the existence of any transitional region in
this scattering problem), the �penetration depth� d(k)
has an in�nite discontinuity at the point k = κ0 when
V0 > 0. This means that the probability to �nd a
to-be-re�ected particle in the region x > a (at some
�nite distance from the point x = a) changes abruptly
when the particle energy is shifted by an in�nitesimal
magnitude from E = V0 − 0 to E = V0 + 0. Such an
abrupt change of the quantum probability contradicts
the very spirit of quantum mechanics. In our model,
the penetration depth ldepth(k) diverges in both one-
side limits, k → κ0 − 0 and k → κ0 + 0.

Not less strange behavior of d(k) takes place when
k → 0. In this case d → 1/κ0. As is obvious, this
contradicts the fact that the probability to �nd a
re�ected particle in the region x > a is strictly zero
in this limit! Unlike the `group' penetration depth d,
the `dwell' penetration depth ldepth tends to zero in this
case.

6 Conclusion

Scattering a quantum particle on the potential
step consists of two subprocesses when E > V0. In
this case, neither characteristic time nor expectation
value of a physical observable can be calculated
within the framework of the CQM, because this model
does not `see' the dynamics of each subprocess at
all stages of scattering. It allows neither direct nor
indirect measurement of these quantities. The former
is impossible because of interference between the
subprocesses. The latter is impossible since this implies
the knowledge of the time evolution of each subprocess
at all stages of scattering.

In this paper we present an alternative model of
this process, that uniquely reconstructs the prehistory
of the transmitted and re�ected subensembles of
particles by their �nal states. Unlike the CQM this
model predicts the existence of a transitional region

behind the potential step, where the probability to
�nd re�ected particles is nonzero. This region starts
at the point x = a where the potential step is
situated and ends at the point xc that serves as
an extreme turning point for re�ected particles. The
average velocity of transmitted particles in this region
monotonously changes between the asymptotic values
vk and vκ.

We de�ne scattering times for each subprocess �
the dwell time (in the time-independent case) and
asymptotic group time (for narrow wave packets).
Among these two concepts only the former allows one
to reveal the average times of staying the subensembles
of transmitted and re�ected particles in the transitional
region.

As it turns out, in the time-dependent case
the transmission and re�ection subprocesses are not
strictly alternative at the very stage of scattering � the
rule T +R = 1 is violated at this stage. More precisely,
this takes place when the leading and trailing fronts of
the narrow wave packet ψtr(x, t) cross the point xc, i.e.,
when the role of its 'subharmonics' (k 6= k̄) is essential.
In these two cases the velocity of the wave-packet's CM
depends not only on the average velocity of particles,
but also on the character of changing the norm T .

Thus, on the one hand, the presented
decomposition technique con�rms once more the
well-known truth � at the micro-level, quantum
probability is irreducible to classical one; the �either-
or� rule T + R = 1, that must be ful�lled for
alternative subprocesses from the viewpoint of classical
probability theory, does not hold at the very stage
of scattering a quantum particle on the potential
step. On the other hand, it shows that, at the
asymptotically large distances from the step, the
properties of quantum probability in this scattering
problem are compatible with those of classical one.
That is, our quantum-mechanical model respects the
correspondence principle.

The following pressing task is to elaborate the
Larmor-clock procedure for the potential step, which
could serve as a basis for the indirect measurement of
the dwell times of both subprocesses.
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Í. Ë. ×óïðèêîâ

ÐÀÑÑÅßÍÈÅ ÊÂÀÍÒÎÂÎÉ ×ÀÑÒÈÖÛ ÍÀ ÏÎÒÅÍÖÈÀËÜÍÎÉ ÑÒÓÏÅÍÜÊÅ:
ÕÀÐÀÊÒÅÐÈÑÒÈ×ÅÑÊÈÅ ÂÐÅÌÅÍÀ ÄËß ÏÐÎÕÎÆÄÅÍÈß È ÎÒÐÀÆÅÍÈß

Ïðåäñòàâëåíà íîâàÿ ìîäåëü ðàññåÿíèÿ êâàíòîâîé ÷àñòèöû íà ïîòåíöèàëüíîé ñòóïåíüêå, êîòîðàÿ âîññòàíàâëèâàåò
ïðåäûñòîðèþ ïðîøåäøèõ è îòðàæåííûõ ÷àñòèö ïî èõ êîíå÷íûì ñîñòîÿíèÿì. Â îòëè÷èå îò îáùåïðèíÿòîé ìîäåëè
äàííàÿ ìîäåëü ïðåäñêàçûâàåò ñóùåñòâîâàíèå ïåðåõîäíîé ïðîñòðàíñòâåííîé îáëàñòè ïîçàäè ïîòåíöèàëüíîé ñòóïåíü-
êè, ãäå âåðîÿòíîñòü íàéòè îòðàæàþùèåñÿ ÷àñòèöû íå ðàâíà íóëþ, à ñðåäíÿÿ ñêîðîñòü ïðîõîäÿùèõ ÷àñòèö ìîíîòîííî
èçìåíÿåòñÿ ìåæäó àñèìïòîòè÷åñêèìè çíà÷åíèÿìè. Äëÿ îáîèõ ïîäïðîöåññîâ îïðåäåëåíû âðåìÿ ïðåáûâàíèÿ è àñèìï-
òîòè÷åñêîå ãðóïïîâîå âðåìÿ ðàññåÿíèÿ.

Êëþ÷åâûå ñëîâà: ïîòåíöèàëüíàÿ ñòóïåíüêà, âðåìÿ ïðåáûâàíèÿ, ãðóïïîâàÿ ñêîðîñòü.
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M. De Laurentis1,2, O. Luongo2,3,4

1Tomsk State Pedagogical University, 634061 Tomsk and Tomsk State University, 634050 Tomsk, Russia.
2Dipartimento di Fisica, Universit�a di Napoli �Federico II�, Via Cinthia, I-80126, Napoli, Italy.

3Istituto Nazionale di Fisica Nucleare (INFN), Sez. di Napoli, Via Cinthia, I-80126, Napoli, Italy.
4Instituto de Ciencias Nucleares, Universidad Nacional Aut�onoma de M�exico, DF 04510, M�exico, Mexico.

E-mail: felicia@na.infn.it, luongo@na.infn.it

We present a strategy to get axially symmetric solutions in f(R) gravity by starting from spherically symmetric space-times.
To do so, we assume the validity of a complex coordinate transformation, which acts on the spherically symmetric metric
and permits one to infer the corresponding f(R) modi�cation. The consequences of this recipe are here described, giving
particular emphasis to de�ne a class of compatible axially symmetric solutions, which fairly well describe the motion in
cylindrical geometries in the �eld of f(R), in two di�erent classes of coordinates. We demonstrate that our approach is
general and may be applied for several cases of interest. We also show that our treatment is compatible with the standard
approach of general relativity, evaluating the motion of a freely falling particle in the context of our metric.

Keywords: complex coordinate transformations, axially symmetric solutions, f(R)-gravity.

1 Introduction

Modi�ed theories of gravity have been introduced
to address several inconsistencies that general relativity
seems to be unable to explain [1]. In particular,
the issue of understanding in which manners exact
solutions may be modi�ed, involving alternative
theories of gravity has become a highly relevant topic
[2]. Moreover, the need of understanding whether those
theories may reproduce the general relativity results
is essential to check their viabilities. Among all the
possibilities, we circumscribe our attention to f(R)-
gravity, where f(R) represents an analytic function the
Ricci scalar R. Those models satisfy the equivalence
principle and candidate as a serious alternative to
standard Einstein's gravity, especially for describing
both dark matter and dark energy e�ects at di�erent
cosmic scales [3]. The great disadvantage of those
paradigms is that f(R) is not known a priori. Hence,
reconstructing f(R) functions by consistently matching
their shapes with present-time data has become
essential for their determinations. Here, we investigate
some classes of exact solutions. Their importance lies
on the fact that in order to describe astrophysical
compact objects, e.g. black holes or active galactic
nuclei and so forth, those solutions may represent a
key point. Rephrasing it di�erently, alternative f(R)
theories should be consistent with general relativity
outcomes, reproducing standard exact solutions, i.e.
Schwarzschild spherically symmetric solution or Kerr
axially symmetric solution, etc. In addition, getting
new suitable solutions may be of great physical interest,
since it could represent a technique for revealing f(R)

e�ects at high energy astrophysical regimes, �xing
additional bounds on the f(R) determination. Thus,
strategies to �nd out either exact or approximate
solutions in modi�ed gravities become profoundly
signi�cative for a whole understanding of f(R)
gravities. To better clarify this fact, we may start
from recent developments spanning from spherically
symmetric solutions of f(R)-gravity in vacuum [4] to
static spherically symmetric formulations in presence
of perfect matter �uid in metric formalism picture
[5, 6]. Keeping in mind those results, we extend the
standard formalism by proposing a more complete
treatment to �nd out axially symmetric solutions,
by means of a complex coordinate transformation
acting on the spherically symmetric metric [7, 8]. In
particular, interior solutions have not so far obtained
to characterize a whole exact solution. The problem
lies on the loss of a symmetry degrees which makes
the corresponding derivation of any solution highly
complicated. Among all techniques, we employ the
Newman and Janis treatment, which seems to alleviate
the problem of losing symmetry degrees. They argued
that one may obtain an axially symmetric solution,
i.e. a Kerr-like metric, by considering a complex
transformation on the spherical solution [9, 10]. In
[11] a self consistent and rigorous proof that the Kerr
metric can be e�ectively determined from a complex
transformation on the Schwarzschild solution, has been
given. Here, we extend such a formalism, showing that
the complex transformation may be framed in the
context of f(R) gravities [12]. The paper is structured
as follows. In Sec. II, we describe the method and
we highlight its fundamental properties. To do so, we
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consider the general treatment and we specialize it to
the case of pure spherically symmetric solutions. We
therefore obtain the corresponding modi�cations to the
standard Kerr metric in the context of f(R) gravity and
we describe some dynamical properties of this solution,
by means of circular orbits in the framework of the
Hamiltonian formalism. We therefore demonstrate that
our strategy is general and may be extended to the case
of fourth order gravities without stability problems.
In Sec. III, we summarize our results and we propose
possible perspectives of our method.

2 From spherical symmetry to axially
symmetric solutions in f(R) gravity

In the framework of f(R) gravity, the action takes

the simple form S =
∫
d4x
√
−g
[
f(R) + XLm

]
. By

varying it, in terms of the metric gµν , one argues the
corresponding �eld equations:

fµν − f ′(R);µν + gµν2f
′(R) = XTµν ,

fµν ≡ f ′(R)Rµν − 1
2f(R)gµν ,

32f ′(R) + f ′(R)R− 2f(R) = XT ,

(1)

where Tµν represents the standard energy-momentum
tensor for dust-like matter, which can be expressed in

the form: Tµν =
−2√
−g

δ(
√
−gLm)

δgµν
. The constant X

contains the gravitational constant G, since X =
8πG

c4
,

while g is the metric determinant.
Our formalism involves the use of spherically

symmetric space-time as starting point. In fact, we
set up our treatment by assuming the most general
spherically symmetric space-time below:

ds2 = gtt(t, r)dt
2 − grr(t, r)dr2 − r2dΩ , (2)

in which dΩ represents the solid angle. The basic
demands consists in employing on it a transformation
that maps Eq. (2), providing that the o�-diagonal
terms vanish. Hence, the spherically symmetric space-
time may be obtained by assuming that Eq. (2) satis�es
particular cosmic symmetries. Here, we consider the
Noether symmetries and so, after several calculations,
we can write down the simplest spherically symmetric
space-time as:

ds2 = (α+ βr)dt2 − 1

2

βr

α+ βr
dr2 − r2dΩ , (3)

where we assumed α as a combination of auxiliary
constants, e.g. Σ0 and k and β = k1 [12].

Here, we demonstrate how it is possible to get an
axially symmetric solution adopting the Newman-Janis

procedure, extending their treatment in the context
of f(R) gravities and going beyond the standard
usage of using the Newman-Janis procedure in general
relativity only. To this end, as we already stressed
before, we employ the existence of Noether symmetries
which make the f(R) model consistent with the
corresponding �eld equations. For our purposes, let
us recast the spherically symmetric metric as ds2 =
e2φ(r)dt2−e2λ(r)dr2−r2dΩ, with gtt(t, r) = e2φ(r) and
grr(t, r) = e2λ(r). Hereafter, our convention is to refer
to time-like components as tt or 00, whereas space-like
as rr or ii, with i running from i = 0 to i = 3.

Considering the suitable Eddington�Finkelstein
coordinates, i.e. (u, r, θ, φ), which represent a viable
choice for our coordinate representation, after simple
algebra, we de�nitively get ds2 = e2φ(r)du2 ±
2eλ(r)+φ(r)dudr − r2dΩ. Thus, the matrix associated
to the metric is rewritable in terms of a null tetrad as:

gµν = lµnν + lνnµ −mµm̄ν −mνm̄µ , (4)

where lµ, nµ, mµ and m̄µ should satisfy

lµl
µ = mµm

µ = nµn
µ = 0 , (5)

lµn
µ = −mµm̄

µ = 1 , (6)

lµm
µ = nµm

µ = 0 , (7)

where we assumed the bars as indication of the complex
conjugation.

In our case, a generic space-time event becomes

xµ → x̃µ = xµ + iyµ(xσ) , (8)

in which we notice that yµ(xσ) are functions of the real
coordinates xσ. Analogously, the null tetrad vectors
Zµa = (lµ, nµ,mµ, m̄µ), with a = 1, 2, 3, 4, should
satisfy

Zµa → Z̃µa (x̃σ, ¯̃xσ) = Zρa
∂x̃µ

∂xρ
. (9)

All this procedure provides a net e�ect which
consists in generating a new metric. The component of
such a space-time are real and depend upon complex
variables. We have:

gµν → g̃µν : x̃× x̃ 7→ R , (10)

where we consider:

Z̃µa (x̃σ, ¯̃xσ)|x=x̃ = Zµa (xσ) . (11)

From the transformed null tetrad vectors, a new metric
is therefore obtained. So, assuming the covariant form,
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we can list the corresponding metric components as:

g00 =e2φ(r̃,θ) ,

g01 =eλ(r̃,θ)+φ(r̃,θ) ,

g03 =aeφ(r̃,θ)[eλ(r̃,θ) − eφ(r̃,θ)] sin2 θ ,

g13 =− aeφ(r̃,θ)+λ(r̃,θ) sin2 θ ,

g22 =− Σ2 ,

g33 =− [Σ2 + a2 sin2 θeφ(r̃,θ)(2eλ(r̃,θ) − eφ(r̃,θ))] sin2 θ.

Where we assumed that all the other components, i.e.
the components that we did not report above, are zero.
This procedure is circumscribed to the use of the
particular choice of coordinates. However, one can also
perform the Newman-Janis algorithm on any static
spherically symmetric solutions, by means of the more
practically Boyer-Lindquist coordinates. So, evaluating
the same steps performed above and the analogous
strategy to get the tetrad null vectors in the case of
axially symmetric space-time, we simply obtain:

g00 =
r(α+ βr) + a2β cos2 θ

Σ
,

g03 =
a(−2αr − 2βΣ2 +

√
2βΣ3/2) sin2 θ

2Σ
,

g11 =− βΣ2

2αr + β(a2 + r2 + Σ2)
,

g22 =− Σ2 ,

g33 =−
[
Σ2 − a2(αr + βΣ2 −

√
2βΣ3/2) sin2 θ

Σ

]
sin2 θ.

Again all components, which do not appear above, are
zero.

As in standard general relativity, our treatment
should be compatible with the motion of a freely falling
particle. Hence, we can treat a physical example which
accounts for a freely falling particle moving in our so-
obtained metric. To do so, we make extensive use of the
Hamiltonian formalism, which has the advantage not to
show any sign ambiguity which may come from turning
points in the orbits [13]. The reduced Hamiltonian,
linearly reported in terms of momenta, is:

H =

pig0i

g00
+

[(
pig

0i

g00

)2

− m2 + pipjg
ij

g00

]1/2
 , (12)

providing H = −p0 and even satisfying the following
motion equations:

dxi

dt
=
∂H

∂pi
,

dpi
dt

= −∂H
∂xi

, (13)

which permit to numerically obtain the requested
orbits. In particular, in the equatorial plane, which
corresponds to the case θ = π

2 , θ̇ = 0, we

conventionally employ α = 1 and β = 2, without
losing generality and we consider the dependence on φ
and on the conjugate momentum pφ, which represents
an integral of motion. As a consequence, we �nd out
that the coupled equations for {r, θ, φ, pr, pθ} may be
numerically integrated, giving compatible trajectories
with respect to the ones inferred from the standard
Kerr space-time. To better clarify this statement, we
explicitly report below the geodesic equations:

dxµ

dλ
=
∂H
∂pµ

= gµνpν = pµ , (14)

dpµ
dλ

= − ∂H
∂xµ

= −1

2

∂gαβ

∂xµ
pαpβ = gγβΓαµγpαpβ , (15)

and also the corresponding reduced Hamiltonian:

H =
2apφ

(
−2r3 + r2 − 1

)
a2 (−2(r − 1)r2 − 1) + r5

+ {A(a, pφ, r)B(a, pφ, r)

× (C(a, pφ, r)−D(a, pφ, r)− pr + 1)}
1
2 ,

where

A(a, pφ, r) = 4a2p2
φ

(
−2r3 + r2 − 1

)2
−a2

(
−2(r − 1)r2 − 1

)
− r5 ,

B =
(
a2
(
r2(r(2r − 3)(2r + 1) + 6)− 2

)
+ (2r + 1)r4

)
,

and

C(a, pφ, r) =

=
−pφ(2r + 1)

a2 (r2(r(2r − 3)(2r + 1) + 6)− 2) + (2r + 1)r4
,

D(a, pφ, r) =
pr
(
a2 + r2 + r

)
+ pθ

r4
.

Soon, it is evident that H is independent from φ and,
as already above stressed, the conjugate momentum pφ
is an integral of motion. Finally, the numerical results
may be found in [12].

3 Final outlooks and perspectives

In this paper, we considered the framework of
f(R) gravity to describe a technique able to get
axially symmetric solutions from spherical ones. This
treatment has been extensively described by Newman-
Janis in a precise algorithm, which takes into account
complex transformations. In particular, assuming a
spherically symmetric expression for the space-time,
we demonstrated that it is possible to extend the
complex transformations in the context of f(R) gravity.
To do so, we evaluated the null tetrad associated to
this method in two di�erent classes of coordinates
and we found out the corresponding axially symmetric
metrics. In order to understand if the thus obtained
space-time works well in the �eld of particle motion,
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we considered a freely falling particle and we showed
that its motion is perfectly compatible with the
expected standard Kerr metric, which corresponds
to the simplest axially symmetric solution in general
relativity. Further investigations will be carried forward
in order to describe di�erent symmetries by means of
the Newman-Janis strategy. In particular, measuring

possible corrections due to f(R) around compact
objects, e.g. evaluating possible discrepancies from the
standard cases of accretion disks, one would constrain
the f(R) functions at astrophysical regimes. This
would open new challenges for the problem of f(R)
reconstructions.
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Ì. Äå Ëàóðåíòèñ, Î. Ëóîíãî

ÊÎÌÏËÅÊÑÍÛÅ ÏÐÅÎÁÐÀÇÎÂÀÍÈß ÊÎÎÐÄÈÍÀÒ ÄËß ÏÎËÓ×ÅÍÈß ÒÎ×ÍÛÕ
ÀÊÑÈÀËÜÍÎ-ÑÈÌÌÅÒÐÈ×ÍÛÕ ÐÅØÅÍÈÉ Â f(R)-ÃÐÀÂÈÒÀÖÈÈ

Ìû îïèñûâàåì ñòðàòåãèþ ïîëó÷åíèÿ òî÷íûõ àêñèàëüíî-ñèììåòðè÷íûõ ðåøåíèé â f(r)-ãðàâèòàöèè íà÷èíàÿ ñî ñôå-
ðè÷åñêè ñèììåòðè÷íîãî ïðîñòðàíñòâà-âðåìåíè. Äëÿ ýòîãî ìû ïðåäïîëàãàåì ñïðàâåäëèâîñòü êîìïëåêñíûõ ïðåîáðà-
çîâàíèé êîîðäèíàò, äåéñòâóþùèõ â ñôåðè÷åñêè-ñèììåòðè÷íîé ìåòðèêå è äîïóñêàþùèõ ââåäåíèå ñîîòâåòñòâóþùåé
f(R) ìîäèôèêàöèè. Îïèñàíû ñëåäñòâèÿ òàêîãî ïîäõîäà, â ÷àñòíîñòè, ïîä÷åðêèâàåòñÿ âîçìîæíîñòü ïîëó÷åíèÿ êëàññà
ñîâìåñòèìûõ àêñèàëüíî-ñèììåòðè÷åñêèõ ðåøåíèé, êîòîðûå äîâîëüíî õîðîøî îïèñûâàþò äâèæåíèå â ïîëå f(R) öè-
ëèíäðè÷åñêîé ãåîìåòðèè â äâóõ ðàçëè÷íûõ êëàññàõ êîîðäèíàò. Ìû ïîêàçûâàåì, ÷òî íàø ïîäõîä ÿâëÿåòñÿ îáùèì è
ïðèìåíèì â ðàçëè÷íûõ ñëó÷àÿõ. Ìû òàêæå ïîêàçûâàåì, ÷òî íàø ìåòîä ñîâìåñòèì ñî ñòàíäàðòíûì ïîäõîäîì îáùåé
òåîðèè îòíîñèòåëüíîñòè ïðè ðàññìîòðåíèè ñâîáîäíî ïàäàþùåé ÷àñòèöû â êîíòåêñòå íàøåé ìåòðèêè.

Êëþ÷åâûå ñëîâà: êîìïëåêñíûå ïðåîáðàçîâàíèÿ êîîðäèíàò, àêñèàëüíî ñèììåòðè÷íûå ðåøåíèÿ, f(R)-ãðàâèòàöèÿ.
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FAST SPINNING PARTICLE IN EXTERNAL ELECTROMAGNETIC AND GRAVITATIONAL FIELDS
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Three-dimensional acceleration in general relativity can be de�ned so that spinless particle in the process of evolution in
an external gravitational �eld can not exceed the speed of light. We ask what happens if a spinless particle is replaced
by test-particle with spin one-half. Inclusion of spin-gravitational interaction gives generalized Papapetrou equations with
modi�ed metric along the world-line. The modi�ed metric should be used to calculate the acceleration of spinning particles.
Inclusion of spin-electromagnetic interaction in �at space gives generalized Frenkel equations, where an e�ective metric
along world-line arises for the particle with anomalous magnetic moment. This implies that intervals of time (and distance)
probed by such particle in the presence of electromagnetic �eld slightly di�er from those in empty space.

Keywords: ultra-relativistic spinning particle, Frenkel equation, BMT equation, Papapetrou equation

1 Introduction

Basic notions of Special and General Relativity
have been formulated before the discovery of spin, so
they describe space-time properties as they are seen by
spinless test-particle. In this work we raise the question
whether these notions remain the same if the spinless
particle is replaced by more realistic spinning test-
particle.

To account spin, we need a systematically
constructed classical model for relativistic description
of rotational degrees of freedom. In recent works
[1�4], we have obtained equations of motion of
spinning particle which generalize those of Frenkel-
BMT (Papapetrou) to the case of an arbitrary
electromagnetic (gravitational) �elds. This allows us
to start the detailed analysis of old suggestions [5�7]
on possible modi�cations of metric properties of space-
time as they are seen by spinning particle in the
presence of electromagnetic (gravitational) �elds.

Our starting observation is that speed of light
does not represent special point of the complete
equations of motion. As a consequence, if we preserve
the usual special-relativity de�nitions of time and
distance, the critical speed that the particle with
anomalous magnetic moment can not overcome during
its evolution in electromagnetic �eld slightly di�ers
from the speed of light. To improve this point, we
notice that interaction of spin with electromagnetic
�eld induces the matrix (6), which can be considered
as e�ective metric along the world-line. So, we can
follow the general-relativity prescriptions to analyze
the spinning particle in an external electromagnetic
�eld.

Therefore we turn to the analysis of ultra-
relativistic behavior of spinless particle moving along
geodesic in gravitational �eld. We propose three-

dimensional acceleration (which reduces to that of
Landau-Lifshitz for the constant gravitational �eld),
and show that this guarantees impossibility for spinless
particle to exceed the speed of light. Then we apply
the formalism to the e�ective metric which arose
for spinning particle in Minkowski space in the
presence of electromagnetic �eld. With our de�nition
of acceleration, the critical speed coincides with the
speed of light. The price to pay is that intervals of time
(and distance) probed by such particle in the presence
of electromagnetic �eld slightly di�er from those in
empty space. At last, we show that interaction of
spin with gravitational background also implies slight
deformation (24) of initial metric. The deformed metric
need to be used for de�nition of the acceleration.

2 Spinless particle on electromagnetic
background

Spinning particle in arbitrary electromagnetic and
gravitational backgrounds obeys rather complicated
equations of motion [2�4]. So it is instructive to
begin our discussion with more simple case of spinless
particle. Typical relativistic equations of motion (EM)
have singularity at some value of a particle velocity. For
instance, the standard Lagrangian of spinless particle
in electromagnetic �eld

L =
1

2λ
ẋ2 − λ

2
m2c2 +

e

c
Aẋ, (1)

implies the manifestly relativistic and reparametrization
invariant equations DDxµ = e

mc2F
µ
νDx

ν , where

D = 1√
−ẋ2

d
dτ . They became singular as ẋ

2 → 0. Using

reparametrization invariance of EM, we take physical
time as the parameter, τ = t, then xµ = (ct,x(t)), ẋµ =
(c,v(t)) and 1√

−ẋ2
= 1√

c2−v2
. For the acceleration

a = dv
dt , the EM imply va = [c2 − v2]

3
2
e(vE)
mc3 , that
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is the longitudinal acceleration vanishes as |v| → c.
Hence the singularity implies that the particles speed
can not exceed the value c.

We will use the following terminology. The speed
vcr that a particle can not exceed during its evolution
in an external �eld is called critical speed. The observer
independent scale c of special relativity is called, as
usual, the speed of light. According to the expression
for a above, critical speed of a spinless particle
coincides with the speed of light.

Let us point out two possible modi�cations which
could yield non vanishing acceleration as v → c.

First, this would be for the su�ciently
singular external force. For example, for a particle
in electromagnetic background, this could be
Dxν [1 + κ(DxF∂αFDx)Dxα]. The right dimension
can be supplied by the constant κ proportional to
e8

m5c10 or ~4

m5c6 .
Second, in the presence of external �elds, we can

construct additional reparametrization invariants. For
instance, we can use the derivative D′ ≡ 1√

−ẋgẋ
d
dτ ,

where

−ẋµgµν ẋν = c2 − v2 − k(ẋFF ẋ), (2)

with k equal to e6

m4c8 or ~3

m4c5 . The surface ẋgẋ = 0
is slightly di�erent from the sphere c2 − v2 = 0. For
the particle with equations D′D′xµ = e

mc2F
µ
νD
′xν ,

acceleration vanishes at the critical velocity di�erent
from the speed of light. To see this, we compute

−ẋFF ẋ = c2Ei

(
δij −

vivj
c2

)
Ej + v2BiNijBj .

Here N ≡ 1 − vv
v2 is projection operator on the plane

orthogonal to the vector v, so we can write BNB =
(NB)2 = B2

⊥. Then the factor (2) reads

−ẋgẋ = c2 − v2 + k
[
c2E(1− vv

c2
)E + v2B2

⊥

]
.

Besides, 1 − vv
c2 turns into the projection operator N

when |v| = c. Hence−ẋgẋ |v|→c−→ kc2[E2
⊥+B2

⊥]. If E and
B are not mutually parallel in the laboratory system,
this expression does not vanish for any orientation
of v. Thus, acceleration does not vanish at |v| = c.
The particle could exceed the speed of light and then
approaches to the critical velocity.

Combining these observations, let us write
relativistic equation of the form

[(ẋgẋ)ηµν − ẋµ(gẋ)ν ] ẍν = −(ẋgẋ)2fµ(F,D′x), (3)

with fµ being polynomial on (D′x)2n up to n = 2.
The system has the following properties. A) It is
manifestly relativistic covariant, that is speed of light
represents the invariant scale of the model. B) Due to

reparametrization invariance, there are only only three
independent equations in the system. This allows to
interpret them as equations of motion of relativistic
particle. C) The equations make sense for any velocity.
D) If fµ ∼ (D′x)2 or less, acceleration of the particle
may be non vanishing at |v| = c, but vanishes at the
critical velocity vcr. If f

µ ∼ (D′x)4, Eq. (3) has no
critical points. So the particle could exceed the speed
of light and then continues accelerate. Below, we repeat
this analysis for more realistic case of a particle with
spin.

3 Spinning particle in electromagnetic
background within the standard special-
relativity notions

Consider spinning particle with mass m, electric
charge e and magnetic moment µ interacting with
an arbitrary electromagnetic �eld Fµν = ∂µAν −
∂νAµ. The manifestly Poincare and reparametrization
invariant Lagrangian on con�guration space with
coordinates xµ(τ), ωµ(τ) and λ(τ) reads [4]

L =
1

4λ
[ẋNẋ+ λDωNDω

−
√

[ẋNẋ+ λDωNDω]
2 − 4λ(ẋNDω)2

]
−λ

2
m2c2 +

α

2ω2
+
e

c
Aẋ. (4)

This depends on one free parameter α = 3~2

4 , this
particular value corresponds to spin one-half particle.
Similarly to Eq. (1), the only auxiliary variable is λ,
this provides the mass-shell condition. It has been
denoted Nµν ≡ ηµν − ωµων

ω2 , then Nµνων = 0. To
introduce coupling of the position variable x with
electromagnetic �eld, we have added the minimal
interaction e

cAµẋ
µ. As for basic variables of spin ωµ,

they couple with Aµ through the term Dωµ ≡ ω̇µ −
λ eµc F

µνων . The Frenkel spin-tensor [8] is a composite
quantity constructed from ωµ and its conjugated
momentum πµ as follows1:

Jµν = 2(ωµπν − ωνπµ) = (J i0 = Di, Jij = 2εijkSk).

Here Si is three-dimensional spin-vector and Di is
dipole electric moment.

The action implies EM which generalize those of
Frenkel and Bargmann-Michel-Telegdi to the case of
an arbitrary electromagnetic �eld. They have been
studied in [2,4]. For the present discussion we need only
symbolic form of the equation for position variable, this
reads

d

dτ

[
ẋµ√
−ẋgẋ

]
= fµ , (5)

1The basic variables ωµ do not represent observable quantities since they are not invariant under spin-plane local symmetry
presented in the model [1].
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where fµ is the polynomial fµ =
√
−ẋgẋa1 + a2 +

a3√
−ẋgẋ + a4

ẋgẋ , with the coe�cients ai that are �nite as

ẋgẋ → 0. The e�ective metric arises for the particle
with anomalous magnetic moment µ 6= 1

gµν = [η + b(µ− 1)(JF + FJ)
+b2(µ− 1)2FJJF ]µν , (6)

where b ≡ −2e
4m2c3−3eµ(JF ) . The variational problem (4)

yields also the value-of-spin and Frenkel conditions
JµνJµν = 6~2, JµνPν = 0, where the canonical
momentum is Pν = ∂L

∂ẋν −
e
cAν . They provide consistent

quantization which yields one-particle (positive energy)
sector of the Dirac equation, see [1].

Inclusion of these constraints into a variational
problem, as well as the search for an interaction
consistent with them turn out to be rather non trivial
tasks [5,9], and the expression (4) is probably the only
solution of the problem. So, the appearance of e�ective
metric (6) in Eq. (5) seems to be unavoidable in a
systematically constructed model of spinning particle.

The speed of light does not represent special point
of the manifestly relativistic equation (5). Singularity
occurs at the critical velocity vcr determined by the
equation ẋgẋ = 0. It can be shown [4] that even in
homogeneous �elds there are con�gurations admitting
vcr > c. In general case we expect that vcr is both
�eld and spin-dependent quantity. Using spacial part
of Eq. (5), we can estimate acceleration near vcr.
Explicit computation gives va ∼

√
−ẋgẋ, that is the

acceleration along the direction of velocity vanishes as
|v| → vcr > c.

In resume, if we insist to preserve the usual special-
relativity de�nitions of time and distance, critical speed
of spinning di�ers from the speed of light. To see,
whether we can keep the condition vcr = c, we use
formal similarity of the matrix g appeared in (5) with
space-time metric. Then we can follow the general-
relativity prescription to de�ne time and distance in
the presence of electromagnetic �eld. So, let us stop
for a moment to discuss the de�nitions of velocity and
acceleration in general relativity.

4 Three-dimensional acceleration of spinless
particle in general relativity

Consider pseudo Riemann space

M(1,3) = {xµ, gµν(xρ), g00 < 0}. (7)

Three-dimensional velocity and acceleration can be
de�ned in such a way that speed of light represents
coordinate independent quantity and, more over, a
particle during its evolution in curved background can
not exceed the speed of light.

To achieve this, we represent interval in 1+3 block-
diagonal form [10]

−ds2 = gµνdx
µdxν = −c2

[√
−g00

c
(dx0 +

g0i

g00
dxi)

]2

+

(
gij −

g0ig0j

g00

)
dxidxj .

This prompts to introduce in�nitesimal time interval,
distance and speed as follows:

dt =

√
−g00

c
(dx0 +

g0i

g00
dxi),

dl2 = (gij −
g0ig0j

g00
)dxidxj ≡ γijdxidxj , v =

dl

dt
. (8)

The conversion factor between the world time x0 and
the physical time t is

dt

dx0
=

√
−g00

c
(1 +

g0i

g00

dxi

dx0
). (9)

Introduce also the three-velocity vector

vi =

(
dt

dx0

)−1
dxi

dx0
, (10)

or, symbolically vi = dxi

dt . This is consistent with the

above de�nition of v: v2 =
(
dl
dt

)2
= v2 = viγijv

j . In the
result, the interval acquires the form similar to special
relativity (but now we have v2 = vγv)

−ds2 = −c2dt2 + dl2 = −c2dt2
(

1− v2

c2

)
. (11)

This equality holds in any coordinate system xµ. Hence
a particle with ds2 = 0 has the speed v2 = c2.

The formalism remains manifestly covariant under
subgroup of spacial transformations x0 = x′0, xi =

xi(x′j), aij(x
′) ≡ ∂xi

∂x′j . Under these transformations
g00 is a scalar function, g0i is a vector while gij and
γij are tensors. Since g

ijγjk = δik, the inverse metric
of γij turns out to be (γ−1)ij = gij . The velocity (10)
behaves as a vector vi(x0) = aij(x

′k(x0))v′j(x0), so it
is convenient to introduce the covariant derivatives Dk

and D0

Dkv
i = ∂kv

i + Γ̃ikj(γ)vj , D0v
i =

dxk

dx0
Dkv

i. (12)

The Christo�el symbols Γ̃ijk(γ) are constructed with
help of three-dimensional metric γij(x

0, xk) written in
Eq. (8), where x0 is considered as a parameter

Γ̃ijk =
1

2
γia(∂jγak + ∂kγaj − ∂aγjk). (13)

As a consequence, the metric γ is covariantly constant,
Dkγij = 0.

Hence we associated with M(1,3) the one-
parameter family of three-dimensional spaces M3

x0 =
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{xk, γij , Dkγij = 0}. Note that velocity has
been de�ned above with help of the curve in M3

x0

parameterized by this parameter, xi(x0).
In the case of constant gravitational �eld gµν(xk),

we have usual three-dimensional Riemann geometry
M3 = {xi, γij(xk)}, and the standard notion of a
parallel transport. So an analog of constant vector �eld
of Euclidean geometry is the covariantly-constant �eld,
D0ξ

i = 0, and the acceleration with respect to physical
time is de�ned by

ai =

(
dτ

dx0

)−1

D0v
i =

(
dτ

dx0

)−1
dvi

dx0
+ Γ̃ijkv

jvk. (14)

To de�ne an acceleration in general case, we
need to adopt some notion of a constant vector
�eld (parallel transport equation) along the trajectory
xi(x0) that cross the family M3

x0 . In Euclidean
space the scalar product of two constant �elds
has the same value at any point. In particular,
taking the scalar product along a line xi(x0), we
have d

dx0 (ξ, η) = 0. For the constant �elds in our
case it is natural to demand the same (necessary)
condition: d

dx0 [ξi(x0)γij(x
0, xi(x0))ηi(x0)] = 0. Taking

into account that Dkγij = 0, this condition can be
written as follows

(D0ξ +
1

2
(ξ∂0γγ

−1), η) + (ξ,D0η +
1

2
(γ−1∂0γη)) = 0.

So we take the parallel-transport equation to be

D0ξ
i +

1

2
(ξ∂0γγ

−1)i = 0. (15)

Then we de�ne the acceleration with respect to
physical time as follows:

ai =

(
dt

dx0

)−1 [
D0v

i +
1

2
(v∂0γγ

−1)i
]
. (16)

For the special case of constant gravitational �eld,
gµν(xi), the de�nition (16) reduces to that of Landau
and Lifshitz, see page 251 in [10].

Let us estimate the acceleration as v → c. Particle
in general relativity propagates along geodesics of
M(1,3). If we take the proper time to be the parameter,
geodesics obey the system

d2xµ

ds2
+ Γµαβ

dxα

ds

dxβ

ds
= 0, gµν

dxµ

ds

dxν

ds
= −1. (17)

The system has no sense for the case we are
interested in, ds2 → 0. So we rewrite it in arbitrary
parametrization λ (here we denote ẋµ = dxµ

dλ )

d

dλ

(
ẋµ√
−ẋgẋ

)
+ Γµαβ(g)ẋα

ẋβ√
−ẋgẋ

= 0. (18)

To see, which equation for ai implied by (18), we
write the latter through vi. Using reparametrization

invariance, we can take λ = x0 in (18). Then spacial
part of geodesic equation (18) reads(
dτ

dx0

)−1
d

dx0

vi√
1− ~vγ~v

c2

=
Gi√

1− ~vγ~v
c2

, (19)

where

Gi(gµν ,v) = −
(
dτ

dx0

)−2

Γi00 − Γijkv
jvk

−2

(
dτ

dx0

)−1

Γi0kv
k, (20)

is non-singular function as v → c. We compute
derivative on l.h.s. of the equation (19)(
dτ

dx0

)−1 [
M i

jD0v
j +

(v∂0γv)

2(c2 − vγv)
vi
]

= Gi + Γ̃ijkv
jvk, (21)

whereM i
j = δij+

vi(vγ)j
c2−vγv . We apply the inverse matrix

M̃ i
j = δij− vi(vγ)j

c2 , and then complete D0v
i up to the

acceleration (16). Then (21) reads

ai =
1

2

(
dτ

dx0

)−1 [
(v∂0γγ

−1)i − (v∂0γv)

c2
vi
]

+

(
δij −

vi(vγ)j
c2

)
[Γ̃jkl(γ)vkvl +Gj ]. (22)

Then the acceleration along the velocity is

vγa =
1

2

(
dτ

dx0

)−1 [
(v∂0γv)− (v∂0γv)

(vγv)

c2

]
+
(

1− vγv

c2

)
(vγ)i[Γ̃

i
kl(γ)vkvl +Gi]. (23)

This implies vγa → 0 as vγv → c2. That is
acceleration along the direction of velocity vanishes
as the speed approximates the speed of light. With
these de�nitions the spinless particle in an external
gravitational �eld can not overcome the speed of light.

The last term in the de�nition (16) yields the
important factor (v∂0γγ

−1)i in Eq. (23). As EM (22)

and (23) do not contain
√
c2 − vγv, they have sense

even for v > c. Without this factor, the particle in
gravitational �eld could exceed c and then continues
accelerate.

5 World-line geometry probed by spinning
particle

The construction can be applied, without
modi�cations, to the e�ective metric (6) appeared in
EM of spinning particle (5). The metric depends on
xi via the �eld strength F (x0, xi), and on x0 via the
�eld strength as well as via the spin-tensor J(x0). The
geodesic equation is replaced now by Eq. (5). Adopting
that velocity and acceleration of spinning particle in
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electromagnetic �eld are given by Eqs. (10) and (16),
we obtain the theory with critical speed equal to the
speed of light. The intervals of time (and distance)
probed by such particle are given now by Eq. (8).
They slightly di�er from those in empty space.

Due to µ − 1 -factor in Eq. (6), the deformation
of world-line geometry in electromagnetic �eld will
be seen only by a particle with anomalous magnetic
moment. In a gravitational �eld the deformed geometry
could be probed by any spinning particle. To see
this, let us consider the Frenkel electron in a curved
background with the metric g̃µν . We use the model
constructed in [3]. The Lagrangian can be obtained
from (4) (with Aµ = 0) replacing ηµν by g̃µν and
usual derivative of ωµ by the covariant derivative,
ω̇µ → Dωµ = ω̇µ + Γµαβ(g̃)ẋαωβ . This leads to EM
consistent with those of Papapetrou [11], the latter are

widely assumed as the reasonable equations of spinning
particle in gravitational �elds. In the EM (5) now
appears the e�ective metric [3]

gµν =
[
g̃ + β(Jθ + θJ) + β2θJJθ

]
µν
, (24)

where β ≡ 1
8m2c2−J·θ , θµν ≡ RµναβJ

αβ and Rµναβ(g̃)
is the curvature tensor. Hence, to guarantee the
observer-independence of c and the equality vcr = c,
we need to de�ne velocity (10) and acceleration (16)
using the deformed metric g instead of g̃.
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À. À. Äåðèãëàçîâ

ÓËÜÒÐÀÐÅËßÒÈÂÈÑÒÑÊÀß ÑÏÈÍÎÂÀß ×ÀÑÒÈÖÀ ÂÎ ÂÍÅØÍÅÌ
ÃÐÀÂÈÒÀÖÈÎÍÍÎÌ È ÝËÅÊÒÐÎÌÀÃÍÈÒÍÎÌ ÏÎËßÕ

Òðåõìåðíîå óñêîðåíèå â îáùåé òåîðèè îòíîñèòåëüíîñòè ìîæíî îïðåäåëèòü òàê, ÷òî áåññïèíîâàÿ ÷àñòèöà â ïðîöåññå
ýâîëþöèè âî âíåøíåì ãðàâèòàöèîííîì ïîëå íå ñìîæåò ïðåâûñèòü ñêîðîñòü ñâåòà. Ìû âûÿñíÿåì, ÷òî ïðîèñõîäèò
åñëè áåññïèíîâóþ ÷àñòèöó çàìåíèòü íà ÷àñòèöó ñî ñïèíîì 1

2
. Ó÷åò ñïèí-ãðàâèòàöèîííîãî âçàèìîäåéñòâèÿ ïðèâîäèò

ê îáîáùåííûì óðàâíåíèÿì Ïàïàïåòðîó ñ ìîäèôèöèðîâàííîé âäîëü ìèðîâîé ëèíèè ìåòðèêîé. Èìåííî ìîäèôèöèðî-
âàííàÿ ìåòðèêà äîëæíà èñïîëüçîâàòüñÿ äëÿ âû÷èñëåíèÿ òðåõìåðíîãî óñêîðåíèÿ ñïèíîâîé ÷àñòèöû. Âçàèìîäåéñòâèå
ñïèíà ñ ýëåêòðîìàãíèòíûì ïîëåì â ïëîñêîì ïðîñòðàíñòâå ïðèâîäèò ê îáîáùåííûì óðàâíåíèÿì Ôðåíêåëÿ, â êîòî-
ðûõ âîçíèêàåò ýôôåêòèâíàÿ ìåòðèêà âäîëü ìèðîâîé ëèíèè ÷àñòèöû ñ àíîìàëüíûì ìàãíèòíûì ìîìåíòîì. Äëÿ òàêîé
÷àñòèöû èíòåðâàëû âðåìåíè (ðàññòîÿíèÿ) â ýëåêòðîìàãíèòíîì ïîëå è â ïóñòîòå îòëè÷àþòñÿ äðóã îò äðóãà.

Êëþ÷åâûå ñëîâà: óëüòðà-ðåëÿòèâèñòñêàÿ ñïèíîâàÿ ÷àñòèöà, óðàâíåíèÿ Ôðåíêåëÿ, óðàâíåíèÿ Ïàïàïåòðîó.
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The following inverse problem is discussed. A static electromagnetic �eld generated by a limited system of charges and
currents is supposed to be known with its �rst derivatives at a point somewhere far from the system. This allows to
reconstruct the position of the system, its net charge, and the electric and magnetic moments of the system.

Keywords: inverse problem, electromagnetic �eld, dipole moment, charge.

1 Statement of the problem

By the inverse problem of electrodynamics we mean
the problem of reconstructing the charge and current
densities from the known electromagnetic �eld they
create. Obviously, the solution of the inverse problem of
electrodynamics depends substantially on the presence
of materials, the region in which the electromagnetic
�eld is speci�ed, ets. It is well known that the value
of an analytic function and all its derivatives at some
point allow to reconstruct the value of the function
in the domain of de�nition by use of the Taylor
series. Applied to the electrostatic inverse problem it
means that if we know the value of electromagnetic
�eld in some point and all its derivatives at this
point, we can reconstruct the �eld in the whole space.
Furthermore, the Maxwell equations allow to calculate
the charge and current density functions ρ(r) and j(r)
respectively:

ρ(r) =
1

4π
divE(r), j(r) =

c

4π
rotH(r).

HereE(r) is the electric �eld andH(r) is the magnetic
�eld.

In actual practice we are able to measure the �eld
and only few �rst derivatives with an inevitable error.
This means that we can reconstruct the �eld only in a
small vicinity around the point where the �eld is mea-
sured. But the real problem encountered in practice is
to calculate the �eld and charge distribution far from
the point where the �eld is measured. In order to do it
we have to know the value of �eld and its derivatives
up to a very high order and with high accuracy. We
present here another approach based on the multipole
expansion of the �eld far from the static collection of
charges and currents.

Suppose we know the value of electric E and
magnetic H �elds at some point far from limited
system of charges and currents. We know also the
�rst derivatives of �elds Eij = ∂Ei/∂xj and Hij =

∂Hi/∂xj . There is to de�ne the charge q, the electric
d and magnetic m dipole moments of the distant
electromagnetic system, and the location r of the
system. Let the coordinate origin be at the point where
the �elds are de�ned. We start with the well known
formula for the �elds of electric and magnetic dipoles
[1, 2]

E = −qr
r3

+
3(rd)r − r2d

r5
, (1)

H =
3(rm)r − r2m

r5
. (2)

Taking the derivatives of these expressions with respect
to coordinates we �nd

Eij =
∂Ei
∂xj

= δij

[
− q

r3
+ 3

rd

r5

]
+ 3

djri + dirj
r5

+ 3rirj

[
q

r5
− 5

rd

r7

]
, (3)

Hij =
∂Hi

∂xj
= δij3

rm

r5
+ 3

mjri +mirj
r5

− 15rirj
rm

r7
, (4)

where δij is the Kronecker symbol. One can see
from Eqs (3) and (4) that the tensors Eij and Hij

are symmetrical. This follows also from the Maxwell
equations, namely from rotE = 0 and rotH = 0.
Besides, the Maxwell equations divE = 0 and divH =
0 give

E11 + E22 + E33 = 0, H11 +H22 +H33 = 0. (5)

We consider expressions (1) � (4) as a set of equations
in 10 scalar unknowns q, r, d and m. But this set
consist of 16 equations with regard to the conditions
(5), and symmetry of the tensors Eij and Hij . This
allows us to formulate the inverse problem in more
general sence. Namely, we can consider �elds E and
H as being originated by di�erent sources. Let us
denote by rq the radius-vector of a charge collection
with a total charge q and an electric dipole moment
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d, and by rm the radius-vector of a system of currents
with a magnetic dipole moment m. Then the set of
equations (1) � (4) splits into two independent sets for
rq and rm. In solving these equations we can obtain in
particular rq = rm, which means that the electric �eld
E and magnetic �eld H are generated by the same
electromagnetic system.

It should be pointed out, that in calculation of �elds
far from an electromagnetic system we can neglect the
higher terms of multipole expansion. The accuracy of
such representation depends on the ratio between the
sizes of the system and the distance between the system
and observer. In solving the inverse problem we �nd
only the distance |r|, but not the sizes of system. In
order to estimate the accuracy of the received solution
one have to calculate the sizes of the system by some
independent method. For example one can solve the
inverse problem for a few di�erent positions of the
observer and then one can estimate the sizes of the
system. One can also investigate the �eld in the vicinity
of the observer in order to �nd out whether this �eld
is of dipole nature. These problems are not considered
in this paper. In order to exclude such questions we
consider further a point-like charge with an electric
dipole moment and a point-like magnetic moment. In
the next two sections we solve the inverse problem �rst
for the equations (1) and (3) and then for equations
(2) and (4).

2 Inverse problem for a charge and electric
dipole

Let us solve the equations (1) and (3) with respect
to the unknown q, d and r1. We choose the coordinate
system as follows: the coordinate origin is placed at the
point where the �eld is speci�ed, the x axis is directed
along the vector E and the y axis is aligned with the
principal normal to the electric �eld line. The vector of
the principal normal n is de�ned by the equality [3]

n =
1

kE

∂E

∂s
,

where k is the curvature of the �eld line and ∂s is
the displacement along the �eld line. Taking derivative
from E we �nd

n =
1

kE4
[E[DE]],

where D = (E∇)E with the projections Di = EkEik
(a summation over repeated indices is implied). The
projections of the vector n on the axes of an arbitrary
orthogonal coordinate system are expressed in terms of
components of the tensor Eij as follows:

ni =
1

kE4
EkEj(EjEik − EiEkj).

If the x axis is directed in the sense of the vector E,
then

n =
1

kE
{0, E12, E13}. (6)

With the y axis directed in the sense of the vector
n we have E13 = 0 and E12 > 0. It can be seen
from Eq. (1) that the vectors E, d and r lie in the
same plane; therefore, the problem is reduced to a two-
dimensional one. In the x, y, z coordinate system we
have E = (E, 0, 0), d = (dx, dy, 0), and E23 = 0 as a
consequence of the axial symmetry of the �eld. Thus,
�ve functions of the coordinates Ex, Ey, E11, E12 and
E33 are known. They can be used to �nd �ve unknowns
q, dx, dy, r1 and r2. Eqs (1) and (3) in the (x, y) plane
take the form

E = −qx
r3

+
3(rd)x− r2dx

r5
, (7)

0 = −qy
r3

+
3(rd)y − r2dy

r5
, (8)

E11 =
q

r3
− 3

(rd)

r5
− 6

dxx

r5
− 3x2

[
q

r5
− 5

(rd)

r7

]
, (9)

E12 = −3
dxy + dyx

r5
− 3xy

[
q

r5
− 5

(rd)

r7

]
, (10)

E33 =
q

r3
− 3

(rd)

r5
. (11)

The charge q and the components of the dipole moment
can be easily expressed from Eqs (7), (8) and (11):

dx = −r3(E + E33x), (12)

dy = −r3yE33, (13)

q = −2r3E33 − 3xrE. (14)

Substituting these formulas into Eqs (9) and (10), we
�nd

E11 =E33 + 6
xy2E

r4
− 3

x2E33

r2
,

E12 =− 3
xyE33

r2
+ 3

yE

r2
− 6

yx2E

r4
. (15)

Taking into account that r =
√
x2 + y2, we get

two equations depending only on x and y. Thus, the
problem is reduced to the solution of the last system of
equations (15). By simple algebraic manipulations this
system can be reduced to the following form (r 6= 0):

x2(2E33 + E11) + y2(E33 − E11) + 2yxE12 = 0,

−xy(E33 + 2E11)− y2E12 + x2E12 + 3yE = 0. (16)

Let us introduce the designations

F1 =E22 − E33, F2 = E33 − E11, F3 = E11 − E22,

S =
√
E2

12 + F1F2.

1We omit the subscripts q and m having in mind that in the section 2 we are dealing only with rq and in section 3 only with
rm.
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Then the solution of Eq. (16) can be written in the
form

x =
3E

4E2
12 + F 2

3

[
F3 ±

E12(F1 − F2)

S

]
, (17)

y =
3E

4E2
12 + F 2

3

[
2E12 ±

2E2
12 − F1F3

S

]
. (18)

In order to calculate the dipole moment, we �nd the
squared radius-vector r

r2 =
9E2

S2(4E2
12 + F 2

3 )

[
2E2

12 − F1F3 ± 2SE12

]
. (19)

Substituting Eqs (17), (18) and (19) into Eq. (12), we
�nd the dipole moment

dx = ∓E10(E12(F 2
1 + (−E12 ± S)2)∓ 2F 2

1 S)

× 27F 3
1

(S)4(F 2
1 + (−E12 ± S)2)5/2

, (20)

dy = ± 81E4F 5
1E33

(S)4(F 2
1 + (−E12 ± S)2)5/2

. (21)

The sign ± in the formulas indicates the existence
of two solutions of the initial system of equations (7-
11). Physically this means that the same �eld with its
derivatives may be created at the given point by two
di�erent sources located at di�erent places. One can
�nd some speci�c cases of this solution in Ref. [4].

3 Inverse problem for a magnetic dipole
moment

In order to �nd the position vector r and the
magnetic moment m of a particle generating the �eld
H we solve equations (2) and (4). Now we align the
axis x along the vector H and the axis y along the
principal normal to the magnetic �eld line. Repeating
the reasoning of the previous section we get

H =
3(rm)x− r2mx

r5
, (22)

0 =
3(rm)y − r2my

r5
, (23)

H11 = −3
(rm)

r5
− 6

mxx

r5
+ 15x2 (rm)

r7
, (24)

H12 = −3
mxy +myx

r5
+ 15xy

(rm)

r7
, (25)

H33 = −3
(rm)

r5
. (26)

Thus, we have 5 equations for 4 unknowns. Hence,
the system of equations (22) � (26) is a overdetermined
one. It means that the components of H and Hij are
not independent. The fact that the �eldH is produced
by a magnetic moment places a constraint on H and
Hij . The corresponding equation will be found latter

(see Eq. (39)). Substituting (rm) from Eq. (26) into
Eqs (22) � (25), we �nd

H = −H33x−
mx

r3
, (27)

0 = −H33y −
my

r3
, (28)

H11 = H33 − 6
mxx

r5
− 5x2H33

r2
, (29)

H12 = −3
mxy +myx

r5
− 5xy

H33

r2
. (30)

Eliminating mx and my we get

H11 = H33 + x2H33

r2
− 6x

H

r2
, (31)

H12 = 3
H

r2
y + xy

H33

r2
, (32)

and for the square of the distance

r2 = − 3Hx

2H33
. (33)

We suppose here that H33 6= 0. The case H33 = 0 will
be considered latter. Using Eqs (31) � (32) one can �nd

x = −3H(3H33 +H11)

2H2
33

, (34)

y = −3HH12(3H33 +H11)

2H2
33(H11 + 5H33)

. (35)

Now we express r from Eq. (33)

|r| = 3|H|
2|H33|

√
3H33 +H11

H33
.

And hence

mx =
1

3

(
3H

2H33

)4

(7H33 + 3H11)

(
3H33 +H11

H33

)3/2

,

(36)

my =H12

(
3H

2H33

)4
3H33 +H11

H11 + 5H33

(
3H33 +H11

H33

)3/2

.

(37)

Let us consider the speci�c case H33 = 0. It follows
from Eq. (26) that (rm) = 0, which gives immediately
x = 0. Eqs (22) � (25) give the whole solution in this
case

x = 0, y = 3
H

H12
, mx = −27

H4

H3
12

, my = 0. (38)

Thus, Eqs (34) � (37) and in particular case Eq. (38)
give the solution of the problem.

It was mentioned above that the system of Eqs (22)
� (26) is a overdetermined one. Let us �nd relation
between H and Hij . On the one hand it follows from
Eq. (33) that

r2 =
9H2(3H33 +H11)

4H3
33

, (H33 6= 0).
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On the other hand relations (34) and (35) give

r2 =
9H2(3H33 +H11)2

4H4
33

(
1 +

H2
12

H4
33

1

(H11 + 5H33)2

)
.

This gives the desired equation

H33

3H33 +H11
= 1 +

H2
12

(H11 + 5H33)2
. (39)

In case H33 = 0 we have from Eqs (22) � (26) H11 = 0.
If the condition (39) is not ful�lled, the �eld H is

not produced by a magnetic dipole.
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Â. Ýïï, Ã. Ô. Êîïûòîâ, Ò. Ã. Ìèòðîôàíîâà

ÎÁÐÀÒÍÀß ÇÀÄÀ×À ÄËß ÑÒÀÖÈÎÍÀÐÍÎÃÎ ÝËÅÊÒÐÎÌÀÃÍÈÒÍÎÃÎ ÏÎËß Â
ÄÈÏÎËÜÍÎÌ ÏÐÈÁËÈÆÅÍÈÈ

Îáñóæäàåòñÿ ñëåäóþùàÿ îáðàòíàÿ çàäà÷à. Ïðåäïîëàãàåòñÿ èçâåñòíûì ýëåêòðîìàãíèòíîå ïîëå è åãî ïåðâûå ïðîèç-
âîäíûå ïî êîîðäèíàòàì äëÿ îãðàíè÷åííîé ñèñòåìû çàðÿäîâ è òîêîâ â íåêîòîðîé òî÷êå âäàëè îò ýòîé ñèñòåìû. Ýòî
ïîçâîëÿåò ëîêàëèçîâàòü ñèñòåìó è îïðåäåëèòü åå ïîëíûé çàðÿä, ýëåêòðè÷åñêèé è ìàãíèòíûé äèïîëüíûå ìîìåíòû.
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Near horizon geometry of an extremal rotating black hole in d = 2n dimensions is considered and superintegrable mechanics
associated with this geometry is constructed.

Keywords: black holes, conformal mechanics, integrable models.

1 Introduction

A remarkable property of the near horizon extremal
black hole in arbitrary dimension is that its isometry
group involves the conformal factor SO(2, 1) [1].
Because Killing vectors are linked to �rst integrals
of the geodesic equations, a massive relativistic
particle propagating on such a background inherits
the conformal invariance and belongs to the class
of conformal mechanics models. A salient feature of
this system is that, by applying a suitable canonical
transformation, the radial canonical pair can be
separated from angular variables and the model can
be put in the conventional conformal mechanics form
[2,3]. Because the variables are separated, the angular
sector can be studied in its own right [4]. In particular,
the Casimir element of the conformal algebra so(2, 1)
realized in the original relativistic particle determines
the Hamiltonian of a reduces mechanics.

The purpose of this work is to consider the near
horizon geometry of an extremal rotating black hole
in d = 2n dimensional spacetime and to construct a
superintegrable mechanics associated to it.

2 Near horizon geometry of the extremal
maximally symmetric d = 2n black hole

A generalization of the Kerr solution of the Einstein
equations to the case of even�dimensional space�
time was proposed in [5]. In Boyer�Lindquist�type
coordinates it reads

ds2 = dt2 − U

∆
dr2 − 2M

U

(
dt−

n−1∑
i=1

aiµ
2
i dφi

)2

−
n∑
i=1

(r2 + a2
i )dµ

2
i −

n−1∑
i=1

(r2 + a2
i )µ

2
i dφ

2
i ,

∆ =
1

r

n−1∏
i=1

(r2 + a2
i )− 2M,

U = r

n∑
i=1

µ2
i

r2 + a2
i

n−1∏
j=1

(r2 + a2
j ), (1)

where the latitudinal coordinates µi obey the
constraint
n∑
i=1

µ2
i = 1. (2)

It is assumed that only (n − 1) independent rotation
parameters are present so an is set to zero in (1). The
range of azimuthal coordinates φi is taken to be [0, 2π],
µi lie in the interval [0, 1] for i = 1, . . . , n − 1, while
µn ∈ [−1, 1]. The isometry group of (1) includes the
time translation and (n−1) rotations which altogether
form U(1)n.

Because in this work we are primarily concerned
with the construction of superintegrable systems, in
what follows we consider only the special case that
all the rotation parameters are equal ai = a. In this
case the U(1)n−1 subgroup in the isometry group,
which corresponds to rotations, is known to enhance
to U(n− 1).

Before implementing the near horizon limit one has
to put the metric in a more convenient form

ds2 =
∆

U

(
dt− a

n−1∑
i=1

µ2
i dφi

)2

− U

∆
dr2

− (r2 + a2)
n−2

rU

n−1∑
i=1

µ2
i

(
adt− (r2 + a2)dφi

)2
−(r2 + a2)

n−1∑
i=1

dµ2
i − r2dµ2

n

+
a2(r2 + a2)

n−1

rU

n−1∑
i<j

µ2
iµ

2
j (dφi − dφj)

2
,

∆ =
1

r
(r2 + a2)

n−1 − 2M,

U =
1

r
(r2 + a2)

n−2
(r2 + a2µ2

n),
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µ2
n = 1−

n−1∑
i=1

µ2
i . (3)

The extremal solution is characterized by the condition
that ∆ has a double zero at the horizon radius r = r0.

In order to implement the near horizon limit, one
rede�nes the coordinates

r → r0 + εr0r, t→ αt

ε
, (4)

φi → φi +
βit

ε
,

and adjusts the number coe�cients α and βi in such
a way that, up to a factor, the �rst two terms in (3)
produce the AdS2 metric in the limit ε→ 0

α =
2(n− 1)r0

2n− 3
, βi =

r0

a
. (5)

Sending ε to zero, one derives the near horizon metric

ds2 = ρ2
0

(
r2dt2 − dr2

r2

)
− 2(n− 1)

n−1∑
i=1

dµ2
i

−dµ2
n −

4

(2n− 3)
2
ρ2

0

n−1∑
i=1

µ2
i (rdt+ dφi)

2
+

+
2

(n− 1)(2n− 3)ρ2
0

n−1∑
i<j

µ2
iµ

2
j (dφi − dφj)

2
,

ρ2
0 =

1 + (2n− 3)µ2
n

2n− 3
, µ2

n = 1−
n−1∑
i=1

µ2
i , (6)

where we discarded an overall factor of r2
0 and scaled

the azimuthal angular variables as follows: a(n−1)
r0

φi →
φi. It is straightforward to verify that (6) is a vacuum
solution of the Einstein equations.

3 Conformal mechanics in d = 2n and its
integrable reductions

In order to construct the Hamiltonian of a
massive relativistic particle propagating on the curved
background (6), one inverts the metric (6) and then
solves the mass shell condition

gnmpnpm = m2, (7)

where pm = (p0, pr, pµi , pφi), for p0. This gives
the Hamiltonian p0 = H. Then one computes the

generators of the conformal group so(2, 1) and the
Casimir element of so(2, 1) which determines a reduced
integrable spherical mechanics

H̃ =
1

(2n− 3)(2n− 2)

n−1∑
i,j=1

((2n− 3)ρ2
0δij

−µiµj)pµipµj +

n−1∑
i,j=1

(
(2n− 3)(2n− 2)ρ2

0

4µ2
i

δij

− (2n− 3)
2
ρ2

0

4
− 1

)
pφipφj +m2ρ2

0, (8)

where ρ2
0 is given in (6) and m2 is now treated as a

coupling constant. By construction, it inherits U(n −
1) symmetry of the background. A further reduction
occurs if one disregards the cyclic variables φi and sets
pφi to be constants in (8)

H ′ =
1

(2n− 3)(2n− 2)

n−1∑
i,j=1

((2n− 3)ρ2
0δij

−µiµj)pµipµj +

n−1∑
i=1

g2
i ρ

2
0

µ2
i

+ ν

n−1∑
i=1

µ2
i ,

ρ2
0 =

2(n− 1)

2n− 3
−
n−1∑
i=1

µ2
i . (9)

Here ν and gi are coupling constants. Thus, we
have constructed a new variant of integrable spherical
mechanics with 2(n−1) phase space degrees of freedom.
Further analysis shows that this model lacks only one
ontegral of motion to be maximally superintegrable [6].

4 Conclusion

To summarize, in this work we have constructed
a metric describing the near horizon geometry of an
extremal rotating black hole in d = 2n dimensions
for the special case that all the rotation parameters
are equal. The Hamiltonian of an integrable spherical
mechanics associated with such a geometry was
constructed.

Acknowledgement

This research was supported by the TPU grant
LRU-FTI-123-2014.

References

[1] Lu H., Mei J. and Pope C. 2009 JHEP 0904 054.

[2] Bellucci S., Galajinsky A., Ivanov E. and Krivonos S. 2003 Phys. Lett. B 555 99.

[3] Galajinsky A. and Nersessian A. 2011 JHEP 1111 135.

� 68 �



A. Galajinsky. Near horizon black hole geometries and integrable models

[4] Hakobyan T., Krivonos S., Lechtenfeld O. and Nersessian A. 2010 Phys. Lett. A 374 801.

[5] Myers R. C. and Perry M. J. 1986 Annals Phys. 172 304.

[6] Galajinsky A., Nersessian A. and Saghatelian A. 2013 JHEP 1306 002.

Received 16.11.2014

À. Â. Ãàëàæèíñêèé

ÃÅÎÌÅÒÐÈß ÝÊÑÒÐÅÌÀËÜÍÛÕ ×ÅÐÍÛÕ ÄÛÐ ÂÁËÈÇÈ ÃÎÐÈÇÎÍÒÀ È
ÈÍÒÅÃÐÈÐÓÅÌÛÅ ÑÈÑÒÅÌÛ

Èññëåäóåòñÿ ãåîìåòðèÿ ýêñòðåìàëüíîé âðàùàþùåéñÿ ÷åðíîé äûðû â ïðîñòðàíñòâå d=2n èçìåðåíèé âáëèçè ãîðèçîíòà
ñîáûòèé. Ñòðîèòñÿ ñóïåðèíòåãðèðóåìàÿ ñèñòåìà, àññîöèèðîâàííàÿ ñ òàêîé ãåîìåòðèåé.
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We consider collision of a point particle with an in�nitely thin planar domain wall within the linear and post-linear
approximations of Einstein classical gravity in Minkowski space-time of arbitrary dimension. Both colliding objects are
treated dynamically and the branon excitation of the domain wall is taken into account. The energy balance in this process
is non-trivial since the interaction force does not fall with distance and the particle and the domain wall are never free.
We show that contribution of the gravitational stresses e�ectively localizes on the particle and the wall world-volumes and
gives rise to the relativistic potential energies of each object in the gravitational �eld of the partner. The contribution of
the branons to the energy of the domain wall in the lowest order in gravitational constant is shown to be zero.

Keywords: gravitation, branes, domain walls, conservation laws.

1 Introduction

Existence of asymptotically free states is crucial in
the standard theory of particle collisions, both classical
and quantum. For this to be valid, the interaction
force between the colliding objects must fall down with
the distance su�ciently fast. Meanwhile, in various
physical systems, like two quarks mediated by the
gluon string, this is not so and the question arises,
whether one can sensibly de�ne the notion of the
potential energy in the relativistic two-body problem.
To this aim we consider here a model problem with
non-decaying interaction force, namely, collision of the
point particle with the Nambu-Goto brane immersed
into space-time with the codimension one. Such a
problem may have physical applications in cosmology
[1�3], in particular, perforation of the domain walls
by black holes was suggested as novel mechanism of
domain walls destruction in the Early Universe [4�6].
It may be of interest also in the context of the Rundall-
Sundrum scenario [7�10], in studying the brane �
black hole composites [11, 12], black hole escape from
branes [13�18], in dynamical description of branes in
supergravity/string theory [19, 20]. Recently we have
considered a simpler problem of interaction of the point
particle with the domain wall in the linearized gravity
and have shown [21, 22] that the perforation of the
domain wall by the particle can be well described
in terms of distributions. Here we will discuss some
peculiar features of the energy balance in this collision.

If the static domain wall gravity is viewed as �xed
background, the particle moves along the geodesic
line, and the total energy is de�ned contracting the
tangent vector with the time-translation Killing vector.

This total energy contains the potential energy of
the particle in the static gravitational �eld. When we
consider the interacting two-body system mediated by
gravity, the notion of the potential energy seems to fail,
since there is no more the necessary Killing �eld and
gravity enters as the third participant possessing an
in�nite degrees of freedom. In other words, in order
to establish the energy conservation low one has to
include contribution of the gravitational stresses as
separate quantity. These stresses generically are non-
local, so it seems impossible to describe the momentum
balance as usual in terms of momenta associated with
the colliding objects only. We will show, however,
that treating the particle � domain wall problem
perturbatively, expanding dynamical variables in terms
of the gravitational coupling, one observes, that in the
leading order the stresses e�ectively localize at the
particle and wall world-volumes, leading to possibility
to de�ne the potential energy of each object in the
gravitational �eld of the partner in relativistic way.

It is worth noting that gravitational interaction
of branes is an essentially relativistic problem even
if their relative velocity is small, since the brane
tension, causing gravitational repulsion, contributes to
interaction on equal footing with the energy density.
The net e�ect of gravitational interaction of two branes
therefore varies with dimensionality of the world-
volumes and codimension of their embedding into
space-time. It is repulsive for codimension one (domain
walls) [23,24], locally vanishes for codimension two and
attractive in other cases. Another new feature due to
the extended nature of branes is possibility of their free
oscillations which may accompany the generic collision
process. While two point particles under collision just
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change their momenta, but remain in the same intrinsic
state, the brane will get excited and will not remain
in the initial state even asymptotically. Fortunately,
within the linearized gravity the piercing collision of
point particle with the domain wall may be treated
analytically. In fact, the degree of singularity of the
linearized gravitational �eld at the location of the
brane essentially depends on its codimension: the
metric diverges as a negative power of the distance
for codimension greater than two, as logarithm for
codimension two, but it remains �nite in the case
of the domain wall. Therefore, though generically
gravitational collision of two in�nitely thin branes is
a singular problem, the collision particle � domain wall
turns out to be tractable.

2 Linearized gravitational interaction of
static branes

For more generality we start with an arbitrary p-
brane propagating in D−dimensional curved space-
time (the bulk). We denote the bulk metric as
gMN , M,N = 0, 1, 2, ..., D − 1, the signature is + −
− . . ., and de�ne the brane world-volume Vp+1 by the
embedding equations xM = XM (σµ), parameterized
by arbitrary coordinates σµ, (µ = 0, ..., p) on Vp+1 .
The corresponding action in the Polyakov form is a
functional of XM (σµ) and the metric γµν on Vp+1:

Sp = −µ
2

∫ [
XM
µ XN

ν gMNγ
µν − (p− 1)

]
×
√
|γ| dp+1σ . (1)

Here µ is the brane tension, XM
µ = ∂XM/∂ σµ are the

tangent vectors and γµν is the inverse metric on Vp+1,
γ = detγµν . Variation of (1) with respect to XM gives
the brane equation of motion

∂µ

(
XN
ν gMNγ

µν
√
|γ|
)

=
1

2
gNP,MX

N
µ X

P
ν γ

µν
√
|γ| , (2)

which is covariant with respect to both the space-time
and the world-volume di�eomorphisms. Variation over
γµν gives the constraint equation(
XM
µ XN

ν −
1

2
γµνγ

λτXM
λ XN

τ

)
× gMN +

p− 1

2
γµν = 0 , (3)

whose solution de�nes γµν as the induced metric on
Vp+1:

γµν = XM
µ XN

ν gMN

∣∣
x=X

. (4)

Adding to (1) the Einstein action

SE = − 1

κ2
D

∫
RD

√
|g| dDx , (5)

where κ2
D ≡ 16πGD, and varying Sp+SE with respect

to the space-time metric gMN we obtain Einstein
equations

RMN −
1

2
gMNR =

κ2
D

2
TMN (6)

with the source term

TMN = µ

∫
XM
µ XN

ν γ
µν δ

D
(
x−X(σ)

)√
|g|

×
√
|γ| dD−1σ . (7)

Consider static solutions of the system (2, 3, 6)
for planar branes described by the linear embedding
functions

XM = ΣMµ σµ (8)

with constant system of linearly independent vectors
ΣMµ . In what follows we will mostly use the internal
coordinates σµ coinciding with the bulk coordinates
xµ, so that ΣMµ = δMµ , but in some cases σµ will be
still used to avoid confusion.

Consistency of the above coupled system involving
singular delta sources depends on codimension d̃ =
D − p − 1 of the embedding of the brane world-
volume into the bulk. Strictly speaking, for d̃ > 3
the use of distributions in the full non-linear gravity is
not legitimate, though the presence of delta-sources in
classical p-brane solutions in supergravities sometimes
still can be detected [19]. The case d̃ = 2 as it is well-
known from an example of the cosmic string in four-
dimensional space-time [3], is exceptional: in this case
the cylindrically symmetric �eld con�gurations exist
for which Einstein equations reduce to two-dimensional
Laplace equation with the delta-source leading to static
locally �at conical transverse space. The case d̃ = 1
(domain wall) is legitimate too, but has a peculiar
feature: exact solutions of Einstein equations are non-
static [1,2,25,26] (the static solutions exist if one adds
a negative cosmological constant of some special value
[27, 28]). Here we will restrict to the linearized theory
expanding the metric as

gMN = ηMN + κDhMN . (9)

All subsequent operations with indices of hMN will be
performed with respect to the Minkowski metric, e.g.,
gMN ≈ ηMN − κDhMN . In the Lorentz gauge

∂Nh
MN =

1

2
∂Mh, h = hMM , (10)
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the linearized Einstein equations reduce to

2hMN = −κD
(
TMN −

1

D − 2
T ηMN

)
,

T = TMM , (11)

with 2 ≡ ∂M∂
M . Consider again an arbitrary

plane unexcited p-brane described by the embedding
functions (8), choose the coordinates on Vp+1 as σ0 =
x0 ≡ t , σi = xi , i = 1, . . . , p and denote the coordinate
transverse to the brane as zn , n = 1, . . . , d̃. Then the
brane stress-tensor TMN will have non-zero only the
components µ , ν = 0, i given by

Tµν = µηµνδ
d̃(z) , (12)

where ηµν is Minkowski metric on the brane (and unity
in the case p = 0), leading to

ds2 =
(

1 + 4k(d̃− 2)Φd̃

)
ηµνdx

µdxν

−
(

1− 4k(p+ 1)Φd̃

)
dzk

2 , (13)

where

k =
µκD

2(D − 2)
. (14)

Here Φd̃ is the solution of the transverse Poisson
equation

∆d̃Φd̃(z) = δd̃(z) , (15)

which reads explicitly

Φd̃(z) =

{ |z|/2, d̃ = 1

(2π)−1 ln |z|, d̃ = 2

−(d̃− 2)−1Ω−1

d̃−1
|z|(2−d̃), d̃ > 3

, (16)

where Ωd̃−1 is the volume of the d̃− 1−dimensional
unit sphere in d̃−dimensional euclidean space:

Ωd̃−1 = 2πd̃/Γ(d̃).
Consider now the second p̄-brane, (with p̄ 6 p)

sitting parallel to the �rst at some �nite distance. We
split the space-time coordinates as xM = (t,x,y, z),

where x ∈ Rp̄, y ∈ Rp−p̄, z ∈ Rd̃. Let the �rst p-brane
occupy the sector xA = (t,x,y) and located at z = 0 in
the overall transverse space, while the second extends
in the sector xa = (t,x) at the position z = z̄. To
extract the e�ective interaction potential we start with
the action

Sint = −κD
2

∫
hMN T̄

MNdDx , (17)

where hMN is the linearized metric of the p-brane and
T̄MN is the stress-tensor of the p̄ brane (or vice-versa)
and insert as hMN the solution of the corresponding

d'Alembert equation. Using the scalar Green's function
of the d'Alembert equation

2DG(x, x′) = δD(x− x′) , (18)

we obtain the bilinear form of the stress-energy tensors

Sint = −κ2
D

2

∫
G(x, x′)

(
TMN (x) T̄MN (x′)

− 1

D − 2
T (x) T̄ (x′)

)
dDxdDx′ . (19)

Substituting here the corresponding quantities for both
branes at rest, we �nd that the integral (19) reduces
to that over time and the spatial coordinates x of
the p̄-brane, allowing for introduction of the e�ective
potential Ueff per unit volume of the smaller brane:

Sint = −
∫
Ueff(z̄) dtdx, (20)

which explicitly reads

Ueff =
κ2
Dµµ̄(p̄+ 1)(d̃− 2)

2(D − 2)
Φd̃(z̄) . (21)

Inserting here the transverse potential (16) we �nally
obtain

Ueff = − κ2
Dµµ̄(p̄+ 1)

2(D − 2)


z̄/2, d̃ = 1

0, d̃ = 2

Ω−1

d̃
|z̄|(2−d̃), d̃ > 3

.

(22)

Thus, the character of interaction depends on
codimension of the embedding of the bigger p-brane
into the bulk: the potential is repulsive for d̃ = 1, there
is no force for d̃ = 2 and it is attractive for d̃ > 2. This
simple picture, however, holds only in the static case.
As we will see, situation becomes more sophisticated
when branes are in motion. Somewhat unexpectedly,
however, we will still be able to introduce the notion
of the relativistic potential energy as well.

3 Interaction of domain wall with moving
particle

Now we pass to the system of the gravitationally
interacting domain wall p = D− 2 and a moving point
particle (p̄ = 0), adding to the sum Sp+SE the particle
action

S0 = −1

2

∫ (
e gMN ż

M żN +
m2

e

)
dτ , (23)

where e(τ) is the ein-bein of the particle world-line
and dots denote derivatives with respect to τ . Varying
S0 with respect to zM (τ) and e(τ) one obtains the
geodesic equation in arbitrary parametrization

d

dτ

(
eżNgMN

)
=

e

2
gNP,M żN żP , (24)
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and the constraint equation

e2gMN ż
M żN = m2 . (25)

The corresponding energy-momentum tensor reads

T̄MN =

∫
eżM żNδD

(
x− z(τ)

)√
|g|

dτ . (26)

Both the domain wall and the point particle will
be treated on equal footing in the framework of the
linearized gravity on Minkowski background. So we
expand the total metric similarly to (9) adding to the
metric perturbation hMN , which will be still associated
with the brane, the metric perturbation h̄MN due to
the particle (preserving the notation of sec. 2D):

gMN = ηMN + κD
(
hMN + h̄MN

)
. (27)

The Lorentz gauge condition (10) will be assumed for
both components independently.

To treat the interaction problem in terms of
formal expansions in the gravitational coupling we
have to substitute XM + δXM , zM + δzM ,γµν +
δγµν and e + δe and treat the deviations iteratively.
Here XM , zM , γµν , e are assumed to describe free
motion of both objects in Minkowski space-time, while
δXM , δγµν are the perturbations of the brane variables
due to the gravitational �eld of the particle h̄MN ,
and δzM , δe are the perturbations of the particle
variables due to the gravitational �eld of the brane
hMN (and we omit singular self-interaction terms).
The unperturbed domain wall is thus described by
the embedding functions (8) and the corresponding
induced metric is γµν = ηµν . The unperturbed stress
tensor is

TMN
0 = µΣMµ ΣNν η

µνδ(z) , (28)

and the corresponding metric deviation can be read o�
from Eq. (11):

hMN =
κDµ

2

(
ΞMN −

D − 1

D − 2
ηMN

)
|z|

=
κDµ|z|

2(D − 2)
diag (−1, 1, ..., 1, D − 1) , (29)

where ΞMN ≡ ΣµMΣνNηµν . From here one derives the
validity condition for our iteration scheme. Smallness
of κDhMN implies

kz � 1 , (30)

where k is given by (14). This parameter has meaning
of the inverse curvature radius of the bulk, so our
approximation is valid at the distance from the brane
small with respect to this curvature radius.

Assuming the particle to move orthogonally to the
wall, we parameterize the unperturbed world-line as

zM (τ) = uMτ , uM = γ (1, 0, ..., 0, v) ,

γ = 1/
√

1− v2 . (31)

This trajectory intersects the domain wall at the
moment of proper time τ = 0, the corresponding
coordinate time also being zero, t = 0. Using (29) and
(31) in the Eqs. (25) and (24) one obtains for δe and
δzM the system of equations

δe = −m
2

(
κD hMNu

MuN + 2 ηMN u
M δżN

)
(32)

and

d

dτ

(
δeuM +mδżM

)
=

= −κDm
(
hPM,Q −

1

2
hPQ,M

)
uPuQ , (33)

which upon the elimination of δe gives for δzM :

Π̄MNδz̈N = −κD Π̄MN

×
(
hPN,Q −

1

2
hPQ,N

)
uPuQ , (34)

where

Π̄MN = ηMN − uMuN (35)

is a projector onto the subspace orthogonal to uM . Let
us now choose the overall gauge condition

gMN ż
M żN = 1 , (36)

with zM including the perturbation. In view of the zero
order parametrization assumed (31), this amounts to
the condition δe = 0, i.e.,

m

2

(
κD hMNu

MuN + 2 ηMN u
M δżN

)
= 0 . (37)

Going back to eq. (33) one has thereby

δz̈M = −κD
(
hPM,Q −

1

2
hPQ,M

)
uPuQ , (38)

or, in components,

δz̈ 0 = 2kv γ2 sgn(τ) ,

δz̈ ≡ z̈D−1 = k (Dγ2v2 + 1) sgn(τ) , (39)

so, the force is repulsive as expected.
Integrating (39) twice with initial conditions

δzM (0) = 0, δżM (0) = 0, one has

δz0 = kvτ2 γ2 sgn(τ) , (40)

δz =
1

2
kτ2

(
Dγ2v2 + 1

)
sgn(τ) . (41)
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Substituting (40) into (32) one can check that the
gauge condition (37) holds.

According to (40), the perturbation of the particle
D-velocity δż0 has no discontinuity at the location
of the brane z = 0, but its derivative has.
The discontinuity of acceleration has simple physical
meaning: the repulsive force changes its sign at the
moment of perforation.

4 Excitation of branons

Denoting the stress-tensor and the gravitational
�eld of the particle by bar, we will have:

2D h̄MN = −κD
(
T̄MN −

1

D − 2
T̄ ηMN

)
, (42)

where the source term

T̄MN
0 (x) =

m

γ
uMuNδ(z − vt) δD−2(r) , (43)

has only t, z− components non-zero. The solution (for
D > 4) reads:

h̄MN (x) = −
κDmΓ

(
D−3

2

)
4π

D−1
2

(
uMuN −

1

D − 2
ηMN

)
× 1

[γ2(z − vt)2 + r2]
D−3

2

, (44)

where r =
√
δijxixj is the radial distance on the

wall from the perforation point. This is just the
Lorentz-contracted D-dimensional Newton �eld of the
uniformly moving particle.

Perturbations of the Nambu-Goto branes in the
external gravitational �eld were expensively studied
in the literature, see e.g. [29, 30]. On the Minkowski
background the derivation is particularly simple. First,
from Eq. (4) we �nd the perturbation of the induced
metric

δγµν = 2 δM(µ δX
N
ν)ηMN + κDh̄MNΣMµ ΣNν , (45)

where brackets denote symmetrization over indices
with the factor 1/2. Then linearizing the rest of the
Eq. (2), after some rearrangements one obtains the
following equation for deformation of the wall:

ΠMN 2D−1 δX
N = ΠMN JN ,

ΠMN ≡ ηMN − ΣMµ ΣNν η
µν , (46)

where 2D−1 ≡ ∂µ∂
µ and ΠMN is the projector onto

the (one-dimensional) subspace orthogonal to VD−1.
The source term in (46) reads:

JN = κD ΣµP ΣνQ ηµν

(
1

2
h̄PQ,N − h̄NP,Q

)∣∣∣∣
z=0

. (47)

Using the aligned coordinates on the brane σµ =
(t, r), we will have δMµ = ΣMµ , so the projector

ΠMN reduces the system (46) to a single equation for
M = z component. Thus only the z-components of
δXM and JM are physical. Generically, the transverse
coordinates of the branes can be viewed as Nambu-
Goldstone bosons (branons) which appear as a result
of spontaneous breaking of the translational symmetry
[31]. These are coupled to gravity and matter on the
brane in the brane-world models via the induced metric
(for a recent discussion see [32, 33]). In our case of
co-dimension one there is only one such branon. The
remaining components of the perturbation δXM can be
removed by suitable transformation of the coordinates
on the world-volume, so δXµ = 0 is nothing but
the choice of gauge. Note that in this gauge the
perturbation of the induced metric δγµν does not
vanish, as it was for the perturbation of the particle
ein-bein e.

Denoting the physical component as Φ(σµ) ≡
δXz we obtain the branon (D − 1)-dimensional wave
equation:

2D−1Φ(σµ) = J(σµ), (48)

with the source term J ≡ Jz. Substituting (44) into
the eq. (47) we obtain the source term for the branon:

J(σ) = −κD
[

1

2
ηµν h̄

µν,z − h̄ z 0,0

]
z=0

=

= − λvt

[γ2v2t2 + r2]
D−1

2

, (49)

where

λ =
κ2
Dmγ

2Γ
(
D−1

2

)
4π

D−1
2

(
γ2v2 +

1

D − 2

)
. (50)

The retarded solution of the branon wave equation
(48) reads

Φ(xµ) = − 1

(2π)D−1

∫
e−ikx

ω2 − k2 + 2iεω

× J(kµ) dD−1k , (51)

where J(kµ) is the Fourier-transform of the source :

J(kµ) = − 2π
D−1

2 λ

γΓ
(
D−1

2

) iω

γ2v2k2 + ω2
. (52)

Expanding the product of two pole factors as

1

(γ2v2k2 + ω2) (ω2 − k2 + 2iεω)
=

(
1

ω − k + iε

+
1

ω + k + iε
− 2ω

ω2 + γ2v2k2

)
1

2γ2ωk2
, (53)
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and integrating over angles we present the solution as
the sum

Φ = Φa + Φb , Φa ≡ −Λ sgn(t)Ia ,

Φb ≡ 2 Λ θ(t)Ib , Λ ≡
√
π λ

2
D−2

2 γ3Γ
(
D−1

2

) , (54)

where the remaining integrals involve Bessel functions:

Ia(t, r) =
1

r
D−4

2

∞∫
0

dk JD−4
2

(kr) k
D−6

2 e−kγv|t| , (55)

Ib(t, r) =
1

r
D−4

2

∞∫
0

dk(t, r)JD−4
2

(kr) k
D−6

2 cos kt . (56)

The �rst term Φa is time antisymmetric and present
the �action at a distance� interaction of the particle and
the domain wall. The second term Φb is the shock-wave
branon starting at the moment of perforation. Details
of integration ar given in [22]. The result for odd D > 5
is

Φa = − 2Λ√
2π

(
−1

r

∂

∂r

)D−5
2 1

r
arctan

r

γv|t|
,

Φb =
√

2πΛ θ(t)

(
−1

r

∂

∂r

)D−5
2 θ(r − t)

r
. (57)

For even D > 6 one �nds [34]

Ia =

(
−1

r

∂

∂r

)D−6
2

[
1

r2

(
1− γv|t|√

γ2v2t2 + r2

)]
, (58)

Ib =

(
−1

r

∂

∂r

)D−6
2
(
θ(r − |t|)

r2

− θ(|t| − r)√
t2 − r2(|t|+

√
t2 − r2)

)
. (59)

These expressions were obtained as exact solutions
of the branon equations and as such they are valid
for all t. But it is important to understand that our
perturbation is valid for small enough z, see (30), and
since the unperturbed particle world-line is z = vt, this
amounts to the condition on time

t� 1

kv
, (60)

provided v 6= 0; in the static case one has simply the
condition (30) on z. Thus the formal expansions in
terms of κD are convergent only in bounded region
of z and t.

5 Energy conservation

We would like to check the energy momentum
balance in our collision problem in lowest non-trivial

order in κD. First we have to construct the divergence-
free energy-momentum tensor (in Minkowski sense)
which in zero order approximation is the sum of (28)
and (43). This sum is obviously divergence free.

The �rst order particle stress tensor is obtained
expanding the general expression (26) in κD:

T̄MN
1 (x) =

m

2

∫ [
4 δż(MuN) − κD uMuN

×
(
h+ 2 δzP∂P

)]
δD(x− uτ) dτ , (61)

where h is the trace of the �rst order metric deviation
due to the wall (13); the symmetrization over the
indices (MN) as well as the anti-symmetrization [MN ]
below is de�ned with 1/2. The delta-function indicates
on the localization of the integrand at the non-
perturbed particle world-line.

The �rst order stress-tensor of the wall is obtained
substituting the �rst-order metric deviation (44) due
to the particle and the �rst-order perturbations of the
wall world-volume into the Eq. (7):

TMN
1 (x) =

µ

2

∫ [
4 δ(M

µ δXN)
ν ηµν − 2 δMµ δ

N
ν

×
(
h̄µν + 2 ηLRδ

(µ
R δX

ν)
L

)
+ δMµ δ

N
ν η

µν
(
h̄λλ − h̄ (62)

+ 2 δXL
λδ

λ
L − 2 δXL∂L

)]
δD−1(x− σ) δ(z) dD−1σ .

Again, the delta-functions in the integrand indicate on
its localization on the unperturbed wall world-volume.

The sum of (61) and (62) is not divergence
free in the Minkowski sense, since in this order the
gravitational e�ective stress tensor obtained as the
quadratic term in the expansion of the Einstein tensor
in κD enters into play:

GMN = − κD
2

2

(
HMN − 1

2
ηMNH

)
− κ2

D

2
SMN +O(H3) , (63)

where H = HM
M , 2 = ηMN∂M∂N and SMN stands for

SMN = 2HMP,QHN
[Q,P ] +HPQ

(
HMP,NQ

+ HNP,MQ −HPQ,MN −HMN,PQ
)

− 2H
(M
P 2H

N)P − 1

2
HPQ,MHPQ

,N +
1

2
HMN2H

+
1

2
ηMN

(
2HPQ2HPQ −HPQ,LH

PL,Q

+
3

2
HPQ,LH

PQ,L

)
. (64)

To exclude the divergent self-action terms (we do not
intend to investigate radiation reaction aspects of he
problem) one has to substitute here the sum

HMN = hMN + h̄MN , (65)
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and keep only the product terms of hMN and h̄MN , the
resulting quadratic form will be denoted SMN (h, h̄).
Then is straightforward, though rather tedious, to
check the conservation equation

∂Nτ
MN = 0 , (66)

for the current

τMN = TMN
1 + T̄MN

1 + SMN (h, h̄) . (67)

Actually only the sum of three terms is invariant under
gauge transformations of the linear theory

hMN → hMN + ∂MξN + ∂NξM , (68)

but we can by de�nition associate with the �rst two
terms the kinetic momenta of the wall and the particle
respectively since these quantities are directly localized
on them. The third term looks essentially non-local and
a priori can be associated neither with the particle, nor
with the wall. Our main result is demonstration of the
fact that within the perturbation theory it can be split
into the particle and the wall �potential� terms.

Omitting the trivial zero order contributions, we
thus de�ne the kinetic energies of the brane and the
particle as

E(t) =

∫
Σt

T 00
1 dD−1x , Ē(t) =

∫
Σt

T̄ 00
1 dD−1x , (69)

where Σt is the D − 1 space hyper-surface chosen
to be orthogonal to the time axis at the moment t,
with the measure dD−1x = dzdD−2r. The particle
kinetic energy is calculated substituting the wall metric
deviation hMN (τ) given by (29) and the particle world-
line deviation δzM (τ) given by (40) into (61) and
integrating with the help of the delta-function:

Ē(t) = 2Dmkγv|t| . (70)

Similarly, to calculate the wall kinetic energy we
substitute the deviation δXM = δMz Φ with the branon
�eld Φ given by (54) into the integrand in (69)
obtaining

T 00
1 =

µ

2

[(
−2 h̄00 + h̄zz

)
δ(z)− 2 Φ δ′(z)

]
. (71)

Since Φ is the function of the world-volume coordinates
(t, r) only, the term Φ δ′(z) vanishes upon integration
over z, so the brane kinetic energy in the �rst order in
κD does not depend on Φ. Substituting into (71) the
particle metric deviation (44) one gets

T 00
1 =

Γ
(
D−3

2

)
2π

D−1
2

(
(D − 2)γ2v2 + (2D − 7)

)
mkχ δ(z) ,

χ ≡ 1

[γ2(z − vt)2 + r2]
D−3

2

, (72)

which leads after integration to:

E =
Γ
(
D−3

2

)
√
πΓ
(
D−2

2

) ((D − 2)γ2v2 + (2D − 7)
)
mkQ(a) ,

a =γvt , (73)

where Q(a) denotes the integral of χ over r including
the volume factor

Q(a) =

∫ ∞
0

rD−3 dr

(a2 + r2)
D−3

2

. (74)

This integral linearly diverges at the upper limit. This
divergence is due to insu�ciently fast decay of the
particle gravity with the radial distance along the wall.
Meanwhile, the resulting dependence of the kinetic
energy on time can be trusted only for su�ciently small
t satisfying the applicability condition (60) since the
metric perturbation is legitimate only for small time
intervals around the perforation moment t = 0. So
expanding Q(t) = Q(0) + t∂tQ+ . . . we can trust only
the linear term. Omitting the (in�nite) constant, we
are led to the following prescription for the regularized
Q:

Qreg(a) = a
dQ

da
= −(D − 3)a2

∫
rD−3 dr

(a2 + r2)
D−1

2

. (75)

The integral in the expression for Qreg is �nite and is
evaluated by the substitution 1 + (r/a)2 = 1/y leading
to the Euler beta-function:

Qreg = −
|a|(D − 3)

√
πΓ
(
D−2

2

)
2 Γ
(
D−1

2

) , (76)

so the desired quantity reads:

E = −γv
(

(D − 2)γ2v2 + 2D − 7
)
mk |t| . (77)

The sum of this expression and the particle kinetic
energy (70) is not zero. This is not surprising, since
we still have to take into account the gravitational
energy-momentum tensor SMN (h, h̄). Substituting into
the quadratic form S00(h, h̄) the �rst order particle and
wall metric deviations one �nds the following non-zero
terms:

1. The products of the �rst derivatives of both
hMN and h̄MN whose resulting z-dependence is
sgnz ∂zχ. Since this function must be further
integrated over z, we can replace sgn z∂zχ →
−2χδ(z) , dropping the total derivative which
gives a constant. The δ(z) appearing afterward
indicates on the connection of this term with the
wall.

2. Terms proportional to the second z-derivatives
of h̄MN : with z-dependence |z|∂2

zχ . These also
become localized on the wall after integrating by
parts twice.
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3. The second derivatives of hMN , which are
proportional to δ(z)χ; these are directly attached
to the wall.

4. Boxes of h̄MN : −3h00 2h̄00 + 1
2 h00 2h̄ +

hPQ2h̄PQ . These are localized on the particle
world-line after application of the linearized
Einstein equations.

Thus, omitting the total derivatives, we can rewrite the
stress term as

S00 = Sp δ(z − vt) + Sw δ(z) , (78)

where

Sp = −2

(
(D + 1) v2 +

4

γ2

)
mk|z|δD−2(r) ,

Sw = −
Γ
(
D−3

2

)
2π

D−1
2

[
(D − 2)γ2v2

+ 2D − 5− 2(D − 3)

γ2

]
mkχ . (79)

After integration over z we are left with the quantities
which can be interpreted as e�ective potential energies
of the wall V and the particle V̄ in the gravitational
�eld of the partner:

V =

∫
Sw d

D−2r , V̄ =

∫
Sp d

D−2r . (80)

The integral for V gives again the divergent quantity
(74) which is regularized according to (75) as the
corresponding quantity for kinetic energy. Performing
the evaluation we get:

V = mk
[
(D − 2)γ2v2 + 2D − 5

− 2(D − 3)

γ2

]
γv|t|, (81)

V̄ = −2mk

(
(D + 1) v2 +

4

γ2

)
γv|t| . (82)

The sum of the kinetic and potential terms therefore
reads

Ē + V̄ = −(E + V ) = 2mkγv|t|
×
(
D − 4− (D − 3) v2

)
. (83)

This quantity has a meaning of the total energy
transferred by the wall to the particle during the
collision; it is opposite to the total energy transferred
by the particle to the wall, so the energy balance
is ful�lled indeed. The energy transfer linearly
depends on time, this is the consequence of our
linear approximation in the interaction constant.
The sign depends on the relative velocity and the
dimension. The somewhat unexpected feature here is
the emergence of the potential terms due to e�ective

localization of gravitational stresses. There is nothing
mysterious here, however, since the gravitational
interaction in this order looks like an action at a
distance. The retardation e�ect is only in the branon
wave, but as we have seen, this does not contribute to
the energy transfer in the linear order. Though we did
not consider here the transfer of the spatial momentum,
it is worth noting that the corresponding balance
equations are more complicated. First, the contribution
of he branon waves is non-zero, and second, there is
non-zero momentum �ux through the lateral surface of
the world tube [35].

6 Conclusion

We have discussed some unusual properties of
gravitational interaction of the point particle with
the Nambu-Goto domain wall. In the static case the
interaction force is repulsive, so the particle impinging
on the wall is decelerated. The wall is not simply
repelled but it gets excited, which is interpreted as the
branon. If the particle reaches the wall and perforate
it, a second shock-like spherical branon wave is created
which then propagates outward along the wall. Both
these branons do not carry the energy within the lowest
non-trivial approximation of the perturbation theory in
terms of the gravitational coupling constant.

We then analyzed the energy conservation in the
same order including the contribution of the mediating
�eld. Generically, the �eld stresses are non-local, but
we have discovered that in the lowest non-trivial order
of the perturbation theory their contribution can be
unambiguously split into two parts which are e�ectively
localized on the particle world-line and the wall world-
volume and can be therefore prescribed to the particle
and the wall separately, leading to the notion of the
relativistic potential energy in the collision problem.

A question arises whether similar picture can be
valid in other collision problems. Actually, the nature of
the mediating �eld is not essential. Two other features
seem to be crucial for possibility to de�ne relativistic
potentials. One is the use of the perturbation theory
in terms of the interaction coupling, and another is the
locality of the colliding objects, which looks natural
within the classical theory. In fact, iterations in terms
of the coupling constant is the standard tool in the
quantum �eld theory as well, but the use of non-
localized particle states with de�nite momentum would
make such a procedure obscure. However, in the case
of localized wave packets this still may work, so further
investigations along these lines are desirable.

Acknowledgments

This work was supported by the RFBR grant 14-
02-01092.

� 77 �



TSPU Bulletin. 2014. 12 (153)

The research of PS is partially implemented under
the �ARISTEIA II� Action of the Operational Program
�Education and Lifelong Learning�; it is also co-funded
by the European Social Fund (ESF) and National

Resources and is supported by the EU program
�Thales� ESF/NSRF 2007-2013. Finally, PS is grateful
to the non-commercial �Dynasty� foundation (Russian
Federation) for �nancial support.

References

[1] A. Vilenkin, Phys. Rev. D 23, 852 (1981).

[2] A. Vilenkin, Phys. Rep. 121, 263 (1985).

[3] A. Vilenkin and E. P. S. Shellard, Cosmic Strings and other Topological Defects, Cambridge University Press, Cambridge
(2000).

[4] A. Chamblin and D. M. Eardley, Phys. Lett. B 475, 46 (2000), [arXiv:hep-th/9912166].

[5] D. Stojkovic, K. Freese and G. D. Starkman, Phys. Rev. D 72, 045012 (2005), [arXiv:hep-ph/0505026].

[6] A. Flachi and T. Tanaka, Phys. Rev. D 76, 025007 (2007), [arXiv:hep-th/0703019].

[7] L. Randall, R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999), [arXiv:hep-th/9906064v1].

[8] D. Langlois, Prog. Theor. Phys. Suppl. No. 148, 181 (2003), [arXiv:hep-th/0209261].

[9] N. Tanahashi and T. Tanaka, Prog. Theor. Phys. Suppl. 189, 227 (2011), [arXiv:1105.2997 [hep-th]].

[10] V. P. Frolov, M. Snajdr and D. Stojkovic, Phys. Rev. D 68 (2003) 044002, [arXiv:gr-qc/0304083].

[11] V. P. Frolov, Phys. Rev. D 74, 044006 (2006), [arXiv:gr-qc/0604114].

[12] V. G. Czinner and A. Flachi, Phys. Rev. D 80, 104017 (2009), [arXiv:0908.2957 [gr-qc]].

[13] W. Mueck, K. S. Viswanathan and I. V. Volovich, Nucl. Phys. B 590, 273 (2000), [arXiv:hep-th/0002132].

[14] S. L. Dubovsky, V. A. Rubakov and P. G. Tinyakov, Phys. Rev. D 62, 105011 (2000).

[15] R. Gregory, V. A. Rubakov and S. M. Sibiryakov, Class. Quant. Grav. 17, 4437 (2000), [hep-th/0003109].

[16] A. Flachi, O. Pujolas, M. Sasaki and T. Tanaka, Phys. Rev. D 74, 045013 (2006), [arXiv:hep-th/0604139].

[17] A. Flachi, O. Pujolas, M. Sasaki and T. Tanaka, Phys. Rev. D 73, 125017 (2006), [arXiv:hep-th/0601174].

[18] A. Flachi and T. Tanaka, Phys. Rev. Lett. 95, 161302 (2005), [arXiv:hep-th/0506145].

[19] M. J. Du�, R. R. Khuri and J. X. Lu, Phys. Rept. 259, 213 (1995), [hep-th/9412184].

[20] M. Cveti�c and H.H. Soleng, Phys. Rept. 282: 159, (1997), [hep-th/9604090].

[21] D. V. Gal'tsov, E. Y. Melkumova and S. Zamani-Mogaddam, JETP Lett. 92, 276 (2010), [arXiv:1012.2841 [hep-th]].

[22] D. V. Gal'tsov, E. Yu.Melkumova, P. Spirin, Phys. Rev. D 89, 085017 (2014), arXiv:1312.7760 [hep-th].

[23] J. R. Ipser and P. Sikivie, Phys. Rev. D 30, 712 (1984).

[24] J. R. Ipser, Phys. Rev. D 30, 2452 (1984).

[25] A. Vilenkin, Phys. Lett. 133B, 177 (1983).

[26] A. D. Dolgov and I. B. Khriplovich, Gen. Relativ. Gravit. 21, 13 (1989).

[27] B. Linet, Int. J. Theor. Phys. 24, 1159 (1985).

[28] L. Randall, R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999), [arXiv:hep-ph/9905221v1].

[29] J. Guven, Phys. Rev. D 48, 4604 (1993), [arXiv:gr-qc/9304032].

[30] M. Bando, T. Kugo, T. Noguchi and K. Yoshioka, Phys. Rev. Lett. 83, 3601 (1999), [arXiv:hep-ph/9906549].

[31] T. Kugo and K. Yoshioka, Nucl. Phys. B 594, 301 (2001), [arXiv:hep-ph/9912496].

� 78 �



D. V. Gal'tsov, E. Yu. Melkumova, P. Spirin. Gravitational collision of particles with domain walls. . .

[32] Y. Burnier and K. Zuleta, JHEP 0905, 065 (2009), [arXiv:0812.2227 [hep-th]].

[33] A. Dobado and A. L. Maroto, Nucl. Phys. B 592, 203 (2001), [hep-ph/0007100].

[34] A. P. Prudnikov, Yu. A. Brychkov and O. I.Marichev, Integrals and Series, vol. 1, Elementary Functions, Gordon & Breach Sci.
Publ., New York, (1986).

[35] D. V. Gal'tsov, E. Yu. Melkumova, P. A. Spiirin. Nov 1, 2014. 15 arXiv:1411.0122 [hep-th].

Received 19.11.2014

Ä. Â. Ãàëüöîâ, Å. Þ. Ìåëêóìîâà, Ï. Ñïèðèí

ÃÐÀÂÈÒÀÖÈÎÍÍÎÅ ÑÒÎËÊÍÎÂÅÍÈÅ ×ÀÑÒÈÖ Ñ ÄÎÌÅÍÍÛÌÈ ÑÒÅÍÊÀÌÈ È
ÐÅËßÒÈÂÈÑÒÑÊÈÅ ÏÎÒÅÍÖÈÀËÛ

Ðàññìàòðèâàåòñÿ ñòîëêíîâåíèå òî÷å÷íîé ÷àñòèöû ñ áåñêîíå÷íî òîíêîé ïëîñêîé äîìåííîé ñòåíêîé â ëèíåéíîì è ïîñò-
ëèíåéíîì ïðèáëèæåíèÿõ êëàññè÷åñêîé ýéíøòåéíîâñêîé ãðàâèòàöèè â ïðîñòðàíñòâå Ìèíêîâñêîãî ïðîèçâîëüíîé ðàç-
ìåðíîñòè. Îáà ñòàëêèâàþùèõñÿ îáúåêòà òðàêòóþòñÿ äèíàìè÷åñêè ñ ó÷åòîì áðàíîííîãî âîçáóæäåíèÿ äîìåííîé ñòåí-
êè. Áàëàíñ ýíåðãèè â ýòîì ïðîöåññå íåòðèâèàëåí, òàê êàê ñèëà âçàèìîäåéñòâèÿ íå ñïàäàåò ñ ðàñòîÿíèåì, è íè ÷àñòèöà,
íè ñòåíêà íèêîãäà íå ÿâëÿþòñÿ ñâîáîäíûìè. Ïîêàçàíî, ÷òî ãðàâèòàöèîííûå íàòÿæåíèÿ ýôôåêòèâíî ëîêàëèçóþòñÿ
â ìèðîâûõ îáúåìàõ ÷àñòèöû è ñòåíêè è äàþò ðåëÿòèâèñòñêèå ïîòåíöèàëû êàæäîãî èç îáúåêòîâ â ãðàâèòàöèîííîì
ïîëå ïàðòíåðà. Âêëàä áðàíîíîâ â ýíåðãèþ äîìåííîé ñòåíêè â íèçøåì ïðèáëèæåíèè ïî ãðàâèòàöèîííîé ïîñòîÿííîé
ðàâåí íóëþ.

Êëþ÷åâûå ñëîâà: ãðàâèòàöèÿ, áðàíû, äîìåííûå ñòåíêè, çàêîíû ñîõðàíåíèÿ.
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A DYNAMICAL THEORY FOR FREE MASSIVE SUPERSPIN 3/2
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We present a new theory for free massive superspin Y = 3/2 irreducible representation of the 4D, N = 1 Super-Poincar�e
group, which has linearized non-minimal supergravity (superhelicity Y = 3/2) as its massless limit. The theory is being
described in terms of a real bosonic super�eld Hαα̇ and two fermionic ones χα , uα. The new results will illuminate the
underlying structure of auxiliary super�elds required for the description of higher massive superspin systems.

Keywords: superspin, superspace.

1 Introduction

After four decades of exploring the topic of
supersymmetry (SUSY), the problem of writing a
manifestly susy-invariant action that describes a
free, o�-shell massive arbitrary superspin irreducible
representation of the Super-Poincar�e group still
possesses puzzles. Although the non-supersymmetric
case of massive higher spin theory has been
developed [1, 2] and is well understood, the o�-shell
supersymmetric case has yet to be understood with a
comparable level of clarity. There has been progress for
on-shell supersymmetry [3], but these results do not
capture the rich o�-shell structure of supersymmetric
theories. There is a need for a manifestly susy invariant
theory of massive integer and half-integer superspins
which includes all the auxiliary super�elds a theory of
this nature is expected to possess.

Progress in this direction was made with
the works presented in [4�6] where free massive
irreducible representations of superspin 1 and 3/2
were constructed. These results provided a proof of
concept that constructions like these are possible, but
they do not shed light to the heart of the problem
which is to determine the set of auxiliary super�elds
required to describe an arbitrary superspin system
with a proper massless limit. Speci�cally in [4] the
focus was on massive extension of linearized old-
minimal supergravity and new-minimal supergravity.
These theories do not generalize to the arbitrary spin
case, therefore the results obtained do not provide
clues about the underlying structure of the auxiliary
super�elds for the general case.

This is not the case with the work presented
in [6] where a free massive extension of linearized
non-minimal supergravity is derived. Linearized non-
minimal supergravity supermultiplet is a member of
a tower of irreducible representations that can be

extended to the arbitrary super-helicity and that makes
it a good starting point. However, their construction
uses a lagrange multiplier technique in order to impose
constraints that were not derived in a dynamical way.

We will show that there is an alternative
formulation of the theory where all the constraints
required, for the description of a free massive
irreducible representation of Y=3/2, are dynamically
generated from the equations of motion of a set of
super�elds {Hαα̇, χα, uα}. Super�elds Hαα̇, χα in
the massless limit form the free linearized non-minimal
theory (superhelicity Y = 3/2) and uα is an auxiliary
super�eld that decouples when m→ 0.

Finally, the theory presented here is a free theory
without interactions. The full interactions, non-linear
problem is still an open and very hard problem and
for sure it is one of the motivations for this kind
of investigations. In a realistic approach we can not
talk about interactions if we have not established the
free theories �rst. The results presented here extend
our understanding for the free massive theory of the
non-minimal superspin 3/2 supermultiplet, which is
the �rst non-trivial. Furthermore, we provide clues
for some of the degrees of freedom that must be
present in the non-linear, interacting theory. These are
the super�elds that have auxiliary status in the free
linearized theory.

Our presentation is organized as follows: In section
2, we quickly review the representation theory of the
4D, N = 1 Super-Poincar�e group for a free massive
arbitrary superspin system. In section 3, we present
the constraints imposed in the theory in order to have
a proper massless limit. In the last section 4 we present
the new massive theory for Y = 3/2.
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2 Arbitrary superspin representation theory

The irreducible representations of the Super-
Poincar�e group are labeled by its two Casimir
operators. The �rst one is the mass and the other one
is a supersymmetric extension of the Poincar�e Spin
operator. For the massive case the Super-spin Casimir
operator takes the form

C2 =
W 2

m2
+

(
3

4
+ λ

)
P(o), (1)

where W 2 is the ordinary spin operator (the square
of the Pauli-Lubanski vector), P(o) is the projection

operator P(o) = − 1
m2 DγD̄2Dγ and the parameter λ

satis�es the equation

λ2 + λ =
W 2

m2
. (2)

In order to diagonalize C2 we want to diagonalize
both W 2, P(o). The super�eld Φα(n)α̇(m) that does this

W 2Φα(n)α̇(m) = j(j + 1)m2Φα(n)α̇(m) , (3)

P(o)Φα(n)α̇(m) = Φα(n)α̇(m) , j =
n+m

2

and describes the highest possible representation
(highest superspin)

λ =
n+m

2
, (4)

C2Φα(n)α̇(m) = Y (Y + 1)Φα(n)α̇(m), Y =
n+m+ 1

2
,

has to satisfy the following constraints:

D2Φα(n)α̇(m) = 0 , D̄2Φα(n)α̇(m) = 0 , (5)

DγΦγα(n−1)α̇(m) = 0 , ∂γγ̇Φγα(n−1)γ̇α̇(m−1) = 0 ,

2Φα(n)α̇(m) = m2Φα(n)α̇(m),

where all dotted and undotted indices are
fully symmetrized and the spin content of this
supermultiplet is j = Y + 1/2, Y, Y, Y − 1/2.

A super�eld that describes a superspin Y system
has index structure such that n + m = 2Y − 1, where
n,m are integers. This Diophantine equation has a
�nite number of di�erent solutions for (n,m) pairs but
the corresponding super�elds are all equivalent because
we can use the ∂ββ̇ operator to convert one kind of
index to another. Therefore we can pick one of them
to represent the entire class.

One last comment has to be made about the reality
of the representation. The reality condition imposed
on the super�eld di�ers with the character of the
super�eld. The bosonic super�elds, have even number
of indices therefore describe half-integer superspin
systems, Y=s+1/2. In this case we can pick to
have n=m=s (Hα(s)α̇(s)) and the reality condition is

Hα(s)α̇(s)=H̄α(s)α̇(s). On the other hand the fermionic
super�elds have odd number of indices and describe
integer superpsin systems, Y=s+1. For that case we
can pick n=s+1, m=s (Ψα(s+1)α̇(s)) and the reality
condition is the Dirac equation i∂αs+1

α̇s+1Ψ̄α(s)α̇(s+1)+
mΨα(s+1)α̇(s)=0.

3 The massless limit

Representation theory tells us the type of
super�elds and constraints we need to consider in
order to describe a speci�c irreducible representation.
We would like to have a dynamical way to derive
these constraints, through an action. Very quickly we
realize that we need a set of auxiliary super�elds to
help us generate these constraints, as in the case of
non-supersymmetric free massive arbitrary spins. The
heart of the problem is to �nd the minimum number
and type of these auxiliary super�elds needed. A
helpful clue in the process of constructing these massive
representations is their massless limit. We demand the
massless limit of our theory to give the corresponding
massless irreducible representation.

The list of available massless highest superhelicity
irreducible representations was presented in [7�10].
There is one in�nite tower for theories of integer
superhelicity and two di�erent in�nite towers for
theories of half integer super-helicities. However there
are a few theories that do not �t into this pattern, like
the old minimal, new minimal and new-new minimal
supermultiplets. These are special cases that can not
be generalized to the arbitrary superhelicity. If our goal
is towards the construction of an arbitrary massive
superspin supermultiplet, then it is obvious that we
should start with massless theories that are memebers
of an in�nite tower and not a special case.

The conclusion is that the construction of massive
theories must start with the corresponding massless
action and then add to it deformations proportional
to m and m2, so the massless theory decouples in the
massless limit, along with extra auxiliary super�elds if
necessary.

4 New massive Y=3/2 theory

We will follow this suggested strategy to build a
theory of superspin 3

2 . The starting point is the theory
of superhelicity 3

2 , and speci�cally the one that is
the linear limit of non-minimal supergravity (s =1 in
[9]). Linear Non-minimal supergravity is formulated in
terms of a real bosonic super�eld Hαα̇ and a fermionic
super�eld χα. We will add mass corrections to that
action and check if 1) we can make χα vanish on-
shell (auxiliary status) and 2) generate the constraints
DαHαα̇=0, 2Hαα̇=m

2Hαα̇ required by representation
theory. The rest of the constraints can be generated

� 81 �



TSPU Bulletin. 2014. 12 (153)

out of this subset due to the reality of Hαα̇ and the
D-algebra. The starting action is:

S =

∫
d8z

{
Hαα̇DγD̄2DγHαα̇ + a1mH

αα̇(D̄α̇χα + cc)

−2Hαα̇D̄α̇D2χα + a2mH
αα̇D2Hαα̇ + c.c.

−2χαD2χα + a3mχ
αχα + c.c. (6)

+2χαDαD̄α̇χ̄α̇ + a4m
2Hαα̇Hαα̇

}
.

The equations of motion are:

E(H)
αα̇ = 2DγD̄2DγHαα̇ + 2(DαD̄2χ̄α̇ − D̄α̇D2χα)

+a1m(D̄α̇χα −Dαχ̄α̇) + 2a2m(D2Hαα̇ + D̄2Hαα̇)

+2a4m
2Hαα̇, (7a)

E(χ)
α = −4D2χα + 2DαD̄α̇χ̄α̇ − 2D2D̄α̇Hαα̇ (7b)

+a1mD̄α̇Hαα̇ + 2a3mχα.

Now we can use these equations and attempt to
remove any Hαα-dependence to derive one equation
that depends solely on χα. That will tell us if we can
pick coe�cients in a way that χα vanishes on-shell.
Consider the following combination:

Iα = AD2D̄α̇E(H)
αα̇ +BD2D̄2E(χ)

α +m2E(χ)
α

−2 (A+B)2D2D̄α̇Hαα̇ + 2 (A+B) D2D̄2DαD̄α̇χ̄α̇

−Aa1mD2D̄α̇Dαχ̄α̇ + 2 (Aa4 − 1)m2D2D̄α̇Hαα̇

−4 (A+B)2D2χα − 4m2D2χα

+a1m
3D̄α̇Hαα̇ + 2 (Aa1 +Ba3)mD2D̄2χα

+2m2DαD̄α̇χ̄α̇ + 2a3m
3χα. (8)

From that it is obvious that there is a choice of
coe�cients that will remove any Hαα̇ dependence:

A+B = 0, Aa4 − 1 = 0, a1 = 0 (9)

and for that choice we get,

Iα = −4m2D2χα + 2Ba3mD2D̄2χα

+2m2DαD̄α̇χ̄α̇ + 2a3m
3χα . (10)

It is clear that there is no freedom left in order to
make χα vanish on-shell. Therefore we must introduce
an auxiliary super�eld. Its purpose will be to impose
a constraint on χα when it vanishes. That constraint
will be used to simplify the above expression for Iα
and set χα to zero. But a more careful examination of
Iα will convince us that there is no single di�erential
constraint on χα that will make all dynamical terms
vanish. The inescapable conclusion is that we have to
treat χα=0 as the desired constraint. This suggests
that we must introduce a spinorial super�eld uα that
couples only with χα through a mass term muαχα.
Hence when uα=0 then immediately we see χα=0.

We must update the action with the addition of the
interaction term m uαχα, the kinetic energy terms for
uα (the most general quadratic action) and the mass
term of uα. The new action is

S =

∫
d8z

{
Hαα̇DγD̄2DγHαα̇

−2Hαα̇(D̄α̇D2χα −DαD̄2χ̄α̇)

−2χαD2χα + a2mH
αα̇D2Hαα̇ + c.c.

+2χαDαD̄α̇χ̄α̇ + a4m
2Hαα̇Hαα̇

+a3mχ
αχα + γmuαχα + c.c.

+b1u
αD2uα + b2u

αD̄2uα + c.c.

+b3u
αD̄α̇Dαūα̇ + b4u

αDαD̄α̇ūα̇

+b5mu
αuα + c.c.

}
. (11)

and the updated equations of motion are

E(H)
αα̇ = 2DγD̄2DγHαα̇ + 2(DαD̄2χ̄α̇ − D̄α̇D2χα)

+2a2m(D2Hαα̇ + D̄2Hαα̇) + 2a4m
2Hαα̇, (12a)

E(χ)
α = −4D2χα + 2DαD̄α̇χ̄α̇ − 2D2D̄α̇Hαα̇

+2a3mχα + γmuα. (12b)

E(u)
α = 2b1D2uα + 2b2D̄2uα + b3D̄α̇Dαūα̇

+b4DαD̄α̇ūα̇ + 2b5muα + γmχα. (12c)

We repeat the process of eliminating Hαα̇, but since
uα does not couple to Hαα̇ nothing will be changed
regarding the Hαα̇-dependent terms. The same choice
of coe�cients as in (9) must be made to remove Hαα̇.
The updated expression for Iα is

I ′α = 2Ba3mD2D̄2χα − 4m2D2χα + 2m2DαD̄α̇χ̄α̇

+BγmD2D̄2uα + γm3uα + 2a3m
3χα . (13)

Now we want to use the equation of motion of uα
to remove any dependences on χα in order to derive an
equation just for uα. For that, consider the combination

Jα = I ′α +mKD2E(u)
α +mΛDαD̄α̇Ē(u)

α̇

= [2Ba3]D2D̄2χα + [Bγ + 2Kb2 + Λb3]mD2D̄α̇uα

−[4−Kγ]m2D2χα + [Kb3 + 2Λb2]mD2D̄α̇Dαūα̇

+[2 + Λγ]m2DαD̄α̇χ̄α̇ + [Λ(2b4 − b3)]DαD̄2Dβuβ

+[Kb5]m2D2uα + [Λb5]m2DαD̄α̇ūα̇

+[2a3]m3χα + γm3uα. (14)

If we choose

a3 = 0 , −4 +Kγ = 0 , 2 + Λγ = 0 , (15)

all the χα dependence disappears and we get:

Jα = [Bγ + 2Kb2 + Λb3]mD2D̄α̇uα + [Kb5]m2D2uα

+[Kb3 + 2Λb2]mD2D̄α̇Dαūα̇ + [Λb5]m2DαD̄α̇ūα̇

+[Λ(2b4 − b3)]DαD̄2Dβuβ + γm3uα. (16)
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As a result, we have the freedom to further choose
coe�cients in order to cancel all the dynamical terms
of uα and force it to vanishe on-shell

Bγ + 2Kb2 + Λb3 = 0 , Kb3 + 2Λb2 = 0 ,

2b4 − b3 = 0 , b5 = 0 ,

γ 6= 0 . (17)

Since uα=0 on-shell, now we can reverse the
arguments. The equation of motion of uα (12c) will
give χα=0 on-shell and that will impose constraints on
Hαα̇:

E(χ)
α |uα=χα=0 = −2D2D̄α̇Hαα̇ ⇒ D2D̄α̇Hαα̇ = 0,(18a)

E(H)
αα̇ |uα=χα=0 = 2DγD̄2DγHαα̇ + 2a4m

2Hαα̇

+2a2m(D2Hαα̇ + D̄2Hαα̇). (18b)

therefore due to (18a) we get that

DαE(H)
αα̇ = 2a2mDαD̄2Hαα̇ + 2a4m

2DαHαα̇. (19)

For a2 = 0, a4 6= 0 this gives the desired condition
DαHαα̇ = 0 and the equation of motion for Hαα̇

becomes the Klein-Gordon equation with a4 = 1

2Hαα̇ = m2Hαα̇. (20)

To complete the analysis we look for the consistency
and non-trivial solution of the systems of equations
(9,15,17) plus a2=0 and a4=1. A solution exists

a1 = 0 , b1 = free, can be set to zero , γ = 1 , (21)

a2 = 0 , b2 =
1

6
, A = 1 ,

a3 = 0 , b3 =
1

6
, B = −1 ,

a4 = 1 , b4 =
1

12
, K = 4 ,

b5 = 0 , Λ = −2

and the �nal action takes the form

S =

∫
d8z

{
Hαα̇DγD̄2DγHαα̇

−2Hαα̇D̄α̇D2χα +
1

6
uαD̄2uα + c.c.

−2(χαD2χα + c.c.) +
1

6
uαD̄α̇Dαūα̇

+2χαDαD̄α̇χ̄α̇ +
1

12
uαDαD̄α̇ūα̇

+m2Hαα̇Hαα̇ +m(uαχα + c.c.)

}
. (22)

This is the superspace action that describes a
superspin Y= 3

2 system with the minimum number
of auxiliary super�elds and has a massless limit that
gives the free linearized non-minimal supergravity. This
action is a representative of a family of actions that
are all equivalent and connected through super�elds
rede�nitions of the form

χa → χα + z1uα + w1D̄α̇Hαα̇,

uα → uα + z2χα + w2D̄α̇Hαα̇,

where zi and wi ∈ C.

5 Summary and conclusions

We started with the 3
2 superhelicity theory of

free linearized non-minimal supergravity, formulated in
terms of a real vector super�eld Hαα̇ and a fermionic
compensator χα. We then added mass terms to it in an
attempt to discover a theory for massive superspin 3

2
system, only to �nd that it is not possible and we need
the help of an extra fermionic auxiliary super�eld uα
which must couple only to χα through a mass term.
Finally using the equations of motion we manage to
show that on-shell uα = 0 ; χα = 0 ; DαHαα̇ = 0 ;

2Hαα̇ = m2Hαα̇.

We have managed to derive yet another formulation
of free massive supergravity supermultiplet and most
importantly probe into the set of auxiliary super�elds
required for the construction of higher superspin
theories. The fermionic super�eld uα is the �rst non-
trivial auxiliary super�eld needed beyond the massless
theory. As we go to even higher superspin values we
should discover more and more of these objects. The
hope is that after the study of some non-trivial low
superspin examples, such as the one demonstrated
here, we will have a deeper understanding on the
number, type and role of these auxiliary objects. When
that happens we might be in a position to construct the
arbitrary massive superspin irreducible representation
in an inductive manner.
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Ñ. Ä. Ãåéòñ ìë., Ê. Êóòðîëèêîñ

ÄÈÍÀÌÈ×ÅÑÊÀß ÒÅÎÐÈß ÑÂÎÁÎÄÍÎÃÎ ÌÀÑÑÈÂÍÎÃÎ ÑÓÏÅÐÑÏÈÍÀ 3/2

Ìû ïðåäëàãàåì íîâóþ òåîðèþ ñâîáîäíîãî ìàññèâíîãî ñóïåðñïèíà Y = 3/2 íåïðèâîäèìîãî ïðåäñòàâëåíèÿ 4D, N = 1
ñóïåð-Ïóàíêàðå ãðóïïû, êîòîðîå ëèíåàðèçóåò íåìèíèìàëüíóþ ñóïåðãðàâèòàöèþ (ñóïåðñïèðàëüíîñòü Y = 3/2) â
áåçìàññîâîì ïðåäåëå. Òåîðèÿ ïðåäñòàâëåíà â òåðìèíàõ ðåàëüíîãî áîçîííîãî ñóïåðïîëÿ Hαα̇ è äâóõ ôåðìèîííûõ
ñóïåðïîëåé χα , uα. Íîâûå ðåçóëüòàòû èñêëþ÷àþò íåîäíîçíà÷íîñòü ñòðóêòóðû ÿâíûõ ñóïåðïîëåé, íåîáõîäèìîé äëÿ
îïèñàíèÿ ñèñòåì ìàññèâíûõ âûñøèõ ñóïåðñïèíîâ.
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TOWARDS REALISTIC MODELS FROM HIGHER-DIMENSIONAL THEORIES WITH FUZZY EXTRA
DIMENSIONS

D. Gavriil 1, G. Manolakos 1, G. Zoupanos 1,2

1 Physics Department, National Technical University, Zografou Campus, GR-15780 Athens, Greece
2 Theory Group, Physics Department Cern, Geneva, Switzerland

E-mail: d.gavriil@yahoo.gr , giorgismanolakos@gmail.com ,George.Zoupanos@cern.ch

We brie�y review the Coset Space Dimensional Reduction (CSDR) programme and the best model constructed so far and
then we present some details of the corresponding programme in the case that the extra dimensions are considered to be
fuzzy. In particular, we present a four-dimensional N = 4 Super Yang Mills theory, orbifolded by Z3, which mimics the
behaviour of a dimensionally reduced N = 1, 10-dimensional gauge theory over a set of fuzzy spheres at intermediate high
scales and leads to the trini�cation GUT SU(3)3 at somehow lower, which in turn can be spontaneously broken to the
MSSM in low scales.

Keywords: coset space dimensional reduction, uni�cation, fuzzy spheres, orbifold projection.

1 Introduction

Since 1970's there has been an intense pursuit
of uni�cation, that is the establishment of a single
theoretical model describing all interactions. Profound
research activity has resulted in two very interesting
frameworks, namely Superstring Theories [1] and
Non-Commutative Geometry [2]. Both approaches,
although developing independently, share common
uni�cation targets and aim at exhibiting improved
renormalization properties in the ultraviolet regime
as compared to ordinary �eld theories. Moreover,
these two (initially) di�erent frameworks were bridged
together after realizing that a Non-Commutative gauge
theory can describe the e�ective physics on D-branes
whilst a non-vanishing background antisymmetric �eld
is present [3].

Signi�cant progress has recently been made
regarding the dimensional reduction of the E8 × E8

Heterotic String using non-symmetric coset spaces [4]-
[20], in the presence of background �uxes and gaugino
condensates. It is widely known that the large number
of Standard Model's free parameters which enter the
theory, because of the ad hoc introduction of the Higgs
and Yukawa sectors, is a major problem demanding
solution. This embarrassment can be overcome by
considering that those sectors originate from a higher
dimensional theory. Various frameworks starting with
the Coset Space Dimensional Reduction (CSDR) [21�
23] and the Scherk-Schwarz [24] reduction schemes
suggest that uni�cation of the gauge and Higgs sectors
can take place making use of higher dimensions. This
means that the four-dimensional gauge and Higgs
�elds are the surviving components of the reduction
procedure of the gauge �elds of a pure higher-
dimensional gauge theory. Furthermore, the addition of

fermions in the higher-dimensional gauge theory leads
naturally (after CSDR) to Yukawa couplings in four
dimensions. The last step in this uni�ed description
in high dimensions is to relate the gauge and fermion
�elds, which can be achieved by demanding that
the higher-dimensional gauge theory is N = 1
supersymmetric, i.e. the gauge and fermion �elds are
members of the same vector supermultiplet. In order to
maintain an N = 1 supersymmetry after dimensional
reduction, Calabi-Yau (CY) manifolds serve as suitable
compact internal spaces [25]. However, the moduli
stabilization problem that arose, led to the study of
compacti�cation with �uxes (for reviews see e.g. [26]).
Within the context of �ux compacti�cation, the recent
developments suggested the use of a wider class of
internal spaces, called manifolds with SU(3)-structure.
The latter class of manifolds admits a nowhere-
vanishing, globally-de�ned spinor, which is covariantly
constant with respect to a connection with torsion and
not with respect to the Levi-Civita connection as in the
CY case. Here we focus on an interesting class of SU(3)-
structure manifolds called nearly-K�ahler manifolds.

The homogeneous nearly-K�ahler manifolds in six
dimensions have been classi�ed in [27] and they
are the three non-symmetric coset spaces G2/SU(3),
Sp(4)/(SU(2)×U(1))non−max and SU(3)/U(1)×U(1)
and the group manifold SU(2) × SU(2). The latter
cannot lead to chiral fermions in four dimensions and
therefore, for our purposes, it is ruled out of further
interest. It is worth noting that four-dimensional
theories resulting from the dimensional reduction of
ten-dimensional N = 1 supersymmetric gauge theories
over non-symmetric coset spaces, contain terms which
could be interpreted as soft scalar masses. Here we will
brie�y describe the dimensional reduction of the N =
1 supersymmetric E8 gauge theory over the nearly-
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K�ahler manifold SU(3)/U(1)×U(1). More speci�cally,
an extension of the Minimal Supersymmetric Standard
Model (MSSM) was derived by dimensionally reducing
the E8 × E8 gauge sector of the heterotic string [28].

Non-Commutative geometry is considered as an
appropriate framework for regularizing quantum
�eld theories, or even better, building �nite ones.
Unfortunately, constructing quantum �eld theories on
Non-Commutative spaces is much more di�cult than
expected and, furthermore, they present problematic
ultraviolet features [29], see however [30] and [31]. In
the beginning, several models of the type of Standard
Model were built making use of the Seiberg-Witten
map, but they could only be considered as e�ective
theories which were also lacking renormalizability. A
more promising use of Non-Commutative geometry in
particle physics occurred after the suggestion that it
would describe the extra dimensions [32]; see also [33].
This proposal motivated the construction of higher-
dimensional models which present many interesting
features, i.e. renormalizability, potential predictivity,
etc.

In this framework has been developed a higher-
dimensional gauge theory in which those extra
dimensions are described by fuzzy spaces [32], i.e.
matrix approximations on smooth manifolds. The �rst
step was to �nd a manifold on which one would
construct a higher-dimensional gauge theory. The
appropriate one was the product of Minkowski space
and a fuzzy coset space (S/R)F . Afterwards, in order to
achieve the necessary dimensional reduction, was made
use of the CSDR scheme, which is described in the
previous section. Although the reduction is performed
using the CSDR programme, there is a signi�cant
di�erence between the ordinary and the fuzzy version:
the four-dimensional gauge group that appears in the
�rst, between the geometrical and the spontaneous
breaking due to the four-dimensional Higgs �elds,
does not appear in the latter. In the fuzzy CSDR
scheme, the spontaneous symmetry breaking occurs
after solving the fuzzy CSDR constraints, resulting in
a non-zero minimum of the four-dimensional potential.
Thus, in four dimensions, there remains only one
scalar �eld, the physical Higgs �eld, which does
survive the spontaneous symmetry breaking. In the
same way, regarding the Yukawa sector, we have
the welcoming results of massive fermions as well
as interactions among the physical Higgs �eld and
fermions (Yukawa interactions). We conclude that
in order to be able to reproduce the spontaneous
symmetry breaking of the SM in this framework,
one would have to consider large extra dimensions.
A determinant di�erence between ordinary and fuzzy
CSDR is that a non-Abelian gauge group G is not
necessary in the higher-dimensions theory. The non-
Abelian gauge theories in four dimensions can originate

from a U(1) group in the higher-dimensional theory.

These theories are equipped with a very strong
advantage when compared to the rest higher-
dimensional ones, that is renormalizability. Arguments
leading to this result are given in [32], but the
strongest one was given after examining the issue
from a di�erent perspective. In a detailed analysis,
it was established a renormalizable four-dimensional
SU(N) gauge theory in which we assigned a scalar
multiplet which dynamically develops fuzzy extra
dimensions, forming a fuzzy sphere [34]. The model
develops non-trivial vacua which are interpreted as
6-dimensional gauge theory, in which geometry and
gauge group depend on the parameters that are
present in the initial Lagrangian. We result with
a �nite tower of massive Kaluza-Klein modes, a
result consistent with a dimensionally reduced higher-
dimensional gauge theory. This model presents many
interesting features. First, the extra dimensions are
generated dynamically by a geometrical mechanism.
This feature is based on a result from non-commutative
gauge theory, namely that solutions of matrix models
can be interpreted as non-commutative, or fuzzy,
spaces. The above mechanism is very generic and does
not need �ne-tuning, which means that supersymmetry
is not involved. In the renormalizable quantum �eld
theory framework, this constitutes a realization of
the concepts of compacti�cation and dimensional
reduction. Moreover, since it is a large N gauge theory,
every analytical technique of this context should be
available to be applied. More speci�cally, it proves that
the general gauge group in low energies is SU(n1) ×
SU(n2)× U(1) or SU(n). In this model, gauge groups
that are formed by more than two simple groups (apart
from U(1)) are not observed.

The features that emerged from the above
mechanism are quite appealing, suggesting the
construction of phenomenologically viable models in
particle physics. When addressed to this direction, one
encounters a severe problem, that is the chiral-fermion
assignment in four dimensions. The best candidates
of the above category of models, when it comes
to inserting the fermions, are theories with mirror
fermions in bi-fundamental representations of the low
energy gauge group [35]. Detailed studies on fermionic
sectors of models, which obey the mechanism of
dynamical generation of the extra dimensions with the
fuzzy sphere or a product of two fuzzy spheres, showed
that when extrapolating to low-energy, the fermionic
sector of the theory consists of two mirror sectors, even
after the inclusion of the magnetic �uxes on the two
fuzzy spheres [36]. Although the presence of mirror
fermions does not exclude the possibility to obtain
phenomenologically viable models [37], it is certainly
preferred to end up with exactly chiral fermions. This
is achieved by extending the above context and by
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inserting an additional structure which is based on
orbifolds. Speci�cally, a Z3 orbifold projection of a
N = 4 SU(3N) SYM theory leads to a N = 1
supersymmetric theory with the gauge group being the
SU(3)3 [38]. In order to obtain speci�c vacua in the
N = 1 theory, required by interpreting the theory as
resulting from fuzzy extra dimensions, one is normally
obliged to introduce soft breaking supersymmetric
terms. This induces the dynamical generation of
twisted fuzzy spheres. The introduction of such soft
breaking terms seems necessary in order to build
phenomenologically viable supersymmetric theories,
with MSSM being a very leading case. The vacua
that emerge give rise to models which preserve the
features described above, but also they accommodate a
chiral low-energy spectrum. The most appealing chiral
models of this kind are SU(4)×SU(2)×SU(2), SU(4)3

and SU(3)3. The most interesting of those uni�ed
theories seems to be the latter, which is described by
the trini�cation group. In addition, this theory can
be upgraded to a two-loop �nite theory (for reviews
see [39�42]) and moreover it is able to make testable
predictions [42]. Therefore, we conclude that fuzzy
extra dimensions can be used in constructing chiral,
renormalizable and phenomenologically viable �eld-
theoretical models.

2 The coset space dimensional reduction

In the Coset Space Dimensional Reduction (CSDR)
scheme (see [21�23] for a detailed exposition) one starts
with a Yang-Mills-Dirac Lagrangian, with gauge group
G, de�ned on a D-dimensional spacetime MD, which
is compacti�ed to M4 × S/R with S/R a coset space.
S acts as a symmetry group on the extra coordinates
and both S and its subgroup R, are Lie groups. As far
as the most general S-invariant metric is concerned,
it is always diagonal and depends on the number of
radii that each space admits. Regarding the coset of
our interest (SU(3)/U(1)×U(1)) three radii R1, R2, R3

are introduced. According to the CSDR framework,
an S-transformation of the extra d coordinates is a
gauge transformation of the �elds that are de�ned on
M4 × S/R, thus a gauge invariant Lagrangian written
on this space is independent of the extra coordinates.
Fields de�ned in this way are called symmetric. The
initial gauge �eld AM (x, y) is split into its components
Aµ(x, y) and Aa(x, y), corresponding to M4 and S/R
respectively. Consider the action of a D-dimensional
Yang-Mills theory with gauge group G, coupled to
fermions de�ned on a manifold MD compacti�ed on
M4 × S/R, D = 4 + d, d = dimS − dimR:

A =

∫
d4xddy

√
−g

×
[
−1

4
Tr(FMNFKΛ)gMKgNΛ +

i

2
Ψ̄ΓMDMΨ

]
, (1)

where DM = ∂M − θM −AM , with θM = 1
2θMNΛΣMN

the spin-connection of MD, FMN = ∂MAN −∂NAM −
[AM , AN ], where M, N run over the D-dimensional
space and AM and Ψ are D-dimensional symmetric
�elds. Let ξαA, (A = 1, ..., dimS and α = dimR +
1, ..., dimS the curved index) be the Killing vectors
which generate the symmetries of S/R and WA the
compensating gauge transformation associated with
ξA. The requirement that transformations of the
�elds under the action of S/R are compensated by
gauge transformations, is expressed by the following
constraint equations for scalar φ, vector Aα and spinor
ψ �elds on S/R,

δAφ = ξαA∂αφ = D(WA)φ, (2)

δAAα = ξβA∂βAα + ∂αξ
β
AAβ = ∂αWA − [WA, Aα], (3)

δAψ = ξαA∂αψ −
1

2
GAbcΣ

bcψ = D(WA)ψ , (4)

where WA depend only on internal coordinates y
and D(WA) represents a gauge transformation in the
appropriate representation of the �elds.

The constraints (2)�(4) provide us [21, 22] with
the four-dimensional unconstrained �elds as well as
with the gauge invariance that remains in the theory
after dimensional reduction. The analysis of these
constraints implies that the components Aµ(x, y) of the
initial gauge �eld AM (x, y) become, after dimensional
reduction, the four dimensional gauge �elds and
furthermore they are independent of y. In addition,
one can �nd that they have to commute with the
elements of the RG, subgroup of G. Thus, the four-
dimensional gauge group H is the centralizer of R in G,
H = CG(RG). The Aα(x, y) components of AM (x, y)
denoted by φα(x, y) from now on, become scalars in
four dimensions and they transform under R as a vector
υ, i.e.

S ⊃ R (5)

adjS = adjR+ υ. (6)

Furthermore, φα(x, y) act as an interwining operator
connecting induced representations of R acting on G
and S/R. This implies, according to Schur's lemma,
that the transformation properties of the �elds φα(x, y)
under H can be found, if we express the adjoint
representation of G in terms of RG ×H:

G ⊃ RG ×H (7)

adjG = (adjR, 1) + (1, adjH) +
∑

(ri, hi). (8)

Then, if υ =
∑
si, where each si is an irreducible

representation of R, there survives a Higgs multiplet
transforming under the representation hi of H. All
other scalar �elds vanish.
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The analysis of the constraints imposed on spinors
[22,43�45] is analogous to the scalar cases and implies
that the spinor �elds act as interwining operators
connecting induced representations of R in SO(d) and
in G. In order to specify the representation of H
under which the four-dimensional fermions transform,
we have to decompose the representation F of the
initial gauge group in which the fermions are assigned
in higher dimensions under RG ×H, i.e.

F =
∑

(ti, hi) (9)

and the spinor of SO(d) under R

σd =
∑

σj . (10)

It turns out that for each pair (ri, σi), where ri and σi
are identical irreducible representations of R, there is
an hi multiplet of spinor �elds in the four-dimensional
theory. Regarding the existence of chiral fermions in
the e�ective theory, we notice that if we start with
Dirac fermions in higher dimensions it is impossible
to obtain chiral fermions in four dimensions. Further
requirements must be imposed in order to achieve
chiral fermions in the resulting theory. Imposing the
Weyl condition in D dimensions, we obtain two sets of
Weyl fermions with the same quantum numbers under
H. This is already a chiral theory, but still one can go
further and try to impose Majorana condition in order
to eliminate the doubling of the fermionic spectrum.
Majorana and Weyl conditions are compatible in D =
4n+ 2, which is the case of our interest.

An important requirement is that the resulting
four-dimensional theories should be anomaly free.
Starting with an anomaly free theory in higher
dimensions, Witten [46] has given the condition to
be ful�lled in order to obtain anomaly free four-
dimensional theories. The condition restricts the
allowed embeddings of R into G by relating them
with the embedding of R into SO(6), the tangent
space of the six-dimensional cosets we consider [22,
47]. According to ref. [47] the anomaly cancellation
condition is automatically satis�ed for the choice of
embedding

E8 ⊃ SO(6) ⊃ R, (11)

which we adopt here.

2.1 Dimensional Reduction of E8 over SU(3)/U(1)×
U(1)

Let us next present a few results concerning
the dimensional reduction of the N = 1, E8 SYM
over SU(3)/U(1) × U(1) [48]. To determine the four-
dimensional gauge group, the embedding ofR = U(1)×
U(1) in E8 is suggested by the decomposition

E8 ⊃ E6 × SU(3) ⊃ E6 × U(1)A × U(1)B . (12)

After the dimensional reduction of E8 under
SU(3)/U(1) × U(1), according to the rules of the
previous section, the surviving gauge group in four
dimensions is

H = CE8(U(1)A × U(1)B)

= E6 × U(1)A × U(1)B .
(13)

Similarly, the explicit decomposition of the adjoint
representation of E8, 248 under U(1)A × U(1)B
provides us with the surviving scalars and fermions
in four dimensions. Eventually, one �nds that the
dimensionally reduced theory in four dimensions is
a N = 1, E6 GUT with U(1)A, U(1)B as global
symmetries. The potential is determined by a tedious
calculation [49, 50]. The D-terms can be constructed
and the F-terms are obtained by the superpotential.
The rest of the terms in the potential could be
interpreted as soft scalar masses and trilinear soft
terms. Finally, the gaugino mass was also calculated
and receives contribution from the torsion contrary to
the rest soft supersymmetry breaking terms.

2.2 SU(3)3 due to Wilson �ux

In order to reduce further the gauge symmetry,
one has to apply the Wilson �ux breaking mechanism
[51�53]. Instead of considering a gauge theory on
M4×B0 (B0 a simply connected manifold in our case),
one considers a gauge theory on M4 × B, with B =
B0/F

S/R and FS/R a freely acting discrete symmetry
of B0. The discrete symmetries F

S/R, which act freely
on coset spaces B0 = S/R, are the center of S, Z(S)
and W = WS/WR, where WS and WR are the Weyl
groups of S and R, respectively. In the case of our
interest

FS/R = Z3 ⊆W. (14)

The presence of the Wilson lines imposes further
constraints on the �elds of the theory. The surviving
�elds are invariant under the combined action of the
discrete group Z3 on the geometry and on the gauge
indices.

After the Z3 projection, the gauge group E6 breaks
to

SU(3)C × SU(3)L × SU(3)R (15)

(the �rst of the SU(3) factors is the Standard
Model colour gauge group). Moreover, one can obtain
three fermion generations by introducing non-trivial
monopole charges in the U(1)'s in R.

In ref [28] it was shown that the scalar potential
leads to the proper hierarchy of spontaneous breaking.
Using the appropriate vev's, a �rst spontaneous
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symmetry breaking leads to the MSSM [54], while
the electroweak breaking proceeds by a second one
[42]. It is worth noting that before the EW symmetry
breaking, supersymmetry is broken by both D-terms
and F-terms, in addition to its breaking by the soft
terms.

We plan to examine in detail the phenomenological
consequences of the resulting model, taking also into
account the massive Kaluza Klein modes.

3 Field theory orbifolds and fuzzy spheres

Let us begin with reminding brie�y how the orbifold
structure applies in �eld theory, and how this structure
is related to the dynamical generation of fuzzy extra
dimensions. The reason is that we seek to end up with
chiral fermions in the case of construction of models in
particle physics.

We commence with a SU(3N) N = 4
supersymmetric Yang-Mills (SYM) theory. The
orbifold projection of this theory will be achieved
by the action of the (discrete) group Z3. The
procedure is to embed a discrete symmetry into the R-
symmetry of the original theory, i.e. SU(4)R. Due
to this embedding, the projected theories we may
end up with, may have di�erent amount of remnant
supersymmetry [55]. For example, supersymmetry is
completely broken when Z3 is embedded maximally
in SU(4)R, while if it is embedded in an SU(3) or
SU(2) subgroup of the SU(4)R, it results to N = 1 or
N = 2 supersymmetric theories, respectively. In this
contribution, we concentrate on the N = 1 case, which
is compatible with our prime motivation, that is the
construction of chiral models.

Projecting the initial theory under the discrete
symmetry Z3 leads to a N = 1 SYM theory,
in which the only �elds that remain are the ones
that are invariant under the action of the discrete
group, Z3. For the technicalities of this procedure see
[38]. In the initial N = 4 SYM theory, there are
totally four super�elds, one vector and three chiral
in N = 1 language. The component �elds are the
gauge �elds Aµ, µ = 0, . . . 3 of the SU(3N) gauge
group, three complex scalar �elds φi, i = 1, . . . 3,
which are accommodated in the adjoint of the gauge
group and in the vector of the global symmetry and
four Majorana fermions ψp, which are assigned in the
adjoint of the gauge group and the spinor of the global
symmetry. After the orbifold pojection, we end up with
a theory which has di�erent gauge group and particle
spectrum. In short, Z3 acts non-trivially on the various
�elds depending on their representations under the R-
symmetry and the gauge group [55]. The gauge group
breaks down to H = S(U(N) × U(N) × U(N)) and
the scalar and fermionic �elds that survive, transform

under the representations

3
(
(NN̄, 1) + (N̄ , 1, N) + (1, N, N̄)

)
(16)

of the non-Abelian factor gauge groups, obtaining
a spectrum free of gauge anomalies. It is
easily understood that fermions belong to chiral
representations and that there is a threefold
replication, meaning there are three chiral families.

As for the F-term scalar potential of the N = 4
SYM theory, we obtain

VF (φ) =
1

4
Tr
([
φi, φj

]† [
φi, φj

])
. (17)

After the projection, the potential VF remains
practically the same, obviously containing only the
terms which describe interactions of the surviving
�elds. We also have a contribution to the total scalar
potential from the D-terms, that is

VD =
1

2
D2 =

1

2
DIDI , (18)

with the D-terms having the form

DI = φ†iT
Iφi , (19)

where T I are the generators in the representation of the
corresponding chiral multiplets. Obviously, vanishing
both F-terms and D-terms, which means

[
φi, φj

]
= 0,

we obtain the minimum of the full scalar potential,
i.e. all scalar �elds vanish in the vacuum and therefore
no spontaneous supersymmetry breaking takes place.
However, interesting vacua are achieved by inserting
soft supersymmetry breaking terms in the theory.
Speci�cally, the scalar part of the soft supersymmetric
breaking sector is

VSSB =
1

2

∑
i

m2
iφ
i†φi +

1

2

∑
i,j,k

hijkφ
iφjφk + h.c. , (20)

which obeys the orbifold symmetry. Therefore, the
expression for the full scalar potential of the theory
becomes now

V = VF + VD + VSSB , (21)

which can be equivalently written in the form

V =
1

4
(F ij)†F ij + VD , (22)

for suitable parameters, having also de�ned

F ij =
[
φi, φj

]
− iεijk(φk)† . (23)

Due to the fact that the �rst term is always positive,
in order to obtain the global minimum of the potential,
the following equations must hold[
φi, φj

]
= iεijk(φk)† , (24)[

(φi)†, (φj)†
]

= iεijkφ
k , (25)

φi(φi)† = R2 , (26)
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where (φi)† is the hermitian conjugate of the φi and
[R2, φi] = 0. The above relations are related to the
fuzzy sphere. This can be easily understood if we
consider the twisted �elds φ̃i, which are de�ned by

φi = Ωφ̃i , (27)

for Ω 6= 1, satisfying the relations

Ω3 = 1 , [Ω, φi] = 0 , Ω† = Ω−1 ,

(φ̃i)† = φ̃i ⇔ (φi)† = Ωφi. (28)

Therefore, (24) converts to the relation of the ordinary
sphere[
φ̃i, φ̃j

]
= iεijkφ̃

k , (29)

which is generated by φ̃i and (26) becomes

φ̃iφ̃i = R2 . (30)

Expressions of φi which satisfy (24) have the following
form

φi = Ω(13 ⊗ λi(N)) , (31)

where λi(N) are the generators of the SU(2) group in
the N−dimensional representation. The matrix Ω is

Ω = U ⊗ 1N , U =

 0 1 0
0 0 1
1 0 0

 , U3 = 1 .

(32)

The true meaning of the above con�guration is revealed
by diagonalizing the matrix Ω, that is

Ω̃3 := U−1ΩU = diag(1, ω, ω2) . (33)

Therefore, (31) now becomes

φi =

 λi(N) 0 0

0 ωλi(N) 0

0 0 ω2λi(N)

 . (34)

This form of φi indicates that there are actually
three identical fuzzy spheres, which are embedded with
relative angles 2π/3.

The solution, (31), breaks completely the gauge
symmetry SU(N)3 (it could be considered as the Higgs
mechanism of the SYM theory), yet there exists a class
of solutions which do not break the gauge symmetry
completely, namely

φi = Ω
(
1⊗ (λi(N−n) ⊕ 0n)

)
, (35)

where 0n is the n × n matrix with zero entries. In
this case, the gauge symmetry breaks from SU(N)3 to
SU(n)3 with the vacuum being interpreted as R×KF ,
with an internal fuzzy geometry,KF , of a set of twisted
fuzzy spheres (in φi coordinates). It is possible that
this kind of vacua leads to a low-energy theory of high
phenomenological interest, see discussion in [38].

Summing up, we should emphasize the general
picture of the theoretical model. At very high-scale
regime, we have an unbroken renormalizable gauge
theory. After the spontaneous symmetry breaking,
the resulting gauge theory is an SU(3)3 GUT,
accompanied by an unsurprising �nite tower of massive
Kaluza-Klein modes. Finally, the trini�cation SU(3)3

GUT breaks down to MSSM in the low scale regime.
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Ä. Ãàâðèèë, Ã. Ìàíîëàêîñ, Ä. Çóïàíîñ

ÐÅÀËÈÑÒÈ×ÅÑÊÈÅ ÌÎÄÅËÈ ÈÇ ÒÅÎÐÈÉ Ñ ÂÛÑØÈÌÈ ÈÇÌÅÐÅÍÈßÌÈ Ñ
ÍÅ×ÅÒÊÈÌÈ ÄÎÏÎËÍÈÒÅËÜÍÛÌÈ ÐÀÇÌÅÐÍÎÑÒßÌÈ

Ìû äàåì êðàòêèé îáçîð ïðîãðàììû êîñåòíîé ðàçìåðíîé ðåäóêöèè è íàèëó÷øèå ìîäåëè, ïîñòðîåííûå òàêèì îáðàçîì
íà ýòîé îñíîâå. Çàòåì ìû ïðåäñòàâëÿåì íåêîòîðûå äåòàëè ðàññìàòðèâàåìîé ïðîãðàììû â ñëó÷àå, êîãäà äîïîëíèòåëü-
íûå ðàçìåðíîñòè ÿâëÿþòñÿ íå÷åòêèìè. Â ÷àñòíîñòè ìû ïðåäñòàâëÿåì ÷åòûðåõìåðíóþ N = 4 ñóïåðñèììåòðè÷íóþ
òåîðèþ ïîëÿ ßíãà-Ìèëëñà íà Z3 îðáèôîëäå, êîòîðàÿ èìèòèðóåò ïîâåäåíèå ðàçìåðíî ðåäóöèðîâàííîé äåñÿòèìåðíîé
N = 1 ñóïåðñèììòðè÷íîé êàëèáðîâî÷íîé òåîðèè íà íàáîðå íå÷åòêèõ ñôåð ïðè ïðîìåæóòî÷íûõ ìàñøòàáàõ è âåäåò ê
òðèíèôèêàöèè òåîðèè áîëüøîãî îáúåäèíåíèÿ ñ êàëèáðîâî÷íîé ãðóïïîé SU(3)3 íà áîëåå íèçêèõ ìàñøòàáàõ è êîòîðàÿ
ìîæåò áûòü ñïîíòàííî íàðóøåíà äî ÌÑÑÌ ïðè íèçêèõ ýíåðãèÿõ.

Êëþ÷åâûå ñëîâà: êîñåòíàÿ ðàçìåðíàÿ ðåäóêöèÿ, óíèôèêàöèÿ, íå÷åòêèå ñôåðû, ïðîåêöèÿ íà îðáèôîëä.
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SHOCK WAVES IN LIFSHITZ-LIKE BACKGROUNDS AND HOLOGRAPHIC DESCRIPTION OF QGP

A. Golubtsova

Peoples' Friendship University of Russia, Miklukho-Maklaya str., 6, 117198 Moscow, Russia.

E-mail: siedhe@gmail.com

A holographic duality between gravitation and �eld theories with a Lifshitz scaling symmetry has recently aroused much
attention. We consider Lifshitz-like backgrounds in the context of their applications to the anisotropic quark-gluon plasma
created in heavy-ion collisions. We construct shock waves geometries for Lifshitz-like metrics1. For the geometry of two
colliding Lifshitz domain walls the areas of trapped surfaces are calculated. According to the holographic approach, the
multiplicity of particles produced in heavy-ion collisions can be estimated by the area of the trapped surface. We show
that in the 5-dimensional case the dependence of multiplicity on the energy of colliding ions can �t the experimental data
observed at RHIC and LHC.

Keywords: Lifshitz-like metrics, shock waves, trapped surface, holography, quark-gluon plasma.

1 Introduction

Applications of AdS/CFT correspondence to
studies of the strongly coupled quark-gluon plasma
have generated many important results. However, the
properties of the QGP at the early stage of the
heavy-ion collisions have not well understood yet.
The elementary dual models considered in [2] require
modi�cation [3, 4] to describe the experimental data.

In [5] a holographic duality between gravity in
anisotropic backgrounds and �eld theories with scale
transformations

t→ λνt, ~x→ λ~x, r → 1

λ
r, (1)

where ν is the so-called dynamical Lifshitz exponent.
In [6] Lifshitz geometries were generalized to

anisotropic Lifshitz-like ones with the metric

ds2 = L2
(
r2ν
(
−dt2 +

∑p
i=1 dx

2
i

)
+r2

∑q
j=1 dy

2
j + dr2

r2

)
, (2)

where p > 0, q > 0 and p + q + 2 = D ≡ d + 2.
We will refer to these metrics as Lifshitz-like metrics
(p,q)-type (Lif(p,q)). The line element (2) is invariant
under a generalized scaling

(t, xi, yi, r)→
(
λνt, λνxi, λyi,

r

λ

)
. (3)

We note that the scaling (3) di�ers from (1) by the
extension of the anisotropy for space coordinates xi.
This allows to consider Lifshitz-like backgrounds (2)
with the scaling (3) in the context of applications
to the quark-gluon plasma [7], which is known to be
spatially anisotropic at the very early stages of heavy-
ion collisions.

Following to the holographic approach, the quark-
gluon plasma formation can be examined through
the analysis of shock waves. In this note, we study
shock waves in the Lifshitz-like spacetimes (2) with
an arbitrary dynamical exponent ν. Our main goal
here is to construct shock wave geometries and show
that estimations of multiplicities via areas of trapped
surfaces are rather close to the experimental data.

2 Shock waves in D-dimensional Lifshitz-like
spacetimes

Here we build shock waves in Lifshitz-like
geometries of arbitrary dimensions (2). One can
represent the metric (2) in terms of the coordinate
ρ = r1/ν as follows

ds2 = L2
(
ρ2(−dt2 +

p∑
i=1

dx2
i ) + ρ

2
ν

q∑
j=1

dy2
j +

dρ2

ρ2

)
. (4)

To construct shock waves here and what follows we use
the approach from the work [10]. There it is shown that
for the d-dimensional metric

ds2 = A(u, v)du dv + g(u, v)hij(x)dxidxj , (5)

with i, j,= 1, 2, . . . , d − 2, sourced some matter �elds
and cosmological constant, one can represent a shock
wave solution as a metric of a light-like particle located
at u = 0 and moving with the speed of light in the v-
direction in the background (5)

ds2 = 2Adudv − 2Afδ(u)du2 + ghijdx
idxj , (6)

with the only non-zero component Tuu of the stress-
energy tensor

Tuu = −4pA2δd−2(x)δ(u), (7)

1This note is based on the collaboration with I.Ya. Aref'eva [1].
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where δ is the Dirac delta-function and p is the
momentum of the particle.

To write down the shock wave metric we introduce
the light-cone coordinates u = t − xp, v = t + xp and
de�ne the holographic coordinate z = 1/r. Now the
metric ansatz for the shock wave in the geometry (4)
takes the form

ds2 = L2
(
z−2(φ(~xp−1, ~yq, z)du

2 − dudv +

p−1∑
i=1

dx2
i )

+z−2/ν

q∑
j=1

dy2
j +

dz2

z2

)
. (8)

One can show that the pro�le function obeys the
equation[
2Lif(p+q)

− 1

L2

(
p+

q

ν

)] φ(xi, yj , z)

z
= −2zJuu, (9)

where i = 1, . . . p − 1, j = 1, . . . q, Juu is the density
related with stress-energy tensor, and 2Lif(p+q)

is the
Laplace-Beltrami operator de�ned on the (p + q)-
dimensional Lifshitz-like spacetime

ds2
Lif(p+q)

=
1

z2

p−1∑
i=1

dx2
i +

1

z2/ν

q∑
j=1

dy2
j +

dz2

z2
. (10)

The shape of the shock wave is de�ned by the solution
to (9), which looks to be rather complicated. In works
[3, 4] a simpler form of shock waves called domain
walls was suggested. To derive the equation for the
pro�le, one should consider the mass of a point-like
source averaged over the domain-wall. The pro�le of
the domain wall has the dependence only on the
holographic coordinate z and obeys the equation[

2Lif(p+q)
− 1

L2

(
p+ q

ν

)] φ(z)
z =

−16πGDEzJuu. (11)

Eq. (11) is reduced to the following form

∂2φ(z)

∂z2
−
(
p+

q

ν

) 1

z

∂φ(z)

∂z
= −16πGDJuu (12)

with the source chosen as

Juu = E
(z∗
L

)p+ q
ν

δ(z − z∗). (13)

The solution to eq. (12) with (13) can be represented
as

φ = φaΘ(z∗ − z) + φbΘ(z − z∗), (14)

with the pro�le functions given by

φa(z) = C0zazb

(
z
p+1+ q

ν
∗

z
p+1+ q

ν

b

− 1

)(
zp+1+ q

ν

z
p+1+ q

ν
a

− 1

)
, (15)

φb(z) = C0zazb

(
z
p+1+ q

ν
∗

z
p+1+ q

ν
a

− 1

)(
zp+1+ q

ν

z
p+1+ q

ν

b

− 1

)
, (16)

C0 = −
16πGDEνz

p+ q
ν

a z
p+ q

ν

b

(pν + q + ν)Lp+
q
ν+2(z

p+ q
ν+1

b − zp+
q
ν+1

a )
. (17)

Now let's turn to the consideration of the collision
of two shock domain walls, as a model of heavy ion
collisions. According to the proposal of [2], a collision
of two nuclei in the bulk can be interpreted as a
line element for two identical shock waves propagating
towards one another in the gravity dual background.
Here following [3, 4] we consider the collision of two
shock domain walls with the metric before the collision
given by

ds2 = L2
(
−dudvz2 + φ1(y,z)

z2 δ(u)du2 + φ2(y,z)
z2 δ(v)dv2

+
∑p−1
i=1 dx

2
i ) + z−2/ν

∑q
j=1 dy

2
j + dz2

z2

)
.

(18)

The trapped surface formed in the wall-on-wall
collision obeys the equation (12) and the following
conditions must be satis�ed for its formation

(∂zφ)|z=za = 2, (∂zφ)|z=zb = −2, (19)

with the assumption for the points za < z∗ < zb.

The conditions (19) take the following form

8πG(D)Ez
p+ q

ν
a

(
1− zp+

q
ν+1

b /z
p+ 1

ν+1
∗

)
Lp+

q
ν+2

(
z
p+ q

ν+1

b /z
p+ q

ν+1
∗ − zp+

q
ν+1

a /z
p+ q

ν+1
∗

) = −1,

8πG(D)Ez
p+ q

ν

b

(
1− zp+

q
ν+1

b /z
p+ q

ν+1
∗

)
Lp+

q
ν+2

(
z
p+ q

ν+1

b /z
p+ q

ν+1
∗ − zp+

q
ν+1

a /z
p+ q

ν+1
∗

) = 1.

(20)

The relations between the collision and boundary
points read

za =

(
z
p+ q

ν

b

−1 + z
p+ q

ν

b C

) ν
νp+q

,

z∗ =

(
z
p+ q

ν
a z

p+ q
ν

b

z
p+ q

ν
a + z

p+ q
ν

b

) ν
pν+ν+q

, (21)

where C =
8πG(D)E

Lp+
q
ν+2

.
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One can calculate the area of the trapped surface
using the relation

S = 1
2GD

∫
C

√
det|gLif(p+q)

|

×dzdx1 . . . dxp−1dy1 . . . dyq, (22)

with the determinant det|gLif(p+q)
| of the (p + q)-

dimensional Lifshitz space (10)

det|gLif(p+q)
| = z−(p+ q

ν ). (23)

Thus, the relative entropy is given by

s =
1

2G5

ν

νp+ q − ν

(
za

zp+
q
ν a
− zb

z
p+ q

ν

b

)
. (24)

3 Shock waves in 5d Lifshitz-like spacetimes

Consider a �ve-dimensional Lifshitz-like metric
given by (2) with p = 1, q = 2 written in terms of
the coordinate z = r−ν

ds2 = L2
[(−dt2 + dx2

)
z2

+

(
dy2

1 + dy2
2

)
z2/ν

+
dz2

z2

]
. (25)

The spacetime (25) for ν = 1 represents the Poincare
patch of a 5-dimensional anti-de Sitter space.

The shock wave moving in the v-direction is given
by

ds2 = L2
[
φ(y1,y2,z)δ(u)

z2 du2 − dudv
z2

+
(dy2

1+dy2
2)

z2/ν + dz2

z2

]
(26)

with the pro�le function φ(y1, y2, z) satisfying the
following equation[
2Lif3 −

1

L2

(
1 +

2

ν

)]
φ(y1, y2, z)

z
= −2ztuu. (27)

Eq. (27) can be obtained from the uu-component of the
Einstein equations using expressions for Rij , R and the
cosmological constant. The Laplace-Beltrami operator
2Lif3

has the following form

2Lif3
= 1

νL2

(
z2ν ∂2

∂z2 + νz ∂
∂z − 2z ∂

∂z

+z2/νν ∂2

∂y2
1

+ νz2/ν ∂2

∂y2
2

)
(28)

and is de�ned on the three-dimensional Lifshitz space
with the metric

ds2 = L2

[(
dy2

1 + dy2
2

)
z2/ν

+
dz2

z2

]
. (29)

Putting the dynamical exponent ν = 1, eq. (27) comes
to the well-known equation for the 5d AdS-shock wave[
2H3 −

3

L2

]
φ(y1, y2, z)

z
= −2ztuu. (30)

The equation for the domain-wall pro�le in the �ve-
dimensional Lifshitz-like space is[
2Lif3

− 1

L2

(
1 +

2

ν

)]
φ(z)

z
= −16πG5zJuu, (31)

which can be represented in the form

∂2φ(z)

∂z2
−
(

1 +
2

ν

)
1

z

∂φ(z)

∂z
= −16πG5Juu, (32)

with the source given by

Juu = E
( z
L

)1+2/ν

δ(z − z∗). (33)

The solution to the domain wave pro�le reads

φ = φaΘ(z∗ − z) + φbΘ(z − z∗), (34)

where the pro�le functions are

φa(z) = C0zazb

(
z2(ν+1)/ν
∗

z
2(ν+1)/ν
b

− 1

)
×
(
z2(ν+1)/ν

z
2(ν+1)/ν
a

− 1
)
, (35)

φb(z) = C0zazb

(
z2(ν+1)/ν
∗

z
2(ν+1)/ν
a

− 1
)

×
(
z2(ν+1)/ν

z
2(ν+1)/ν
b

− 1

)
, (36)

C0 = − 8νπG5Ez
1+2/ν
a z

1+2/ν
b

(ν+1)L3+ 2
ν (z

2(ν+1)/ν
b −z2(ν+1)/ν

a )
. (37)

The line element for colliding shocks in the 5d
Lifshitz-like background can be represented as:

ds2 = L2
[
− 1

z2
dudv +

1

z2
φ1(y1, y2, z)δ(u)du2 +

1

z2
φ2(y1, y2, z)δ(v)dv2 +

1

z2/ν

(
dy2

1 + dy2
2

)
+
dz2

z2

]
. (38)

The trapped surface obeys the following conditions
for the formation

8πG5Ez
1+ 2

ν
a

(
1− z

2
ν+2

b /z
2
ν+2
∗

)
L3+ 2

ν

(
z

2
ν+2

b /z
2
ν+2
∗ − z

2
ν+2
a /z

2
ν+2
∗

) = −1,

8πG5Ez
1+ 2

ν

b

(
1− z

2
ν+2

b /z
2
ν+2
∗

)
L3+ 2

ν

(
z

2
ν+2

b /z
2
ν+2
∗ − z

2
ν+2
a /z

2
ν+2
∗

) = 1. (39)

Owing to (39) we obtain the relations between the
collision and boundary points

za =

(
z

1+ 2
ν

b

−1+z
1+ 2

ν
b C

) ν
ν+2

,

z∗ =

(
z

1+ 2
ν

a z
1+ 2

ν
b (za+zb)

z
1+ 2

ν
a +z

1+ 2
ν

b

) ν
2ν+2

, (40)

where C =
8πG5E

L
2
ν+3

.

� 96 �



A. Golubtsova. Shock waves in Lifshitz-like backgrounds and holographic description of QGP

The determinant det|gLif3
| of the metric (29) is

det|gLif3 | = z−(1+ 2
ν ). (41)

Thus, we have for the relative area of the trapped
surface

s =
ν

4G5

(
1

(za)2/ν
− 1

(zb)2/ν

)
. (42)

For large values of zb →∞ we get

s(C, zb) =
(
C
2

) 2
2+ν −

(
1
zb

) 2
ν

− 2
(ν+2)

(
2
C

) 2
2+ν

(
1
zb

) 2+ν
ν

+ . . . . (43)

The maximum value of the relative area s at in�nite
zb takes the form

s|zb→∞ =
ν

4G5
(8πG5)2/(ν+2)E2/(ν+2). (44)

We can see that relations (35)�(37) and (44) are
similar to those for the 5-dimensional AdS background

deformed by the power-law factor b =
L

za
from [9] with

the pro�le equation

∂2φ(z)

∂z2
− 3a

z

∂φ(z)

∂z
= −16πG5

( z
L

)3a

E∗δ(z−z∗). (45)

One can conclude that the following relation between
the constant a and the Lifshitz exponent ν takes place

1 +
2

ν
= 3a. (46)

In [9] it is shown that the b-factor with a = 1/2
gives rise to the value of multiplicity, which is the
most compatible to the experimental data. Thus, one
should consider wall-on-wall-collisions in the Lifshitz-
like spacetime with ν = 4.

4 Shock waves on intersecting D3-D7 branes

In this section we consider constructing shock
waves on a con�guration of supergravity type IIB that
describes intersecting D3 − D7 branes. This solution
represents the IR part of the zero-temperature solution
from [7,8]. The intersecting branes are de�ned on a ten-
dimension manifold M factorized as M = M5 × X5,
where X5 is an Einstein manifold andM5 is a manifold
with anisotropy. The metric of theD3−D7-intersection
is given by

ds2
E = R̃2

[
r3(−dt2 + dx2 + dy2) + r2dw2 + dr2

r2

]
+R2ds2

X5
. (47)

The anisotropic part of the spacetime (47) coincides
with (2) for p = 2, q = 3 and the critical exponent

ν = 3/2. In other words it realises the second possible
Lifshitz-like geometry in D = 5 � type (2,1).

Introducing light-cone coordinates du = dt − dx
and dv = dt + dx and rewriting (47) in terms of the
coordinate z = 1/ρ2/3, one comes

ds2 = R̃2
[
−dudvz2 + dy2

z2 + dw2

z4/3 + dz2

z2

]
+R2ds2

X5
. (48)

We consider a shock wave propagating on the
common brane worldvolume. The pro�le function

Φ =
φ

z
depends on coordinates of the overall transverse

space. For simplicity, we restrict ourselves to the case
φ = φ(z) that yields the domain wall geometry. Thus,
the metric of the shock is given by

ds2 = R̃2
[
φ(z)
z2 δ(u)du2 − dudv

z2 + dy2

z2

+ dw2

z4/3 + dz2

z2

]
. (49)

The equation for the pro�le can be represented in the
form

∂2φ(z)

∂z2
− 8

3z

∂φ(z)

∂z
= −16πG5E

∗z8/3δ(z − z∗), (50)

Eq. (50) has the following solution for the pro�le

φ(z) = φaΘ(z∗ − z) + φbΘ(z − z∗), (51)

where

φa = C0zazb

((
z∗
zb

)11/3

− 1

)((
z

za

)11/3

− 1

)
,

φb = C0zazb

((
z∗
za

)11/3

− 1

)((
z

zb

)11/3

− 1

)
, (52)

with

C0 = −48πG5E

11R̃14/3

z
8/3
a z

8/3
b

(z
11/3
b − z11/3

a )
. (53)

Now consider colliding domain walls with the metric
before the collision

ds2 = − 1

z2
dudv +

1

z2
φ1(z)δ(u)du2 +

1

z2
φ2(z)δ(v)dv2 +

dy2

z2
+
dw2

z4/3
+
dz2

z2
. (54)

The trapped surface can be formed if the following
boundary conditions are satis�ed

8πG5Ez
8/3
a

(
1− z

11/3
b

z
11/3
∗

)
R̃14/3

(
z

11/3
b

z
11/3
∗
− z

11/3
a

z
11/3
∗

) = −1,

8πG5Ez
8/3
b

(
1− z11/3

a

z
11/3
∗

)
R̃14/3

(
z

11/3
b

z
11/3
∗
− z

11/3
a

z
11/3
∗

) = 1. (55)
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From (55) we derive the relations

za =
zb(

−1 + z
8/3
b C

)3/8
,

z∗ = z8/11
a z

8/11
b

(
za + zb

z
8/3
a + z

8/3
b

)3/11

, (56)

with C = 8πG5E/R̃
14/3. To calculate the trapped

surface area one should consider the 3d Lifshitz metrics

ds2 =
1

R̃2

(
dy2

z2
+
dw2

z4/3
+
dz2

z2

)
, (57)

with the determinant

det|gLif3 | = z−
16
3 . (58)

Now we can calculate the relative entropy

s =
3

10G5

(
R̃

z
5/3
a

− R̃

z
5/3
b

)
. (59)

For large zb one obtains

s(C, zb) =

(
C

2

) 5
8

−
(

1

zb

) 5
3

− 5

8

(
2

C

) 3
8
(

1

zb

) 3
8

+ . . . . (60)

The relative area s of the trapped surface has the
maximum value at in�nite zb

s|zb→∞ =
3R̃

10G5

(
8πG5

R̃2

)5/8

E5/8. (61)

5 Conclusion

Here we have constructed shock waves in D-
dimensional Lifshitz-like geometries with the arbitrary
dynamical exponent. We have found the solutions to
the pro�le equations in the case of domain walls. We
have considered wall-on-wall collisions and calculated
areas of trapped surfaces.

As it is known, in the holographic language,
the problem of the quark-gluon plasma formation is
related to formation of bulk black holes, and one
can estimate entropies of these black holes using
areas of trapped surfaces. We have shown, that our
estimate of the entropy for the �ve-dimensional Lifshitz
spacetime with the critical exponent ν = 4 can �t
the experimental data for multiplicities. This result
matches to that one calculated for the AdS background

deformed by the power-law factor b(z) =
(
Leff
z

)1/2

and supported by a phantom dilaton �eld [9].

An interesting extension of this work would be
constructing solutions interpolating between AdS and
Lifshitz-like backgrounds with non-zero temperature as
it was done in [7] to track the process of isotropization.
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À. À. Ãîëóáöîâà

ÓÄÀÐÍÛÅ ÂÎËÍÛ Â ËÈÔØÈÖÅÂÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ È ÃÎËÎÃÐÀÔÈ×ÅÑÊÎÅ
ÎÏÈÑÀÍÈÅ ÊÂÀÐÊ-ÃËÞÎÍÍÎÉ ÏËÀÇÌÛ

Â ïîñëåäíåå âðåìÿ ãîëîãðàôè÷åñêàÿ äóàëüíîñòü ìåæäó ãðàâèòàöèåé è ïîëåâûìè òåîðèÿìè, îáëàäàþùèìè ñêåéëèí-
ãîì Ëèôøèöà, ïðèâëåêàåò ìíîãî âíèìàíèÿ. Ìû ðàññìàòðèâàåì ëèôøèöåâû ïðîñòðàíñòâà â êîíòåêñòå ïðèëîæåíèÿ ê
îïèñàíèþ àíèçîòðîïíîé êâàðê-ãëþîííîé ïëàçìû, âîçíèêàþùåé ïðè ñòîëêíîâåíèè òÿæåëûõ èîíîâ. Ïîñòðîåíû ñòðóê-
òóðû òèïà óäàðíûõ âîëí. Äëÿ ñëó÷àÿ ñòîëêíîâåíèÿ äîìåííûõ ñòåíîê â ïðîñòðàíñòâàõ Ëèôøèöà âû÷èñëåíû ïëî-
ùàäè ëîâóøå÷íûõ ïîâåðõíîñòåé. Ñîãëàñíî ãîëîãðàôè÷åñêîìó ïîäõîäó, ìíîæåñòâåííîñòü ÷àñòèö, ðîæäàþùèõñÿ âî
âðåìÿ ñòîëêíîâåíèÿ òÿæåëûõ èîíîâ, ìîæíî îöåíèòü ñ ïîìîùüþ çíà÷åíèÿ ïëîùàäè òàêîé ëîâóøå÷íîé ïîâåðõíîñòè.
Ïîêàçàíî, ÷òî äëÿ ïÿòèìåðíîãî ñëó÷àÿ çàâèñèìîñòü ìíîæåñòâåííîñòè îò ýíåðãèè ñòàëêèâàþùèõñÿ èîíîâ áëèçêà ê
ýêñïåðèìåíòàëüíûì äàííûì, ïîëó÷åííûì íà RHIC è LHC.

Êëþ÷åâûå ñëîâà: ëèôøèöåâû ìåòðèêè, óäàðíûå âîëíû, ëîâóøå÷íàÿ ïîâåðõíîñòü, ãîëîãðàôèÿ, êâàðê-ãëþîííàÿ
ïëàçìà.
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The QED ground state is studied for a four component Dirac fermion with the topological Chern-Simons term in 1+2
dimension. The Lagrangian for a massless Dirac fermion has the parity and the chiral symmetries. Spontaneous breaking
of these symmetries can be found by evaluating the vacuum expectation values for fermion and anti-fermion pairs. We
introduce approximate vertex functions and calculate the expectation values by solving the Schwinger-Dyson equation. We
observe a smaller gauge dependence for the Ball-Chiu vertex function.

Keywords: 1+2 dimensional QED, Schwinger-Dyson equation, Chern-Simons term.

1 Introduction

Spontaneous symmetry breaking is one of the
fundamental concepts in elementary particle physics.
Non-perturbative e�ect is essential for spontaneous
symmetry breaking caused by gauge interactions.
The Schwinger-Dyson (SD) equation is often used
to evaluate it. A solution of the SD equation for a
propagator gives a full self-energy. However, a full-
vertex function is necessary to solve the SD equation.
We usually set some approximate vertex functions in
order to de�ne a closed form for the SD equation. In
the ladder approximation we replace the full-vertex
function by the tree level one.

The Ward-Takahashi (WT) identity is preserved
in the ladder approximation with the Landau gauge
for 1+3 dimensional QED. It should be noted that
the physical observable in the solution of the SD
equation depends on the gauge parameter because
of the approximate vertex function. The ladder
approximation with the Landau gauge can not preserve
the WT identity in low dimensional systems or thermal
environment. The validity of the ladder approximation
can not be guaranteed in such systems. Much works
have been done to �nd a better vertex function [1�5]
and a gauge parameter [6�8].

The 1+2 dimensional QED with the Chern-Simons
(CS) term is one of the simple models to develop
the procedure to analyze the SD equation beyond
the ladder approximation. In this paper we employ
some vertex functions and solve the SD equation and
show the gauge dependence of the result. In Sec. 2 we
introduce the 1+2 dimensional QED with the CS term
and review the chiral symmetry for a four component
Dirac fermion. In Sec. 3 we give an explicit form for
the SD equation and adopt some vertex functions.
Evaluating the SD equation numerically, we show the
gauge dependence for the vacuum expectation values

for fermion and anti-fermion pairs.

2 Chiral symmetry in 1+2 dimensional QED

The QED Lagrangian is uniquely �xed by the
gauge symmetry, the Lorentz covariance and the
renormalizability. We start form the Lagrangian
density with a massless Dirac fermion,

L = −1

4
FµνFµν −

1

2α
(∂µA

µ)2 +
µ

2
εµνρAµ∂νAρ

+ψ̄iγµDµψ. (1)

The �rst term in the right hand side is ordinary QED
Lagrangian density written by the �eld strength, Fµν ≡
∂µAν−∂νAµ. The second term is the gauge �xing part
in the Lorentz gauge with the gauge parameter, α.
The third term is called the CS term. This term is
topologically determined and can be written as a total
divergence. The coe�cient µ introduces a topological
mass for the gauge �eld, Aµ.Dµ = ∂µ+ieAµ represents
the covariant derivative for the Dirac fermion, ψ. γµ

denotes the 4×4 Dirac matrices. Since we consider the
1+2 dimensional space-time, the indices, µ, ν run from
0 to 2.

The Cli�ord algebra in 1+2 dimensions is de�ned
by the anti-commutator for the Dirac matrices,

{γµ, γν} = gµν , µ, ν ∈ {0, 1, 2}. (2)

There are two Casimir operators, γ3 and γ5,

{γ3, γµ} = 0, {γ5, γµ} = 0. (3)

Thus we can de�ne two-kinds of the chiral
transformations,

ψ → eiγ
3θ3

ψ, ψ → eiγ
5θ5

ψ, (4)

where θ3 and θ5 are real parameters.
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The Lagrangian (1) is invariant under the chiral
transformations (4). If the fermion acquire a non-
vanishing mass, the mass term, mψ̄ψ, breaks the chiral
symmetries. We can introduce a parity odd mass term,

mτ ψ̄τψ, τ =
1

2
{γ3, γ5}. (5)

This term is invariant under the chiral transformations.
Therefore the spontaneous breaking for the chiral
and the parity symmetries is found by observing
the vacuum expectation values for the composite
operators, 〈ψ̄ψ〉 and 〈ψ̄τψ〉, respectively [6] .

3 SD euqation in 1+2 dimensional QED

The vacuum expectation values, 〈ψ̄ψ〉 and 〈ψ̄τψ〉,
are calculated by taking the trace of the fermion
propagator. These values vanish for the massless
fermion without considering the non-perturbative
contribution of the gauge interaction. Here we
introduce the non-perturbative e�ect by solving the SD
equation. The SD equation for the fermion propagator,
S(p), is given by

S(p) =
i

/p− Σ(p) + iε
, (6)

with the fermion self-energy,

iΣ(p) = e2

∫
d3k

(2π)3
γµDµν(p− k)S(k)Γν(p, k), (7)

where Dµν(p−k) and Γµ(p, k) are the full gauge boson
propagator and the full vertex function, respectively.
The self-energy Σ(p) has an 4× 4 matrix form and can
contain a parity odd and a chirality odd mass terms.

If we insert some functional forms for Dµν(p −
k) and Γµ(p, k), we can solve the SD equation (6)
and �nd the fermion self-energy, Σ(p). In the ladder
approximation we employ a tree-level gauge boson
propagator and a vertex function,

Dµν(p) =
−i

p2 − µ2

(
gµν −

pµpν
p2

)
−µ 1

p2 − µ2

1

p2
εµνρp

ρ − iαpµpν
p4

, (8)

and

Γµ(p, k) = γµ. (9)

It is known that the ladder approximation is not
consistent with the WT identity,

i(p− k)µΓµ(p, k) = S−1(k)− S−1(p). (10)

Here we introduce the parity projection operators,

χ± ≡
1± τ

2
(11)

and assume a decomposed form for the fermion
propagator,

S(p) =
i

A+/p−B+
χ+ +

i

A−/p−B−
χ−, (12)

where A± and B± are functions of p. Then the WT
identity (10) �x the longitudinal part of the vertex
function [9],

ΓµL(p, k) = ΓBCµL+ χ+ + ΓBCµL− χ−, (13)

with

ΓBCµL± =
1

2
[A±(p) +A±(k)]γµ

+
1

2
[A±(p)−A±(k)]

pµ + kµ

p2 − k2
(/p+ /k)

−[B±(p)−B±(k)]
pµ + kµ

p2 − k2
. (14)

The transverse part of the vertex function can not be
�xed by the WT identity. We simply drop the transfers
part below.

The Ball-Chiu (BC) vertex function (13) satis�es
the WT identity by de�nition and may be a better
assumption for the vertex function on the SD equation
for the 1+2 dimensional QED with the CS term.
Employing the Ball-Chiu vertex function and a tree-
level gauge boson propagator, we numerically solve
the SD equation and calculate the vacuum expectation
values for fermion and anti-fermion pairs. It is found
that the obtained expectation value 〈ψ̄τψ〉 depends on
the gauge parameter, α. Between α = 0 and 1 we �t
the expectation value as a linear function of the gauge
parameter, α,

〈ψ̄τψ〉 − 〈ψ̄τψ〉|α=0 = aα+O(α2), (15)

and �nd a = −(0.495 ± 0.005) × 10−3. In the ladder
approximation we obtain a = (1.79 ± 0.06) × 10−3. A
smaller gauge dependence is observed for the BC vertex
function compared with the ladder approximation. It
should be noted that both results approach near the
Landau gauge, α = 0. Thus the ladder approximation
seems to be a good assumption with the Landau gauge.
Details of the numerical algorithm and the results are
given in Ref. [10].

4 Concluding remarks

We have performed the SD analysis of 1+2
dimensional QED with the CS term. The often used
ladder approximation is extended to avoid a large
gauge dependence. For the BC vertex function a
non-trivial vertex correction is introduced through
the WT identity. The solution of the SD equation
shows a smaller gauge dependence for the BC vertex
function. We have also pointed out that the ladder
approximation is not so bad with the Landau gauge.
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Here we have applied some assumptions to solve
the SD equation. The tree level propagator is adopted
for the gauge boson. It is interesting to introduce
the SD equation for the gauge boson propagator and
simultaneously solve it with the SD equation (6). We
have simply droped the transverse part of the vertex
function. It is generated even at the one-loop level [11].
It is also interesting to study the gauge dependence for
some possible assumptions of the transverse part of
the vertex function. We hope to report any progress

for these problems in future.
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Ò. Èíàãàêè

ÔÎÐÌÀËÈÇÌ ØÂÈÍÃÅÐÀ-ÄÀÉÑÎÍÀ Â 1+2 ÐÀÇÌÅÐÍÎÉ ÊÝÄ

Èññëåäóåòñÿ îñíîâíîå ñîñòîÿíèå ÷åòûðåõêîìïîíåíòíîãî ôåðìèîíà Äèðàêà â ÊÝÄ ñ òîïîëîãè÷åñêèì ÷ëåíîì ×åðíà�
Ñàéìîíà â 1+2 ðàçìåðíîñòÿõ. Ëàãðàíæèàí áåçìàññîâîãî äèðàêîâñêîãî ôåðìèîíà îáëàäàåò êèðàëüíîé è P-ñèììåòðèÿìè.
Ñïîíòàííîå íàðóøåíèå ýòèõ ñèììåòðèé ìîæåò áûòü íàéäåíî ñ ïîìîùüþ ðàñ÷åòà çíà÷åíèÿ âàêóóìíîãî îæèäàíèÿ äëÿ
ôåðìèîí�àíòèôåðìèîííûõ ïàð. Ìû ââîäèì ïðèáëèæåííóþ âåðøèííóþ ôóíêöèþ è âû÷èñëÿåì çíà÷åíèÿ âàêóóìíî-
ãî îæèäàíèÿ ðåøàÿ óðàâíåíèå Øâèíãåðà�Äàéñîíà. Ìû íàáëþäàåì ñëàáóþ êàëèáðîâî÷íóþ çàâèñèìîñòü âåðøèííîé
ôóíêöèè Áîëëà�×üþ.

Êëþ÷åâûå ñëîâà: 1+2 ðàçìåðíàÿ ÊÝÄ, óðàâíåíèå Øâèíãåðà-Äàéñîíà, ÷ëåí ×åðíà � Ñàéìîíà.
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Some time ago the authors proposed a new approach to self-dual electrodynamics and its superextensions, based on
introducing auxiliary (super)�elds which ensure linearization of the duality transformations. In the talk this universal
method is applied for analysis of the self-duality properties of the N = 2 Born-Infeld (BI) action with the nonlinearly
realized �hidden� N = 4 supersymmetry. Its self-duality is proved up to the 10th order in the super�eld strengths. The
conjecture about the general structure of the N = 2 BI action modi�ed by the auxiliary chiral super�elds is put forward.

Keywords: supersymmetry, duality, super�eld.

1 Motivations: why Born-Infeld?

The BI theory is the renowned nonlinear extension
of Maxwell theory:

LBI(ϕ, ϕ̄) = 1−
√

1 + ϕ+ ϕ̄+ (1/4)(ϕ− ϕ̄)2 ,

ϕ+ ϕ̄ =
1

2
(Fmn)2 , ϕ− ϕ̄ =

i

2
FmnF̃

mn.

It possesses many remarkable properties.

It is the �rst known example of nontrivial self-dual
model of nonlinear electrodynamics.

The BI actions are necessary ingredients of the
static-gauge D brane worldvolume actions.

The super D branes actions enjoy linearly
realized worldvolume supersymmetries, the relevant
worldvolume supermultiplets being the vector ones,
with the gauge �eld among the component �elds. This
poses the problem of supersymmetrizing the BI action.

The spontaneously broken part of the full D brane
supersymmetry should manifest itself as the second
nonlinear supersymmetry of such super BI actions.

To date, two superextended BI actions with the
second nonlinearly realized supersymmetry are known
in the super�eld approach.

First, it is N = 1 supersymmetric BI action [1, 2].
It describes the �space-�lling� D3 brane and possesses
the second nonlinear N = 1 supersymmetry building
up the manifest one to N = 2. So it can be abbreviated
as �N = 2/N = 1� BI action.

Secondly, it is N = 2 supersymmetric BI action
[3�6]. It describes D3 brane in D = 6 and exhibits a
nonlinearly realized N = 4/N = 2 supersymmetry.

While the N = 2/N = 1 BI action is known in a
closed super�eld form, no such a formulation was given
for the N = 4/N = 2 BI action so far. There exists
another N = 2 BI action admitting the closed form [7],
but it does not possess any extra supersymmetry.

It seems very interesting to further elaborate on the
N = 4/N = 2 BI action and try to �nd a closed form
for it. One more intriguing problem is as follows.

The N = 2/N = 1 BI action was shown to
be self-dual like its bosonic counterpart. The same
self-duality for the N = 4/N = 2 BI action was
checked up to the 8th order in the N = 2 super�eld
strengths. The question is whether this self-duality
extends to all orders and how it is related to the hidden
supersymmetry.

Recently, a new framework was developed for
self-dual electrodynamics models and their N =
1,N = 2 extensions [8�10]. It proceeds from the
formulation proposed in [11] and includes, as a new
ingredient, auxiliary tensorial �elds and their super�eld
counterparts. It is natural to analyze theN = 4/N = 2
BI action in this general approach, with the hope that
it will allow to give a general proof of self-duality of
this action and �nd an ansatz for the latter beyond
the perturbative expansion over N = 2 super�eld
strengths. Some steps toward this goal were recently
made in [12]. Major part of the talk will be based on
this work.

We will start with recalling the salient features of
self-duality in electrodynamics and explain basics of
the new approach with auxiliary tensorial �elds. Then
we will discuss how to put the N = 4/N = 2 BI theory
into this framework and to which new understanding
this gives rise.

2 Self-duality: general setting

U(N) duality invariance is an on-shell symmetry
of a wide class of the nonlinear electrodynamics
models including the renowned Born-Infeld theory. It
generalizes the free-case O(2) symmetry between the
equations of motion and Bianchi identities (Fmn =
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∂mAn − ∂nAm, F̃mn = 1
2εmnpqF

pq):

E.O.M. : ∂mFmn = 0 ⇐⇒ Bianchi : ∂mF̃mn = 0,

δFmn = ωF̃mn, δF̃mn = −ωFmn,

In the nonlinear case: Pmn = 2∂L(F )
∂Fmn ,

E.O.M. : ∂mPmn = 0 ⇐⇒ Bianchi : ∂mF̃mn = 0 ,

δPmn = ωF̃mn , δF̃mn = −ωPmn.

There should be valid the self-consistency condition
(the so called GZ condition) [13,14]:

PP̃ − FF̃ = 0.

Recently, there came about a rebirth of interest in
the duality-invariant theories [15�17]. The basic reason
is the hypothetical important role of the generalized
duality symmetry in analyzing the UV properties of
extended 4D supergravities.

We will use the bispinor formalism:

Fmn ⇒ (Fαβ , F̄α̇β̇), ϕ = FαβFαβ , ϕ̄ = F̄ α̇β̇F̄α̇β̇ ,

L(ϕ, ϕ̄) = −1

2
(ϕ+ ϕ̄) + Lint(ϕ, ϕ̄) ,

∂β̇αP̄α̇β̇(F )− ∂βα̇Pαβ(F ) = 0 , ∂β̇αF̄α̇β̇ − ∂
β
α̇Fαβ = 0 ,

Pαβ = i
∂L

∂Fαβ
,

δωFαβ = ωPαβ , δωPαβ = −ωFαβ ,

FαβF
αβ+PαβP

αβ−c.c = 0 , ⇔ ϕ−4ϕ(Lϕ)2−c.c = 0 ,

Lsd =
i

2
(P̄ F̄ − PF ) + I(ϕ, ϕ̄) , δωI(ϕ, ϕ̄) = 0 .

How to determine the invariant I(ϕ, ϕ̄)? Our approach
with the auxiliary tensorial �elds provides an answer.

3 Formulation with bispinor auxiliary �elds

Let us introduce the auxiliary unconstrained �elds
Vαβ and V̄α̇β̇ and write the extended Lagrangian in the
(F, V )-representation as

L(V, F ) = L2(V, F ) + E(ν, ν̄),

L2(V, F ) =
1

2
(ϕ+ ϕ̄) + ν + ν̄ − 2 (V · F + V̄ · F̄ ),

with ν = V 2, ν̄ = V̄ 2 . Here, E(ν, ν̄) is the nonlinear
interaction involving only auxiliary �elds.

Dynamical equations of motion

∂β̇αP̄α̇β̇(V, F )− ∂βα̇Pαβ(V, F ) = 0 ,

Pαβ(F, V ) = i
∂L(V, F )

∂Fαβ
= i(Fαβ − 2Vαβ),

together with Bianchi identity, are covariant under
O(2) transformations

δVαβ = −iωVαβ , δFαβ = iω(Fαβ−2Vαβ), δν = −2iων.

The algebraic equation of motion for Vαβ ,

Fαβ = Vαβ +
1

2

∂E

∂V αβ
= Vαβ(1 + Eν) ,

is O(2) covariant if and only if

νEν − ν̄Eν̄ = 0 ⇒ E(ν, ν̄) = E(a) , a := νν̄ .

The meaning of this constraint is that E(ν, ν̄)
should be O(2) invariant function

δωE = 2iω(ν̄Eν̄ − νEν) = 0 .

This is none other than the GZ constraint:

F 2 + P 2 − F̄ 2 − P̄ 2 = 0 ⇐⇒ νEν − ν̄Eν̄ = 0 .

The auxiliary equation can be now written as

Fαβ − Vαβ = Vαβ ν̄ E ′ .

It serves to express Vαβ , V̄α̇β̇ in terms of Fαβ , F̄α̇β̇ :

Vαβ(F ) = FαβG(ϕ, ϕ̄), G(ϕ, ϕ̄) =
1

2
−Lϕ = (1+ν̄Ea)−1.

After substituting these expressions back into L we
obtain the corresponding selfdual Lsd(ϕ, ϕ̄)

Lsd(ϕ, ϕ̄) = −1

2

(ϕ+ ϕ̄)(1− aE2
a) + 8a2E3

a

1 + aE2
a

+ E(a) ,

where a is related to ϕ, ϕ̄ by the algebraic equation

(1 + aE2
a)2ϕϕ̄ = a[(ϕ+ ϕ̄)Ea + (1− aE2

a)2]2 .

We �nd I(ϕ, ϕ̄) = E(a)− 2aEa, a = ν(ϕ, ϕ̄)ν̄(ϕ, ϕ̄).
To summarize, all O(2) duality-symmetric systems

of nonlinear electrodynamics without derivatives on the
�eld strengths are parametrized by the O(2) invariant
o�-shell interaction E(a) which is a function of the
real quartic combination of the auxiliary �elds. This
universality is the basic advantage of the approach with
tensorial auxiliary �elds.

As an instructive example, we consider the Born-
Infeld action in the new setting. The BI model has a
more simple description in terms of the new variables:

EBI(a) = IBI(b)− 2b IBIb (b) ,

IBI =
2b

b− 1
, IBIb = − 2

(b− 1)2
, a =

4b

(1− b)4
.

The equation for b becomes quadratic:

ϕϕ̄ b2 + [2ϕϕ̄− (ϕ+ ϕ̄+ 2)2] b+ ϕϕ̄ = 0 ⇒

b =
4ϕϕ̄

[2(1 +Q) + ϕ+ ϕ̄]2
,
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Q(ϕ) =
√

1 + ϕ+ ϕ̄+ (1/4)(ϕ− ϕ̄)2 .

After substituting this into the general formula for
Lcd(ϕ, ϕ̄) the standard BI Lagrangian is recovered

LBI(ϕ, ϕ̄) = 1−
√

1 + ϕ+ ϕ̄+ (1/4)(ϕ− ϕ̄)2 .

How to supersymmetrize the bispinor formulation?
The basic idea [9, 10] is to embed tensorial auxiliary
�elds into chiral auxiliary N = 1, 2 super�elds:

Vαβ(x) ⇒ Uα(x, θ, θ̄) = vα(x) + θβVαβ(x) + . . . ,

Vαβ(x) ⇒ U(x, θi, θ̄i) = v(x) + (θβk θ
αk)Vαβ(x) + . . . ,

D̄γ̇Uα(x, θ, θ̄) = 0 , D̄γ̇iU(x, θj , θ̄k) = 0 .

The (W,U) representation for the N = 1 self-dual
actions is de�ned as

S(W,U) =

∫
d6ζ

(
UW − 1

2
U2 − 1

4
W 2

)
+ c.c.

+
1

4

∫
d8z U2Ū2E(u, ū, g, ḡ),

u =
1

8
D̄2Ū2, ū =

1

8
D2U2, g = DαUα .

Duality-invariant N = 1 systems amount to the U(1)
invariant interaction

Einv = F(B,A,C) + F̄(B̄, A,C) ,

A := uū , C := gḡ , B := ug2 , B̄ := ūḡ2 .

4 N = 2 BI theory: the (W, W̄) formulation

The N = 2 BI action can be written through the
chiral Lagrangian density A0 as [4]:

SBI(W) = S2(W) + IBI(W) =
1

4

∫
d8Z A0 + c.c. ,

IBI(W) =

∫
d12Z LBI(W) ,

where

LBI =

∞∑
n=2

L(2n), A0(W) =

∞∑
n=1

A(2n)
0 =W2 + 2D̄4LBI .

The super�eld strengthW, together with A0, belong to
an in�nite-dimensional multiplet of the spontaneously
broken N = 4 supersymmetry

δfW = f(1− 1

2
D̄4Ā0) +

1

2
f̄2A0 +

i

4
D̄α̇
k f̄D

kα∂αα̇A0,

δfA0 = 2fW +
1

2
f̄2A1 +

i

4
D̄α̇
k f̄D

kα∂αα̇A1 ,

δfAn = 2fAn−1 +
1

2
f̄2An+1 +

i

4
D̄α̇
k f̄D

kα∂αα̇An+1 ,

f := c+ 2iθαk ξ
k
α , n ≥ 1 .

The density A0, together with other super�elds An,
can be expressed in terms of W, W̄ by imposing an
in�nite set of N = 4 covariant constraints

A0 −W2 − 1

2
A0D̄

4Ā0 − D̄4
∑
n=1

(−1)n

22n+1
An2nĀn = 0 ,

2A1 + . . . = 0 , . . . . . .2nAn + . . . = 0 ,

where dots stand for some nonlinear terms. Solving it
by recursions, one can restore A0 to any order, e.g.,

A(4)
0 =

1

2
D̄4(W2W̄2),

A(6)
0 =

1

4
D̄4
[
W2W̄2(D4W2 + c.c.)− 2

9
W32W̄3

]
.

In this way, the interaction IBI was found in [4] up
to the 8th order. Recently [12], the next, 10th order
term, was explicitly computed.

Inspecting the explicit structure of the perturbative
terms in A0 and the respective terms in IBI , we found
that A0 has the following general splitting

A0 = X +R+ Y . (1)

Here, X is de�ned by the equation [5�7]

X =W2 +
1

2
X D̄4X̄ (2)

and accounts for all terms without 2. The part R
accounts for all terms involving only box operator

R = 2D̄4
∞∑
n=3

(−1)n
1

(n!)2
Wn2n−2W̄n.

The remaining piece Y collects, in its perturbative
expansion, the mixed terms with D4, D̄4,2, which are
not combined into any obvious series.

Is it possible to give some general formulas for all
these pieces? Is it possible to prove, at least up to
the 10th order, that the N = 4/N = 2 BI action
is simultaneously self-dual? The latter property was
proved in [5,6] up to the 8th order. The reformulation
of the N = 2 BI theory through auxiliary super�elds
turns out to be helpful for getting the answers.

5 Auxiliary super�elds for N = 2 self-duality

The (W,U) representation of the general action of
the nonlinear N = 2 electrodynamics reads

S(W,U) = Sb(W,U) + I(U) ,

I(U) =

∫
d8Z L(U) + c.c. ,

Sb(W,U) =

∫
d8Z (UW − 1

2
U2 − 1

4
W2) + c.c. .

The interaction L(U) is a local functional of U , Ū . The
U equation of motion

U =W +
δI
δU

,
δI
δU

:= J (U , Ū) = D̄4J(U , Ū) , (3)
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allows one to eliminate auxiliary super�elds and
recover the nonlinearW action. The N = 2 self-duality
condition [5] becomes∫
d8Z U δI

δU
=

∫
d8Z̄ Ū δI

δŪ
.

This is just the condition of the invariance of the
functional I(U) under the U(1) transformations δωU =
−iωU , δωŪ = iωŪ .

Thus any self-dual system of N = 2
electrodynamics can be reformulated as a system with
the o�-shell action S(W,U) = Sb(W,U) + I(U) , so
that the interaction I(U) is U(1) duality invariant.

Conversely, if some N = 2 system admits such a
reformulation, it is self-dual.

So, one way to prove that the N = 4/N = 2 BI
action is self-dual is to put it into the (U ,W) form and
to show that IBI(U) is U(1) invariant.

The goal is to write the N = 4/N = 2 BI action as

SBI(W,U) = Sb(W,U) + IBI(U),

where, in accordance with the triple decomposition (1)
of the (W, W̄) BI action,

IBI(U) = IX (U) + IR(U) + IY(Y) .

The �rst term generates the action associated with the
chiral super�eld X . It is self-dual [6]. The term

IR(U) =

∫
d8Z LR(U) + c.c. ,

LR =
1

2
D̄4

∞∑
n=3

(−1)n
1

(n!)2
Un2n−2Ūn

is the only structure capable to reproduce the highest-
derivative R contributions in theW representation. At
last, IY(U) stands for possible further corrections.

The term IX (U) should reproduce the action

SX (W) =
1

4

∫
d8ZX (W) +

1

4

∫
d8Z̄X̄ (W) .

After some work with introducing auxiliary super�elds,
this action can be equivalently represented as

SX (W,U , N) = Sb(W,U) + IX (U2, N) ,

IX (U2, N) =
1

4

∫
d12Z

{
U2N̄ + Ū2N − NN̄

1− 1
4nn̄

}
,

n = D̄4N̄ .

This interaction is U(1) invariant, provided that
δωN = −2iω N . Thus indeed SX (W) corresponds to
self-dual N = 2 system. This action is reproduced
after eliminating both super�elds U and N from
SX (W,U , N). On the other hand, eliminating N ,

N − (1− 1

4
nn̄)U2 +

1

4
(1− 1

4
nn̄)D̄4

[
NN̄n̄

(1− 1
4nn̄)2

]
= 0 ,

we obtain the sought U interaction

IX (U2) = IX (U2, N(U2)) =

∞∑
n=1

∫
d12ZL(4n)

X (U , Ū) .

A few lowest recursive terms are

L(4)
X =

1

4
U2Ū2, L(8)

X = − 1

16
U2Ū2A,

L(12)
X =

1

64
U2Ū2

(
BB̄ +B2 + B̄2

)
,

A := (D4U2)(D̄4Ū2), B := D̄4D4(Ū2U2).

They are capable to restore the original action
SX (W) up to the 18th order upon eliminating U , Ū1.
The fact that all U terms are expressed through the
same super�elds A,B, B̄ makes it probable that the
whole IX (U) can be written as a sum of the well de�ned
terms related by some general recurrence formula.

6 (U ,W) form of the N = 2 BI action up to
10th order

Our aim is to present the auxiliary interaction
IBI(U) which reproduces the (W, W̄) form of the BI
action up to the 10th order, i.e. the sum of four terms

ÎBI = I
(4)
BI + I

(6)
BI + I

(8)
BI + I

(10)
BI .

The corresponding (U ,W) BI action is [12]

ŜBI = Sb + ÎX + ÎR + ÎY ,

ÎX (U) =
1

4

∫
d12Z U2Ū2

[
1− 1

4
(D4U2)(D̄4Ū2)

]
,

ÎR(U) =
1

8

∫
d12Z

(
− 2

9
U32Ū3 +

1

72
U422Ū4

− 1

1800
U523Ū5

)
,

ÎY(U) =
1

72

∫
d12Z

[
(U3Ū2D4U22D̄4Ū3

+U2Ū3D̄4Ū22D4U3) +
1

2
U3D̄4Ū22(Ū3D4U2)

]
.

We observe that the �rst contributions from ÎY
appear only in the 10th order. All these U terms are
manifestly U(1) invariant, so the N = 4/N = 2 BI
action is self-dual up to the 10th order. The number
of terms in this interaction is much smaller compared
with the standardW representation. This gives a hope
that the U ,W representation will allow one to sum up
all possible terms and give a general proof of the self-
duality of the N = 4/N = 2 BI action.

1In [18] it was restored up to the 14th order by directly solving eq. (2).
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7 Summary and outlook

All the duality invariant systems of nonlinear
electrodynamics and its N = 1, 2 superextensions
admit an o�-shell formulation with the auxiliary
bispinor �elds or their super�eld counterparts. This
formulation reduces the self-duality constraints to
the condition of U(1) invariance of the auxiliary
interaction.

This universal method was applied for analysis of
the self-duality properties of the N = 2 BI action
with the nonlinearly realized N = 4 supersymmetry.
Its self-duality was proved up to the 10th order in the
super�eld strengths by constructing the new (U ,W)
representation of this action to the same order. The
conjecture about the general structure of the (U ,W)
form of the BI action was put forward.

The new closed auxiliary-super�eld representation
was found for the action SX (W) as a necessary
constituent of the full N = 4/N = 2 BI action.

Some further lines of study:
(a) It would be interesting to inquire whether the
10th order-truncated (U ,W) BI action can be somehow
promoted to all orders in the auxiliary super�elds
U , Ū , thus providing the (U ,W) form of the complete
N = 4/N = 2 BI action.
(b) The closely related problem is to understand
how the hidden spontaneously broken N = 4
supersymmetry is realized in the (U ,W) formulation.
(c) It is tempting to �nd some general framework
for the �irregular� Y terms of the N = 2 BI action.
Perhaps, they could be understood as a recursive
solution of some nonlinear super�eld equation.
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Å. À. Èâàíîâ, Á. Ì. Çóïíèê

ÂÑÏÎÌÎÃÀÒÅËÜÍÛÅ ÑÓÏÅÐÏÎËß Â N = 2 ÒÅÎÐÈÈ ÁÎÐÍÀ-ÈÍÔÅËÜÄÀ

Íåêîòîðîå âðåìÿ íàçàä â ðàáîòàõ àâòîðîâ áûë ðàçâèò íîâûé ïîäõîä ê îïèñàíèþ ñàìî-äóàëüíîé ýëåêòðîäèíàìèêè è
åå ñóïåððàñøèðåíèé íà îñíîâå ââåäåíèÿ âñïîìîãàòåëüíûõ (ñóïåð)ïîëåé, îáåñïå÷èâàþùèõ ëèíåéíîñòü ïðåîáðàçîâà-
íèé äóàëüíîñòè. Â äàííîì äîêëàäå ýòîò óíèâåðñàëüíûé ìåòîä ïðèìåíÿåòñÿ äëÿ àíàëèçà ñâîéñòâ ñàìî-äóàëüíîñòè
ñóïåðïîëåâîãî äåéñòâèÿ N = 2 òåîðèè Áîðíà-Èíôåëüäà (Á.-È.) ñ íåëèíåéíî ðåàëèçîâàííîé �ñêðûòîé� N = 4 ñó-
ïåðñèììåòðèåé. Ñàìîäóàëüíîñòü ýòîãî äåéñòâèÿ äîêàçàíà äî 10-ãî ïîðÿäêà ïî ñóïåðïîëåâûì íàïðÿæåííîñòÿì. Âû-
ñêàçàíà ãèïîòåçà îá îáùåé ñòðóêòóðå N = 2 Á.-È. äåéñòâèÿ, ìîäèôèöèðîâàííîãî êèðàëüíûìè âñïîìîãàòåëüíûìè
ñóïåðïîëÿìè.

Êëþ÷åâûå ñëîâà: ñóïåðñèììåòðèÿ, äóàëüíîñòü, ñóïåðïîëå.
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QUANTUM BILLIARDS WITH BRANES
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Cosmological Bianchi-I type model in the (n + 1)-dimensional gravitational theory with several forms is considered.
When electric non-composite brane ansatz is adopted the Wheeler-DeWitt (WDW) equation for the model, written in
the conformally-covariant form, is analyzed. Under certain restrictions asymptotic solutions to WDW equation near the
singularity are found which reduce the problem to the so-called quantum billiard on the (n− 1)-dimensional Lobachevsky
space Hn−1.

Keywords: cosmological billiards, branes, Wheeler-DeWitt equation.

1 Introduction

In this paper we deal with the quantum
billiard approach for multidimensional cosmological-
type models de�ned on the manifold (u−, u+) × Rn,
where n ≥ 3. In classical case the billiard approach
was suggested by Chitre [1] for explanation the BLK-
oscillations [2] in the Bianchi-IX model [3] by using a
simple triangle billiard in the Lobachevsky space H2.

In multidimensional case the billiard representation
for cosmological model with multicomponent �perfect�
�uid was introduced in [4,5]. The billiard approach for
multidimensional models with scalar �elds and �elds of
forms was suggested in [6], see also [7] for examples of
�chaotic� behavior in supergravitational models.

Recently the quantum billiard approach for a
multidimensional gravitational model with several
forms was considered in [8]. The asymptotic solutions
to WDW equation presented in [8] are equivalent to
those obtained earlier in [5].

Here we use another form of the WDW equation
with enlarged minisuperspace which include the form
potentials Φs [9]. We get another version of the
quantum billiard approach, which is di�erent from that
of [8].

2 The model

Here we consider the multidimensional
gravitational model governed by the action

Sact = 1
2κ2

∫
M
dDz

√
|g|{R[g]

−
∑
s∈S

θs
ns!

(F s)2}+ SY GH , (1)

where g = gMNdz
M ⊗ dzN is the metric on

the manifold M , dimM = D, θs 6= 0, F s =
dAs = 1

ns!
F sM1...Mna

dzM1 ∧ . . . ∧ dzMns is a ns-form

(ns ≥ 2) on a D-dimensional manifold M , s ∈
S. In (1) we denote |g| = |det(gMN )|, (F s)2 =
F sM1...Mns

F sN1...Nna
gM1N1 . . . gMnsNns , s ∈ S, where S

is some �nite set of indices and SYGH is the standard
York-Gibbons-Hawking boundary term.

Let us consider the manifold M = R∗ × Rn with
the metric

g = we2γ(u)du⊗ du+

n∑
i=1

e2φi(u)ε(i)dxi ⊗ dxi, (2)

where R∗ = (u−, u+), w = ±1 and ε(i) = ±1, i =
1, . . . , n. The dimension ofM is D = 1+n. For w = −1
and ε(i) = 1, i = 1, . . . , n, we deal with cosmological
solutions while for w = 1, and ε(1) = −1, ε(j) = 1,
j = 2, . . . , n, we get static solutions (e.g. wormholes
etc).

Let Ω = Ω(n) be a set of all non-empty subsets of
{1, . . . , n}. For any I = {i1, . . . , ik} ∈ Ω, i1 < . . . < ik,
we denote τ(I) ≡ dxi1∧. . .∧dxik , ε(I) ≡ ε(i1) . . . ε(ik),
d(I) = |I| ≡ k .

For the �elds of forms we consider the following
non-composite electric ansatz

As = Φsτ(Is), F s = dΦs ∧ τ(Is), (3)

where Φs = Φs(u) is smooth function on R∗ and
Is ∈ Ω, s ∈ S. Due to (3) we have d(Is) = ns − 1,
s ∈ S.

The equations of motion for the model (1) with the
�elds from (2) and (3) are equivalent to equations of
motion for the σ-model governed by the action [9]

Sσ =
µ

2

∫
duN

{
GAB(X)ẊAẊB

}
, (4)

where µ 6= 0 and N = exp(γ0 − γ) > 0 is modi�ed
lapse function with γ0(φ) ≡

∑n
i=1 φ

i, X = (XA) =
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(φi,Φs) ∈ RN , N = n + m, m = |S| is the number
of branes, Ẋ ≡ dX/du and minisupermetric G =
GAB(X)dXA ⊗ dXB on minisuperspace M = RN is
de�ned by the relation

G = G+
∑
s∈S

εse
−2Us(φ)dΦs ⊗ dΦs, (5)

where

G = Gijdφ
i ⊗ dφj , Gij = δij − 1, (6)

and

Us(φ) = Usi φ
i =

∑
i∈Is

φi, Us = (Usi ) = δiIs , (7)

s ∈ S.
Here δiI =

∑
j∈I δij is an indicator of i belonging

to I: δiI = 1 for i ∈ I and δiI = 0 otherwise; and
εs = ε(Is)θs, s ∈ S.

In what follows we will use the scalar product

(U,U ′) = GijUiU
′
j , (8)

for U = (Ui), U
′ = (U ′i) ∈ Rn, where (Gij) is the

matrix inverse to the matrix (Gij) G
ij = δij + 1

2−D ,
i, j = 1, . . . , n.

3 Quantum billiard approach

First we outline two restrictions which will be used
in derivation of the quantum billiard: (i) d(Is) < D−2,
(ii) εs > 0, for all s.

Due to the �rst restriction we get

(Us, Us) > 0, s ∈ S. (9)

Let us �x the temporal gauge as follows

γ0 − γ = 2f(X), N = e2f , (10)

where f :M→ R is a smooth function. Then we obtain
the Lagrange system with the Lagrangian

Lf =
µ

2
e2fGAB(X)ẊAẊB (11)

and the energy constraint

Ef =
µ

2
e2fGAB(X)ẊAẊB = 0. (12)

Using the standard prescriptions of covariant and
conformally covariant quantization of the energy
constraint [10] we are led to the Wheeler-DeWitt
(WDW) equation [9]

ĤfΨf ≡
(
− 1

2µ
∆
[
e2fG

]
+
a

µ
R
[
e2fG

])
Ψf = 0, (13)

where

a = aN =
(N − 2)

8(N − 1)
, (14)

N = n+m.
Here Ψf = Ψf (X) is the wave function

corresponding to the f -gauge (10) and satisfying the
relation

Ψf = ebfΨf=0, b = (2−N)/2. (15)

In (13) we denote by ∆[Gf ] and R[Gf ] the
Laplace-Beltrami operator and the scalar curvature
corresponding to the metric

Gf = e2fG, (16)

respectively.
The metrics G, G have pseudo-Euclidean signatures

(−,+, ...,+) . We put

e2f = −(Gijφ
iφj)−1, (17)

where Gijφ
iφj < 0.

In what follows we will use a diagonalization of φ-
variables

φi = Siaz
a, (18)

a = 0, ..., n − 1, obeying Gijφ
iφj = ηabz

azb, where
(ηab) = diag(−1,+1, ...,+1).

We restrict the WDW equation to the lower light
cone V− = {z = (z0, ~z)|z0 < 0, ηabz

azb < 0} and
introduce Misner-Chitre-like coordinates

z0 = −e−y
0 1 + ~y2

1− ~y2
, (19)

~z = −2e−y
0 ~y

1− ~y2
, (20)

where y0 < 0 and ~y2 < 1. We note that in these
variables f = y0.

We denote

Ḡij = e2fGij , Ḡij = e−2fGij . (21)

The following formula is valid

Ḡ = −dy0 ⊗ dy0 + hL, (22)

where

hL =
4δrsdy

r ⊗ dys

(1− ~y2)2
. (23)

Here the metric hL is de�ned on the unit ball Dn−1 =
{~y ∈ Rn−1|~y2 < 1}. The pair (Dn−1, hL) is one of
the realization of (n − 1)-dimensional analogue of the
Lobachevsky space.

We use the following ansatz

Ψf = eC(φ)eiQsΦ
s

Ψ0,L, (24)
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where

C(φ) =
1

2
(
∑
s∈S

Usi φ
i −mf). (25)

Here parameters Qs 6= 0 correspond to charge densities
of branes and eiQsΦ

s

= exp(i
∑
s∈S QsΦ

s).
Then the WDW is reduced to the following relation(
−1

2
∆[Ḡ] +

1

2

∑
s∈S

Q2
se
−2f+2Us(φ) + δV

)
×Ψ0,L = 0, (26)

where

δV = Ae−2f − 1

8
(n− 2)2 (27)

and

A =
1

8(N − 1)
[
∑
s,s′∈S

(Us, Us
′
)

−(N − 2)
∑
s∈S

(Us, Us)]. (28)

It was shown in [6] that

1

2

∑
s∈S

Q2
se
−2f+2Us(φ) → V∞, (29)

as y0 = f → −∞.
In this relation V∞ is the potential of in�nite walls

which are produced by branes:

V∞ =
∑
s∈S

θ∞(~v2
s − 1− (~y − ~vs)2). (30)

Here we use the notation θ∞(x) = +∞ for x ≥ 0
and θ∞(x) = 0 for x < 0. The vectors ~vs, s ∈ S,
belonging to Rn−1 are de�ned by the formulae

~vs = −~us/us0, (31)

where n-dimensional vectors us = (us0, ~us) = (usa)
are obtained from Us-vectors using a diagonalization
matrix (Sia) from (18)

usa = SiaU
s
i . (32)

Due to condition (9)

(Us, Us) = −(us0)2 + (~us)
2 > 0 (33)

for all s. Here we use a diagonalization (18) from [6]
obeying

us0 > 0 (34)

for all s ∈ S. The inverse matrix (Sai ) = (Sia)−1 de�nes
the the map inverse to (18)

za = Sai φ
i, (35)

a = 0, ..., n− 1.
The inequalities (33) imply |~vs| > 1 for all s.

The potential V∞ corresponds to the billiard B in the
multidimensional Lobachevsky space (Dn−1, hL). This
billiard is an open domain in Dn−1 which is de�ned by
a set of inequalities:

|~y − ~vs| <
√
~v2
s − 1 = rs, (36)

s ∈ S. The boundary ∂B is formed by parts of hyper-
spheres with centers in ~vs and radii rs.

The condition (34) is also obeyed for the
diagonalization (35) with

z0 = Uiφ
i/
√
|(U,U)|, (37)

where U -vector is time-like (U,U) < 0 and (U,Us) < 0
for all s ∈ S.

Thus, we are led to an asymptotic relation for the
function Ψ0,L(y0, ~y)(
−1

2
∆[Ḡ] + δV

)
Ψ0,L = 0 (38)

with ~y ∈ B and the zero boundary condition Ψ0,L|∂B =
0 imposed. Due to (22) we get ∆[Ḡ] = −(∂0)2 +∆[hL],
where ∆[hL] = ∆L is the Laplace-Beltrami operator
corresponding to the (n− 1)-dimensional Lobachevsky
metric hL.

By splitting the variables

Ψ0,L = Ψ0(y0)ΨL(~y) (39)

we are led to the asymptotic relation (for y0 → −∞)((
∂
∂y0

)2

−∆L + 2Ae−2y0

+ E − 1
4 (n− 2)2

)
×Ψ0 = 0 (40)

equipped with the relations

∆LΨL = −EΨL, ΨL|∂B = 0. (41)

Here we assume that the operator (−∆L) with
the zero boundary condition imposed has a spectrum
obeying

E ≥ 1

4
(n− 2)2. (42)

This inequality was proved in [8] for billiards with �nite
volumes.

Here we put

A < 0. (43)

Solving equation (40) we get for A < 0 the following
basis of solutions

Ψ0 = Biω
(√

2|A|e−y
0
)
, (44)
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where Biω(z) = Iiω(z),Kiω(z) are modi�ed Bessel
functions and

ω =

√
E − 1

4
(n− 2)2 ≥ 0. (45)

It was shown in [11] that

Ψf → 0 (46)

as y0 → −∞ for �xed ~y ∈ B and Φs ∈ R, s ∈ S, in
the following two cases: i) B = K; ii) B = I, when
1
2q >

√
2|A|.

In [11] we have presented an example of quantum
d = 9 billiard for D = 11 gravitational model with
120 �electric� 4-forms and have shown the asymptotic
vanishing of the basis wave functions Ψf → 0, as y0 →
−∞, for any choice of the Bessel function B = K, I.
The generalization of the model to electromagnetic
composite case (when scalar �elds were present) was
done in [12].

4 Conclusion

Here we have done an overview of our approach
from [11, 12] by considering the quantum billiard for
the cosmological-type model with n one-dimensional
factor-spaces in the theory with several forms. After
adopting the electric non-composite brane ansatz with
certain restrictions on parameters of the model we have
deduced the Wheeler-DeWitt (WDW) equation for the
model, written in the conformally-covariant form.

By imposing certain restrictions on parameters of
the model we have obtained the asymptotic solutions
to WDW equation which are of a quantum billiard
form since they are governed by the spectrum of the
Laplace-Beltrami operator on the billiard with the zero
boundary condition imposed. The billiard is a part of
the (n− 1)-dimensional Lobachevsky space Hn−1.
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Â. Ä. Èâàùóê, Â. Í. Ìåëüíèêîâ

ÊÂÀÍÒÎÂÛÅ ÁÈËÜßÐÄÛ Ñ ÁÐÀÍÀÌÈ

Ðàññìîòðåíà êîñìîëîãè÷åñêàÿ ìîäåëü òèïà Áèàíêè-I â (n + 1)-ìåðíîé ãðàâèòàöèîííîé òåîðèè ñ íåñêîëüêèìè ïîëÿ-
ìè ôîðì. Â ñëó÷àå, êîãäà ïðèíÿò àíçàòö ñ ýëåêòðè÷åñêèìè íåêîìïîçèòíûìè áðàíàìè, ïðîàíàëèçèðîâàíî óðàâíåíèå
Óèëåðà-ÄåÂèòòà (ÓÄÂ), çàïèñàííîå â êîíôîðìíî-êîâàðèàíòíîì âèäå. Ïðè îïðåäåëåííûõ îãðàíè÷åíèÿõ íàéäåíû
àñèìïòîòè÷åñêèå ðåøåíèÿ óðàâíåíèÿ ÓÄÂ âáëèçè ñèíãóëÿðíîñòè, êîòîðûå ñâîäÿò ïðîáëåìó ê òàê íàçûâàåìîìó êâàí-
òîâîìó áèëüÿðäó íà (n− 1)-ìåðíîì ïðîñòðàíñòâå Ëîáà÷åâñêîãî Hn−1.
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OFF-SHELL INVARIANT SUPER YANG-MILLS WITH GAUGED CENTRAL CHARGES FOR N=D=2
AND N=D=4: “DO WE NEED A CONSTRAINT? ”

N. Kawamoto∗

Graduate School of Science, Hokkaido University, Sapporo, 060-0810 Japan.

E-mail: kawamoto@particle.sci.hokudai.ac.jp

We investigate to derive off-shell invariant twisted super Yang-Mills for N=2 in 2-dimensions and N=4 in 4-dimensions
with a central charge by super connection ansatz formalism. We find off-shell invariant N=2 algebra with and without an
extra constraint in 2-dimensions. On the other hand in 4-dimensions we find off-shell invariant N=4 twisted SUSY algebra
including one central charge always with a constraint.

Keywords: superspace, supersymmetry, Yang-Mills, quantization.

1 Introduction

It has been a long-standing question: “Can we con-
struct off-shell invariant N=D=4 super Yang-Mills for-
mulation ?” The answer was claimed to be negative
especially for the case of R-symmetry SU(4) case where
only on-shell invariance was realized [2]. It was, how-
ever, claimed later that off-shell invariance was realized
for R-symmetry USp(4) case with a central charge [3,4].
However there appeared a constraint in this formula-
tion [5].

There were intensive investigations on N=2 and
N=4 SUSY algebra with central charge with a hope
that N=D=4 super Yang-Mills can be formulated by
superspace formalism [6]. There were also trials by
harmonic superspace approach on this question [7, 8].

In the analyses of extended SUSY algebra it has
been recognized that the quantization of gauge the-
ory leads to a twisted version of SUSY algebra. It
was especially shown that N=2 super Yang-Mills in 4-
dimensions can be derived by quantizing topological
Yang-Mills with instanton gauge fixing [9]. It has been
intensively investigated to find a procedure of extend-
ing this formulation into N=4 super Yang-Mills formu-
lation [10].

In dealing with N=D=4 supersymmetry algebra
we proposed twisted superspace formulation by Dirac-
Kaehler twisting procedure [11–13]. This Dirac-
Kaehler twist is equivalent to Marcus twist of N=4
in 4-dimensions [14] among other twisting procedures
[15, 16]. The Dirac-Kaehler twisting procedure, how-
ever, has nice generalization to other dimensions. Es-
pecially for 2-dimensional N=2 super Yang-Mills with
central charge we found super connection ansatz where
off-shell invariant super Yang-Mills can be formulated
with and without a constraint [17].

It has already been formulated as a super connec-
tion ansatz where N=D=4 twisted super Yang-Mills
with a central charge can be formulated at the off-shell
level with a constraint [13]. It is an interesting question
to ask if we can formulate N=4 super Yang-Mills in 4-
dimensions without constraint by imposing the similar
ansatz as 2-dimensional N=2 case leading to a super
Yang-Mills formulation without constraint.

Throughout of this paper we use Euclidean formu-
lation of SUSY algebra since we have in mind the ap-
plication of the formulation into lattice SUSY [18–20].

2 Dirac-Kaehler twisted supersymmetry

We first show how N=D=2 twisted SUSY algebra
naturally appears from a quantization of gauge theory.
Let’s first consider a very simple 2-dimensional abelian
BF theory:

S =

∫
d2xφεµν∂µων , (1)

which has the following gauge symmetry:

φ = 0, δωµ = ∂µv. (2)

After the Lorentz gauge fixing: ∂µωµ = 0, a quantized
action leads:

S =

∫
d2x[εµνφ∂µων + b∂µωµ − ic̄∂µ∂µc], (3)

which has BRST invariance with nilpotent BRST
charge s2 = 0. It is interesting to recognize that we
can find family of BRST charges sµ and s̃ which has
the following fermionic symmetry at the on-shell level:

∗Talk given at “Quantum Field Theory and Gravity (QFTG’14)” (Tomsk, July 28 – August 3, 2014), based on the work in
collaboration with K. Asaka, K. Nagata and J. Saito [1].
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φA sφA sµφ
A s̃φA

φ 0 −εµν∂ν c̄ 0
ων ∂νc 0 −ενρ∂ρc
c 0 −iωµ 0
c̄ −ib 0 −iφ
b 0 ∂µc̄ 0

On-shell N=D=2 twisted supersymmetry

In fact these family of femionic charges satisfy the
following twisted N=D=2 supersymmetry algebra:

{s, sµ} = −i∂µ, {s̃, sµ} = iεµν∂
ν , (4)

s2 = {s, s̃} = s̃2 = {sµ, sν} = 0. (5)

What is surprising here is that we can find off-shell
invariant N=D=2 supersymmetric action by introduc-
ing auxiliary fields λ and ρ:

S =

∫
d2x[εµνφ∂µων + b∂µωµ − ic̄∂µ∂µc− iλρ]

=

∫
d2xss̃

1

2
εµνsµsν(−ic̄c),

which has the s-exact form of the action with respect
to the super charges. It has the following off-shell in-
variant twisted N=D=2 supersymmetry:

φA sφA sµφ
A s̃φA

φ iρ −εµν∂ν c̄ 0
ων ∂νc −iεµνλ −ενρ∂ρc
c 0 −iωµ 0
c̄ −ib 0 −iφ
b 0 ∂µc̄ −iρ
λ εµν∂µων 0 −∂µωµ
ρ 0 −∂µφ− εµν∂νb 0

Off-shell invariant N=D=2 supersymmetry

We call this fermionic symmetry algebra as twisted
supersymmetry since the fermionic charges sA are re-
lated with super charges of N=D=2 super symmetry
algebra in the following way:

{Qαi, Qβj} = 2δijγ
µ
αβPµ,

Qαi =
(
1s+ γµsµ − iγ5s̃

)
αi
, (6)

where γµ and γ5 are properly chosen γ-matrices in 2-
dimensions [17]. We call this supersymmetry algebra as
Dirac-Kaehler twisted supersymmetry algebra [11–13].
This Dirac-Kaehler twisting procedure can be extended
into 4-dimensions for N=D=4 supersymmetry algebra
[12,13].

We can extend the N=D=2 twisted supersymmetry
algebra to include super charges [17]:

{Qαi, Qβj} = 2δijγ
µ
αβPµ + 2δαβδijU0 + 2γ5

αβγ
5
ijV5, (7)

[Qαi, R] = iSijQαj , [U0, any] = [V5, any] = 0, (8)

where R is the R-symmetry generator and U0 and V5

are considered as central charges. Then twisted super-
symmetry algebra with central charges is given by

{s, sµ} = Pµ , {s̃, sµ} = −εµνPν , {s, s̃} = 0,

s2 = s̃2 =
1

2
(U0 − V5) , {sµ, sν} = δµν(U0 + V5).

(9)

3 Twisted superspace and super connection

We introduce a twisted super field which is ex-
panded by super coordinates θA corresponding to super
charge sA:

Φ(xµ, θA, z) = φ(xµ, z) + θAφA(xµ, z)

+
1

2
θAθBφAB(xµ, z) + · · · , (10)

where xµ is the space time coordinate and z is a coor-
dinate (parameter) corresponding to a central charge.
Twisted supersymmetry transformation is generated
by super chages QA and we introduce super derivative
DJ as:

δξΦ = ξAQAΦ, {QI ,DJ} = 0, (11)

where ξA is super parameters. In order to consider
gauge theory in this twisted superspace we introduce
super covariant derivative

∇I = DI − iΓI (I = A), (12)

where ΓI can be identified as super connection. We
introduce a notation to express the lowest order term
with respect to the super coordinates; i.e. Φ|θA=0 =
Φ| ≡ φ. If we generalize the notation of (12) for
the gauge covariant derivative with I = µ, z then
∇µ| ≡ Dµ = ∂µ − iAµ.

Let us introduce a table notation of (anti-) commut-
ing relations. For example the twisted supersymmetry
algebra with central charge in (9) can be read as

s sµ s̃
s 1

2 (U0 − V5) Pµ 0
sν δνµ(U0 + V5) −ενρP ρ
s̃ 1

2 (U0 − V5)

where a low and a column crossing location of
term represents the value of the corresponding anti-
commutation relation of super charges.
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4 Super connection ansatz and SUSY trans-
formation

Once SUSY algebra is given, it is straightforward
to examine the full closure of the SUSY algebra by su-
per connection formalism [8, 10, 12, 21]. For an ansatz
of given SUSY algebra all the possible combinations of
Jacobi identities give a criteria for a consistency of the
full algebra.

Let us consider the super connection Ansatz (A)
(Table 1), where we included ∇µ and ∇z which are de-

fined in {∇A,∇B} in the table. For this ansatz N=D=2
twisted supersymmetry algebra with central charge can
be read with an identification, ∇A → sA, W =
0, ∇z → Z, −i∇µ → −i∂µ = Pµ:

{s, sµ} = Pµ , {s̃, sµ} = −εµνPν , {s, s̃} = 0 ,

s2 = s̃2 =
1

2
Z , {sµ, sν} = ±δµνZ .

We next derive all possible non-trivial relations by us-
ing graded Jacobi identities until we don’t get any new
relation. In other words if we get inconsistent relations
from the Jacobi identities we consider that the starting
super connection ansatz is not taken correctly.

For example the following graded Jacobi identity is
satisfied for boson W, fermion ψ and fermion χ:

[W, {ψ, χ}] + {ψ, [χ,W ]} − {χ, [W,ψ]} = 0. (13)

As a concrete example of deriving a non-trivial relation
is

[∇, {∇, ∇̃}] + [∇, {∇̃,∇}] + [∇̃, {∇,∇}] = 0, (14)

where {∇, ∇̃} = 0. We then obtain the following rela-
tion:

[∇̃,−iW +∇z] = −i∇̃W + iG̃ = 0→ ∇̃W = G̃. (15)

Similarly we obtain the following relations:

∇µ∇W = εµν∇ν∇̃W ,

Fµ = −i∇µW , F̃µ = −iεµν∇νW ,

Fµν = ±iδµν∇W ∓ iεµν∇̃W ,

Fµν = ±εµν∇̃∇W +
1

2
εµνερσ∇ρ∇σW ,

G = ∇W , G̃ = ∇̃W , Gµ = −∇µW ,

Gµ = 2i∇µ∇W −∇µW.

We identify component fields of super multiplets as:

W | = φ , ∇W | = ρ , ∇̃W | = ρ̃ , (16)

∇µW | = λµ , ∇zW | = D , Gµ| = gµ.

SUSY transformations of these component fields can
be obtained by taking (anti-)commutator with the field
and identifying the original Jacobi identities. For ex-
ample the following SUSY transformation can be iden-
tified as

sφ = s(W |) ≡ QW | = DW | = DW | − i[Γ,W ]|
= ∇W | = ρ, (17)

where Wess-Zumino gauge is chosen here: Γ = 0. In a
similar way we can derive all the N=D=2 SUSY trans-
formations for these component fields (Table 2).

We can find off-shell invariant action under this
SUSY transformation as:

S =

∫
d2xTr

(
±1

2
(Dµφ)2 − 1

4
F 2
µν −

1

2
D2 ± 1

2
g2
µ (18)

∓ 2iλµ(Dµρ− εµνDν ρ̃)− iφ{ρ, ρ}

− iφ{ρ̃, ρ̃} ± iφ{λµ, λµ}
)
.

In order to confirm off-shell closure of the algebra we
need the following non-trivial constraint:

iDµgµ ∓ [φ,D]− {λµ, λµ} ∓ {ρ, ρ} ∓ {ρ̃, ρ̃} = 0, (19)

which cannot be obtained as one of Jacobi identities.
For Abelian case the constraint becomes simple as:
∂µgµ = 0, and can be solved as gµ = εµν∂νB. We
can then obtain off-shell SUSY invariant action with-
out constraint:

S =

∫
d2xTr

(
±1

2
(∂µφ)2 − 1

4
F 2
µν −

1

2
D2 ± 1

2
(∂µB)2

∓ 2iλµ(∂µρ− εµν∂ν ρ̃) (20)

+ e
(1

2
φεµνFµν + 2ρρ̃+BD + εµνλµλν

))
.

The constraint (19) cannot be solved for the non-
Abelian case in a local way. This example is simi-
lar to the N=D=4 super Yang-Mills with R-symmetry
USp(4) case where one constraint appears as a extra
condition.

5 Off-shell N=D=2 SUSY invariant action
without constraint

In order to find other ansatz which doesn’t gener-
ate a constrained equation like (19), we impose another
ansatz as in the following:

∇ ∇̃ ∇ν ∇ν ∇z
∇ 0 0 −i(∇ν + Fν) −iFν iG

∇̃ 0 iενρ(∇ρ − Fρ) −iF̃ν iG̃

∇µ δµν∇z −iFµν iGµ
∇µ −iFµν iGµ
∇z 0

N=D=2 Ansatz (B)
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From this ansatz we obtain the following relations by
using graded Jacobi identities:

∇Fµ = εµν∇̃Fν , ∇µFν +∇νFµ = δµν∇ρFρ ,
Gµ = 0 , Fµ = −i∇Fµ , F̃µ = i∇̃Fµ ,

Fµν = − i
2
δµν(∇ρFρ −G) +

i

2
εµν(ερσ∇ρFσ − G̃) ,

Fµν = ∇µ∇Fν −∇ν∇Fµ + i[Fµ, Fν ] +
1

2
εµν∇G̃ ,

∇G = ∇̃G̃ = ∇G̃+ ∇̃G = 0 ,

∇zFµ =
1

2
(∇µG− εµν∇νG̃) ,

Gµ =
i

2
(∇µG+ εµν∇νG̃) . (21)

In this ansatz we make the following identification of
component fields of N=D=2 super multiplet:

Fµ| = φµ , ∇Fµ| = λµ , ∇µFν | =
1

2
(δµνρ+ εµν ρ̃) ,

∇µ∇Fµ| = D. (22)

SUSY transformation of these component fields can be
obtained as in the previous example – see Table 3. In
this ansatz the super charges have the following nilpo-
tent nature:

s2 = s̃2 = s2
± = 0, (s± ≡ s1 ± is2). (23)

In order to derive off-shell SUSY invariant action it is
convenient to find a s-exact form of an action. To find
this type of action we recognized that among the rela-
tions in (21) the relations on G and G̃ are crucial to be
solved. We actually found a solution of ∇G̃ = ∇̃G = 0
as:

G = aεµν∇−µ∇Fν , G̃ = −a∇+
µ∇Fµ, (24)

where a is a constant. We then found a off-shell SUSY
invariant action:

S =

∫
d2xTr{1

2
(Dµφν)2 +

1

4
F 2
µν +

1

2
D2 − iρD+

µ λµ

− iρ̃εµνD−µ λν −
1

4
[φµ, φν ]2 − ia−1G|G̃|}, (25)

where G| and G̃| are fermionic fields. The action satis-
fies N=2 SUSY invariance at the off-shell level without
constraint:

sS = s̃S = s±S = 0. (26)

6 N=D=4 super Yang-Mills formulation with
central charges

Most general N=4 supersymmetry algebra in 4-
dimensions can be given by

{Qαi, Qβj} = 2C−1
ij (γµC)αβPµ

+ 2Cαβ(C−1
ij U0 + (C−1γ5)ijU5)

+ 2(γ5C)αβ(C−1
ij V0 + (C−1γ5)ijV5). (27)

The N=D=4 super charges Qαi can be decomposed
into twisted super charges:

Qαi =
i√
2

(1s+ γµsµ +
1

2
γµνsµν + γ̃µs̃µ + γ5s̃)αi. (28)

In this Dirac-Kaehler twisting mechanism the spinor
suffix α and the extended SUSY suffix i are rotated by
angular momentum generators Jµν and R-symmetry
generators Rµν , respectively. In this way the fermionic
super charges having spinor suffix change into the
twisted super charges having scalar, vector, tensor. suf-
fix which are now rotated by a new rotation generators
J ′µν . They have the following relation [11–13]:

J ′µν ≡ Jµν +Rµν . (29)

The N=D=4 Dirac-Kaehler twisted SUSY algebra
corresponding to (27) is given by

{s, sµ} = {s̃, s̃µ} = Pµ ,

{sµ, sρσ} = −δµνρσPν , {s̃µ, sρσ} = εµνρσPν ,

{s, s̃µ} = {s̃, sµ} = {s, sµν} = {s̃, sµν} = 0 ,

2s2 = 2s̃2 = U0 + V5 ,

{sµ, sν} = {s̃µ, s̃ν} = δµν(U0 − V5) ,

{s, s̃} = U5 + V0 , {sµ, s̃ν} = δµν(U5 − V0) ,

{sµν , sρσ} = δµνρσ(U0 + V5)− εµνρσ(U5 + V0) ,

where δµνρσ ≡ δµρδνσ − δµσδνρ and εµνρσ is Euclidean
ε-tensor.

We first investigate the case of ansatz where no cen-
tral charge is inserted (Table 4). Graded Jacobi iden-
tities for this ansatz lead the following relations:

∇W = ∇̃W = ∇µνW = 0 , ∇µF = ∇̃µF = 0 ,

− δµν∇F = ∇̃µFν + ∇̃νFµ , δµν∇̃F = ∇µFν +∇νFµ ,
∇[µFν] = εµνρσ∇̃ρFσ ,
∇µνFρ = −δµνρσ∇Fσ + εµνρσ∇̃Fσ ,
Fµ = −i∇Fµ , F̃µ = i∇̃Fµ ,

∇µW = −2∇̃Fµ , ∇̃µW = 2∇Fµ ,

Fµν = − i
2

(δµν∇̃F − δµνρσ∇ρFσ) ,

F̃µν = − i
2

(δµν∇F + δµνρσ∇̃ρFσ) ,

Fµνρ = −iδµνρσ∇Fσ − iεµνρσ∇̃Fσ.
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We define component fields of N=4 super multiplets as

Fµ| = φµ , W | = A , F | = B ,

∇Fµ| = λµ , ∇̃Fµ| = λ̃µ ,

∇µFν | = δµνρ+ ρµν , ∇̃µFν | = δµν ρ̃+
1

2
εµνρσρρσ.

We can then obtain on-shell closed SUSY transfor-
mation of these fields as shown in Tables 5, 6. Then we
obtain on-shell invariant N=4 super Yang-Mills action
without central charge having SU(4) R-symmetry:

S =

∫
d4xTr

{1

4
(Dµφν)2 +

1

8
F 2
µν +

1

8
D+
µAD

−
µB

+
1

8
D−µAD

+
µB −

1

8
[φµ, φν ]2 +

1

16
[A,B]2

− iλµ(D+
µ ρ−D−ν ρµν − [B, λ̃µ])− iλ̃µ(D−µ ρ̃

− 1

2
εµνρσD

+
ν ρρσ) + iρ̃[A, ρ]− i

8
εµνρσA{ρµν , ρρσ}

}
.

We now investigate the super connection ansatz of
N=D=4 with a central charge given by Table 7.

The corresponding twisted SUSY algebra with a
central charge Z is given by

{s, sµ} = {s̃, s̃µ} = Pµ , {sµ, sρσ} = −δµνρσPν ,
{s̃µ, sρσ} = εµνρσPν ,

{s, s̃µ} = {s̃, sµ} = {s, sµν} = {s̃, sµν} = 0 ,

2s2 = 2s̃2 = 0 , {sµ, sν} = {s̃µ, s̃ν} = 0 , {s, s̃} = Z ,

{sµ, s̃ν} = ∓δµνZ , {sµν , sρσ} = −εµνρσZ,

where Z = U5 for + and Z = V0. Graded Jacobi iden-
tities lead:

∇(µFν) = δµν∇̃W , ∇̃(µFν) = −δµν∇W ,

∇Fµ = ±1

2
∇̃µW , ∇̃Fµ = ∓1

2
∇µW ,

∇µνW = −εµνρσ∇ρFσ , ∇[µFν] = εµνρσ∇̃ρFσ ,
∇̃[µFν] = εµνρσ∇ρFσ ,
∇µνFρ = −δµνρσ∇Fσ + εµνρσ∇̃Fσ ,
Fµ = −i∇Fµ , F̃µ = i∇̃Fµ , Fµν = −i∇νFµ ,

F̃µν = i∇̃νFµ , Fµνρ = −i(δµνρσ∇Fσ + εµνρσ∇̃Fσ) ,

Fµν = ∇[µ∇Fν] + i[Fµ, Fν ] ,

G = G̃ = Gµν = 0 , Gµ = 2∇̃Fµ , G̃µ = −2∇Fµ ,

Gµ =
i

2
(∇Gµ + ∇̃G̃µ) ,

ZFµ =
1

2
(∇Gµ − ∇̃G̃µ) , ZW = 2i∇µFµ + 2∇∇̃W

We define component fields of N=4 super multiplets:

Fµ| = φµ , W | = A , ∇Fµ| = λµ , ∇̃Fµ| = λ̃µ ,

∇µFν | = δµνρ+ ρµν , ∇̃µFν | = δµν ρ̃+
1

2
εµνρσρρσ ,

∇∇̃W | = H , Gµ| = gµ , ∇zFµ| = Hµ.

N=4 SUSY transformation of these component
fields are given by Tables 8, 9. For the off-shell clo-
sure of the above SUSY algebra we need the following
constraint:

iDµgµ + [φµ, Hµ]∓ 2{ρ, ρ̃}+ 2{λµ, λ̃µ}

∓ 1

4
εµνρσ{ρµν , ρρσ} ±

i

2
D+
µD
−
µA±

1

2
[A,H] = 0. (30)

Off-shell twisted N=4 SUSY invariant action in this
case is given by

S =

∫
d4xTr

(1

2
DµφνDµφν +

1

4
F 2
µν ±

1

2
(g2
µ +H2

µ)

+H(iDµφµ +
1

2
H)− 1

2
(Dµφµ)2

− 2iρD+
µ λµ − 2iρ̃D−µ λ̃µ − 2iρµν(D−µ λν

+
1

2
εµνρσD

+
ρ λ̃σ)− 2iA{λµ, λ̃µ} −

1

4
[φµ, φν ]2

)
,

where the constraint (30) is crucial to prove the off-
shell invariance of SUSY for this action.

We now try another N=D=4 twisted SUSY ansatz
which has similarity with the N=2 Ansatz (B) lead-
ing no constraint in 2-dimensions (Table 10). Graded
Jacobi identities lead:

∇(µFν) = δµν∇̃W , ∇̃(µFν) = −δµν∇W ,

∇Fµ = ±1

2
∇̃µW , ∇̃Fµ = ∓1

2
∇µW ,

∇µνW = −εµνρσ∇ρFσ , ∇[µFν] = εµνρσ∇̃ρFσ ,
∇̃[µFν] = εµνρσ∇ρFσ ,
∇µνFρ = −δµνρσ∇Fσ + εµνρσ∇̃Fσ ,
Fµ = −i∇Fµ , F̃µ = i∇̃Fµ , Fµν = −i∇νFµ ,

F̃µν = i∇̃νFµ , Fµνρ = −i(δµνρσ∇Fσ + εµνρσ∇̃Fσ) ,

Fµν = ∇[µ∇Fν] + i[Fµ, Fν ] ,

G = G̃ = Gµν = 0 , Gµ = 2∇̃Fµ , G̃µ = −2∇Fµ ,

Gµ =
i

2
(∇Gµ + ∇̃G̃µ) ,

ZFµ =
1

2
(∇Gµ − ∇̃G̃µ) , ZW = 2i∇µFµ + 2∇∇̃W

We define component fields of N=D=4 super mul-
tiplets as

Fµ| = φµ , W | = A , ∇Fµ| = λµ , ∇̃Fµ| = λ̃µ ,

∇µFν | = δµνρ+ ρµν , ∇̃µFν | = δµν ρ̃+
1

2
εµνρσρρσ ,

∇∇̃W | = H , Gµ| = gµ , ZFµ| = Hµ , ZW | = K.

Twisted SUSY transformation of these component
fields are given by Tables 11, 12, 13. For a closure
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of SUSY algebra for this ansatz we again need the fol-
lowing constraint:

iDµgµ − [φµ, Hµ]− i

2
DµDµA−

i

2
[φµ, [φµ, A]]

∓ 1

4
[A,K]∓ {ρ, ρ} ∓ {ρ̃, ρ̃} ∓ 1

2
{ρµν , ρµν}

− {λµ, λµ} − {λ̃µ, λ̃µ} = 0. (31)

For the case of one central charge we have tried all
possible super connection ansatz. We have found out
two possible consistent Ansatz (B) and (C) but for both
cases we need a constraint equation for the off-shell clo-
sure of N=D=4 twisted algebra with a central charge.
Off-shell N=D=4 twisted SUSY invariant action for
this Ansatz (C) can be given by

S =

∫
d4xTr

(1

2
DµφνDµφν −

1

4
F 2
µν ±

1

2
(gµ −DµA)2

∓ 1

2
(Hµ − i[A, φµ])2 − 1

8
K2 − 2iρ(Dµλµ

− [φµ, λ̃µ])− 2iρ̃(Dµλ̃µ + [φµ, λµ])− 2iρµν(Dµλν

+ [φµ, λ̃ν ])− iεµναβρµν(Dαλ̃β − [φα, λβ ])

± iA({λµ, λµ}+ {λ̃µ, λ̃µ}) +
1

4
[φµ, φν ]2

)
. (32)

7 Equivalence of the Ansatz (B) and Ansatz
(C)

Consider the general Ansatz of N=D=4 (Tables 14,
15). Define the following new connections and curva-
tures:

∇new =
1√
2

(−i∇+ ∇̃) , ∇̃new =
1√
2

(∇− i∇̃) ,

∇new
µ =

1√
2

(i∇µ + ∇̃µ) , ∇̃new
µ =

1√
2

(∇µ + i∇̃µ) ,

∇new
µν =

1√
2

(−i∇µν −
1

2
εµνρσ∇ρσ) , (33)

Xnew
0 = −iX ′0 , Xnew

µ = iX ′µ , X
new
5 = −iX ′5 (34)

X ′new
0 = −iX0 , X

′new
µ = iXµ , X

′new
5 = −iX5

It turns out that this Ansatz (D) and the ansatz
given by the above new system has exactly the same

form. Surprisingly the Ansatz (B) and Ansatz (C) have
exactly the same relations as this new and old system.
In other words these ansatz are essentially the same
and thus both of cases naturally need the constraint
relation for the N=4 SUSY closure.

8 Conclusion and Discussions

In 2-dimension we found two types of super con-
nection ansatz which realize off-shell closure of N=2
twisted SUSY including central charge with and with-
out constraint. Off-shell twisted SUSY invariant ac-
tions are found for each ansatz. On the other hand in
4-dimension we examined two possible ansatz of N=4
twisted SUSY algebra with a central charge and we
found that both of ansatz having similarity with the 2-
dimensional ansatz need a constraint equation for the
off-shell closure of N=4 twisted SUSY algebra. In fact
we found that these two ansatz are essentially equiva-
lent to each other.

We have thus investigated a possibility of off-shell
twisted N=D=4 invariant super Yang-Mills formula-
tion without a constraint by super connection formal-
ism. As far as N=4 twisted SUSY algebra with one
super charge is concerned a constraint is inevitable for
the off-shell closure of the algebra. We consider that
this may be related to the fact that 10-dimensional
N=1 super Yang-Mills theory can be formulated only
at the on-shell level. N=D=4 super Yang-Mills can be
dimensionally reduced from the 10-dimensional N=1
formulation and the on-shell nature could be kept in-
variant in the dimensionally reduced formulation and
thus may lead to off-shell closure but with a constraint
in 4-dimensions.
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∇ ∇̃ ∇ν ∇ν ∇z
∇ −iW +∇z 0 −i∇ν −iFν iG

∇̃ ∇z − iW iενρ∇ρ −iF̃ν iG̃

∇µ ±δµν(iW +∇z) −iFµν iGµ
∇µ −iFµν iGµ
∇z 0

Table 1. N=D=2 Ansatz (A)

s sµ s̃ Z
φ ρ λµ ρ̃ D

Aν −iλν ±iδµνρ∓ iεµν ρ̃ −iενρλρ gν

λν
i
2 (gν −Dνφ) ± 1

2δµνD + 1
2Fµν − i

2∂νρ(gρ −Dρφ) −iDνρ+ iενρDρρ̃− i[φ, λν ]

ρ 1
2D − i

2 (gµ +Dµφ) ∓ 1
4εµνFµν ∓iDµλµ + i[φ, ρ]

ρ̃ ± 1
4εµνFµν

i
2εµν(gν +Dνφ) 1

2D ∓iεµνDµλν + i[φ, ρ̃]

D ∓iDµλµ iεµνDν ρ̃− iDµρ ∓iεµνDµλν ±Dµgµ ∓DµDµφ
±2i{λµ, λµ}+ i[φ,D]

gν ενρDρρ̃− [φ, λν ] εµσενρDρλσ −ενρ(Dρρ+ [φ, λρ]) ±DρFνρ − 2ενρ{λρ, ρ̃}
∓δµν [φ, ρ]± εµν [φ, ρ̃] −2{λν , ρ}+ i[φ,Dνφ]

Table 2. N=D=2 SUSY transformation for Ansatz (A)

s sµ s̃ Z

φν λν
1
2 (δµνρ+ εµν ρ̃) −ενρλρ 1

2 (∇νG| − ενρ∇ρG̃|)
Aν −iλν − i

2δµνρ+ i
2εµν ρ̃ −iενρλρ i

2 (∇νG|+ ενρ∇ρG̃|)
+ i

2δµνG| −
i
2εµνG̃|

λν 0 Aµν 0 − i
2 (D−ν G| − ενρD+

ρ G̃|)
ρ i

2 [D+
ρ , D

−
ρ ]−D 1

2 (∇µG| − εµν∇νG̃|) i
2ερσ[D−ρ , D

−
σ ] 1

2 (∇zG| − ερσ∇ρ∇σG̃|)
ρ̃ − i

2ερσ[D+
ρ , D

+
σ ] 1

2 (∇µG̃|+ εµν∇νG|) − i
2 [D+

ρ , D
−
ρ ]−D 1

2 (∇zG̃|+ ερσ∇ρ∇σG|)
D −iD+

ρ λρ
i
2 (D+

µ ρ− εµνD−ν ρ̃) −iερσD−ρ λσ − i
2 (D−ρ ∇ρG|+ ερσD

+
ρ ∇σG̃|)

− i
2 (DµG| − εµνDνG̃|) i{ρ,G|}+ i{ρ̃, G̃|}

− i
2 ({G|, G|}+ {G̃|, G̃|})

Table 3. N=D=2 SUSY transformation for Ansatz (B)

∇ ∇̃ ∇ρ ∇̃ρ ∇ρσ ∇ρ
∇ 0 −iW −i(∇ρ + Fρ) 0 0 −iFρ
∇̃ 0 0 −i(∇ρ − Fρ) 0 −iF̃ρ
∇µ 0 −iδµρF iδµνρσ(∇ν − Fν) −iFµρ
∇̃µ 0 −iεµνρσ(∇ν + Fν) −iF̃µρ
∇µν iεµνρσW −iFµνρ
∇µ −iFµρ

Table 4. N=D=4 Ansatz without central charge (A)
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s s̃ sµν
φρ λρ λ̃ρ −δµνρσλσ + εµνρσλ̃σ

Aρ −iλρ iλ̃ρ −iδµνρσλσ − iεµνρσλ̃σ
A 0 0 0

B −2ρ̃ 2ρ −εµνρσρρσ
λρ 0 i

2D
−
µA − i

2εµνρσD
+
σ A

λ̃ρ
i
2D

+
µA 0 − i

2δµνρσD
−
σ A

ρ − i
2 (Dαφα + 1

2 [A,B]) 0 i
2 [D−µ , D

−
ν ]

ρ̃ 0 − i
2 (Dαφα − 1

2 [A,B]) i
4εµνρσ[D+

µ , D
+
ν ]

ρρσ − i
2 [D+

ρ , D
+
σ ] i

4εµνρσ[D−µ , D
−
ν ] i

2δµναγδρσβγ [D−α , D
+
β ]− i

2δµνρσ(Dαφα + 1
2 [A,B])

Table 5.

sµ s̃µ
φρ δµρ + ρµρ δµρρ̃+ 1

2εµραβραβ

Aρ −iδµρ + iρµρ iδµρρ̃− i
2εµραβραβ

A −2λ̃µ 2λµ

B 0 0

λρ
i
2 [D+

µ , D
−
ρ ] + i

2δµρ(Dαφα + 1
2 [A,B]) i

4εµραβ [D+
α , D

+
β ]

λ̃ − i
4εµραβ [D−α , D

−
β ] − i

2 [D−µ , D
+
ρ ] + i

2δµρ(Dαφα − 1
2 [A,B])

ρ 0 − i
2D
−
µB

ρ̃ i
2D

+
µB 0

ρρσ − i
2εµνρσD

−
ν B

i
2δµνρσD

+
ν B

Table 6.

∇ ∇̃ ∇ρ ∇̃ρ ∇ρσ ∇ρ ∇z
∇ 0 ∇z −i(∇ρ + Fρ) 0 0 −iFρ iG

∇̃ 0 0 −i(∇ρ − Fρ) 0 −iF̃ρ iG̃

∇µ 0 δµρ(∓∇z − iW ) iδµνρσ(∇ν − Fν) −iFµρ iGµ
∇̃µ 0 −iεµνρσ(∇ν + Fν) −iF̃µρ iGµ
∇µν −εµνρσ∇z −iFµνρ iGµν
∇µ −iFµρ iGµ
∇z 0

Table 7. N=D=4 Ansatz with a central charge (B)
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s s̃ sµ s̃µ
φρ λρ λ̃ρ δµρρ+ ρµρ δµρρ̃+ 1

2εµραβραβ

Aρ −iλρ iλ̃ρ −iδµρρ+ iρµρ iδµρρ̃− i
2εµραβραβ

A′ −ρ̃ ρ ∓λ̃µ ±λ[µ]

λρ 0 g+
ρ

i
2 [D+

µ , D
−
ρ ]− δµρH ′ i

4εµραβ [D+
α , D

+
β ]

λ̃ρ −g−ρ 0 − i
4εµραβ [D−α , D

−
β ] − i

2 [D−µ , D
+
ρ ] + δµρ(

i
2 [D−σ , D

+
σ ] +H ′)

ρ H ′ 0 0 ∓g+
µ − iD−µA′

ρ̃ 0 − i
2 [D−µ , D

+
µ ]−H ′ ±g−µ + iD+

µA
′ 0

ρρσ − i
2 [D+

ρ , D
+
σ ] i

4ερσαβ [D−α , D
−
β ] εµνρσ(∓g+

ν − iD−ν A′) δµνρσ(±g−ν + iD+
ν A
′)

H ′ 0 −iD−µ λ̃µ −iD+
µ ρ − i

2εµνρσD
+
ν ρρσ

g+
ρ ∓( i2εµναβD

+
σ ραβ 0 −iδµρD−ν λ̃ν + iD−ρ λ̃µ −iD−µ λρ − iεµραβD+

α λ̃β
−iD−ρ ρ̃+ i[A, λρ])

g−ρ 0 ±(iD−σ ρρσ iεµραβD
−
α λβ + iD+

µ λ̃ρ iδµρD
+
ν λν − iD+

ρ λµ
−iD+

ρ ρ+ i[A, λ̃ρ])

Table 8. N=D=4 SUSY transformation with a central charge for Ansatz (B)

sµν Z

φρ −δµνρσλσ + εµνρσλ̃σ Hρ

Aρ −iδµνρσλσ − iεµνρσλ̃σ gρ

A′ − 1
2εµνρσρρσ

i
2 [D−µ , D

+
µ ] +H

λρ εµνρσg
−
σ ∓(−iD−µ ρ̃+ i

2εµνρσD
+ρρσ + i[A, λµ])

λ̃ρ δµνρσg
+
σ ∓(−iD+

µ ρ+ iD−ν ρµν + i[A, λ̃µ])

ρ i
2 [D−µ , D

−
ν ] −iD−µ λ̃µ

ρ̃ i
4εµνρσ[D+

ρ , D
+
σ ] −iD+

µ λµ

ρρσ
i
2δµναγδρσβγ [D−α , D

+
β ] + δµνρσH

′ −iεµνρσD−ρ λσ − iD+
[µλ̃ν]

H ′ iD−[µλν] iD−µ g
−
µ + 2i{λµ, λ̃µ}

g+
ρ ∓εµνρσ(−iD+

σ ρ+ iD−α ρσα + i[A, λσ]) ∓i( i2D
−
ν D

+
ν D
−
µ + εµνρσ{λ̃ν , ρρσ}+

2{ρ, λ}+D−µH
′ + 2[A′, g+

µ ])

g−ρ ∓δµνρσ(−iD−σ ρ̃+ i
2εσγαβD

+
γ ραβ + i[A, λσ]) ∓i( i2D

−
ν D

+
µD

+
ν + 2{λν , ρµν}+

2{ρ̃, λ̃µ}+D+
µH

′ + 2[A′, g−µ ])

Table 9. N=D=4 SUSY transformation with a central charge for Ansatz (B)

∇ ∇̃ ∇ρ ∇̃ρ ∇ρσ ∇ρ ∇z
∇ ∇z − iW 0 −i∇ρ iFρ 0 −iFρ iG

∇̃ ∇z − iW −iFρ −i∇ν 0 −iF̃ρ iG̃

∇µ ±δµν∇z 0 iδµνρσ∇ν + iεµνρσFν −iFµρ iGµ
∇̃µ ±δµρ∇z −iεµνρσ∇ν + iδµνρσFν −iF̃µρ iGµ
∇µν δµνρσ(∇z − iW ) −iFµνρ iGµν
∇µ −iFµρ iGµ
∇z 0

Table 10. N=D=4 Ansatz with a central charge (C)
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s s̃

φρ λρ λ̃ρ

Aρ iλ̃ρ −iλρ
A′ ∓ρ̃ ±ρ
λρ H ′ρ g′ρ
λ̃ρ −g′ρ H ′ρ
ρ − i

2Dµφµ ±K ′

ρ̃ ∓K ′ − i
2Dµφµ

ρρσ − 1
2ερσαβF

−
αβ −

i
2D[ρφσ] F−ρσ − i

2ερσαβDαφβ

K ′ ± i
2 (Dµλ̃µ + [φµ, λµ]) ∓ i

2 (Dµλµ − [φµ, λ̃µ])

g′ρ ± i
2 (Dρρ̃− 1

2ερσαβDσραβ ∓ i
2 (Dρρ−Dσρρσ + [φρ, ρ̃]

−[φρ, ρ]− [φσ, ρρσ]± 2[A′, λ̃ρ]) + 1
2ερσαβ [φσ, ραβ ]± 2[A′, λρ])

H ′ρ ∓ i
2 (Dρρ−Dσρρσ + [φρ, ρ̃] ∓ i

2 (Dρρ̃− 1
2ερσαβDσραβ

+ 1
2ερσαβ [φσ, ραβ ]± 2[A′, λρ]) −[φρ, ρ]− [φσ, ρρσ]± 2[A′, λ̃ρ])

Table 11.

sµ s̃µ
φρ δµρρ+ ρµρ δµρρ̃+ 1

2εµραβραβ

Aρ −iδµρρ̃+ i
2εµραβραβ iδµρρ− iρµρ

A′ −λ̃µ λ[µ]

λρ
1
2εµραβF

−
αβ + i

2δµρDνφν − i
2D(µφρ) F+

µρ ± δµρK ′ + i
2εµραβDαφβ

λ̃ρ −F+
µρ ± δµρK ′ + i

2εµραβDαφβ − 1
2εµραβF

−
αβ + δµρ

i
2Dνφν − i

2D(µφρ)
ρ − i

2Dµφµ ∓ i
2gµ

ρ̃ ±gµ 1
2Hµ

ρρσ ± 1
2δµνρσHν ∓ i

2εµνρσgν ± 1
2εµνρσHν ± i

2δµνρσgν

K ′ ± i
2 (Dµρ̃− 1

2εµνρσDνρρσ − [φµ, ρ]− [φν , ρµν ]) ∓ i
2 (Dµρ−Dνρµν + [φµ, ρ̃] + 1

2εµνρσ[φν , ρρσ])

g′ρ − i
2 (δµρ(Dν λ̃ν + [φν , λν ])−D(µλ̃ρ) − i

2 (−δµρ(Dνλν − [φν , λ̃ν ]) +D(µλρ)
+[φ[µ, λρ]]− εµραβ(Dαλβ + [φα, λ̃β ])) +[φ[µ, λ̃ρ]] + εµραβ(Dαλ̃β − [φα, λβ ]))

H ′ρ − i
2 (δµρ(Dνλν − [φν , λ̃ν ]) +D[µλρ] − i

2 (δµρ(Dν λ̃ν + [φν , λν ]) +D[µλ̃ρ]
+[φ(µ, λ̃ρ)] + εµραβ(Dαλ̃β − [φα, λβ ])) −[φ(µ, λρ)] + εµραβ(Dαλβ + [φα, λ̃β ]))

Table 12.
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sµν Z

φρ −δµνρσλσ + εµνρσλ̃σ Hρ

Aρ iδµνρσλ̃σ + iεµνρσλσ gρ

A′ ∓ 1
2εµνρσρρσ 2K ′

λρ δµνρσH
′
σ + εµνρσg

′
σ ∓i(Dρρ−Dσρρσ + [φρ, ρ̃]

+ 1
2ερσαβ [φσ, ραβ ])

λ̃ρ δµνρσg
′
σ − εµνρσH ′σ ∓i(Dρρ̃− 1

2ερσαβDσραβ − [φρ, ρ]

−[φσ, ρρσ])

ρ 1
2εµνρσF

−
ρσ − i

2D[µφν] −i(Dρλρ − [φρ, λ̃ρ]− i[A, ρ])

ρ̃ F−µν + i
2εµνρσDρφσ −i(Dρλ̃ρ + [φρ, λρ]− [A, ρ̃])

ρρσ εµναγδρσβγF
+
αβ + i

2δµναγδρσβγD(αφβ) −i(D[µλν] + [φ[µ, λ̃ν]]

− i
2δµνρσDαφα ∓ εµνρσK ′ +εµνρσ(Dρλ̃σ − [φρ, λσ])− [A, ρµν ])

K ′ ± i
2 (D[µλ̃ν] − [φ[µ, λν]] + εµνρσ(Dρλσ ±i({λ, λ}+ {λ̃, λ̃} −Dρg

′
ρ + [φρ, H

′
ρ]

±[A,K ′])
g′ρ ± i

2δµνρσ(Dσρ̃− 1
2εσγαβDγραβ − [φσ, ρ] ∓i(− 1

2DσFρσ ±DρK
′ − i

2 [φσ, Dρφσ]

+[φrho, λ̃σ]))− [φα, ρσα]± [A, λ̃σ])± i
2εµνρσ(Dσρ +{ρ, λρ}+ {ρ̃, λ̃ρ}+ {λσ, ρρσ}

−Dαρσα + [φσ, ρ̃] + 1
2εσγαβ [φγ , ραβ ]± [A, λσ]) + 1

2ερσαβ{λ̃σ, ραβ})
H ′ρ ± i

2δµνρσ(Dσρ−Dαρσα + [φσ, ρ̃] ∓i(− i
2DσDσφρ + i

2 [φσ, [φρ, φσ]]

+ 1
2εσγαβ [φγ , ραβ ]± [A, λσ])∓ i

2εµνρσ(Dσρ̃ ∓[φρ,K
′] + {ρ, λ̃ρ} − {ρ̃, λρ}

− 1
2εσγαβDγραβ − [φσ, ρ]− [φα, ρσα]± [A, λ̃σ]) −{λ̃σ, ρρσ}+ 1

2ερσαβ{λσ, ραβ})

Table 13.

∇ ∇̃ ∇ρ ∇̃ρ
∇ X0 +X ′5 X5 +X ′0 −i(∇ρ + iXρ) −X ′ρ
∇̃ X0 +X ′5 X ′ρ −i(∇ρ − iXρ)

∇µ δµρ(X0 −X ′5) δµρ(X5 −X ′0)

∇̃µ δµρ(X0 −X ′5)
∇µν
∇µ

Table 14. Ansatz (D)

∇ρσ ∇ρ ∇z
∇ 0 −iFρ iG

∇̃ 0 −iF̃ρ iG̃

∇µ iδµνρσ(∇ν − iXν)− εµνρσX ′ν −iFµρ iGµ
∇̃µ −iεµνρσ(∇ν + iXν)− δµνρσX ′ν −iF̃µρ iG̃µ
∇µν δµνρσ(X0 +X ′5)− εµνρσ(X5 +X ′0) −iFµνρ iGµν
∇µ −iFµρ iGµ
∇z 0

Table 15. Ansatz (D)
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Í. Êàâàìîòî

ÑÓÏÅÐÑÈÌÌÅÒÐÈ×ÍÀß ÒÅÎÐÈß ÏÎËß ßÍÃÀ-ÌÈËËÑÀ Ñ ÊÀËÈÁÐÎÂÀÍÍÛÌ
ÖÅÍÒÐÀËÜÍÛÌ ÇÀÐßÄÎÌ ÂÍÅ ÌÀÑÑÎÂÎÉ ÎÁÎËÎ×ÊÈ ÄËß N=D=2 È N=D=4:

¾ÍÓÆÍÛ ËÈ ÍÀÌ ÑÂßÇÈ?¿

Ìû èññëåäóåì âûâîä òâèñòîâàííîé ñóïåðñèììåòðè÷íîé òåîðèè ïîëÿ ßíãà-Ìèëëñà ñ öåíòðàëüíûì çàðÿäîì âíå ìàñ-
ñîâîé îáîëî÷êè äëÿ N=2 â äâóõ èçìåðåíèÿõ è N=4 â ÷åòûðåõ èçìåðåíèÿõ, èñïîëüçóÿ ôîðìàëèçì ñóïåðñâÿçíîñòåé.
Â äâóõ èçìåðåíèÿõ ìû íàõîäèì N=2 èíâàðèàíòíóþ âíå ìàññîâîé îáîëî÷êè ñóïåðàëãåáðó áåç äîïîëíèòåëüíîé ñâÿ-
çè. Îäíàêî â ÷åòûðåõ èçìåðåíèÿõ ìû íàõîäèì, ÷òî òâèñòîâàííàÿ N=4 ñóïåðàëãåáðà ñ îäíèì öåíòðàëüíûì çàðÿäîì
âñåãäà ñîäåðæèò ñâÿçü.

Êëþ÷åâûå ñëîâà: ñóïåðïðîñòðàíñòâî, ñóïåðñèììåòðèÿ, ßíã-Ìèëëñ, êâàíòîâàíèå.
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A novel framework is proposed for embedding the natural in�ation into the type IIA superstrings compacti�ed on a Calabi-
Yau three-fold. In�aton is identi�ed with axion of the universal hypermultiplet (UH). The other UH scalars (including
dilaton) are stabilized by the CY �uxes whose impact can be described by gauging of the abelian isometry associated with
the axion. The stabilizing scalar potential is controlled by the integrable three-dimensional Toda equation. The in�ationary
scalar potential of the UH axion is dynamically generated at a lower scale in the natural in�ation via the non-perturbative
quantum �eld e�ects such as gaugino condensation. The natural in�ation has two scales that allow any values of the CMB
observables (ns, r).

Keywords: in�ation, supergravity, superstrings.

1 Introduction

The most economical, simple and viable
in�ationary models are the single-�eld (in�aton)
theories whose scalar potential is controlled by a one or
two parameters. Amongst the most popular models of
that type are (i) the Starobinsky in�ation [1], the Linde
in�ation [2], the Higgs in�ation [3] and the natural
in�ation [4].

The closed type II strings give the UV completion
of quantized gravity, while the �closed string gravity�
consist of the closed string zero modes including
metric, dilaton and B-�eld, all being universally
coupled to other �elds. Their e�ective action (after
integration of the string massive modes) gives rise
to the (modi�ed) Einstein gravity including the
higher-order curvature terms. Those terms in the
perturbative string e�ective action can be computed
from either string amplitudes of the massless modes
or their equations of motion given by the vanishing
RG beta-functions of the Non-Linear Sigma-model
describing string propagation in a background of the
massless modes. However, the coe�cients in front of
all Ricci- and scalar- curvature dependent terms in
the perturbative gravitational string e�ective action
are ambiguous, because they are de�ned around the
vacuum with the vanishing Ricci tensor. To resolve
the ambiguity, one needs a non-perturbative setup for
strings. It is usually unavailable, but there are some
exceptions where the crucial role is played by extended
local supersymmetry. Actually, the N=2 extended local
supersymmetry in the critical dimension D=10 is

required for consistency of closed (type II) strings,
while their CY compacti�cation gives rise to N=2 local
supersymmetry in 4D spacetime. The corresponding
low-energy string e�ective action is given by a matter-
coupled N=2 supergravity, while its moduli spaceM is
the direct productMV ⊗MH of the moduli spaceMV

of h1,1 N=2 vector multiplets and the moduli space
MH of (1 + h1,2) hypermultiplets, in terms of the CY
Hodge numbers h1,1 and h1,2 (the UH is represented
by 1 in the (1 + h1,2)).

In�aton can be interpreted as the pseudo-
Nambu-Goldstone boson (pNGb) B associated with
spontaneous breaking of the rigid scale invariance.
When f is a scale of spontaneous breaking of the scale
invariance, and Λ is a scale of in�ation, a typical pNGb
scalar potential takes the form [4]

V (B) = Λ4

[
1− cos

(
B

f

)]
. (1)

In string theory, f is of the order of theMPl, whereas Λ
originates in particle physics dynamically, via gaugino
condensation [5]. Our proposal is to identify the axion
B of the natural in�ation with the B-�eld of the UH
in 4D.

2 UH moduli space

The hypermultiplet moduli space MH of the CY-
compacti�ed 4D, type-IIA closed strings is known
to be independent upon the CY complex structure
but can receive non-trivial quantum corrections. The

� 127 �



TSPU Bulletin. 2014. 12 (153)

perturbative corrections are only possible at the
1-loop string level, being proportional to the CY
Euler number [6]. The non-perturbative (instanton)
corrections are due to the Euclidean D2-branes
wrapped about the CY special (supersymmertic) 3-
cycles and due to the solitonic (NS-type) Euclidean
5-branes wrapped about the entire CY space. The 4D
instantons due to the wrapped D2-branes are called
D-instantons.

In quantum 4D, N=2 closed string theory the non-
perturbative UH moduli space is di�erent from the
classical UH space, as regards both its topology and
its metric, because of the non-perturbative d.o.f. in
4D due to the wrapped branes, and because some UH
scalars get the non-vanishing VEVs in quantum theory
that break the classical symmetries. In addition, the
CY �ux quantizaton implies quantized brane charges
that can be identi�ed with the Noether charges of
the Peccei-Quinn (PQ) symmetries. It is expected that
the string duality symmetry, described by the discrete
group SL(2,Z), always survives.

The cosmological in�ation can be associated with
a special region of the quantum UH moduli space. We
identify that region by demanding the smallness of the
string coupling, where the NS5-brane instantons are
suppressed and the axion isometry is preserved.

The quantum gravity corrections are encoded in
the quaternionic-K�ahler structure of the quantum
UH moduli space. When assuming a single isometry
survival, the appropriate framework is given by a
reformulation of the UH quaternionic-K�ahler geometry
as the Einstein-Weyl geometry with a negative scalar
curvature, de�ned by [7]

W−abcd = 0 , Rab =
3

2
Λgab , Λ = const. < 0 , (2)

where the W−abcd is the anti-self-dual part of the Weyl
tensor, and theRab is the Ricci tensor of the UH moduli
space metric gab, with a, b = 1, 2, 3, 4. Given the abelian
isometry of the UH metric described by a Killing vector
K obeying the equations

Ka;b +Kb;a = 0 , K2 = gabK
aKb ≥ 0, (3)

one can choose some adapted coordinates, in which
all the metric components are independent upon one
coordinate (t). Then the Przanowski-Tod theorem [8,9]
states that any such metric with the Killing vector ∂t
can be brought into the form

ds2
Tod =

1

ρ2

{
1

P
(dt+ Θ̂)2

+ P
[
eu(dµ2 + dν2) + dρ2

] }
(4)

in terms of the two potentials, P and u, and the 1-form
Θ̂, in local coordinates (t, ρ, µ, ν).

It follows from Eq. (2) that the potential P (ρ, µ, ν)
is �xed by the second potential u as [9]

P =
1

|Λ|

(
1− 1

2
ρ∂ρu

)
, (5)

whereas the potential u(ρ, µ, ν) obeys the 3D non-
linear equation

−(∂2
µ + ∂2

ν)u+ ∂2
ρe
−u = 0 (6)

that is known as the (integrable) SU(∞) or 3D
continuous Toda system. Finally, the 1-form Θ̂ satis�es
the linear di�erential equation [9]

−d ∧ Θ̂ = (∂νP )dµ ∧ dρ
+ (∂µP )dρ ∧ dν + ∂ρ(Pe

−u)dν ∧ dµ, (7)

whose integrability condition is just given by Eq. (6).
The classical UH metric in the parameterization (4) is
obtained by taking

P =
3

2 |Λ|
= const. > 0 , e−u = ρ ,

d ∧ Θ̂ = dν ∧ dµ . (8)

so that u = 2φ. The string coupling is given by the
dilaton VEV as gstring =

〈
eφ
〉
. The classical region

of the UH moduli space corresponds to the vanishing
gstring.

The quantum UH moduli space was investigated
in Refs. [10�16]. As was found in Refs. [12, 15], a
summation of the D-instanton contributions is possible
when there is the extended U(1) × U(1) isometry. In
this case the UH metric is governed by the Calderbank-
Petersen potential F (ρ, η) obeying the equation [17]

ρ2
(
∂2
ρ + ∂2

η

)
F =

3

4
F . (9)

Its unique SL(2,Z) modular invariant solution is
given by the Eisenstein series E3/2. The asymptotical
expansion of the Eisenstein series reveals a sum of
the classical contribution proportional to ρ−1/2, the
perturbative string 1-loop contribution proportional to
ζ(3)ρ3/2, and the in�nite sum of the D-instanton terms
indeed [12].

3 CY �uxes and gauging the UH isometry

So far no scalar potential was generated for the
UH scalars. As is well known in string theory, the
moduli stabilization can be achieved via adding non-
trivial �uxes of the NS-NS and RR three-forms in
CY [18], while it amounts to gauging isometries of the
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UH moduli space in the e�ective 4D, N=2 supergravity
[19]. As the abelian gauge �eld one can employ either
gravi-photon of N=2 supergravity multiplet or a vector
�eld of an N=2 matter (abelian) vector multiplet. As a
result, the UH gets a non-trivial scalar potential whose
critical points determine the vacua of the theory [19].

The scalar potential arising from the gauging
procedure takes the form [20]

V =
9

2
gab∂aW∂bW − 6W 2 (10)

in terms of the UH metric gab and the superpotential
W de�ned by [20]

W 2 =
1

3
dK ∧ ∗dK − 1

6
dK ∧ dK , (11)

where we have introduced the Killing 1-form K =
kadq

a of the gauged isometry and the Hodge star (∗)
in any local coordinates (q) on the UH moduli space.

In the parametrization of Eq. (4) we have the
Killing vector Ka = (1, 0, 0, 0) that yields the Killing
1-form

K =
1

w2P
(dt+ Θ) , (12)

whose square is given by K2 = gabK
aKb = gtt = 1

ρ2P .

It is straightforward to compute the superpotential
squared. We �nd

W 2 =
Λ2

ρ2
+

1

12P

(
3 + 2 |Λ|P +

3

2P
ρ∂ρP

)2

+
3ρ2e−u

4P 3

[
(∂µP )2 + (∂νP )2

]
.

(13)

The �rst term in the scalar potential (10) is always
positive, whereas the second term is always negative,
which is similar to the scalar potential in a generic
matter-coupled N=1 supergravity [21]. The Minkowski
vacua are determined by the �xed points of the scalar
potential, related to the poles of the function Pρ2. The
existence of meta-stable de Sitter vacua was explicitly
demonstrated in Refs. [14, 15].

4 Conclusion

We proposed the in�ationary scenario in the 4D
quantum gravity given by the type IIA closed strings
compacti�ed on a Calabi-Yau three-fold. In�aton
was identi�ed with the axion of the Universal
Hypermultiplet.

The other (non-in�aton) scalars of the Universal
Hypermultiplet (including dilaton) were stabilized by
the CY �uxes whose impact was calculated via the
gauging procedure of the UH moduli space axion
isometry. The latter survives when the NS5-brane
instantons are suppressed, i.e. at a small string coupling
gstring � 1.

After the stabilization by CY �uxes/gauging, the
N=2 local supersymmetry in 4D is unbroken, while
axion is still massless and has no scalar potential.
However, at a lower scale the axion can get a scalar
potential due to some non-perturbative quantum �eld
theory phenomena such as gaugino condensation.
The slow-roll natural in�ation can, therefore, take
place with the scalar potential (1) whose structure is
essentially dictated by the pNGb nature of the axion.

It is worth noticing here that the scalar potential
(1) of the natural in�ation yields the scalar index ns
and the tensor-to-scalar ratio r of the CMB anisotropy
as [4]

ns ≈ 1− M2
Pl

8πf2
, Λ ≈ 2.2·1016 GeV

( r

0.002

)1/4

. (14)

Therefore, the CMB observables (ns, r) are directly
related to the scales (f,Λ) of the natural in�ation,
respectively.
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Ñ. Â. Êåòîâ

ÌÈÍÈÌÀËÜÍÛÅ ÈÍÔËßÖÈÎÍÍÛÅ ÌÎÄÅËÈ Â ÒÅÎÐÈßÕ ÑÓÏÅÐÃÐÀÂÈÒÀÖÈÈ
È ÑÓÏÅÐÑÒÐÓÍ

Ïðåäëîæåíî âëîæåíèå åñòåñòâåííîé èíôëÿöèè â ðàííåé Âñåëåííîé â òåîðèþ IIA ñóïåðñòðóí, êîìïàêòèôèöèðîâàííûõ
íà ìíîãîîáðàçèÿõ Êàëàáè-ßó. Èíôëàòîí ÿâëÿåòñÿ àêñèîíîì óíèâåðñàëüíîãî ãèïåðìóëüòèïëåòà. Îñòàëüíûå ñêàëÿ-
ðû ñòàáèëèçèðîâàíû â ðåçóëüòàòå ëîêàëèçàöèè àêñèîííîé ñèììåòðèè. Ìåòîä ñîãëàñóåòñÿ ñ ëþáûìè ïàðàìåòðàìè
ìèêðîâîëíîâîãî ðåëèêòîâîãî èçëó÷åíèÿ.
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In the Faddeev formulation of gravity, the metric is regarded as composite �eld, bilinear of d = 10 4-vector �elds. We derive
the minisuperspace (discrete) Faddeev action by evaluating the Faddeev action on the spacetime composed of the (�at)
4-simplices with constant 4-vector �elds. This is an analog of the Regge action obtained by evaluating the Hilbert-Einstein
action on the spacetime composed of the �at 4-simplices. One of the new features of this formulation is that the simplices
are not required to coincide on their common faces. Also an analog of the Barbero-Immirzi parameter γ can be introduced
in this formalism.

Keywords: Einstein gravity, Regge calculus, composite metric, Faddeev gravity, discrete gravity.

1 Introduction

Regge calculus [1] is a minisuperspace formulation
of gravity, that is, exact general relativity (GR) on
a family of the metric �elds (piecewise �at ones)
su�ciently large to approximate any metric with any
accuracy. Spacetime is taken as the set of the �at
4d tetrahedra. Let σn be n-dimensional tetrahedron
or n-simplex. Then the Einstein action is a sum over
triangles σ2,

1

2

∫
R
√
gd4x =

∑
σ2

Aσ2ασ2 . (1)

Here, Aσ2 is area of the triangle σ2, ασ2 is the defect
angle on the triangle σ2. Regge calculus is expected
to be the baze for quantizing GR [2�4] di�cult to
implement by the other methods because of the formal
nonrenormalizability of GR.

Let us consider some another minisuperspace
theory based on the Faddeev formulation of gravity
[5]. In the Faddeev gravity, the metric is composed of
d = 10 4-vector �elds,

gλµ = fAλ fµA. (2)

Here, λ, µ, . . . = 1, 2, 3, 4; A,B, . . . = 1, . . . , d.
Simple example: locally, 4d Riemannian space can be
considered as a hyper-surface in the 10d Euclidean
space. If fA(x) were its coordinates, then we would
have

fAλ = ∂fA/∂xλ. (3)

In the Faddeev gravity, however, fAλ (x) are
independent variables. We can introduce an alternative
connection

Γ̃λµν = fAλ fµA,ν (fµA,ν ≡ ∂νfµA), Γ̃λµν = gλρΓ̃ρµν , (4)

its curvature is

Kλ
µνρ = Γ̃λµρ,ν − Γ̃λµν,ρ + Γ̃λσν Γ̃σµρ − Γ̃λσρΓ̃

σ
µν

= ΠAB(fλA,νfµB,ρ − fλA,ρfµB,ν). (5)

Here,

ΠAB = δAB − fλAfλB (6)

is a projector. Note that it makes usual and covariant
derivatives equivalent,

ΠABfλB,µ = ΠAB∇µfλB . (7)

Then we can write out the Faddeev action,

S =

∫
gλνgµρKλµνρ

√
gd4x+

1

2γ

∫
ελµνρKλµνρd

4x

=

∫
ΠAB

[
(fλA,λf

µ
B,µ − f

λ
A,µf

µ
B,λ)
√
g

− 1

γ
ελµνρfλA,µfνB,ρ

]
d4x. (8)

Here we have generalized it by adding the P-odd 1/γ-
term where γ is an analog [6] of the Barbero-Immirzi
parameter [7�10] in the usual Einstein gravity (in the
connection representation).

The variation of the action reads

δS

2
√
gδfλA

= fAµ

(
Kµ
λ −

1

2
δµλK −

εµνρσ

2γ
√
g
Kλνρσ

)
+ ΠAB

[
fνB,νT

µ
λµ + fνB,µT

µ
νλ + fνB,λT

µ
µν

+
ετµνρ

2γ
√
g

(gλσgκτ − gλτgκσ)fκB,ρT
σ
µν

]
. (9)

Here, the ΠAB-part of the �eld eqs δS = 0 turns
out to be a linear homogeneous system for torsion
Tλµν = fλA(fAµ,ν − fAν,µ) with a nondegenerate 24 × 24
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matrix leading to Tλµν = 0. This gives Γ̃λµν = Γλµν , the

Cristo�el. Then Kλ
µνρ = Rλµνρ, the Riemann for which

εµνρσRλνρσ ≡ 0, and the fAµ -part of the �eld eqs turns
out to be the Einstein eqs.

2 The piecewise constant �elds

In GR, taking the metric as

ds2 = gnn(dxn)2 + gαβdxαdxβ , (10)

where n is any of 1, 2, 3, 4, and α, β, γ, ... 6= n, we
can separate out the derivatives over xn squared in the
action as follows,∫

R
√
gd4x =

1

4

∫
(gαγgβδ − gαβgγδ)gαβ,ngγδ,ngnn

√
gd4x+ ... . (11)

If the metric is taken to be piecewise constant (with
gλµ = const inside the 4-simplices), this implies
continuity condition for the induced on the faces
metric,

gαβ |xn=xn0 +0 − gαβ |xn=xn0−0 = 0 ∀ xn0 , (12)

if some 3-face is described locally by xn = xn0 . That is,
the simplices should coincide on their common faces.

In the Faddeev gravity, the �elds fAλ can be taken
to be piecewise constant. The action

S =

∫
ΠAB

[
(fλA,λf

µ
B,µ − f

λ
A,µf

µ
B,λ)
√
g

− 1

γ
ελµνρfλA,µfνB,ρ

]
d4x (13)

does not contain the square of any derivative and does
not require continuity condition on fAλ (x) and thus
on the metric gλµ = fAλ fµA. The simplices are not
required to coincide on their common faces, and we can
take fAλ (x) = const independently in these 4-simplices.

3 The discrete Faddeev action

To evaluate the discrete action [11], we divide
IR4 as the set of points x = (x1, x2, x3, x4) by the
hypersurfaces aλx

λ+b = 0 (mathematical hyperplanes)
into polytopes, in particular, 4-simplices. fAλ are
independent in these 4-simplices.

Then we note that the expression

QAB = fλA,λf
µ
B,µ − f

µ
A,λf

λ
B,µ (14)

1) is zero if fλA depends only on one coordinate:
contribution of the 3-simplices vanishes, and QAB =
const · δ(x1)δ(x2) in a neighborhood of the 2-simplex

σ2 at x1 = 0, x2 = 0 (triangle in x3, x4-plane);
2) is a full derivative

QAB = ∂λ(fλA∂µf
µ
B − f

µ
A∂µf

λ
B) (15)

so that∫
QABdx1dx2 =

∮
C

(f1
Adf2

B − f2
Adf1

B), (16)

where the contour C encircles the triangle σ2. This
gives

2QAB = δ(x1)δ(x2)

n∑
i=1

[f1
A(σ4

i )f2
B(σ4

i+1)

−f1
A(σ4

i+1)f2
B(σ4

i )] + (A↔ B), (17)

where the 4-simplices σ4
i , i = 1 ÷ n surround the

triangle σ2. The action is

1

2
ΠAB(σ2)

n∑
i=1

{[
f1
A(σ4

i )f2
B(σ4

i+1)

−f1
A(σ4

i+1)f2
B(σ4

i )
]√

g(σ2)

− 1

γ

[
f4A(σ4

i )f3B(σ4
i+1)− f4A(σ4

i+1)f3B(σ4
i )
]}

·
(

∆x3
σ1

3
∆x4

σ1
4
−∆x3

σ1
4
∆x4

σ1
3

)
, (18)

where σ2 is formed by the edges σ1
3 , σ

1
4 with the 4-

vectors ∆xλ
σ1

3
, ∆xλ

σ1
4
.

4 An invariant form of the action

We can rewrite this action in some invariant
variables. This invariance is that one w. r. t. the choice
of the coordinates xλ assigned to the vertices. Choose
some two edges σ1

1 , σ
1
2 in addition to the above σ1

3 , σ
1
4

spanning σ2 so that σ1
1 , σ

1
2 , σ

1
3 , σ

1
4 span some σ4

i0
⊃ σ2.

The di�erence between xλ of the endpoints of σ1
µ is

∆xλσ1
µ
. Invariant edge variables f

σ1
λ

A or fA
σ1
λ
are de�ned

by

fλA =
∑
µ

f
σ1
µ

A ∆xλσ1
µ
, fAσ1

λ
= fAµ ∆xµ

σ1
λ
. (19)

Then we can write the contribution of σ2 to the action,

1

2
ΠAB(σ2)

n∑
i=1

{[
f
σ1

1

A (σ4
i )f

σ1
2

B (σ4
i+1)

−fσ
1
1

A (σ4
i+1)f

σ1
2

B (σ4
i )
]√

det ‖gσ1
λσ

1
µ
‖ (20)

− 1

γ

[
fσ1

4A
(σ4
i )fσ1

3B
(σ4
i+1) −fσ1

4A
(σ4
i+1)fσ1

3B
(σ4
i )
]}

,

where ΠA
B =δAB −

∑
λ f

A
σ1
λ
f
σ1
λ

B , gσ1
λσ

1
µ

=fA
σ1
λ
fσ1

µA
(metric

edge components).
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5 Restoring the continuum action from the
discrete minisuperspace one

We can obtain the continuum Faddeev action from
the found discrete minisuperspace one. This reverse
transition is intended to show that the information
encoded in the minisuperspace formulation is su�cient
to reproduce the essential degrees of freedom of the
continuum theory. This procedure is analogous to the
work [12] for the usual GR where the Regge action
has been shown to tend to the Hilbert-Einstein one if
simplicial decomposition of the given smooth manifold
is made �ner and �ner. To do this, we choose the �elds
to approximate some �xed smooth fAλ (x) arbitrarily
closely by making decomposition of spacetime into the
4-simplices �ner and �ner (the coordinate steps along
the edges ∆xλσ1 → 0 ). Then we choose the discrete
variable fλA(σ4) to be fλA(x) at x = xσ4 , some central
point in σ4. The procedure is most easily illustrated by
the case n = 4:

4∑
i=1

[
f1
A(σ4

i )f2
B(σ4

i+1)− f1
A(σ4

i+1)f2
B(σ4

i )
]

= ∆uf
1
A∆vf

2
B −∆vf

1
A∆uf

2
B (21)

where ∆uf ≡ f(σ4
3)− f(σ4

1) and ∆vf ≡ f(σ4
4)− f(σ4

2)
in the continuum limit become derivatives. This gives
us the basic structure (some two-dimensional Jacobian)
which being summed over the di�erent contravariant
components fλ... and variations between the di�erent
pairs of simplices ∆f = f(σ4) − f(σ4′) just leads to
fλA,λf

µ
B,µ − f

µ
A,λf

λ
B,µ and thus to the Faddeev action.

The 1/γ-part of the action is considered completely
analogously.

6 Possibility of the cubic decomposition of
spacetime

A new interesting property of the Faddeev
formulation as compared to the Regge calculus is the
possibility to decompose the curved spacetime into the
(�at) cubes. Consider decomposition of IR4 into the
rectangular parallelepipeds or cuboids

{x|xλ0 + nλελ ≤ xλ

≤ xλ0 + (nλ + 1)ελ, λ = 1, 2, 3, 4}. (22)

Then fλA(x) is assumed to be constant in each of
these cuboids. Above derivation of the minisuperspace
Faddeev action remains the same if σ4 are not 4-
simplices but cuboids. In Regge calculus, the continuity
of metric on the faces leads to that the spacetime
composed of �at cuboids is �at as well. In the Faddeev
gravity, continuity of fλA(x) is not required, and the
�at cuboids can be used for modeling the curved
spacetime. The cuboid action looks just as the naively
discretized action or the continuum one (8) in which
the derivatives are substituted by their �nite di�erence
counterparts. It is much simpler than the simplicial one
and, at the same time, it is a minisuperspace action.

7 Conclusion

To summarize, we have constructed some discrete
formalism analogous to the Regge calculus, but based
not on the usual GR, but on its Faddeev form. Some
new features of this formalism are the following.
1) The invariant physical variables are edge 10-vectors
fAσ1(σ4) (or fAσ1(σ4)), independent for the di�erent 4-
simplices σ4 containing the edge σ1.
2) The 4-simplices do not necessarily coincide on their
common faces.
3) 1/γ-term is present which is an analogue of the
so called Barbero-Immirzi parity odd term in the
connection representation of the GR action.

An advantage of the discrete Faddeev formalism is
the possibility to use cubic decomposition instead of
the simplicial one for modeling the curved spacetime
due to possibility of the �eld fλA discontinuities in the
Faddeev gravity. The cuboid action looks simple as the
naive discretization of the continuum one.

Also this possibility of the �eld fλA discontinuities
allows one to evaluate the area spectrum of any
surface as the sum of spectra of independent triangles.
In blackhole physics, reasonable physical arguments
require a discrete area spectrum, but up to now, only
one gravity theory (LQG) allows to obtain it [13�15].
We hope that the discrete Faddeev gravity approach is
also able to handle this task.
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Â. Ì. Õàöèìîâñêèé

ÃÐÀÂÈÒÀÖÈÎÍÍÎÅ ÄÅÉÑÒÂÈÅ ÔÀÄÄÅÅÂÀ ÍÀ ÊÓÑÎ×ÍÎ-ÏÎÑÒÎßÍÍÛÕ
ÔÓÍÄÀÌÅÍÒÀËÜÍÛÕ ÂÅÊÒÎÐÍÛÕ ÏÎËßÕ

Â ôîðìóëèðîâêå Ôàääååâà ãðàâèòàöèè ìåòðèêà ñ÷èòàåòñÿ êîìïîçèòíûì ïîëåì, áèëèíåéíûì ïî d = 10 4-âåêòîðíûì
ïîëÿì. Ìû âûâîäèì (äèñêðåòíîå) äåéñòâèå Ôàääååâà â êîíôèãóðàöèîííîì ìèíèñóïåðïðîñòðàíñòâå ïóòåì âû÷èñ-
ëåíèÿ äåéñòâèÿ Ôàääååâà íà ïðîñòðàíñòâå-âðåìåíè, ñîñòàâëåííîì èç (ïëîñêèõ) 4-ñèìïëåêñîâ ñ ïîñòîÿííûìè 4-
âåêòîðíûìè ïîëÿìè. Ýòî àíàëîã äåéñòâèÿ Ðåäæå, ïîëó÷åííîãî âû÷èñëåíèåì äåéñòâèÿ Ãèëüáåðòà-Ýéíøòåéíà íà
ïðîñòðàíñòâå-âðåìåíè, ñîñòàâëåííîì èç ïëîñêèõ 4-ñèìïëåêñîâ. Îäíà èç íîâûõ ÷åðò ýòîé ôîðìóëèðîâêè ñîñòîèò
â òîì, ÷òî ñèìïëåêñû íå îáÿçàíû ñîâïàäàòü íà îáùèõ ãðàíÿõ. Òàêæå ìîæíî ââåñòè â ýòîì ôîðìàëèçìå àíàëîã
ïàðàìåòðà Áàðáåðî-Èììèðöè γ.

Êëþ÷åâûå ñëîâà: ýéíøòåéíîâñêàÿ ãðàâèòàöèÿ, èñ÷èñëåíèå Ðåäæå, êîìïîçèòíàÿ ìåòðèêà, ãðàâèòàöèÿ Ôàääå-
åâà, äèñêðåòíàÿ ãðàâèòàöèÿ.
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The Casimir energy of system of parallel conductive planes with constant conductivity is considered. General form of the
Casimir energy for two and three planes is obtained. For the case of equal interplane distances the energy is proportional
to inverse third power of distance. For small conductivity the energy does not depend on the Planck constant and velocity
of light. The Casimir energy of planes with ideal conductivity is the sum of the Casimir energy of the neighboring planes.

Keywords: Casimir energy, zeta-function, zero point energy, graphene.

1 Introduction

Since the remarkable paper of Casimir [1] which
was published more then 60 years ago, the signi�cant
progress was done both experimental justi�cation and
theoretical description of the e�ect which was called as
Casimir e�ect. At the presence there are many reviews
[2�5] and books [6, 7] in which this phenomenon is
considered from di�erent points of view. Interaction
between bodies at short distances when retardation
of electromagnetic �eld is neglected usually called as
van der Waals interaction. At greater distances where
retardation is important the interaction usually called
the Casimir force. In particular case of two atom, the
potential of interaction falls down as seventh power of
distance for Casimir case and as sixth power for short
distance.

In the paper we analyze in detail in the framework
of zeta-function approach the Casimir energy for
two and three parallel conductive planes. The real
physical object for which these calculations have direct
application is graphene � monolayer of carbon atoms
[8]. Graphene is conductor with constant conductivity
σ = e2/4 (e � electron charge) up to energy Et ∼
3ýÂ (corresponding frequency ωt ∼ 4.5PHz and
wavelength λt ∼ 413nm). It was predicted theoretically
[9] and experimentally established in Refs. [10, 11].
Here we consider simple model of conductivity � it is
constant for any frequency.

The dimension of conductivity for two dimensional
case is the same as velocity. For this reason in
relativistic theory the dimensionless parameter η =
2πσ/c appears which is for graphene πe2/2~c =
πα/2 ≈ 0.0115, where α is the �ne-structure constant.

Hereafter we use units with ~ = c = 1.

2 TE and TM Electromagnetic modes

Let us set planes perpendicular to z axes. Due to
symmetry of the problem we represent the �eld in the
following form

E = e(z)eikxx+ikyy−iωt, H = h(z)eikxx+ikyy−iωt.

The Maxwell equations out of the planes have no
currencies and charges and we may express all
components in terms on single component.

TE mode (ez = 0):

ex = −ωky
ck2
⊥
hz, hx =

ikx
k2
⊥
h′z,

ey = +
ωkx
ck2
⊥
hz, hy =

iky
k2
⊥
h′z,

h′′z = k2hz.

TM mode (hz = 0):

ex =
ikx
k2
⊥
e′z, hx = +

ωky
ck2
⊥
ez,

ey =
iky
k2
⊥
e′z, hy = −ωkx

ck2
⊥
ez,

e′′z = k2ez.

Here k2
⊥ = k2

x + k2
y, k

2 = k2
⊥ − ω2 and prime means

derivative with respect of z.
The boundary conditions at the plane at z = a read

TE : [hz]r = 0, [h′z]r = 4πiσωhz|r,

TM : [e′z]r = 0, [ez]r = −4πiσ

ω
e′z|r, (1)

where [f(z)]r = f(r − 0)− f(r + 0).
Therefore for each plane we have two equations for

each modes. For n parallel planes we have 2n equations.
There are n−1 intervals between planes and in each gap
there are two constants in general solution. Therefore,
summary amount of constants is 2n−2. There are also
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two half-subspaces out of planes and in each subspace
solution is de�ned by single constant. Totally we 2n
constants obeying 2n equations. Solution of this system
exists if and only if the main determinant equals to
zero. This condition allow us to obtain in manifest form
the function Ψ which we need to calculate contribution
of each mode to the energy (see [7])

ETE,TM(s) = −M2s cosπs

2π

∫∫
d2k

(2π)2

×
∫ ∞

0

dλλ1−2s ∂

∂λ
ln ΨTE,TM(iλ). (2)

The total energy is sum E(s) = ETE(s) + ETM(s).

3 Two planes

For two planes we obtain

E(2) =
Q(2)(η)

d3
, Q(2) = Q

(2)
TE +Q

(2)
TM, (3)

where

Q
(2)
TE (η) =

1

32π2

∫ ∞
0

y2dy

∫ 1

0

dx ln

(
1− η2x2e−y

(1 + ηx)2

)
,

Q
(2)
TM(η) =

1

32π2

∫ ∞
0

y2dy

∫ 1

0

dx ln

(
1− η2e−y

(x+ η)2

)
.

Therefore, the Casimir energy proportional to inverse
third power of distance between planes.

In the limit of in�nite conductivity (ideal
conductor) η →∞ we obtain

E(2) = − π2

720d3
, (4)

in full agreement with Casimir result. For small
conductivity, η = 2πσ/c → 0 the main contribution
comes from TM mode:

E(2) = − a2η

2πd3
= −a2σ

d3
, (5)

where

a2 = − 1

16π

∫ ∞
0

y2dy

∫ ∞
0

dx ln

(
1− e−y

(1 + x)2

)
≈ 0.0407509 . . . ,

and ζR(a) is Riemann zeta-function. TE mode gives
quadratic over conductivity contribution. For graphene
conductivity we obtain

E(2) = − e2b

32πd3
, (6)

where b = 8πa2 ≈ 1.0241 . . .. It is important to note
that this expression has the same form in dimensional
variables and it does not depend on the Planck
constant and velocity of light. This resul was obtained
in Refs. [12, 13] on the basis of di�erent calculations.

4 Three planes

For three plane with equal interplane distance d21 =
d32 = d we obtain the following expression for energy

E(3) =
Q(3)(η)

d3
, Q(3) = Q

(3)
TE +Q

(3)
TM, (7)

where

Q
(3)
TE =

1

32π2

∫ ∞
0

y2dy

∫ 1

0

dx

× ln

(
1− η2x2e−y

(1 + ηx)2

{
2 +

1− ηx
1 + ηx

e−y
})

,

Q
(3)
TM =

1

32π2

∫ ∞
0

y2dy

∫ 1

0

dx

× ln

(
1− η2e−y

(x+ η)2

{
2 +

x− η
x+ η

e−y
})

.

For small conductivity η � 1 one has

E(3) = − a3η

2πd3
= −a3σ

d3
, (8)

where

a3 = − 1

16π

∫ ∞
0

y2dy

∫ ∞
0

dx

× ln

(
1− e−y

(x+ 1)2

{
2 +

x− 1

x+ 1
e−y
})

= 0.0832892 . . . .

Let us consider in�uence third plane for energy of
two planes. We normalize distances on the distance
between �rst and second planes d = d21 and extract
the part corresponding for two planes (3):

E(3) = E(2)(d)4(η, q32),

4(η, q32) =
Q

(3)
TE (η, q32) +Q

(3)
TM(η, q32)

Q
(2)
TE (η) +Q

(2)
TM(η)

,

where

Q
(3)
TE =

1

32π2

∫ ∞
0

y2dy

∫ 1

0

dx ln

(
1− η2x2

(1 + ηx)2{
e−y + e−q32y +

1− ηx
1 + ηx

e−(1+q32)y

})
,

Q
(3)
TM =

1

32π2

∫ ∞
0

y2dy

∫ 1

0

dx ln

(
1− η2

(x+ η)2{
e−y + e−q32y +

x− η
x+ η

e−(1+q32)y

})
,

and q32 = d32/d.
Numerical calculation shows that 4 depends weak

on the conductivity if third plane is in the distance
greater then distance between �rst and second planes
d3 − d2 ≥ d.
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Figure 1. Dependence 4 on the dimensionless distance q32 = d32/d (d is distance between 1st and 2nd planes, d32 – distance

between 2nd and 3rd planes) for two limit cases of conductivity η = 0 and η =∞ (ideal case)

If third plane is closer the situation is changed and
main contribution comes from second and third planes
and first plane plays the role of additional third plane.
Dependence of the 4 is shown on the Fig. 1 for two
limit cases of conductivity η = 0 and η = ∞ (ideal
case). It is easy to see that curves weakly differ each
other.

Let us set third plane far from first two planes
q32 � 1. In this case

4 ≈ 1 +
A(η)

q3
32

,

and

E(3) = E(2)(d21) +A(η)E(2)(d32).

Here

A(η) =

∫ ∞
0

y2dy

∫ ∞
0

dx ln

{(
1− 2η2x2e−y

(1 + ηx)(1 + 2ηx)

)
×
(

1− 2η2e−y

(x+ η)(x+ 2η)

)}
/

∫ ∞
0

y2dy

∫ ∞
0

dx

× ln

{(
1− η2x2e−y

(1 + ηx)2

)(
1− η2e−y

(x+ η)2

)}
.

The function A(η) monotone tends to unit A(η)η→∞ =
1 starting with A(0) = 1.3857 . . .. Therefore, third
plane gives additive contribution to the energy with
weight A(η).

5 Conclusion

Let us summarize the results obtained. We con-
sidered parallel conductive planes with constant con-
ductivity. We made calculations in manifest form for

two and three planes. Because conductivity σ has di-
mension of light it is combined with velocity of light
to dimensionless combination η = 2πσ/c. For the
case of same distances between planes there is the only
parameter with dimension of length – distant between
planes. Therefore, the energy for n parallel planes
should get the following form

E(n) =
~c
d3
Qn(η).

In the case of small conductivity η � σ we obtain

E(n) ≈ −~anσ
d3

,

where a2 = 0.0407 . . . , a3 = 0.0832 . . .. For the case of
graphene sheets the conductivity σ = e2/4~ the energy
does not depend on the Planck constant and velocity
of light

E(n) ≈ −ane
2

4d3
.

In the ideal case σ →∞ the Casimir energy is the
sum of Casimir energy of neighboring planes. The fi-
nite conductivity breaks this simple dependence and
the energy becomes complex function of distances dik
between planes i and k.
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Í. Õóñíóòäèíîâ, Ð. Êàøàïîâ

ÝÍÅÐÃÈß ÊÀÇÈÌÈÐÀ ÄËß ÄÂÓÕ È ÒÐÅÕ ÑËÎÅÂ ÃÐÀÔÅÍÀ

Ðàññìîòðåíà ýíåðãèÿ Êàçèìèðà äëÿ ñèñòåìû äâóõ è òðåõ ïàðàëëåëüíûõ ïëîñêîñòåé ñ ïîñòîÿííîé ïðîâîäèìîñòüþ.
Ïîëó÷åíî îáùåå âûðàæåíèå äëÿ ýíåðãèè Êàçèìèðà äëÿ äâóõ è òðåõ ïëîñêîñòåé. Â ñëó÷àå îäèíàêîâîãî ðàññòîÿíèÿ
ìåæäó ïëîñêîñòÿìè ýíåðãèÿ îáðàòíî ïðîïîðöèîíàëüíà òðåòüåé ñòåïåíè ðàññòîÿíèÿ ìåæäó ïëîñêîñòÿìè. Äëÿ ìàëîé
ïðîâîäèìîñòè ýíåðãèÿ íå çàâèñèò îò ïîñòîÿííîé Ïëàíêà è ñêîðîñòè ñâåòà. Ýíåðãèÿ Êàçèìèðà äëÿ ïëîñêîñòåé ñ
èäåàëüíîé ïðîâîäèìîñòüþ ðàâíà ñóììå ýíåðãèé Êàçèìèðà ñîñåäíèõ ïëîñêîñòåé.

Êëþ÷åâûå ñëîâà: ýíåðãèÿ Êàçèìèðà, äçåòà-ôóíêöèÿ, ýíåðãèÿ íóëåâûõ êîëåáàíèé, ãðàôåí.
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1 Introduction

Constructing of Lagrangians for interacting higher
spin �elds is a problem which has been attracting much
attention for a long time due to the hope of �nding
new possibilities and approaches to the uni�cation of
the fundamental interactions and is one of the unsolved
general problems of classical �eld theory (see, e.g., the
reviews [1]).

In the present paper we investigate the interaction
problem of fermionic �elds. This problem has been
studied much less than the problem of interacting
bosonic �elds. In particular it was studied construction
of the cubic vertices in the light cone framework [2], and
di�erent problems of interaction with gravitational and
elctromagnetic �eld (see e.g. [3�10]).

In this paper we develop a gauge-invariant approach
based on the BRST construction to a Lagrangian
construction for totally symmetric fermionic higher
spin �elds interacting with constant electromagnetic
�eld in Minkowski space of any dimension and solve
the problem in the linear in Fµν approximation.

The paper is organized as follows. In section 2,
we give brief reminder about BRST approach to
Lagrangian construction for free massive fermionic �eld
in Minkowski space. Then in section 3 we modify
this procedure so as to construct interaction of the
fermionic �elds with constant electromagnetic �eld and
realize it in the linear in Fµν approximation.

2 Free massive fermionic �elds in Minkowski
space

Lagrangian construction for massive fermionic �eld
in Minkowski space based on BRST approach was
carried out in [11] (see also [12, 13]). In this section
we brie�y remind the result1.

It is known that totally symmetric tensor-spinor
�eld ψµ1...µn (the Dirac index is suppressed) describing
the irreducible massive spin s = n+1/2 representation
of the Poincare group must satisfy the following
conditions

(iγν∂ν −m)ψµ1...µn = 0, γµ1ψµ1...µn = 0,

∂µ1ψµ1...µn = 0. (1)

with {γµ, γν} = −2ηµν .

In order to avoid explicit manipulation with the
indices it is convenient to introduce an auxiliary Fock
space generated by creation and annihilation operators
a+
µ , aν satisfying the commutation relations

[a+
µ , aν ] = ηµν . (2)

Eqs (1) are realized in this Fock space as follows

(iγ̃ν∂ν − γ̃m)|ψn〉 = 0, γ̃µaµ|ψn〉 = 0,

iaµ∂µ|ψn〉 = 0, (3)

|ψn〉 = ψµ1...µna
+µ1 . . . a+µn |0〉.

Here we introduce Grassmann odd �gamma-marix like
objects� γ̃µ and γ̃ which are connected with the usual
Grassmann even gamma-matrices γµ by relation [11]

γµ = γ̃µγ̃, (4)

{γ̃µ, γ̃ν} = −2ηµν , {γ̃µ, γ̃} = 0, {γ̃, γ̃} = −2. (5)

Next following the procedure described e.g. in
[11�13] on the base of the operators (3) we construct
all the operators involved in the BRST charge. These

1Unlike [11] the signature of the metrics in this paper is �mostly plus�. There are also other di�erences in the notation.
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operators are

t0 = iγ̃µ∂µ − γ̃m, (6)

l0 = ∂2 −m2, (7)

l1 = iaµ∂µ +mb1, (8)

l+1 = ia+µ∂µ +mb+1 , (9)

t1 = γ̃µaµ − γ̃b1 + f+b2 − 2(b+2 b2 + h)f, (10)

t+1 = a+
µ γ̃

µ − γ̃b+1 + f+ − 2b+2 f, (11)

l2 = 1
2a
µaµ + 1

2b
2
1 + (b+2 b2 + f+f + h)b2, (12)

l+2 = 1
2a

+µa+
µ + 1

2b
+2
1 + b+2 , (13)

g0 = a+
µ a

µ + b+1 b1 + 2b+2 b2 + f+f + d+1
2 + h. (14)

To construct the operators above we enlarge the Fock
space with two pairs of bosonic (b+1 , b1 and b

+
2 , b2) and

one pair of fermionic (f+, f) creation and annihilation
operators with the standard commutation relations

[b1, b
+
1 ] = 1, [b2, b

+
2 ] = 1, {f, f+} = 1

and h is an arbitrary parameter which, as will be shown
below, is associated with spin of the �eld h = 2−s− d

2 .
Note that the set of the operators is invariant under
Hermitian conjugation if we change the scalar product
in the (b2, f)-sector of the Fock space as follows

〈Ψ1|Ψ2〉new = 〈Ψ1|K|Ψ2〉, (15)

Kh =

∞∑
n=0

1

n!

(
|n〉〈n|C(n, h)

− 2f+|n〉〈n|f C(n+ 1, h)
)
, (16)

C(n, h) = h(h+ 1) · · · (h+ n− 1),

C(0, h) = 1, |n〉 = (b+2 )n|0〉.

The BRST operator constructed on the base of
operators (6)�(14) is

Q̃ = q0t0 + q+
1 t1 + q1t

+
1 + η0l0 + η+

1 l1 + η1l
+
1

+ η+
2 l2 + η2l

+
2 + ηGg0 + 2q0(q+

1 P1 + q1P+
1 )

+ (q+
1 η1 − η+

1 q1)ip0 + (η+
1 η1 − q2

0)P0

+ 2q+2
1 P2 + 2q2

1P
+
2 + q+

1 η2ip
+
1 − η

+
2 q1ip1

− η+
2 η1P1 − η+

1 η2P+
1 + (2q+

1 q1 − η+
2 η2)PG

+ ηG(q+
1 ip1 − q1ip

+
1 + η+

1 P1 − η1P+
1

+ 2η+
2 P2 − 2η2P+

2 ).

Here, q0, q1, q+
1 and η0, η+

1 , η1, η+
2 , η2, ηG

are, respectively, the bosonic and fermionic ghost
�coordinates� corresponding to their canonically
conjugate ghost �momenta� p0, p

+
1 , p1, P0, P1, P+

1 , P2,
P+

2 , PG. They obey the (anti)commutation relations

{η1,P+
1 } ={P1, η

+
1 } = {η2,P+

2 } = {P2, η
+
2 }

={η0,P0} = {ηG,PG} = 1,

[q0, p0] =[q1, p
+
1 ] = [q+

1 , p1] = i (17)

and possess the standard ghost number distribution,
gh(Ci) = −gh(Pi) = 1, providing the property gh(Q̃)
= 1.

Extracting from the BRST operator �rst
dependence on ghosts ηG, PG and then η0, P0 and
q0, p0 one obtains

Q̃ = Q+ ηG
(
N + d−3

2 + h
)

+ (2q+
1 q1 − η+

2 η2)PG,
N = a+

µ a
µ + b+1 b1 + 2b+2 b2 + f+f + q+

1 ip1

− ip+
1 q1 + η+

1 P1 + P+
1 η1 + 2η+

2 P2 + 2P+
2 η2,

Q = q0t̃0 + η0l0 + ∆Q

+ (q+
1 η1 − η+

1 q1)ip0 + (η+
1 η1 − q2

0)P0,

∆Q = q+
1 t1 + q1t

+
1 + η+

1 l1 + η1l
+
1 η

+
2 l2 + η2l

+
2

+ 2q+2
1 P2 + 2q2

1P
+
2 + q+

1 η2ip
+
1 − η

+
2 q1ip1

− η+
2 η1P1 − η+

1 η2P+
1 ,

t̃0 = t0 + 2q+
1 P1 + 2q1P+

1 ,

where Q is independent of ηG, PG and ∆Q, t̃0 are also
independent of η0, P0 and q0, p0.

Next following the procedure of [11] we choose the
following representation of the Hilbert space

(p0, q1, p1,P0,PG, η1,P1, η2,P2) |0〉 = 0 , (18)

and suppose that the vectors and gauge parameters do
not depend on ηG,

|χ〉 =
∑
ki

(q0)k1(q+
1 )k2(p+

1 )k3(η0)k4(f+)k5(η+
1 )k6 ×

× (P+
1 )k7(η+

2 )k8(P+
2 )k9(b+1 )k10(b+2 )k11 ×

× a+µ1 · · · a+µk0χk1···k11
µ1···µk0

(x)|0〉. (19)

The sum in (19) is taken over k0, k1, k2, k3, k10, k11,
running from 0 to in�nity, and over k4, k5, k6, k7, k8, k9,
running from 0 to 1. Then, we derive from the equations
that determine the physical vector, Q̃|χ〉 = 0, as well as
from the reducible gauge transformations, δ|χ〉 = Q̃|Λ〉,
a sequence of relations

Q|χ〉 = 0, (σ + h)|χ〉 = 0, (20)

δ|χ〉 = Q|Λ〉, (σ + h)|Λ〉 = 0, (21)

δ|Λ〉 = Q|Λ(1)〉, (σ + h)|Λ(1)〉 = 0, (22)

δ|Λ(i−1)〉 = Q|Λ(i)〉, (σ + h)|Λ(i)〉 = 0, (23)

The middle equation in (20) presents the equations for
the possible values of h,

h = 2− s− d

2
. (24)

By �xing the value of spin, we also �x the parameter
h, according to (24). Having �xed a value of h, we
must substitute it into each of the expressions (20)�
(23). (See [11�13] for more details.)

As was shown in [11] the equation of motion
(20) Q|χ〉 = 0 indeed reproduce equations (1) up
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to the reducible gauge transformations (21)�(23), but
this equation of motion can't be obtained from a
Lagrangian.

To extract from Q|χ〉 = 0 lagrangian set of
equations of motion we decompose the state vector and
gauge parameters in q0, η0 ghosts

|χ〉 =

∞∑
k=0

qk0 (|χk0〉+ η0|χk1〉),

|Λ〉 =

∞∑
k=0

qk0 (|Λk0〉+ η0|Λk1〉).

Then following the procedure described in [12] we
remove some of the �elds with the help of a part of
the gauge transformation and a part of the equations
of motion and the remaining �elds will be |χ0

0〉 and
|χ1

0〉. Their equations of motion and reducible gauge
transformations are

∆Q|χ0
0〉+ 1

2{t̃0, η
+
1 η1}|χ1

0〉 = 0, (25)

t̃0|χ0
0〉+ ∆Q|χ1

0〉 = 0, (26)

δ|χ0
0〉 = ∆Q|Λ0

0〉+ 1
2{t̃0, η

+
1 η1}|Λ1

0〉, (27)

δ|χ1
0〉 = t̃0|Λ0

0〉+ ∆Q|Λ1
0〉, (28)

δ|Λ(i)0
0〉 = ∆Q|Λ(i+1)0

0〉+
1

2

{
T̃0, η

+
1 η1

}
|Λ(i+1)1

0〉, (29)

δ|Λ(i)1
0〉 = T̃0|Λ(i+1)0

0〉+ ∆Q|Λ(i+1)1
0〉, (30)

where |Λ(0)0
0〉n = |Λ0

0〉, and |Λ(0)1
0〉n = |Λ1

0〉.
Equations (26) can be obtained from Lagrangian

L = 〈χ̃0
0|Kh

{
t̃0|χ0

0〉+ ∆Q|χ1
0〉
}

+ 〈χ̃1
0|Kh

{
∆Q|χ0

0〉+ 1
2{t̃0, η

+
1 η1}|χ1

0〉
}
. (31)

Here {t̃0, η+
1 η1} = t̃0η

+
1 η1 + η+

1 η1t̃0 and Kh is operator
(16).

In the next section we generalize the above
construction to the case of massive fermionic �elds
interacting with constant electromagnetic �eld.

3 Fermionic �elds interacting with constant
EM �eld in Minkowski space

Let us try to construct interaction of the fermionic
�elds with constant EM �eld Fµν = const by
the following way. First we replace all the partial
derivatives by the covariant ones Dµ = ∂µ − ieAµ
and enlarge the expressions of the operators (6)�(14)
by terms vanishing at Fµν → 0 limit (we will denote
these enlarged expressions of the operators by the
corresponding upper case letters) and demand that the
new expressions for the operators form an algebra.

Before writing ansatz for the new expressions for
the operators we give some comments. It is known

that the trace of a �eld and its traceless part are
independent each other and therefore we can shift the
trace of the �eld so that the traceless condition remains
unchanged. Thus we suppose that the operators related
with the traceless condition t1, t

+
1 , l2, l

+
2 and g0

also remains unchanged. Moreover the (b2, f)-sector of
the Fock space was introduced to modify only these
operators [see (10)�(14)] and therefore we also suppose
that the creation and annihilation operators of this part
of the Fock space will not take part in construction of
enlarged expressions for the rest operators L0, L1, L

+
1 .

Since we are going to consider only linear in Fµν
approximation we take the following ansatz for the
operators

L1 = iaαDα +mb1 + aαFασD
σ
∞∑
k=0

f0k b
+k
1 bk1

+ γ̃γ̃τFτσD
σ
∞∑
k=0

f2k b
+k
1 bk+1

1

+ a+µFµσD
σ
∞∑
k=0

f4k b
+k
1 bk+2

1

+ γ̃µνFµν

∞∑
k=0

d0k b
+k
1 bk+1

1

+ γ̃γ̃σFσαa
α
∞∑
k=0

d2k b
+k
1 bk1

+ a+µFµαa
α
∞∑
k=0

d8k b
+k
1 bk+1

1

+ γ̃γ̃σFσµa
+µ

∞∑
k=0

d4k b
+k
1 bk+2

1 , (32)

T0 = iγ̃µDµ − γ̃m+ γ̃τFτσD
σ
∞∑
k=0

c0k b
+k
1 bk1

+ γ̃aαFασD
σ
∞∑
k=0

c4k (b+1 )k+1bk1

+ γ̃a+µFµσD
σ
∞∑
k=0

c5k b
+k
1 bk+1

1

+ γ̃γ̃µνFµν

∞∑
k=0

a0k b
+k
1 bk1

+ γ̃a+µFµαa
α
∞∑
k=0

a4k b
+k
1 bk1

+ γ̃σFσαa
α
∞∑
k=0

a2k (b+1 )k+1bk1

+ γ̃σFσµa
+µ

∞∑
k=0

a3k b
+k
1 bk+1

1 , (33)

L+
1 = ia+µDµ +mb+1 + a+µFµσD

σ
∞∑
k=0

f1k b
+k
1 bk1
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+ γ̃γ̃τFτσD
σ
∞∑
k=0

f3k (b+1 )k+1bk1

+ aαFασD
σ
∞∑
k=0

f5k (b+1 )k+2bk1

+ γ̃µνFµν

∞∑
k=0

d1k (b+1 )k+1bk1

+ γ̃γ̃σFσµa
+µ

∞∑
k=0

d3k b
+k
1 bk1

+ a+µFµαa
α
∞∑
k=0

d9k (b+1 )k+1bk1

+ γ̃γ̃σFσαa
α
∞∑
k=0

d5k (b+1 )k+2bk1 , (34)

where aik, cik, dik, cik are arbitrary complex constants
and by de�nition we suppose that L0 ≡ T 2

0 . The rest
operators (10)�(14) are unchanged. One should also
note that the ansatz for the operators L1, T0, L

+
1 (32)�

(34) are not general.
Supposing that operator L0 is hermitian and

(L1)+ = L+
1 with respect to the �new� scalar product2

(15) the arbitrary coe�cients in (32)�(34) are found
from the condition that the new operators form an
algebra in the linear approximation

a0(0) = − ie

8m
− ie

2m
ζ0, a0(k) = 0,

a2(0) =
ie

2m
− e

m
ξ1, a2(k) = − (−2)k

k!

e

m
ξ1,

a3(0) = − ie

2m
− e

m
ξ1, a3(k) = − (−2)k

k!

e

m
ξ1,

a4(0) = − ie

2m
+

2ie

m
ζ0, a4(k) = 0,

d0(0) = − ie

8m
+

ie

2m
(ζ0 + iξ1), d0(k) =

(−2)k−1

k!

e

m
ξ1,

d1(0) = − ie

8m
+

ie

2m
(ζ0 − iξ1), d1(k) = − (−2)k−1

k!

e

m
ξ1,

d2(0) = − ie

4m
− e

2m
ξ1, d2(k) =

(−2)k−1

k!
(k + 1)

e

m
ξ1,

d3(0) = − ie

4m
+

e

2m
ξ1, d3(k) = − (−2)k−1

k!
(k + 1)

e

m
ξ1,

d4(k) =
(−2)k

k!

e

m
ξ1, k ≥ 0,

d5(k) = − (−2)k

k!

e

m
ξ1, k ≥ 0,

d8(0) =
ie

m
− ie

m
(2ζ0 + iξ1), d8(k) =

(−2)k

k!

e

m
ξ1,

d9(0) =
ie

m
− ie

m
(2ζ0 − iξ1), d9(k) = − (−2)k

k!

e

m
ξ1,

c0(0) =
ie

2m2
(2ζ1 + ξ1), c0(k) =

(−2)k

k!

ie

m2
ξ1,

c4(0) =
e

m2
(−2ζ0 + iξ1), c4(k) =

(−2)k

k!

ie

m2
ξ1,

c5(0) =
e

m2
(2ζ0 + iξ1), c5(k) =

(−2)k

k!

ie

m2
ξ1,

f0(0) =
e

m2
(ζ0 + iζ1),

f0(1) =
e

m2
(2ζ0 − iξ1), f0(k) = − (−2)k−1

k!

ie

m2
ξ1,

f1(0) =
e

m2
(−ζ0 + iζ1),

f1(1) = − e

m2
(2ζ0 + iξ1), f1(k) = − (−2)k−1

k!

ie

m2
ξ1,

f2(0) =
e

m2
(ζ0 −

i

2
ξ1), f2(k) =

(−2)k−1

k!

ie

m2
ξ1,

f3(0) =
e

m2
(ζ0 +

i

2
ξ1), f3(k) = − (−2)k−1

k!

ie

m2
ξ1,

f4(0) = − 2e

m2
ζ0, f4(k) = 0 k ≥ 1,

f5(0) =
2e

m2
ζ0, f5(k) = 0 k ≥ 1

Here ζ0, ζ1, ξ1 are arbitrary real dimensionless
constants. Note that similar problem was considered
in [3], but we found two more arbitrary constant due to
rejection of some condition on the coe�cients in (32)�
(34). The new operators form algebra which coincides
with the algebra in the free case.

Further construction of Lagrangians go in the usual
way [11,12].

4 Conclusion

Thus in the present paper we have developed
a universal general gauge-invariant method of
Lagrangian construction based on the BRST approach
for half-integer higher spin �elds interacting with
constant electromagnetic �eld in Minkowski space
of any dimension. In this procedure no o�-shell
constraints for the �elds and gauge parameters are
imposed from the very beginning.
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This talk provides a brief account of the construction of the 2n-extended supersphere S3|4n, with n = 1, 2, . . . , as a
homogeneous space of the three-dimensional Euclidean superconformal group OSp(2n|2, 2) such that its bosonic body is
the three-sphere S3.

Keywords: superconformal group, N -extended super three-sphere.

1 Introduction

Recently, there has been an interest [1�3] in
superconformal �eld theories on a three-dimensional
(3D) sphere, mostly motivated by the study of
their quantum features with the use of localization
techniques. In addition to the issues raised in [1�3] and
related papers, it is also of interest to study correlation
functions in superconformal �eld theories on S3, and
a superspace setting appears to be most suitable to
address this goal. An N = 2 superspace formalism was
developed to describe supersymmetric gauge theories
on S3 [4], but superconformal aspects of these and
more general theories were not studied in the Euclidean
superspace framework so far.

A geometric formalism required for constructing
o�-shell superconformal �eld theories on S3 has been
developed in a recent paper [5]. In that paper, we
introduced a 2n-extended supersphere S3|4n, with n =
1, 2, . . . , as a homogeneous space of the 3D Euclidean
superconformal group, OSp(2n|2, 2), with the property
that the bosonic body of S3|4n is the three-sphere1.
Supertwistor and bi-supertwistor realizations of S3|4n

were derived. To some extent, these realizations
are analogous to those of 3D and 4D compacti�ed
Minkowski superspacesM3|2N andM4|4N , respectively,
described in detail in [6�8]. However, the Euclidean
case was shown [5] to have new nontrivial features. This
talk provides a brief overview of the constructions given
in [5].

2 The conformal and superconformal groups
in three Euclidean dimensions

The conformal group of both the three-sphere S3

and the Euclidean three-plane E3 is SO(4, 1). The same
group is also a subgroup of the isometry group O(4, 1)
of four-dimensional de Sitter space dS4. Its connected

component SO0(4, 1) is locally isomorphic2 to the dS4

spin group USp(2, 2) de�ned by

USp(2, 2) = SU(2, 2)
⋂

Sp(4,C) . (2.1)

Here SU(2, 2) is a two to one covering group of the
connected component SO0(4, 2) of the conformal group
of four-dimensional Minkowski space M4 = E3,1,

SU(2, 2) :=
{
g ∈ SL(4,C) , g†Ig = I ,

I =

(
12 0
0 −12

)}
. (2.2)

The symplectic group Sp(4,C) is realized as follows

Sp(4,C) :=
{
g ∈ GL(4,C) , gTΛg = Λ ,

Λ =

(
σ2 0
0 −σ2

)}
, (2.3)

where σ2 is the second Pauli matrix. The matrix Λ
satis�es the properties

Λ† = −ΛT = Λ , Λ2 = 14 . (2.4)

The N -extended superconformal group in three
Euclidean dimensions is

OSp(2n|2, 2) = SU(n, n|2, 2)
⋂

OSp(2n|4;C) ,

n = 1, 2, . . . , (2.5)

with N = 2n. It consists of (2n|4) × (2n|4)
supermatrices (with A,D bosonic blocks and B,C
fermionic ones)

g =

(
A B
C D

)
(2.6)

1The supersphere S3|4n has 4n Grassmann-odd directions that are parametrized by 2n two-component spinor coordinates.
2The group USp(2, 2) is a two to one covering group of SO0(4, 1).
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constrained by

g†Ξg = Ξ , Ξ =

(
Ω 0
0 I

)
, (2.7a)

Ω† = −ΩT = Ω , Ω2 = 12n ,

gsTΥg = Υ , Υ =

(
12n 0
0 Λ

)
, (2.7b)

gsT =

(
AT CT

−BT DT

)
.

The bosonic subgroup of OSp(2n|2, 2) is SO∗(2n) ×
USp(2, 2). Here we de�ne the group SO∗(2n) by

SO∗(2n) :=
{
U ∈ GL(2n,C), UTU = 12n, U

†ΩU = Ω
}
.

This de�nition of SO∗(2n) is equivalent to a
standard one. This group is the R-symmetry subgroup
of the superconformal group OSp(2n|2, 2). It is non-
compact for n > 1. The case n = 1 is really special,
since the R-symmetry group is compact, SO∗(2) ∼=
U(1).

3 Twistor realization of the three-sphere

Introduce two USp(2, 2) invariant inner products on
C4:

〈S|T 〉I := S†I T = Sα̂I
α̂β̂Tβ̂ , (3.8a)

〈S|T 〉Λ := STΛT = Sα̂Λα̂β̂Tβ̂ , (3.8b)

for any T, S ∈ C4. We will refer to this space as twistor
space, and its elements will be called twistors. A twistor
is viewed as a column vector

T = (Tα̂) =

(
fα
gβ

)
, (3.9)

with the two-component spinors fα and gβ being
complex.

Consider the space of all two-planes in C4 known
as the Grassmannian G2,4(C). Any two-plane is
determined by its basis, i.e. by two linearly independent
twistors Tµ, with µ = 1, 2. Such a basis {Tµ} is de�ned
only modulo the equivalence relation

{Tµ} ∼ {T̃µ} , T̃µ = T ν Rν
µ , R ∈ GL(2,C) . (3.10)

Equivalently, the Grassmannian G2,4(C) can be
thought of as consisting of all 4 × 2 complex matrices
of rank two,

(T 1 T 2) =

(
F
G

)
, (3.11)

where the 2× 2 matrices F and G are de�ned modulo
the equivalence relation(
F
G

)
∼
(
F R
GR

)
, R ∈ GL(2,C) . (3.12)

Let S denote the subspace of G2,4(C) consisting of
all two-planes in C4 that are null with respects to the
two inners products ( 3.8). For any two-plane belonging
to S, it holds that

〈Tµ|T ν〉I = 0 , 〈Tµ|T ν〉Λ = 0 , µ, ν = 1, 2 (3.13)

or, equivalently,

F †F −G†G = 0 , (3.14a)

FTσ2F −GTσ2G = 0 . (3.14b)

It is known that the space of all two-planes in C4

under the null condition ( 3.14a) is compacti�ed 4D

Minkowski space, M4
= (S3 × S1)/Z2, see e.g. [7]. As

shown in [7], the conditions that the 4×2 matrix ( 3.11)
has rank two and obeys ( 3.14a) imply that

detF 6= 0 and detG 6= 0 . (3.15)

The equivalence relation ( 3.12) tells us that(
F
G

)
∼
(

h
12

)
. (3.16)

Now the conditions ( 3.14a) and ( 3.14b) imply,
respectively,

h†h = 12 =⇒ h ∈ U(2) ; (3.17a)

hTσ2h = σ2 =⇒ deth = 1 . (3.17b)

We conclude that S may be identi�ed with the group
manifold SU(2) = S3.

Given a group element

g =
(
gα̂
β̂
)

=

(
A B
C D

)
∈ USp(2, 2) , (3.18)

with A,B,C and D some 2× 2 matrices, its action on
S3 is a fractional linear transformation

h → h′ = (Ah+B)(Ch+D)−1 . (3.19)

All null two-planes prove to be real with respect to a
certain involution on the Grassmannian G2,4(C) [5].

4 The supersphere as a conformal superspace

The supergroup OSp(2n|2, 2) naturally acts on the
space of even supertwistors and also on the space of odd
supertwistors. An arbitrary supertwistor looks like

T = (TA) =

(
Ti
Tα̂

)
, i = 1, . . . , 2n . (4.20)

In the case of even supertwistors, Ti is fermionic and
Tα̂ is bosonic. In the case of odd supertwistors, Ti is
bosonic and Tα̂ is fermionic. We introduce the parity
function ε(T ) de�ned as: ε(T ) = 0 if T is even, and
ε(T ) = 1 if T is odd. We also de�ne

εA =

{
1 A = i
0 A = α̂

.
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Then the above de�nition can be rewritten as

ε(TA) = ε(T ) + εA (mod 2) . (4.21)

Even and odd supertwistors are called pure. The space
of even supertwistors may be identi�ed with C4|2n.

Supertwistors transform in the de�ning
representation of OSp(2n|2, 2),

T → T ′ = gT , g ∈ OSp(2n|2, 2) . (4.22)

This transformation law implies that the supergroup
OSp(2n|2, 2) de�ned by ( 2.5)�( 2.7) leaves invariant
two inner products

〈S|T 〉Ξ := S† ΞT = SA ΞAB TB , (4.23a)

〈S|T 〉Υ := (−1)εA+ε(S)·εASAΥABTB , (4.23b)

for arbitrary pure supertwistors S and T . These inner
products have the following fundamental properties:

〈T1|T2〉Ξ = 〈T2|T1〉Ξ ; (4.24a)

〈T1|T2〉Υ = −(−1)ε1ε2〈T2|T1〉Υ , (4.24b)

for arbitrary pure supertwistors T1 and T2.
A dual supertwistor

Z = (ZA) =
(
Zi, Zα̂

)
, i = 1, . . . , 2n (4.25)

transforms under OSp(2n|2, 2) such that ZATA is
invariant for any supertwistor T ,

Z → Z ′ = Zg−1 , g ∈ OSp(2n|2, 2) . (4.26)

A dual supertwistor Z is even (odd) if ZATA is a c-
number for any even (odd) supertwistor T .

Invariance of the inner product ( 4.23b) under
OSp(2n|2, 2) tells us that

ZA := −(1)εB+ε(S)εBSBΥBA

= (−1)ε(S)εAΥABSB (4.27)

is a pure dual supertwistor. Conversely, given a pure
dual supertwistor ZA, the following object

SA := (−1)ε(Z)εB (Υ−1)ABZ
B (4.28)

is a pure supertwistor. We emphasize that ΥAB is an
invariant tensor of the superconformal group,

(gsT)ACΥCDgD
B = ΥAB , (4.29a)

(gsT)AB = (−1)εAεB+εBgB
A , (4.29b)

for any group element g ∈ OSp(2n|2, 2).
Since the inner product ( 4.23a) is invariant under

OSp(2n|2, 2) ⊂, we observe that

S̄A := SB ΞBA (4.30)

is a dual supertwistor, for any pure supertwistor
SA

3. In conjunction with our previous result ( 4.28),
this implies the existence of a one-to-one map of
supertwistor space onto itself de�ned by

? : SA → (?S)A := (−1)εC+ε(S)εC (Υ−1)ABΞBCSC ,

(4.31)

for any pure supertwistor SA. This map is
characterized by the property

?? = −12n|4 , (4.32)

which follows from the observations that the matrices
Ω and ΛI (i) are purely imaginary; and (ii) ful�ll the
identities Ω2 = 12n and (ΛI)2 = 14.

We de�ne a 2n-extended supersphere S3|4n to be
the space of all null and real two-planes in the space of
even supertwistors C4|2n. In general, any two-plane in
C4|2n is generated by two supertwistors Tµ such that
their bodies are linearly independent. Equivalently, it
may be described by a rank-two (2n|4)×2 supermatrix

(Tµ) =

 Θ
F
G

 , µ = 1, 2 , (4.33)

which is de�ned modulo the equivalence relation Θ
F
G

 ∼

 ΘR
F R
GR

 , R ∈ GL(2,C) . (4.34)

Here Θ is a 2n × 2 fermionic matrix, and F and G
are 2 × 2 bosonic matrices. The two-planes belonging
to S3|4n are required to be (i) null with respect to the
two inner products ( 4.23); and (ii) real with respect
to the star-map ( 4.31) modulo the equivalence relation
( 4.34). The null conditions are

Θ†ΩΘ + F †F −G†G = 0 ; (4.35a)

−ΘTΘ + FTσ2F −GTσ2G = 0 . (4.35b)

As in the bosonic case, the �rst null condition implies
that detF 6= 0 and detG 6= 0. As a result, the null two-
plane can equivalently be described by a supermatrix

P =

 Θ
h
12

 =

 Θi
β

hα
β

δγ
β

 , (4.36)

where the null conditions ( 4.35) now read

Θ†ΩΘ + h†h = 12 , (4.37a)

−ΘTΘ + hTσ2h = σ2 . (4.37b)

3Eq. ( 4.23a) can be rewritten in the form 〈S|T 〉Ξ = S̄ATA.
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The condition that the two-plane ( 4.36) is real under
( 4.31) amounts to

Θ = −ΩΘσ2 , (4.38a)

h = σ2hσ2 . (4.38b)

Eq. ( 4.38a) is a pseudo-Majorana condition. The
conditions ( 4.37) are super extensions of ( 3.17).

Acknowledgement

This research is supported in part by the
Australian Research Council projects DP1096372 and
DP140103925.

References

[1] Kapustin A. et al. 2010 JHEP 1003 089 [arXiv:0909.4559 [hep-th]].

[2] Ja�eris D. L. 2012 JHEP 1205 159 [arXiv:1012.3210 [hep-th]].

[3] Hama N. et al. 2011 JHEP 1103 127 [arXiv:1012.3512 [hep-th]].

[4] Samsonov I. B. and Sorokin D. 2014 JHEP 1404 102 [arXiv:1401.7952 [hep-th]].

[5] Kuzenko S. M. and Sorokin D. 2014 JHEP 1410 80 [arXiv:1406.7090 [hep-th]].

[6] Kuzenko S. M. et al. 2011 JHEP 1101 146 [arXiv:1011.5727 [hep-th]].

[7] Kuzenko S. M. 2006 Nucl. Phys. B 745 176 [arXiv:hep-th/0601177].

[8] Kuzenko S. M. (2012) JHEP 1210 135 [arXiv:1206.3940 [hep-th]].

Received 06.11.2014

Ñ. Ì. Êóçåíêî

ÑÓÏÅÐÊÎÍÔÎÐÌÍÀß ÑÒÐÓÊÒÓÐÀ 3-ÑÔÅÐÛ
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÷àñòü ÿâëÿåòñÿ 3-ñôåðîé S3.
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We prove that the theories invariant under one-parameter fermionic symmetry after renormalization retain invariance. It
is shown that the Ward identity for e�ective action after renormalization has the same form as non-renormalized one.

Keywords: renormalization, supersymmetric invariance.

1 Introduction

As it is known modern quantum �eld theory
considers many di�erent �eld models with
quantum action invariant under supersymmetric
transformations. For example the Faddeev-Popov
action for Yang-Mills �elds [1]. This action is
invariant under remarkable BRST�transformations
[2, 3]. The next sample is well-known Curci-
Ferrari model of non-abelian massive vector �elds
[4] possesses supersymmetric invariance connected
with the modi�ed BRST and modi�ed anti-
BRST transformations, but these supersymmetric
transformations are not nilpotent (in contrast with
the BRST transformations).

In recent years there is also an interest to similar
theories. One of such examples is superextension
of the sigma models [5], which leads to actions
again invariant under supersymmetric transformations.
Recent attempts [6, 7] to formulate Yang-Mills �elds
in a form being free of the Gribov problem [8�10]
give another examples of actions invariant under
some nilpotent supersymmetric transformations. Quite
recently a new realization of supersymmetry, called
scalar supersymmetry, has been proposed in [11]
when one meets supersymmetric invariant �eld models
as well. In the paper [12] from general point
of view properties of �eld theories for which an
action appearing in the generating functional of
Green functions is invariant under supersymmetric
transformations were studied. Notice, that here the
term �supersymmetry� we use as synonym of fermionic
symmetry.

In this paper we continue the study of
renormalization of the �eld theories [13�15] in the case
of one-parameter global supersymmetry. Our research
of renormalization is mainly based on the method
proposed in [16].

We employ the DeWitt's condensed notation [17].
Derivatives with respect to �elds are taken from the
right and those with respect to anti�elds, from the left.

The Grassmann parity of a quantity X is denoted as
ε(X). We use the notation X,i for right derivative of X
with respect to φi.

2 Supersymmetric invariant theories

Our starting point is a theory of �elds φ = {φi}
with Grassmann parities ε(φi) = εi. We assume a
non-degenerate action S(φ) of the theory so that the
generating functional of Green functions is given by the
standard functional integral

Z(J) =

∫
Dφ exp

{ i
~
[
S(φ) + Jφ

]}
. (1)

We suppose invariance of S(φ) under supersymmetric
transformations

φi 7→ φi = ϕi(φ
′
) ,

ϕi(φ) = φi +Ri(φ)ξ , ξ2 = 0 , (2)

so that

S,i(φ)Ri(φ) = 0 . (3)

In (2) ξ is an odd Grassmann parameter and Ri(φ) are
generators of supersymmetric transformations having
the Grassmann parities opposite to �elds φi: ε(Ri) =
εi + 1.

It is very useful to use the so-called extended action
S(φ, φ∗) instead of the action S(φ) by introducing
anti�elds φ∗i with Grassmann parities opposite to �elds
φi, ε(φi) = εi + 1:

S(φ, φ∗) = S(φ) + φ∗iR
i(φ), (4)

and the extended generating functional of Green
functions has form

Z(J, φ∗) =

∫
Dφ exp

{ i
~
[
S(φ, φ∗) + Jφ

]}
. (5)

Then the condition (3) of invariance of the action can
be conveniently represented in the form of classical
master-equation written in terms of the antibracket [18]

(S, S) = 0, (6)
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where for any functions F,G the antibracket is de�ned
by rule

(F,G) =
∂F

∂φ

∂G

∂φ∗
− ∂G

∂φ

∂F

∂φ∗
(−1)(ε(F )+1)(ε(G)+1) (7)

with Grassmann parity

ε((F,G)) = ε(F ) + ε(G) + 1. (8)

Here we will restrict ourselves to a special
supersymmetric theory when the generators Ri(φ) are
subjected to the restriction [12]

Ri,i(φ) = 0 . (9)

Taking into account (9), the Ward identity for the
generating functional Z(J, φ∗) (5) has form

Ji
δZ(J, φ∗)

δφ∗i
= 0. (10)

Introducing the generating functional of connected
Green functions W (J, φ∗) = −i~ lnZ, the identity (10)
can be rewritten as

Ji
δW

δφ∗i
= 0. (11)

The generating functional of the vertex functions
Γ = Γ(φ, φ∗) is introduced in a standard way, through
the Legendre transformation of W ,

Γ(φ, φ∗) = W (J, φ∗)− Jiφi,

φi =
δW

δJi
,
δΓ

δφi
= −Ji. (12)

The Ward identity for the generating functional of the
vertex functions can be obtained directly from (11) and
(12), in the form

(Γ, Γ) = 0. (13)

The Ward identity (13) has universal form and plays
a very important role in proof of gauge invariant
renormalizability of general gauge theories [16].

3 Supersymmetric invariant renormalization

Let us consider functional integro-di�erential
equation for the generating functionals of vertex
Green's functions (e�ective action)

exp

{
i

~
Γ(φ, φ∗)

}
(14)

=

∫
dφ
′
exp

{
i

~

[
S(φ+ φ

′
, φ∗)− δΓ(φ, φ∗)

δφi
φi
′
]}

.

Solutions of this equation are studied within
perturbation theory in ~.

Our study of the renormalization of a given
supersymmetric invariant theory is based on the

procedure proposed in [16]. The main points of this
approach are: a) the action satis�es the classical
master-equation; b) the e�ective action satis�es the
Ward identity; c) there exists regularization, which
retains forms of the equation (6) and identity (13).

Let us consider the one - loop approximation for Γ

Γ = S + ~
(
Γ

(1)
div + Γ

(1)
fin

)
+O(~2),

where Γ
(1)
div and Γ

(1)
fin denote the divergent and �nite

parts of the one-loop approximation for Γ.

The functional Γ
(1)
div determines the counterterms of

the one-loop renormalized action S1R:

S1R = S − ~Γ
(1)
div

and satis�es the equation

(S,Γ
(1)
div) = 0. (15)

Then we �nd that S1R satis�es the basic equation

(S1R, S1R) = ~2E2

up to certain terms E2

E2 = (Γ
(1)
div, Γ

(1)
div)

of the second order in ~.
Let us construct the e�ective action Γ1R with the

help of the action S1R. This functional is �nite in the
one-loop approximation and satis�es the equation

(Γ1R, Γ1R) = ~2E2 +O(~3).

Represent Γ1R in the form

Γ1R = S + ~Γ
(1)
fin + +~2(Γ

(2)
1,div + Γ

(2)
1,fin) + O(~3) .

The divergent part Γ
(2)
1,div of the two - loop

approximation for Γ1R determines the two - loop
renormalization for S2R

S2R = S1R − ~2Γ
(2)
1,div

and satis�es the equation

(S, Γ
(2)
1,div) = E2.

Let us now consider

(S2R, S2R) = ~3E3 + O(~4).

We �nd that S2R satis�es the master-equation up to
terms E3

E3 = 2(Γ
(1)
div, Γ

(2)
1,div)

of the third order in ~. Then the corresponding e�ective
action Γ2R generated by S2R is �nite in the two - loop
approximation

Γ2R = S + ~Γ
(1)
fin + ~2Γ

(2)
1,fin + ~3(Γ

(3)
2,div

+ Γ
(3)
2,fin) + O(~4)
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and satis�es the equation

(Γ2R, Γ2R) = ~3E3 +O(~4)

up to certain terms E3 of the third order in ~.
Applying the induction method we establish that

the totally renormalized action SR

SR = S −
∞∑
n=1

~nΓ
(n)
n−1,div (16)

satis�es the basic equation exactly:

(SR, SR) = 0, (17)

while the renormalized e�ective action ΓR is �nite in
each order of ~ powers:

ΓR = S +

∞∑
n=1

~nΓ
(n)
n−1,fin, (18)

and satis�es the identity

(ΓR, ΓR) = 0. (19)

Here, we have denoted by Γ
(n)
n−1,div and Γ

(n)
n−1,fin the

divergent and �nite parts, respectively, of the n - loop
approximation for the e�ective action which is �nite
in (n-1)th approximation and is constructed from the
action S(n−1)R.

Thus, the identity (19) means that after
renormalization the e�ective action has the same
symmetry properties as non-renormalized one.
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Ï. Ì. Ëàâðîâ, Î. Â. Ðàä÷åíêî

ÏÅÐÅÍÎÐÌÈÐÎÂÊÀ ÏÎËÅÂÛÕ ÌÎÄÅËÅÉ Ñ ÎÄÍÎÏÀÐÀÌÀÒÐÈ×ÅÑÊÎÉ
ÔÅÐÌÈÎÍÍÎÉ ÑÈÌÌÅÒÐÈÅÉ

Äîêàçàíî, ÷òî òåîðèè, èíâàðèàíòíûå îòíîñèòåëüíî îäíîïàðàìåòðè÷åñêîé ôåðìèîííîé ñèììåòðèè, ïîñëå ïåðåíîðìè-
ðîâêè ñîõðàíÿþò ýòî ñâîéñòâî èíâàðèàíòíîñòè. Ïîêàçàíî, ÷òî òîæäåñòâî Óîðäà äëÿ ýôôåêòèâíîãî äåéñòâèÿ ïîñëå
ïåðåíîðìèðîâêè èìåþò òó æå ôîðìó, ÷òî è äî íåå.
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We propose a method for integrating the right-invariant geodesic �ows on Lie groups based on the use of a special canonical
transformation in the cotangent bundle of group. We also describe an original method of constructing exact solutions for the
Klein-Gordon equation on unimodular Lie groups. Finally, we formulate a theorem which establishes a connection between
the special canonical transformation and irreducible representations of Lie group. This connection allows us to consider the
proposed methods of integrating for classical and quantum equations in the framework of a uni�ed approach.

Keywords: geodesic �ow, the Klein-Gordon equation, canonical transformation, irreducible representation, integrability.

1 Introduction

Numerous researchers in the �eld of theoretical
and mathematical physics often face the problem
of integration for di�erential equations describing
various classical and quantum systems. At the same
time traditional approaches to solving the classical
equations is essentially di�erent from methods of
integrating the quantum equations. For example, the
general method of integrating the geodesic �ows
on pseudo-Riemannian manifolds is based on the
procedure of the symplectic reduction [1], while the
problem of �nding exact solutions for relativistic wave
equations (Klein-Gordon equation, Dirac equation,
etc.) is commonly decided by the technique of
separation of variables [2, 3].

In this work we discuss the problem of integrating
classical and quantum equations on manifolds of Lie
groups. Namely, we shall consider Hamilton's equations
for the right-invariant geodesic �ows on Lie groups and
the corresponding Klein-Gordon equation.

The integrable geodesic �ows on Lie groups were
investigated by many prominent mathematicians such
as V. Arnold [4], S. Manakov [5], A. Mishenko and
A. Fomenko [6] and others. Here we describe a
constructive method for integration of right-invariant
geodesic �ows in quadratures based on the ideas from
the work [7]. Hereafter, following the noncommutative
integration method of linear di�erential equations [8],
we develop a technique for constructing the general
solution of the Klein-Gordon equation on unimodular
Lie groups. In conclusion, we establish a profound
connection between this methods which allows us to
solve the problems of integrating the classical and
quantum equations on Lie group in the framework of
a uni�ed approach.

2 Symmetries of classical and quantum
equations on pseudo-Riemannian manifolds

Let (M, g) be a pseudo-Riemannian n-dimensional
manifold. We denote by U ⊂M a coordinate chart that
trivializes the cotangent bundle T ∗M , i.e. T ∗M |U '
U×Rn; the corresponding local coordinates are labelled
as (x1, . . . , xn, p1, . . . , pn).

The geodesic �ow on (M, g) is de�ned by the
Hamilton's equations

ẋi =
∂Hcl

∂pi
, ṗi = −∂H

cl

∂xi
, (1)

with the Hamiltonian Hcl(x, p) = 1
2 g

ij(x)pipj (we
assume Einstein summation convention). Here gij is
the inverse of the metric tensor gij : g

ikgkj = δij .
A simplest quantum analogue of Hamiltonian

system (1) is the Klein-Gordon equation

Hψ :=
(
gij∇i∇j +m2 + ζR

)
ψ = 0. (2)

Here ∇i is the covariant derivative in the direction
of the coordinate vector �eld ∂i := ∂/∂xi, m is a
positive real parameter, R is the scalar curvature of
the pseudo-Riemannian manifolds (M, g). Parameter ζ
is a dimensionless coupling constant.

Let G be the group of motions of the pseudo-
Riemannian manifold (M, g). The Lie algebra g of
the Lie group G is generated by Killing vectors ξa =
ξia(x)∂i with the commutation relations

[ξa, ξb] = Ccab ξc. (3)

Here Ccab are the structure constants of the Lie
algebra g.

The Killing vectors ξa allows us to construct
constants of motion for Hamiltonian system (1) that
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are linear on the �bers of the cotangent bundle T ∗M :

ξcla (x, p) = ξia(x)pi. (4)

We shall call these functions Killing constants of
motion. Clearly the span of the Killing constants
of motion forms a Lie algebra with respect to the
canonical Poisson bracket {·, ·}; this Lie algebra is
isomorphic to the Lie algebra g:

{ξcla , ξclb } = Ccab ξ
cl
c . (5)

Furthermore, the vector �elds ξa considered as
di�erential operators in the functional space C∞(M)
are symmetry operators of Eq. (2) since the equality

[H, ξa] = 0,

holds for all a = 1, . . . ,dim g.
Thus, two algebras are naturally associated with

the group of motions of the pseudo-Riemannian
manifold (M, g). The �rst one is the Lie algebra of
the Killing constants of motion de�ned by formula (4);
the second one is the symmetry algebra for the Klein-
Gordon equation which is generated by the �rst-order
di�erential operators ξa. Both of these algebras are
isomorphic to the Lie algebra g of the group G.

3 Simple transitive actions of Lie groups

We assume that action of the group of motion G
on the pseudo-Riemannian manifold (M, g) is simply
transitive. This means that for any x1, x2 ∈ M there
exists precisely one a ∈ G such that x2 = x1a
(we assume that the action of group G is the right
action). It follows that there is a smooth one-to-
one correspondence between the points of M and the
elements of Lie group G. Keeping this di�eomorphism
in mind, we represent Eqs. (1), (2) in terms of invariant
vector �elds on the group G.

Let e1, . . . , en be a basis in the Lie algebra g. Denote
by ηa(x) := (Rx−1)∗ea the right-invariant vector �eld
on G corresponding to the basis vector ea. It is easy
to prove that any right-invariant pseudo-Riemannian
metric g on G can be de�ned by the condition

g(ηa, ηb) = Gab, (6)

where G = (Gab) is a constant symmetric non-
degenerate n-by-n matrix. In the general case only
the left-invariant vector �elds ξa(x) = (Lx)∗ea are the
Killing vectors for this metric.

From Eq. (6) it follows that the Hamiltonian of the
geodesic �ow for the right-invariant metric has the form

Hcl(x, p) =
1

2
Gabηcla (x, p)ηclb (x, p), (7)

where ηcla (x, p) := ηia(x)pi, GabGbc = δac . Since the
function Hcl is invariant with respect to the right

action of G on T ∗G, we shall call the corresponding
geodesic �ow the right-invariant geodesic �ow.

It is easily shown that the Klein-Gordon equation
for metric (6) can be represent as

Hψ =
[(

Gabηa + Ca
)
ηb +m2 + ζR

]
ψ = 0, (8)

where Ca := Cbab. Note that the scalar curvature for a
right-invariant metric on G is a constant.

4 Integration method for the right-invariant
geodesic �ows

In this section we discuss the problem of integration
of arbitrary right-invariant geodesic �ows on Lie groups
in quadratures. In particular, we describe the method
of reduction for the corresponding Hamiltonian system
based on using the special canonical transformation in
cotangent space T ∗G.

Denote by g∗ the dual space to the Lie algebra
g of the group G. Let e1, . . . , en be the basis of g∗

that is the dual for basis e1, . . . , en of g: ei(ej) = δij ,
i, j = 1, . . . , n. We de�ne the right momentum mapping
µr : T ∗G→ g∗ by the formula

〈µr(x, p), X〉 := Xaξcla (x, p),

where X = Xaea ∈ g. This mapping satis�es the
condition {µr ◦ ϕ, µr ◦ ψ} = µr ◦ {ϕ,ψ}g for all ϕ,ψ ∈
C∞(g∗); here {·, ·}g denotes the Lie � Poisson bracket
on dual space g∗:

{ϕ,ψ}g(f) = Ccab fc
∂ϕ(f)

∂fa

∂ψ(f)

∂fb
, f = fae

a. (9)

Similarly, we de�ne the left momentum mapping µl :
T ∗G→ g∗:

〈µl(x, p), X〉 := Xaηcla (x, p),

which satis�es the analogous condition: {µl◦ϕ, µl◦ψ} =
µl ◦ {ϕ,ψ}g, ϕ,ψ ∈ C∞(g∗).

It can be proved that the mappings µr and µl are
equivariant with respect to the co-adjoint action Ad∗ of
the group G. Recall that the co-adjoint representation
is de�ned by

〈Ad∗xf,X〉 := 〈f,Adx−1X〉,

for all x ∈ G, X ∈ g and f ∈ g∗. It can easily be
checked that right and left momentum mappings are
connected by the transformation

µl(x, p) = Ad∗x µr(x, p).

It is known that any Poisson manifold can be
split into a collection of symplectic leaves. A. Kirillov
showed that the symplectic leaves of the Lie-Poisson
bracket coincide with the co-adjoint orbits of the group
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G [9]. Thus, any co-adjoint orbit is a homogeneous
symplectic manifold.

Let Oλ be the co-adjoint orbit passing through the
element λ ∈ g∗. We denote by ωλ the symplectic 2-
form on orbit Oλ that is de�ned by the restriction of
bracket (9) to the orbit Oλ. The 2-form ωλ is called
the Kirillov-Konstant form.

It follows from Darboux's theorem that there
are local coordinates q = (q1, . . . , qm) and π =
(π1, . . . , πm) on orbit Oλ such that

ωλ = dπα ∧ dqα, α = 1, . . . ,m =
1

2
dimOλ. (10)

These coordinates are called canonical coordinates.
Denote by fa(q, π;λ) the functions which de�ne the
transition to the canonical coordinates on the orbit Oλ.
We restrict attention now to the case of the π-linear
transition to canonical coordinates

fa(q, π;λ) = Xα
a (q)πα + χa(q;λ). (11)

The existence of such transition is possible if and only
if there exists a subalgebra p ⊂ gC such that (see [10]):

dim p = dim g− 1

2
dimOλ, 〈λ, [p, p]〉 = 0. (12)

A subalgebra p satisfying the conditions (12) is called a
polarization of element λ ∈ g∗. Note that polarizations
of regular elements in g∗ always exist [11].

It was shown in [10] that the coordinates q in
formula (11) have the following interpretation. Let P
be the connected Lie group, whose Lie algebra is p.
Then q = (qα) are the local coordinates on the left
coset Q = G/P . In case of real P , the manifold Q is
a Lagrangian submanifold of the symplectic manifold
Oλ. The action of G on the homogeneous space Q is
de�ned by the co-adjoint action the group on orbit Oλ:

Ad∗xf(q, π;λ) = f(q′, π′;λ)⇒ q′ = xq. (13)

Now we introduce the function

Sλ(x; q, π′) =

∫
fa(xq, π′;λ)σa(x), (14)

where fa(q, π;λ) are de�ned by (11) and σa(x) are
the right-invariant 1-forms on Lie group such that
σa(ηb) = δab , a, b = 1, . . . ,dim g. The function (14) is
well-de�ned because the 1-form under the integral is
closed.

Lemma 1 The function Sλ(x; q, π′) satis�es the
following relations

πα =
∂Sλ(x; q, π′)

∂qα
, q′α = −∂S

λ(x; q, π′)

∂π′α
, (15)

where the canonical variables (qα, πα) and (q′α, π′α) are
connected by transformation (13).

Let J = (J1, . . . , Jr), r = codimOλ, be local
coordinates in an open neighborhood of the orbit
space g∗/G. Denote by λ(J) some local section of the
bundle g∗ → g∗/G. We shall consider the function
Sλ(J)(x; q, π′) as a generating function of canonical
transformation in the cotangent bundle T ∗G. This
canonical transformation is implicitly de�ned by Eqs.
(15) and the additional equalities

pi =
∂Sλ(J)(x; q, π′)

∂xi
, τµ =

∂Sλ(J)(x; q, π′)

∂Jµ
, (16)

where µ = 1, . . . , r. Thus, we have the smooth
one-to-one coordinate transformation (x, p) ↔
(q, π, q′, π′, J, τ) which preserves the canonical
symplectic form on T ∗G:

dpi ∧ dxi = dπα ∧ dqα + dπ′α ∧ dq′α + dJµ ∧ dτµ.

After the canonical transformation (15),
(16) the Hamiltonian (7) of the right-invariant
geodesic �ow is converted to the function
H̃cl(q′, π′; J) = Gabfa(q′, π′;λ(J))fb(q

′, π′;λ(J))/2.
The correspondence Hamiltonian system has the form

q̇′α =
∂H̃cl(q′, π′; J)

∂π′α
, π̇′α =

∂H̃cl(q′, π′; J)

∂q′α
, (17)

q̇α = π̇α = J̇µ = 0, τ̇µ =
∂H̃cl(q′, π′; J)

∂Jµ
. (18)

Clearly, the integrability of system (17), (18) is
equivalent to the integrability of its subsystem (17).

Recall that an index ind g of the Lie algebra g is
de�ned as the codimension of a regular co-adjoint orbit
in g∗. The next theorem gives the integrability criterion
for an arbitrary right-invariant geodesic �ow on the Lie
group G.

Theorem 1 An arbitrary right-invariant geodesic �ow
on T ∗G is integrable in quadratures if and only if

1

2
(dim g− ind g) ≤ 1. (19)

5 Integration of the Klein-Gordon equation
on Lie groups

Now we consider the problem of integration for
the Klein-Gordon equation on unimodular Lie groups.
The most e�cient way for constructing exact solutions
of the Klein-Gordon equation is the noncommutative
integration method of linear di�erential equations
suggested by A. Shapovalov and I. Shirokov [8]. In
contrast with the well-known method of separation
of variables the noncommutative integration method
uses to the maximal extent possible the �rst-order
symmetry algebra of the Klein-Gordon equation.
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A basic element of the noncommutative integration
method is the so-called λ�representation of Lie
algebra g. We describe the procedure of the
construction of this representation.

Let p be a polarization of the regular element
λ ∈ g∗, and let {eA} be a basis in p; A = 1, . . . ,dim p.
We de�ne the functional subspace L(G, p) of solutions
of the system

(ηA(x)− iλA)ψ(x) = 0, ψ ∈ C∞(G).

There is a local isomorphism ι : L(G, p) → L(Q, p)
where L(Q, p) is the space of complex-valued functions
on the mixed manifolds Q (see [9]). Because the
functional subspace L(G, p) is invariant with respect
to the right regular representation of Lie group G, the
linear operators

`a := ι ◦ ξa ◦ ι−1 (20)

are well-de�ned. The operators (20) realize an
irreducible representation of the Lie algebra g which
is called the λ�representation. Note that in local
coordinates on the manifold Q the operators `a
are ihhomogeneous �rst-order operators depending on
dimQ = (dim g − ind g)/2 independent variables q =
(qα).

Let Tλ be the lift of the λ�representation to a local
representation of the Lie group G:

d

dt
(Tλexp(tea)ϕ)(q)

∣∣
t=0

= `a(q;λ).

By de�nition(
Tλx ϕ

)
(q) =

∫
Q

Dλqq′(x)ϕ(q′)dµ(q′),

where Dλqq′(x) are the matrix elements of the

representation Tλ. Here dµ(q) is a measure on manifold
Q. We choose the measure dµ(q) in such a way that the
λ�representation operators are anti-Hermitian: `†a =
−`a. In this case the representation Tλ is a unitary
irreducible representation of Lie group G.

It is easy to verify that the matrix elements of
representation Tλ satisfy the next system of equations

(ξa(x) + `a(q;λ))Dλqq′(x) = 0, (21)(
ηa(x) + `a(q′;λ)

)
Dλqq′(x) = 0. (22)

Moreover, the matrix elements Dλqq′(x) obey
the following the completeness and orthogonality
conditions:∫
Dλqq′(x)Dλ̃q̃q̃′(x) dµ(x) = δ(q, q̃)δ(q′, q̃′)δ(λ, λ̃), (23)∫
Dλqq′(x)Dλqq′(x̃) dµ(q)dµ(q′)dµ(λ) = δ(x, x̃). (24)

Here dµ(x) is the invariant Haar measure on group
G, and dµ(λ) is the spectral measure of the Casimir
operators of the λ�representation. By δ(x, x̃), δ(q, q̃)
and δ(λ, λ̃) we denote the delta-functions for the
measures dµ(x), dµ(q) and dµ(λ) respectively.

The relations (23) and (24) allows us to de�ne the
direct and inverse Fourier transformations as follows:

ψ̂λ(q, q′) =

∫
Dλqq′(x)ψ(x)dµ(x), (25)

ψ(x) =

∫
Dλqq′(x)ψ̂λ(q, q′)dµ(q)dµ(q′)dµ(λ). (26)

Note that the actions of the operators ξa and ηa after
transformation (25) are mapping to actions of the
corresponding λ�representation operators

ξa(x)ψ(x) ↔ `a(q;λ)ψ̂λ(q, q′),

ηa(x)ψ(x) ↔ `a(q′;λ)ψ̂λ(q, q′).

Let ψ(x) be an arbitrary solution of the Klein-
Gordon equation (8). Using the decompositions (25)
and (26) we obtain the equation for an unknown

function ψ̂λ(q, q′):[
Gab`a(q′;λ)`b(q

′;λ) +m2 + ζR
]
ψ̂λ(q, q′) = 0.

Note that the variables q = (qα) enter to this equation
as parameters.

We say that Eq. (8) is integrable if the problem of
�nding its general solution is reduced to calculation of
quadratures and to solving ODE's. Keeping in mind
this de�nition, we get the next result.

Theorem 2 The Klein-Gordon equation (8) on the
unimodular Lie group G is integrable with respect to
an arbitrary right-invariant metric if and only if the
inequation (19) is satis�ed.

6 The connection between the generating
function and the matrix elements of λ�
representation

We de�ne a measure dµ(π) by the condition∫
ei(q−q

′)πdµ(π) = δ(q, q′).

The following theorem gives the relation between the
generating function Sλ(x; q, π′) of the special canonical
transformation in T ∗G and the matrix elements
Dλqq′(x) of the irreducible representation Tλ.

Theorem 3 The matrix elements of the irreducible
representation Tλ of the group G can be expressed as:

Dλqq′(x) =

∣∣∣∣∂(xq)

∂q

∣∣∣∣−1/2 ∫
ei(q

′π−Sλ(x;q,π))dµ(π). (27)
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The Theorem 3 is of fundamental importance in
the solving of problem of integrating classical and
quantum equations on Lie groups. Indeed, formula
(27) gives not only the rule for construction of the
matrix elements Dλqq′(x), but also allows us to consider
the methods of integration, proposed in sections 4
and 5, in the framework of a uni�ed approach. In
particular, Theorem 3 is explained the fact that the
integrability criterion for right-invariant geodesic �ows
on G coincides with the integrability criterion for the
corresponding Klein-Gordon equations.

7 Conclusion

In this work we have suggested an integration
method for the right-invariant geodesic �ows on Lie
groups which, in contrast to the symplectic reduction
technique, is based on the use of the special canonical

transformation in the cotangent bundle of group.

We also have described an original method of
constructing exact solutions for the Klein-Gordon
equation on unimodular Lie groups. According
to this method, the procedure of integrating
the Klein-Gordon equation involves constructing of
irreducible representations of Lie group and using the
decomposition of the solution space into a sum of
irreducible components.

The main result of our work is Theorem 3 which
establishes a fundamental connection between the
proposed integration methods.
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À. À. Ìàãàçåâ, È. Â. Øèðîêîâ

ÌÅÒÎÄ ÈÍÒÅÃÐÈÐÎÂÀÍÈß ÊËÀÑÑÈ×ÅÑÊÈÕ È ÊÂÀÍÒÎÂÛÕ ÓÐÀÂÍÅÍÈÉ,
ÎÑÍÎÂÀÍÍÛÉ ÍÀ ÑÂßÇÈ ÌÅÆÄÓ ÊÀÍÎÍÈ×ÅÑÊÈÌÈ ÏÐÅÎÁÐÀÇÎÂÀÍÈßÌÈ È

ÍÅÏÐÈÂÎÄÈÌÛÌÈ ÏÐÅÄÑÒÀÂËÅÍÈßÌÈ ÃÐÓÏÏ ËÈ

Ïðåäëîæåí ìåòîä èíòåãðèðîâàíèÿ ïðàâîèíâàðèàíòíûõ ãåîäåçè÷åñêèõ ïîòîêîâ íà ãðóïïàõ Ëè, îñíîâàííûé íà èñïîëü-
çîâàíèè ñïåöèàëüíîãî êàíîíè÷åñêîãî ïðåîáðàçîâàíèÿ â êîêàñàòåëüíîì ïðîñòðàíñòâå ãðóïïû. Îïèñàí òàêæå îðèãè-
íàëüíûé ìåòîä ïîñòðîåíèÿ òî÷íûõ ðåøåíèé óðàâíåíèÿ Êëåéíà�Ãîðäîíà íà óíèìîäóëÿðíûõ ãðóïïàõ Ëè. Â çàêëþ÷å-
íèå ðàáîòû ñôîðìóëèðîâàíà òåîðåìà, óñòàíàâëèâàþùàÿ ñâÿçü ìåæäó ñïåöèàëüíûì êàíîíè÷åñêèì ïðåîáðàçîâàíèåì
è íåïðèâîäèìûìè ïðåäñòàâëåíèÿìè ãðóïïû Ëè. Äàííàÿ ñâÿçü ïîçâîëÿåò ðàññìàòðèâàòü ïðåäëîæåííûå ìåòîäû èí-
òåãðèðîâàíèÿ êëàññè÷åñêèõ è êâàíòîâûõ óðàâíåíèé â ðàìêàõ åäèíîãî ïîäõîäà.

Êëþ÷åâûå ñëîâà: ãåîäåçè÷åñêèé ïîòîê, óðàâíåíèå Êëåéíà-Ãîðäîíà, êàíîíè÷åñêîå ïðåîáðàçîâàíèå, íåïðèâîäèìîå
ïðåäñòàâëåíèå, èíòåãðèðóåìîñòü.

� 156 �



A. A. Magazev, I. V. Shirokov. A method of integration for classical and quantum equations ...

Ìàãàçåâ À. À., êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, äîöåíò.
Îìñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò.
Ïð. Ìèðà, 11, 644050 Îìñê, Ðîññèÿ.
E-mail: magazev@gmail.com

Øèðîêîâ È. Â., äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîð.
Îìñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò.
Ïð. Ìèðà, 11, 644050 Îìñê, Ðîññèÿ.
E-mail: iv_shirokov@mail.ru

� 157 �



TSPU Bulletin. 2014. 12 (153)

UDC 530.1; 539.1

EARLY-TIME COSMIC DYNAMICS IN F (R) AND F (|Ω̂|) EXTENSIONS OF BORN-INFELD GRAVITY
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We consider two types of modifications of Born-Infeld gravity in the Palatini formulation and explore their dynamics in
the early universe. One of these families considers f(R) corrections to the Born-Infeld Lagrangian, which can be seen as
modifications of the dynamics produced by the quantum effects of matter, while the other consists on different powers
of the elementary building block of the Born-Infeld Lagrangian, which we denote by |Ω̂|. We find that the two types of
nonsingular solutions that arise in the original Born-Infeld theory are also present in these extensions, being bouncing
solutions a stable and robust branch. Singular solutions with a period of approximate de Sitter inflation are found even in
universes dominated by radiation.

Keywords: Cosmology, nonsingular universes, modified gravity, Palatini formalism.

1 Introduction

Understanding the dynamical laws of nature at very
high energies is a challenge for theoretical physics. The
idea of our Universe being born from a big bang singu-
larity is disturbing and alternative nonsingular scenar-
ios are desirable. In this respect, a high-energy exten-
sion of General Relativity (GR) constructed in analogy
with the Born-Infeld theory of nonlinear electrodynam-
ics [1] has been recently considered with very positive
results. In this theory, formulated in a metric-affine
manifold, nonsingular solutions exist that prevent the
big bang. These solutions are of two types: bouncing
solutions, characterized by H = 0 and dH/dρ 6= 0 at
the density of the bounce, and unstable minimal vol-
ume solutions with H = 0 and dH/dρ = 0. In recent
works we have studied the stability of these solutions
under small perturbations of the action and also un-
der large deformations. In this talk we summarize the
main results of our analyses and the main conclusions.

2 Perturbations of BI via f(R) corrections

The action of the Born-Infeld theory of gravity
takes the form

SBI =
1

κ2ε

∫
d4x

×
[√
−|gµν + εRµν(Γ)| − λ

√
−|gµν |

]
. (1)

This action was originally introduced [2] and reconside-
red in [3] within the Palatini formulation, i.e., assuming

that the metric and affine geometric structures are in-
dependent. For clarifications on the notation see [4]
(for reviews on modified gravity in Palatini formula-
tion, see [5, 6]). It admits a power series expansion in
the parameter ε of the form

SBI ≈
∫
d4x

2κ2

√
−g

×
[
R− 2Λeff +

εR2

4
− ε

2
RµνR

µν + . . .

]
, (2)

where Λeff = λ−1
ε . Clearly, it recovers GR at the

zeroth order and quadratic gravity with specific coef-
ficients at the next-to-leading order. It is important
to note, however, that if quantum effects of matter
are taken into account, quadratic curvature corrections
arise that depend on the kind and number of matter
fields, which induces deviations from this effective low-
energy Lagrangian. It is thus interesting to explore
their potential effect on the dynamics as a test of the
robustness of the predictions of this theory for the early
universe.
In order to be as general as possible, we consider a
family of extensions of the original Born-Infeld theory
of the form

SBI−f(R) = SBI +
α

2κ2

∫
d4x
√
−gf(R) + Sm . (3)

In the limit ε → 0 this theory can be seen as a ty-
pical f(R) theory (for general review of f(R) gravity,
see [7]), whereas for α → 0 it recovers the original
Born-Infeld theory. The analysis and discussion of the
field equations of this type of Born-Infeld-f(R) theories
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was presented in [4] (see also [8] and [9]). Here we sim-
ply summarize the relevant results regarding the Hub-
ble function in cosmologies with a perfect fluid with
constant equation of state P = wρ.
In Fig. 1, we represent the (dimensionless) Hubble
function |ε|H2 as a function of the (dimensionless) en-
ergy density |ε|κ2ρ in the original BI theory for differ-
ent equations of state. The blue curves, which end at
|ε|κ2ρ = 1 represent bouncing solutions and occur for
w > −1. The other curves are nonsingular if w > 0
and represent unstable states of minimum volume.

In Fig. 2, we show that bouncing solutions exist in
the original BI theory (solid blue) and in two quadratic
modifications of the form f(R) = aR2, with a = 1/2
(dashed orange) and a = 1 (dashed red), for different
equations of state (w = −1/5, 0, and 1/3). The exis-
tence of a bounce appears as a robust property of the
ε < 0 branch of the theory.

In Fig. 3, we find the Hubble function in a ra-
diation universe (ω = 1/3) in the cases a = 0 (solid
blue), a = 1/10 (dashed brown), a = 1/3 (dashed
green), a = 1/2 (dashed orange), and a = 1 (dashed
red). We see that a plateau follows a maximum around
εκ2ρ ≈ 0.6 in the case a = 1/3, which could support a
period of inflation generated by the radiation fluid.

The plots in Figs 1 – 3 put forward that the bounc-
ing solutions of Born-Infeld gravity are robust against
modifications of the R2 coefficient, whereas those in the
unstable branch undergo significant changes. Remark-
ably, the modifications experienced by these solutions
may lead to a period of de Sitter-like expansion after
the big bang singularity, as is apparent from the case
a = 1/3 in Fig. 3.

3 Deformations of Born-Infeld gravity

The Lagrangian density in the action (1) can be
rewritten in a more standard form by noting that one
can introduce an auxiliary metric qµν ≡ gµν + εRµν
such that qµν ≡ gµαΩαν , which allows to write (1) as

SBI =
1

κ2ε

∫
d4x
√
−g
[√
|Ω̂| − λ

]
+ Sm . (4)

This representation suggests the following family of
theories:

Sf =
1

κ2ε

∫
d4x
√
−g
[
f(|Ω̂|)− λ

]
+ Sm , (5)

being f(|Ω̂|) = |Ω̂|1/2 the original Born-Infeld theory.
A detailed exploration of the field equations of these
models and their representation in cosmological mod-
els was provided in [10]. Here we simply discuss the re-
sults through their graphical representation. In Fig. 4
we see that for a radiation fluid (w = 1/3) the two

types of nonsingular solutions, those of the bouncing
type (dashed curves) and those representing unstable
minimum volume states (solid curves), persist for small
deviations of the parameter n from the original Born-
Infeld case n = 1/2.

For the case ω = −1/5 (see Fig. 5) we find that the
solid lines are divergent for small values of n, which in-
dicates that only the bouncing branch is able to yield
non-singular solutions.

For larger values of the deformation parameter n
and ω > 0, these theories are able to yield nonsingular
solutions even in the unstable branch (solid curves in
Fig. 6). In these solutions, the curve H2 hits the axis
forming a non-zero angle, which indicates that they are
closer to the bouncing solutions of the original Born-
Infeld theory than to the unstable type, characterized
by dH/dρ = 0 at the maximum density.

4 Conclusions

By exploring different extensions of the Born-Infeld
theory of gravity we have been able to conclude that
the avoidance of the big bang singularity by means of a
bounce is a very robust result in theories of the Born-
Infeld type. This property is stable against perturba-
tions of the R2 term of the low-energy expansion of
the Lagrangian, which suggests that the predictions of
the theory might be quite insensitive to matter loop
corrections. We have also found that periods of infla-
tionary behavior can be induced by means of R2 cor-
rections. On the other hand, large deformations of the
Lagrangian, encoded in the power of the function |Ω̂|,
also preserve the bouncing branch of the original the-
ory. The unstable solutions become more stable when
n > 1. The study of cosmological perturbations and
black hole solutions in these models are subjects of fu-
ture work.
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[3] Bañados M. and Ferreira P. G., Phys. Rev. Lett. 105, 011101 (2010).

[4] Makarenko A. N., Odintsov S. and Olmo G. J., Phys. Rev. D 90, 024066 (2014) [arXiv:1403.7409 [hep-th]].

[5] Olmo G. J., Int. J. Mod. Phys. D 20, 413 (2011) [arXiv:1101.3864 [gr-qc]].

[6] Olmo G. J., Introduction to Palatini theories of gravity and nonsingular cosmologies. Published in Chapter of the book
’Open Questions in Cosmology’, edited by Gonzalo J. Olmo. InTech Publishing, Rijeka, Croatia, 2012 [arXiv:1212.6393
[gr-qc]].

[7] Nojiri S. and Odintsov S. D., Phys. Rept. 505 59 (2011) [arXiv:1011.0544 [gr-qc]];eConf C 0602061 06 (2006) [Int.
J. Geom. Meth. Mod. Phys. 4 115 (2007)] [hep-th/0601213];Int. J. Geom. Meth. Mod. Phys. 11 1460006 (2014)
[arXiv:1306.4426 [gr-qc]]; Faraoni V. and Capozziello S., Fundamental Theories of Physics, V. 170, Springer, 2010.

[8] Makarenko A. N., Odintsov S. D. and Olmo G. J., Phys. Lett. B 734, 36 (2014) [arXiv:1404.2850 [gr-qc]].

[9] Makarenko A. N. Astrophys. Space Sci. 352 921 (2014) [arXiv:1406.1705 [gr-qc]].

[10] Odintsov S. D., Olmo G. J. and Rubiera-Garcia D., Phys. Rev. D 90, 044003 (2014) [arXiv:1406.1205 [hep-th]].

Received 21.11.2014

À. Í. Ìàêàðåíêî, Ñ. Ä. Îäèíöîâ, Ã. Ä. Îëìî, Ä. Ðóáüåðî-Ãàðñèÿ

ÊÎÑÌÈ×ÅÑÊÀß ÄÈÍÀÌÈÊÀ ÐÀÍÍÅÉ ÂÑÅËÅÍÍÎÉ Â ÐÀÑØÈÐÅÍÍÎÉ f(R) È
f(|Ω̂|) ÃÐÀÂÈÒÀÖÈÈ ÁÎÐÍÀ-ÈÍÔÅËÜÄÀ

Ðàññìîòðåíî äâà òèïà ìîäèôèêàöèè ãðàâèòàöèè Áîðíà-Èíôåëüäà â ôîðìàëèçìå Ïàëàòèíè è èçó÷åíà èõ äèíàìè-
êà äëÿ ðàííåé Âñåëåííîé. Ìîäèôèêàöèÿ, ñîäåðæàùàÿ f(R) ïîïðàâêè ê ëàãðàíæèàíó Áîðíà-Èíôåëüäà, èçìåíÿåò
äèíàìèêó êâàíòîâûõ ýôôåêòîâ ìàòåðèè. Âòîðîé òèï ðàññìîòðåííûõ ìîäèôèêàöèé ñîñòîèò èç ðàçëè÷íûõ ñòåïåíåé
ýëåìåíòàðíûõ ñòðîèòåëüíûõ áëîêîâ ëàãðàíæèàíà Áîðíà-Èíôåëüäà, êîòîðûå îáîçíà÷àþòñÿ ñëåäóþùèì îáðàçîì: |Ω̂|.
Ïîêàçàíî, ÷òî äâà òèïà íåñèíãóëÿðíûõ ðåøåíèé, âîçíèêàþùèõ â òåîðèè Áîðíà-Èíôåëüäà, òàêæå ïðèñóòñòâóþò â
ýòèõ ðàñøèðåíèÿõ â âèäå, òàê íàçûâàåìûõ, ðåøåíèé ñ îòñêîêîì, îáðàçóþùèõ óñòîé÷èâîå îòâåòâëåíèå. Ñèíãóëÿðíûå
ðåøåíèÿ ñ ïåðèîäîì, áëèçêèì ê èíôëÿöèè äå Ñèòòåðà, íàéäåíû äëÿ âñåëåííûõ ñ ïðåîáëàäàíèåì èçëó÷åíèÿ.

Êëþ÷åâûå ñëîâà: êîñìîëîãèÿ, íåñèíãóëÿðíàÿ Âñåëåííàÿ, ìîäèôèöèðîâàííûå òåîðèè ãðàâèòàöèè, ôîðìàëèçì
Ïàëàòèíè.
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SPONTANEOUS R-PARITY BREAKING, STOP LSP DECAYS AND THE NEUTRINO MASS
HIERARCHY
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The MSSM with right-handed neutrino supermultiplets, gauged B−L symmetry and a non-vanishing sneutrino expectation
value is the minimal theory that spontaneously breaks R-parity and is consistent with the bounds on proton stability and
lepton number violation. This minimal B − L MSSM can have a colored/charged LSP, of which a stop LSP is the most
amenable to observation at the LHC. We study the R-parity violating decays of a stop LSP into a bottom quark and
charged leptons – the dominant modes for a generic “admixture” stop. A numerical analysis of the relative branching ratios
of these decay channels is given using a wide scan over the parameter space. The fact that R-parity is violated in this
theory by a vacuum expectation value of a sneutrino links these branching ratios directly to the neutrino mass hierarchy.
It is shown how a discovery of bottom-charged lepton events at the LHC can potentially determine whether the neutrino
masses are in a normal or inverted hierarchy, as well as determining the θ23 neutrino mixing angle. Finally, present LHC
bounds on these leptoquark signatures are used to put lower bounds on the stop mass.

Keywords: neutrino mass, supermultiplets, vacuum expectation.

Introduction

The extension of the standard SU(3)C ×SU(2)L×
U(1)Y model of particle physics, with or without right-
handed neutrinos, to N = 1 supersymmetry (SUSY)
is immediately confronted by a fundamental problem.
Without any further constraints, the superpotential
must contain cubic superfield interactions that violate
both baryon number (B) and lepton number (L) –
thus leading, at tree level, to potentially rapid proton
decay and unobserved lepton number violating pro-
cesses. The conventional “natural” solution to this
problem is to demand that the Lagrangian be invari-
ant under a discrete R-parity, R = (−1)3(B−L)+2s

where s is the spin of the component particle. This
symmetry indeed eliminates the dangerous B and L
violating interactions, and is consistent with the ob-
served constraints on these quantities. The R-parity
invariant supersymmetric extension of the standard
SU(3)C × SU(2)L × U(1)Y model of particle physics,
with or without right-handed neutrinos, is referred
to as the minimal supersymmetric standard model
(MSSM), and is the usual paradigm for a low energy
supersymmetric particle physics model.

Be this as it may, from the low energy point of
view the imposition of discrete R-parity is completely
ad hoc. There have been many attempts to justify it by
1) embedding the MSSM into a supersymmetric grand
unified theory (GUT), e.g. [1], or 2) as arising from a
residual topological, finite or anomalous Abelian sym-

metry of a superstring vacuum [2, 3]. Without preju-
dice as to the efficacy or physical reality of these at-
tempts, there is another way to arrive at the same re-
sults which is both straightforward, natural and does
not require the introduction of any superfields beyond
those of the MSSM with right-handed neutrino super-
multiplets. This is as follows.

It has been known for a long time that the right-
handed neutrino version of the SM – and its MSSM
extension – remains anomaly free if one enlarges the
gauge group to SU(3)C ×SU(2)L×U(1)Y ×U(1)B−L.
Furthermore, note that R-parity is a discrete Z2 sub-
group of U(1)B−L. It follows that one can “naturally”
incorporate R-parity conservation into the MSSM with
right-handed neutrinos simply by extending the gauge
group to SU(3)C ×SU(2)L×U(1)Y ×U(1)B−L. How-
ever, since it is unobserved at the electroweak scale,
this gauged U(1)B−L symmetry must be broken at, say,
a TeV scale or above. There have been attempts to do
this, while leaving R-parity unbroken. This can only be
accomplished, however, by introducing new chiral mul-
tiplets with even B−L charge [4]. That is, one must go
beyond the MSSM particle content and introduce new
fields into the spectrum. However, one need not pre-
serve R-parity if the scale of its breaking is sufficiently
low – for example, at a TeV. This can be accomplished
if one, or more, of the right-handed sneutrino scalars –
each carrying an odd B−L charge – develop a vacuum
expectation value (VEV). This does not require the
introduction of any additional multiplets and is con-
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sistent with proton stability – since a sneutrino VEV
breaks lepton number only – and the bounds on lepton
violation.

We will refer to this theory as the minimal B − L
MSSM. It was introduced from the “bottom up” point
of view in [5–7]1. It was also found from a “top
down” perspective to be the low energy theory asso-
ciated with a class of vacua of E8 × E8 heterotic M -
theory [9–13]. Various aspects of this minimal the-
ory were subsequently discussed, such as the radiative
breakdown of the U(1)B−L gauge symmetry and its
hierarchy with electroweak breaking [14–16], the neu-
trino sector [8,17,18], possible LHC signals [19,20] and
some cosmological effects [20]. We take the point of
view that this B − L MSSM is the minimal possible
extension of the MSSM that is consistent with proton
stability and observed lepton violation bounds. Hence,
it is potentially a realistic candidate for a low energy
N = 1 supersymmetric particle physics model. With
this in mind, we wish to study the the dominant sig-
natures of this model at the Large Hadron Collider
(LHC) that can distinguish it from the MSSM. The
initial results of this study are presented in this paper.

We find that there are three distinct phenomena
that can occur in the minimal B − L MSSM that are
potentially observable at the LHC and sharply distin-
guish this model from the MSSM. These are the fol-
lowing.

• Since R-parity is violated in the minimal B − L
MSSM, it is now possible that the lightest super-
symmetric particle (LSP)2 can carry color and/or
electric charge without coming into conflict with
astrophysical data. This is because the LSP
can now decay sufficiently quickly via R-parity
violating operators. Furthermore, the specific
nature of this theory – which exactly specifies
the R-parity violating vertices and their relative
strengths – determines all LSP decay products
and their branching ratios.

• The “Higgs” field that spontaneously breaks
U(1)B−L in this minimal model is at least one of
the right-handed sneutrinos. It follows that the
neutrino sector in this theory is intimately related
to the R-parity violating operators and, hence, to
the allowed decay products of the LSP and their
branching ratios. Put the other way, observation
at the LHC of the relative branching ratios of the
LSP decays can directly inform specific issues in
the neutrino mass matrix – specifically, whether
there is a “normal” or an “inverted” neutrino
mass hierarchy and can potentially remove the
ambiguity in the measurement of the θ23 mixing

angle, which can be one of two measured central
values.

• As mentioned above, the minimal B − L theory
exactly specifies the allowed R-parity violating
decays of the LSP. For a chosen LSP, these de-
cay signatures, which are disallowed within the
R-parity invariant MSSM, can be rather unique.
Data on such decays at the LHC can then be used
to put a lower bound on the LSP mass.

We hasten to point out that confirmation at the
LHC of R-parity violating LSP decays consistent with
the minimal B−L MSSM is not sufficient to establish
its reality. Full confirmation of this theory would re-
quire at least two other specific discoveries: 1) a mas-
sive vector boson in the TeV range corresponding to
B − L and 2) the existence of some other explicit su-
perpartner. Be that as it may, a careful study of the
three issues discussed in the bullet points – and their
implications for the LHC – would be a major step in
either confirming, putting bounds on, or disproving the
minimal B − L MSSM. We now present the results of
such a study. The technical details will be presented
in a forthcoming publication [21].

R-Parity Violation and Stop LSP Decays

First a technical point. It will be assumed in
this paper that all gauge couplings of the minimal
B − L MSSM unify at a high scale. Under this as-
sumption, we find it easier to work with the rotated
Abelian gauge groups U(1)3R × U(1)B−L rather than
U(1)Y ×U(1)B−L, since the former, unlike the original
gauge group, has no kinetic mixing at any scale. This
greatly simplifies the calculations, while changing none
of the physics conclusions.

It was shown in [17, 18] that within the minimal
B−L MSSM all non-vanishing right-handed sneutrino
VEV’s can, without loss of generality, be rotated into
the third family, and that this VEV is given by

v2
R =

−8m2
ν̃c3

+ g2
R

(
v2
u − v2

d

)
g2
R + g2

BL

, (1)

wheremν̃c3
and vu, vd are the third family sneutrino soft

SUSY breaking mass parameter and the up-, down-
Higgs VEV’s respectively. The parameters gR and gBL
are the gauge couplings for U(1)3R and U(1)B−L. Fur-
thermore, vR induces a smaller VEV for each of the
left-handed sneutrinos given by

vLi =

vR√
2
(µY ∗νi3vd − a

∗
νi3vu)

m2
L̃i
− g2

2

8 (v2
u − v2

d)− g2
BL

8 v2
R

(2)

1Such a minimal model was outlined as a possible low energy manifestation of E6 GUT models in [8].
2Throughout this paper, we use the term LSP to refer to the lightest supersymmetric particle relevant for collider physics.
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for i = 1, 2, 3. Here Yνi3 and mL̃i
are the neutrino

(i3)-Yukawa couplings and the left-handed sneutrino
soft SUSY breaking mass parameters respectively, µ is
the mu-parameter, aνi3 are the (i3)-components of the
sneutrino tri-linear soft SUSY breaking terms, and g2

is the gauge coupling parameter for SU(2)L. These
expectation values spontaneously break the gauged
U(1)3R × U(1)B−L symmetry down to U(1)Y . When
expanded around these VEV’s, explicit R-parity violat-
ing terms appear in the Lagrangian. It is these terms
that lead to decays of the LSP.

Generically, within the minimal B − L MSSM any
superpartner can potentially be the LSP. Be that as
it may, colored particles are more readily produced
at the LHC and, hence, one can put more aggressive
bounds on their decays. Furthermore, if one assumes
unification of the gauge coupling parameters, then it
was shown in [14] that the gluino cannot be the LSP.
Therefore, one is driven to consider squark LSP’s only.
However, it is well-known from renormalization group
analyses of the mass parameters [22] that the third
family of squarks is generically the lightest. Hence,
one should consider both the stop and the sbottom as
potential LSP candidates. In this paper, we will, for
simplicity, limit the discussion to a stop LSP, deferring
the analysis of a sbottom LSP to a forthcoming paper.

The left stop-right stop mass matrix is a function
of a number of parameters in the B − L MSSM La-
grangian. This can be diagonalized into a light stop,
denoted t̃1, which we take to be the LSP and a heav-
ier stop, t̃2, which can henceforth be ignored. This
LSP can be shown to always decay via R-parity vio-
lating interactions into a lepton and a quark – that
is, t̃1 behaves as a “leptoquark”. Furthermore, if one
only considers generic values of the left and right stop
mixing angle, denoted by θt – that is, t̃1 is a generic
admixture of the left and right stops and not purely a
right stop – then the LSP decays predominantly into a
specific set of leptons and quarks given by

t̃1 −→ b `+i , i = 1, 2, 3, (3)

where b is the bottom quark and `+i , i = 1, 2, 3, are the
positron, anti-muon and anti-tau respectively.

The partial widths of a stop LSP into bottom –
charged leptons can be calculated, and are found to be

Γ(t̃1 → b `+i ) =
1

16π
(|GLt̃1b`i |

2 + |GRt̃1b`i |
2)mt̃1

, (4)

where, GL
t̃1b`i

and GR
t̃1b`i

are complicated functions of
a large number of parameters in the B −L MSSM La-
grangian and mt̃1

is the LSP mass. To illustrate this
parameter dependence, we note that they can be ap-

proximated by

GLt̃1b`i = −Ybcθt
1

µ
εi (5)

GRt̃1b`i = −g2
2cθt

tanβm`i√
2M2µ

vL
∗
i − Ytsθt

m`i√
2vdµ

vL
∗
i , (6)

where εi = 1√
2
Yνi3vR, Yb and Yt are the bottom and

top quark Yukawa couplings respectively, M2 is the
SU(2)L gaugino mass and m`i , i = 1, 2, 3 are the phys-
ical e, µ, τ masses. In our numerical results, however,
the exact form of both GL

t̃1b`i
and GR

t̃1b`i
will be used.

The various parameters entering the vacuum expec-
tation values (1),(2) and the partial widths (4) come
in two classes, those – such as Yb, Yt, m`i and the
gauge coupling g2 – that are physically measured quan-
tities whose values we simply insert, and the rest, which
form a large parameter space over which one must scan.
Of this latter type, there are a number of constraints
which relate them – such as demanding unification of
the g3, g2, gR and gBL gauge couplings with related im-
plications for the gaugino masses. Another set of con-
straints is directly related to the fact that the sponta-
neous breaking of R-parity occurs as a sneutrino VEV
– thus linking the LSP decays to the neutrino mass ma-
trix. In this paper, we will impose the condition that
the LSP decays be “prompt” – that is, well within the
detection chamber at the LHC. It then follows that
the dominant contribution to neutrino masses must be
Majorana.

The Majorana mass matrix can be computed in the
minimal B − L MSSM and is found to be

mνij = AvL
∗
i vL
∗
j +B

(
vL
∗
i εj + εivL

∗
j

)
+ Cεiεj , (7)

where A, B and C are complicated flavor-independent
functions of the above parameters. As a first step, it is
important to notice that the determinant of the neu-
trino mass matrix in (7) is zero. This is a consequence
of the flavor structure and is independent of the A,B
and C parameters. Closer observation reveals that only
one eigenstate is massless. This constrains the neutrino
masses to be either in the “normal” hierarchy (NH)

m1 = 0 < m2 ∼ 8.7 meV < m3 ∼ 50 meV (8)

or in the “inverted” hierarchy (IH)

m1 ∼ m2 ∼ 50 meV > m3 = 0 . (9)

In (8) and (9) we have inserted m1 = 0 and m3 = 0 re-
spectively into the squared mass differences measured
in neutrino oscillation experiments and presented, for
example, in [23–25]. The constraints on the intitial
parameters arise from diagonalizing (7) and inserting
these values for the neutrino masses, as well as the
measured central values for the neutrino mixing angles
– see, for example, [23–25]. It is important to note
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that the central values for all of these mixing angles
are determined with the exception of θ23. The data is
consistent with this taking either one of two values –
sin2(θ23) = 0.587 or sin2(θ23) = 0.446. In all cases, this
class of constraints eliminates five of the six parame-
ters εi, vLi , i = 1, 2, 3. We use the convention that
the remaining unconstrained parameter is one of the
εi’s. Be this as it may, the precise constraining equa-
tions are different in each of the four cases: NH with
sin2(θ23) = 0.587 or sin2(θ23) = 0.446 and IH with
sin2(θ23) = 0.587 or sin2(θ23) = 0.446.

All of the above constraints reduce the number of
independent parameters down to seven. Furthermore,
demanding that the analysis should be “generic” with-
out excessive fine-tuning of any parameters – as well as
imposing lower bounds on some particle masses set by
the LHC – limits the ranges of these parameters. The
seven parameters, as well as their allowed ranges, are
shown in Table.
Table. The independent parameters and their ranges. The

neutrino sector leaves only one unspecified R-parity violat-

ing parameter, which is chosen to be εi where the genera-

tional index, i, is also scanned to avoid any biases

Parameter Range
M3 (TeV) 1.5 – 10
MZR (TeV) 2.5 – 10

tanβ 2 – 55
µ (GeV) 150 – 1000
mt̃1

(GeV) 400 – 1000
θt(
◦) 0 – 90

|εi| (GeV) 10−4 – 100

arg(εi)(
◦) 0 – 360

We now proceed to give the results of a numerical
analysis of the decays in (3) – that is, of a stop LSP into
a bottom quark and charged leptons. The branching
ratio is defined as

Br(t̃1 → b`+i ) ≡ Γ(t̃1 → b`+i )
3∑
i=1

Γ(t̃1 → b`+i )

(10)

and using the relation

Br(t̃1 → b e+) + Br(t̃1 → b µ+)

+ Br(t̃1 → b τ+) = 1 , (11)

one needs to present a plot of only two of the branch-
ing ratios – which we choose to be Br(t̃1 → b e+) and
Br(t̃1 → b τ+). These quantities are numerically cal-
culated using (4) by scanning over the parameters and
ranges shown in Table. In addition, the detailed con-
straint equations involving the εi, vLi parameters are
different in each of the four cases involving the NH ver-
sus the IH, as well as the two different central values
for θ23. The results are shown in Fig. 1.

The conclusions to be drawn from Figure 1 are quite
clear.

• If LHC data indicates bottom quark-charged lep-
ton decays which intersect the populated region
predicted by our numerical analysis, then a stop
LSP of the minimal B −L MSSM with the asso-
ciated parameters is a distinct possibility. Were
the LHC data to lie within the white regions of
Fig. 1, however, a stop LSP in this context is
unlikely.

• If the LHC data point lies in the top left quadran-
gle of Figure 1 – where the bottom-tau branch-
ing ratio is the largest – then there are two pos-
sibilities. If the branching ratio to bottom-tau
is highly dominant, then the neutrino masses
are likely to be in the normal hierarchy and
consistent with both values for sin2(θ23). On
the other hand, if this branching ratio is only
slightly dominant, then the data is compatible
with both the normal and the inverted neutrino
hierarchies. Were it to be shown by another ex-
periment to be an inverted hierarchy, then this
measurement would favor sin2(θ23) = 0.587 over
sin2(θ23) = 0.446.

• If the LHC data point lies in the bottom left
quadrangle of Fig. 1 – where the bottom-muon
branching ratio is the largest – then there are two
possibilities. If the branching ratio to bottom-
muon is highly dominant, then the neutrino
masses are likely to be in the normal hierarchy
and compatible with either value of sin2(θ23). On
the other hand, if this branching ratio is only
slightly dominant, then the data is compatible
with both the normal and the inverted neutrino
hierarchies. Were it to be shown by another ex-
periment to be an inverted hierarchy, then this
measurement would favor sin2(θ23) = 0.446 over
sin2(θ23) = 0.587.

• If the data point lies in the bottom right quadran-
gle – where the bottom-electron branching ratio
dominates – then the neutrino masses are likely
to be in an inverted hierarchy. If the data is
in the upper part of the populated points, then
this inverted hierarchy would be consistent with
sin2(θ23) = 0.587. Data in the lower part of this
region would indicate an inverted hierarchy with
sin2(θ23) = 0.446.

Lower Bounds on the Mass of a Stop LSP

Since a stop LSP in the minimal B−L MSSM sce-
nario decays as a leptoquark, one can set bounds on its
mass using previous leptoquark searches at the LHC.
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Under the assumption in this paper that the stop LSP
is an admixture, it decays predominantly into a bottom
quark and a charged lepton. Stop LSP’s are produced
at the LHC in t̃1-¯̃t1 pairs, implying that the final state
will consist of two jets and a pair of oppositely charged
leptons. The current ATLAS and CMS analyses search
for such final states assuming the oppositely charged
leptons have the same flavor [26–32]3. This yields up-

per limits on the t̃1-¯̃t1 production cross section for each
of the three possible flavors. The upper limit on the
cross section is easily translated into a lower bound on
the stop LSP mass, since the cross section depends only
on the mass, and the center of mass energy, and falls
off steeply as the mass increases.

Although the ATLAS and CMS analyses assume
branching ratios of unity to a given family, we can gen-
eralize their results to arbitrary branching ratios. This
is accomplished by rescaling the cross section limit from
each search by dividing it by the appropriate branch-
ing ratio squared. It is then compared to the calcu-
lated production cross section as a function of stop LSP
mass, which yields the lower bound on the stop LSP
mass from that search. For a given choice of branch-
ing ratios to be+, bµ+, and bτ+, the search with the
strongest expected stop mass lower bound is selected.
Then the observed cross section limit from that search
is rescaled in the same way and, finally, compared to
the calculated production cross section as a function
of stop LSP mass. This yields the lower bound on the
stop LSP mass4. The production cross section, as cal-
culated by the ATLAS, CMS and LPCC SUSY work-
ing group [34,35], is used to place these lower bounds.
Even though this cross section is calculated in the con-
text of the R-parity conserving MSSM, it is valid here
because the production cross section is dominated by
R-parity conserving, color processes.

The exclusion results can, again, be plotted on a
two-dimensional plot since the sum of all three branch-

ing ratios is unity. This is done in the form of lines
of constant stop mass lower bound in Fig. 2 in the
Br(t̃1 → b τ+) – Br(t̃1 → b e+) plane, the same plane
as in Figure 1. The absolute lowest bound, 424 GeV,
occurs at Br(t̃1 → be+) = 0.23, Br(t̃1 → bµ+) =
0.15, Br(t̃1 → bτ+) = 0.62. It is marked by a dot.
The bounds are stronger in the three corners of the
plot where one of the branching ratios is unity. The
strongest of these three bounds corresponds to decays
purely to bottom – muon. This reflects the fact that
this is the easiest of the three channels to detect and
the search has been performed with the most integrated
luminosity, 20 fb−1, and center of mass energy, 8 TeV
at CMS [32]. The weakest of these bounds corresponds
to decays purely to bottom – tau because this channel
is the hardest to detect. The contours are each com-
posed of several connected straight line segments. The
straightness of the segments is due to the fact that the
bound is always coming from a single channel (the one
with the strongest expected bound) and, hence, only
depends on one of the three significant branching ra-
tios.
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Figure 1. The results of the scan specified in Table using the central values for the measured neutrino parameters in the Br(t̃1 → b τ+) -

Br(t̃1 → b e+) plane. Due to the relationship between the branching ratios, the (0, 0) point on this plot corresponds to Br(t̃1 → b µ+) = 1.

The plot is divided into three quadrangles, each corresponding to an area where one of the branching ratios is larger than the other two.

In the top left quadrangle, the bottom-tau branching ratio is the largest; in the bottom left quadrangle the bottom-muon branching ratio

is the largest; and in the bottom right quadrangle the bottom-electron branching ratio is the largest. The two different possible values of

θ23 are shown in blue and green in the IH (where the difference is most notable) and in red and magenta in the NH

Figure 2. Lines of constant stop lower bound in GeV in the Br(t̃1 → b τ+) - Br(t̃1 → b e+) plane. The strongest bounds arise when

the bottom-muon branching ratio is largest, while the weakest arise when the bottom-tau branching ratio is largest. The dot marks the

absolute weakest lower bound at 424 GeV
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Ç. Ìàðøàëë, Á. À. Îâðóò, À. Ïóðâåñ, Ñ. Ñïèííåð

ÑÏÎÍÒÀÍÍÎÅ ÍÀÐÓØÅÍÈÅ R-×ÅÒÍÎÑÒÈ, ÎÑÒÀÍÎÂÊÀ LSP ÐÀÑÏÀÄÎÂ È
ÈÅÐÀÐÕÈß ÍÅÉÒÐÈÍÍÛÕ ÌÀÑÑ

ÌÑÑÌ ñ ìóëüòèïëåòàìè ïðàâîñòîðîííèõ íåéòðèíî, êàëèáðîâàííîé B − L ñèììåòðèåé è íå íóëåâûì ñðåäíèì çíà÷å-
íèåì ñíåéòðèíî ÿâëÿåòñÿ ìèíèìàëüíîé òåîðèåé, â êîòîðîé ñïîíòàííî íàðóøàåòñÿ R-÷åòíîñòü è êîòîðàÿ ñîãëàñîâàíà
ñ îãðàíè÷åíèÿìè íà ñòàáèëüíîñòü ïðîòîíà è íàðóøåíèå ëåïòîííîãî ÷èñëà. Ìèíèìàëüíàÿ B−L ÌÑÑÌ ìîæåò èìåòü
îêðàøåííûå/çàðÿæåííûå LSP, ÷òî ïîçâîëÿåò îñòàíîâèòü LSP è ìîæåò äîïóñêàòü íàáëþäåíèÿ íà ÁÀÊ. Ìû èçó÷à-
åì ðàñïàäû ñ íàðóøåíèåì R-÷åòíîñòè â íèæíèé êâàðê è çàðÿæåííûå ëåïòîí-äîìèíàíòíûå ìîäåëè äëÿ ñòîïêâàðêà
îáùåãî âèäà. Äàí ÷èñëåííûé àíàëèç îòíîøåíèé êàíàëîâ ýòèõ ðàñïàäîâ, èñïîëüçóÿ ñêàíèðîâàíèå ïî ïðîñòðàíñòâó
ïàðàìåòðîâ. Ôàêò íàðóøåíèÿ R-÷åòíîñòè çà ñ÷åò âàêóóìíûõ ñðåäíèõ çíà÷åíèé äëÿ ñíåéòðèíî ñâÿçûâàåò ýòè îò-
íîøåíèÿ íåïîñðåäñòâåííî ñ èåðàðõèåé íåéòðèííûõ ìàññ. Ïîêàçàíî êàê îòêðûòèå íèæíèõ-çàðÿæåííûõ ëåïòîííûõ
ñîáûòèé íà ÁÀÊ ïîòåíöèàëüíî ìîæåò îïðåäåëèòü � ëåæàò ëè íåéòðèííûå ìàññû â íîðìàëüíîé èëè èíâåðòèðîâàí-
íîé èåðàðõèè, à òàê æå êàê îïðåäåëèòü óãîë ñìåøèâàíèÿ θ23 íåéòðèíî. Â ðåçóëüòàòå ìû ïðåäñòàâëÿåì ãðàíèöû äëÿ
ÁÀÊ íà çíà÷åíèÿ ýòèõ ëåïòîêâàðêîâ, èñïîëüçóåìûå äëÿ íàõîæäåíèÿ íèæíèõ ãðàíèö íà ìàññû ñòîï êâàðêà.

Êëþ÷åâûå ñëîâà: ìàññà íåéòðèíî, ñóïåðìóëüòèïëåòû, âîçáóæäåíèå âàêóóìà.
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The dynamics of a charged relativistic particle in electromagnetic field of a rotating magnetized celestial body with the
magnetic axis inclined to the axis of rotation is studied. The covariant Lagrangian function in the rotating reference frame
is found. Effective potential energy is defined on the base of the first integral of motion. The structure of the equipotential
surfaces for a relativistic charged particle moving in strong magnetic field is studied and depicted. Behavior of the stationary
points of the effective potential energy near the light cylinder is discussed.

Keywords: Størmer’s problem, oblique rotator, potential energy, trapping zones.

1 Introduction

Motion of the charged particles in the field of a
magnetized rotating celestial body is of large prac-
tical significance for astrophysics. Magnetic field of
such objects in good approximation can be described
as the field of an inclined rotating magnetized sphere
or ”oblique rotator” [1].

Theoretical study of the field of an oblique rota-
tor has a long history. Deutsch [2] described a non-
relativistic rotating magnetized star as a perfectly con-
ducting sphere in rigid rotation in vacuo. In order to
introduce a relativistic model of the field source Be-
linsky et al. [3, 4] considered an infinitely thin perma-
nent magnet of finite length. This model is acceptable
for calculation of the field at large distances from the
source, but it can not be used for the near field calcu-
lations. In paper [5] has been found an exact special
relativistic solution for the electromagnetic field in the
interior and exterior of rapidly rotating perfectly con-
ducting magnetized sphere. The calculation of the field
is made as generalization of the field of slowly rotat-
ing magnetized neutron star, which was studied in [6]
under consideration of general relativistic effects. The
field of a rotating magnetized sphere which is neither
a conductor nor a dielectric was calculated by Kabu-
raki [7]. There is a great variety of other papers which
present calculations of the electromagnetic field of ro-
tating magnetized sphere. The results differs essen-
tially dependent on the used model of the magnetized
sphere and its speed of rotation.

Allowed and forbidden regions of the motion of
charged particles in such field was studied by Katsiaris
and Psillakis [8]. Dynamics of a charged particle near
the force-free surface of a rotating magnetized sphere
was explored in [9,10]. Some issues of charged particle
dynamics within the electromagetic vacuum fields of

an inclined rotator have already been discussed in the
papers [11,12].

Effective potential energy for a non-relativistic par-
ticle in the field of inclined rotating dipole was investi-
gated in details in recent paper [13]. The calculations
were made for the near region, i. e. for distances much
less then the radius of the light cylinder. In paper [14]
we studied the structure of the effective potential en-
ergy for a relativistic particle in the field of inclined
rotating magnetized sphere at the distances up to the
light cylinder. In the present paper we study the struc-
ture of the effective potential energy for a relativistic
particle moving in strong magnetic field of rotating ce-
lestial body. We investigate behaviour of the stationary
points of the effective potential energy near the light
cylinder.

2 The electromagnetic field of a rotating mag-
netized sphere

In this section we analyse the field of rotating mag-
netized sphere.

Let us consider the expression for the exterior elec-
tromagnetic field obtained by [2]. We expand these

equations in powers of a =
ωr0

c
, where ω is the an-

gular speed of rotation, r0 is the radius of the sphere,
and c is the speed of light. But we keep terms like r0/r
which are sufficient near the surface of the sphere. Up
to the first order of a we receive the next equations for
the electric (E) and magnetic (H) field vectors in a
spherical coordinate system r, θ, ϕ (axis Z is directed
along the vector of angular velocity ω):

Er =− µk3a2

2ρ4
[cosα(3 cos 2θ + 1)

+ sinα sin 2θ(3C − ρ2 cosλ)],
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Eθ =− µk3

ρ2

[
C sinα

(
1− a2

ρ2
cos 2θ

)
+
a2

ρ2
cosα sin 2θ

]
, (1)

Eϕ =
µk3

ρ2
S sinα cos θ

(
1− a2

ρ2

)
.

Hr =
2µk3

ρ3
(cosα cos θ + C sinα sin θ),

Hθ =
µk3

ρ3
[cosα sin θ − sinα cos θ(C − ρ2 cosλ)], (2)

Hϕ =
µk3

ρ3
sinα(S − ρ2 sinλ) ,

where

S = sinλ− ρ cosλ, C = cosλ+ ρ sinλ,

µ is the dipole moment vector, µ = |µ|, λ = ρ + ϕ −
ωt, ρ = rω/c, k = ω/c, and α is the angle between the
vectors µ and ω. We have also expanded:

sin(λ− β) ≈ sinλ− β cosλ,

cos(λ− β) ≈ cosλ+ β sinλ.

The magnetic field (2) is the field of rotating point-
like magnetic dipole, while the electric field (1) is a
superposition of dipole and quadrupole fields. The
quadrupole part is presented by terms proportional to
a2/ρ2 and decreases with distance as ρ−4. At great
distances ρ� a this part vanishes and the electromag-
netic field becomes that of rotating magnetic dipole.

The fields (2) and (1) can be represented by 4-
dimensional vector potential Aν . In the spherical co-
ordinate system xν = (ct, r, θ, ϕ) it is

A0 = −ωr
2
0µ

6cr3
(3C sin 2θ sinα+ cosα(3 cos 2θ + 1)) ,

A1 = 0,

A2 = − µ
r3
S sinα, (3)

A3 =
µ

r3 sin θ
(cosα sin θ − C sinα cos θ).

3 Effective potential energy

Let us consider an arbitrary electromagnetic field
rotating with angular velocity ω. The four-dimensional
potential of such field in the inertial spherical coordi-
nate system xν = (ct, r, θ, ϕ), ν = 0, 1, 2, 3 is defined as
Aν = Aν(r, θ, ϕ− ωt+ ρ).

In the corotating reference frame xν
′

= (ct, r, θ, ψ),
with ψ = ϕ − ωt, the field does not depend on time.
Hence, the corresponding generalized momentum is

conserved. The Lagrangian for a charged particle with
mass m and charge e in rotating reference frame is

L =
m

2
uν
′
uν′ +

e

c
uν′A

ν′ , uν
′

= (cṫ, ṙ, θ̇, ψ̇), (4)

where uν is the four-dimensional velocity, prime shows
that the quantity relates to the rotating reference
frame, and the dot denotes derivative with respect to
the proper time τ . As stated above, the time compo-
nent p0′ of the generalized 4-momentum is an integral
of motion:

p0′ =
∂L

∂u0′
= mu0′ +

e

c
A0′ . (5)

This means that the energy of the particle in the coro-
tating frame defined as E ′ = cp0′ is conserved.

The total energy E ′ of a particle in curved space
can be expressed as follows [15]:

E ′ = cp0′ =
mc2
√
g0′0′√

1− β2
+ eA0′ , (6)

where β = v/c, and v is the particle velocity. As
mc2
√
g0′0′ is the energy of the particle at rest, we can

define the kinetic energy as

T = mc2
√
g0′0′

(
1√

1− β2
− 1

)
. (7)

Then, the potential energy U can be introduced as
U = cp0′ − T , which gives

U = mc2
√
g0′0′ + eA0′ . (8)

Let us find the potential energy of a particle in the
rotating magnetized sphere. Transformation of the po-
tential (3) into rotating reference frame leads to

A0′ =
µω

rc

(
sinα sin 2θ

2
(cos ξ + ρ sin ξ)

− cosα sin2 θ
)(

1− a2

r2

)
− µω

rc

2

3

a2

r2
cosα, (9)

where ξ = ρ+ψ. Substituting this into Eq. (8) and in-
troducing a dimensionless potential energy V = U/mc2

we obtain

V =

√
1− ρ2 sin2 θ +

(
N⊥
2ρ

sin 2θ(cos ξ + ρ sin ξ)

−
N‖

ρ
sin2 θ

)(
1− a2

ρ2

)
−

2N‖

3ρ

a2

ρ2
. (10)

with

N⊥ = N sinα, N‖ = N cosα, N =
eµω2

mc4
. (11)

Notice, that all physical parameters are gathered
in one dimensionless parameter N . For example, for
electrons the value of N for pulsar in Crab Nebula is
5 · 1010, Jupiter – 0.03, Earth – 3 · 10−7. In the present
paper we consider equipotential surfaces for large N .
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4 Equipotential surfaces

In this section we present the profiles of potential
energy defined by Eq. (10) for large N . The shape of
the profiles in case of large N does not depend on N .
Indeed, if N � 1, we can neglect the first term in Eq.
(10) and N becomes just a scale factor.

Due to the argument ξ = ρ + ψ the equipotential
surfaces take a form of surfaces twisted around the Z-
axis. If we “twist back” the whole picture, introducing
coordinate η = ψ + ρ− σ, with

sinσ =
ρ√

1 + ρ2
, cosσ =

1√
1 + ρ2

(12)

we find out that the potential energy becomes symmet-
ric with respect to the plane η = 0, π which contains
vectors µ and ω:

C = V/N =

(
sin 2θ

2ρ
sinα cos η

− sin2 θ

ρ
cosα

)(
1− a2

ρ2

)
− 2

3

a2

ρ3
. (13)

At the plots below we show the sections of the
equipotential energy surfaces by plane η = const. The
equipotential surfaces are marked by numbers equal to
the energy level C = const.

Sections of the potential surfaces for N = 100 are
plotted in Fig. 1 for positive, and in Fig. 2 for negative
charges. We have plotted the equipotential surfaces for
a = 0.1. One can see in Fig. 1 that the energy levels
form a potential valley in a shape of a torus around
the centre of the field. There is a significant difference
between the structure of equipotential surfaces for pos-
itive and negative charges, though they share a number
of traits. As we change the sign of the charge in expres-
sion for potential energy, the “potential hills” become
“potential valley” and vice versa. The trapping regions
in this case have a form of two symmetric dumb-bell
shaped figures, as shown in Fig. 2.

5 Stationary points of the relativistic poten-
tial energy

The power of potential formulation of the problem
is the possibility to find the “potential valleys” where
the charged particles can be trapped. And the slope
of the “valley” shows the force exerted on the parti-
cle. Having this in mind, we find the stationary points
of the potential energy, i.e. the points satisfying the

set of equations:
∂V

∂qi
= 0, where qi = ρ, θ, ψ. Taking

the derivatives, we can not neglect the first term in
Eq. (10) because its derivatives with respect to ρ and
θ tend to infinity as ρ2 sin2 θ → 1. Besides, it is shown
in [14] that in case of large N the stationary points
lie near the light cylinder. Hence, we can neglect the

terms with a2 in Eq. (10). Equations
∂V

∂qi
= 0 give

next solutions:
Solution a) In the equatorial plane θ =

π

2
, we have

two stationary points:

ρ2 =
N

2/3
‖

21/3

 3

√√√√
1 +

√
1 +

4N2
‖

27
+

+
3

√√√√
1−

√
1 +

4N2
‖

27

 ; η = 0, π. (14)

Solution b) For the off-equatorial area we obtain
two equations for ρ and θ of the stationary points:

ρ3 sin θ√
1− ρ2 sin2 θ

+
εN⊥ cos θ√

1 + ρ2
−N‖ sin θ = 0, (15)

ρ3 sin 2θ√
1− ρ2 sin2 θ

− 2εN⊥ cos 2θ
√

1 + ρ2

+ 2N‖ sin 2θ = 0, (16)

where ε = 1 for η = 0 and ε = −1 for η = π.
If we expand the equation (14) in powers of 1/N ,

we obtain:

ρ =

(
1− 1

N2

)
. (17)

The coordinate ρ in Eq. (17) asymptotically tends to
unity as N‖ →∞.

If one considers the stationary points, which satisfy
the second solution, one notes that the first term in
Eqs (15), (16) for the strong magnetic fields should

be of order N . Or
√

1− ρ2 sin2 θ ∼ N−1. Hence,
ρ sin θ ≈ 1−O(N−2). This means that in case of large
N , the stationary points are laying close to the light
cylinder. Figs. 3 and 4 show the sections of the equipo-
tential surfaces in the vicinity of stationary points for
the positive and negative charges for N = 100. One
can see that the stationary points are actually the sad-
dle points.

6 Conclusion

We have studied the structure of the effective po-
tential energy for a relativistic particle in the field of
inclined rotating magnetized sphere at the distances up
to the light cylinder in case of large N . We have pre-
sented the relativistic Lagrange function for a charged
particle in the field of inclined rotating magnetized
sphere. Existence of the integral of motion gives the
possibility to introduce effective potential energy which
allows studying some general features of the particle
motion without solving the equations of motion. We
considered the case of a celestial body which has a
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strong magnetic field. For this case the equipoten-
tial surfaces have been demonstrated in pictures. Be-
haviour of the stationary points of the effective poten-
tial energy near the light cylinder has been discussed.
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Figure 1. Equipotential profiles for

q = 1, η = 00, α = 600
Figure 2. Equipotential profiles for

q = −1, η = 00, α = 600

Figure 3. Equipotential profiles for

q = 1, η = π, α = 600; 1)− 82.304;

2)− 82.303; 3)− 82.301; 4)− 82.3008;

5)− 82.3007

Figure 4. Equipotential profiles for

q = −1, η = 0, α = 600; 1)− 37.1;

2)− 37.3; 3)− 37.6; 4)− 37.4912
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Ì. À. Ìàñòåðîâà

ÄÈÍÀÌÈÊÀ ÐÅËßÒÈÂÈÑÒÑÊÈÕ ×ÀÑÒÈÖ Â ÏÎËÅ ÑÈËÜÍÎ ÍÀÌÀÃÍÈ×ÅÍÍÎÃÎ
ÂÐÀÙÀÞÙÅÃÎÑß ØÀÐÀ

Èçó÷àåòñÿ äèíàìèêà çàðÿæåííîé ÷àñòèöû â ýëåêòðîìàãíèòíîì ïîëå âðàùàþùåãîñÿ íàìàãíè÷åííîãî íåáåñíîãî òåëà ñ
ìàãíèòíîé îñüþ, íàêëîíåííîé ê îñè âðàùåíèÿ. Íàéäåíà ôóíêöèÿ Ëàãðàíæà âî âðàùàþùåéñÿ ñèñòåìå îòñ÷åòà â êîâà-
ðèàíòíîé ôîðìå. Íà îñíîâå ïåðâîãî èíòåãðàëà äâèæåíèÿ íàéäåíà ýôôåêòèâíàÿ ïîòåíöèàëüíàÿ ýíåðãèÿ. Ïîñòðîåíà
ñòðóêòóðà ýêâèïîòåíöèàëüíîé ïîâåðõíîñòè äëÿ ðåëÿòèâèñòñêîé ÷àñòèöû, äâèæóùåéñÿ â ñèëüíîì ìàãíèòíîì ïîëå.
Èññëåäîâàíî ïîâåäåíèå ñòàöèîíàðíûõ òî÷åê ýôôåêòèâíîé ïîòåíöèàëüíîé ýíåðãèè âáëèçè ñâåòîâîãî öèëèíäðà.
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New relations for multi-horizon black hole entropy are presented which include entropy product, �part� entropy product
and entropy sum. We also discuss their di�erences and similarities, in order to make a further study on understanding the
origin of black hole entropy at the microscopic level with hope.

Keywords: black hole entropy, entropy sum, partial entropy product.

1 Introduction

One of the major challenges in quantum theories
of gravity in the past years is understanding the
origin of black hole entropy at the microscopic level,
which is also a clue for probing the microscopics of
black holes. For this aim, much attention had been
paid to the additional entropy relations of black holes
in thermodynamics. These entropy relations include
entropy product [1�17], �part� entropy product [11,18]

(i. e.
∑

1≤i<j≤D(SiSj)
1
d−2 , where D and d are the

number of horizons and the dimensions respectively)
and entropy sum [19, 20], which are expected to not
only be expressed solely in terms of the quantized
charges including the electric charge Q, the angular
momentum J , and the cosmological constant Λ (which
can be treated as pressure after explaining the mass of
the black hole as enthalpy rather than internal energy
of the system), but also have the mass independence.
These entropy relations are always introduced in
black hole spacetime with multi-horizons including the
physical horizons: the event horizon, inner (Cauchy)
horizon and cosmological horizon; and the un-physical
�virtual� horizons.

Consider the thermodynamics of other horizons
and the physics inside the black hole is not just
an arti�cial game to play with. There exist several
reasons why people study the thermodynamics of all
horizons. Firstly, it is found that the Green functions
are sensitive to the geometry near all the black hole
horizons, and not just the outermost one [21�23]. The
thermodynamic properties, especially for the entropy
at each horizon, can therefore be expected to play
a role in governing the properties of the black hole
at the microscopic level. Besides, the parallel study,
the entropy inequalities of multi-horizons of four
dimensional general axisymmetric stationary solutions
in Einstein-Maxwell theory [24�30] are interpreted
as a general criterion for extremality [31]. It also

results in a No-Go theorem for the possibility of force
balance between two rotating black holes [32]. This
makes the physics at each horizon more intriguing.
On the other hand, in the study on the entropy
relations, one need include the necessary e�ect of the
un-physical �virtual� horizons, in order to preserve
the mass independence [11, 19, 20]. Only in this
way, these additional equalities of multi-horizons of
black holes are �universal�. Furthermore, by using of
these thermodynamical relations, the construction of
thermodynamics for inner horizon of black hole catches
more attentions [6,7,9,13,14,24,26,28,33], which makes
the properties of inner of black hole more interesting.

The study on the entropy product of multi-horizons
black hole is generalize to many theories, including
the super-gravity model [1�5], Einstein gravity [6�13]
and other modi�ed gravity models [3, 14�17] in both
four and high dimensions. It is always independent of
the mass of the black hole [1�5, 7�10, 12, 16, 17, 19, 20].
However, the mass independence of entropy product
fails in some asymptotical non-�at spacetime [6,11,14,
15]. Hence, the �part� entropy produce and entropy
sum are introduced, which always are independent
of the mass of the black hole in (A)dS spacetime
[11, 18�20] (and seem to be more �universal�). To
say more accurately, the latter two entropy relations
never depend on the electric charge Q and angular
momentum J , but the cosmological constant and the
constants characterizing the strength of these extra
matter �eld.

In this paper, we �rstly present all entropy relations
including entropy product, �part� entropy product
and entropy sum in three dimensions, which is never
studied in previous literature, in order to improve
the study on entropy relations. Then we revisit some
known entropy relations and give some new unknown
ones in four and high dimensions. We discuss their
di�erences and similarities in general dimensions, in
order to make a further study on understanding the
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origin of black hole entropy at the microscopic level.
After having a whole look at the entropy relations,
we conclude that entropy product and �part� entropy
product belong to the same kind of entropy relation,
because the mass independence of entropy product
and �part� entropy product hold complementary.
In rotating (A)dS spacetime, entropy product is
independent of mass, while reducing to static (A)dS
spacetime �part� entropy product takes the mass
independence. When the case in (A)dS spacetime
reduces to �at spacetime, it is back to entropy product
which is independent of mass, while �part� entropy
product turns to depend on mass. Besides, they never
holds in the same case. However, there are two kind
of failed examples which the mass independence of
�part� entropy product or entropy product disappears:
the degenerated cases with only two horizons, i.e.
the cases that entropy product and �part� entropy
product merge into the same entropy product and have
some vanishing charges (electric charge and angular
momentum, and cosmological constant) meanwhile,
such as the static uncharged BTZ black hole and
Kerr-Newman black hole [14]; the cases do not admit
the entropy area law, such as the three dimensional
static uncharged hairy black hole and Gauss-Bonnet-
AdS black holes [14]. For the entropy sum, it only
depends on the constant characterizing the strength of
the background spacetime (the cosmological constant
etc.) and never depends on electric charge, angular
momentum and mass. Consider the �part� entropy
product and entropy sum together, we �nd that they
both have solely the constant (characterizing the
strength of the background spacetime, such as the
cosmological constant etc.) dependence, other than the
electric charge and angular momentum dependence,
which is di�erent from the entropy product. It is
found that �part� entropy product and entropy sum
of Schwarzschild-de-Sitter black hole are actually
equal, when only the e�ect of the physical horizons
are considered, as they both can be simpli�ed into
a mass independent entropy relations of physical
horizon. This also reveal that one can explaining the
origin of black hole entropy at the microscopic level
without considering the e�ect of the un-physical virtual
horizons. For the sake of brevity, this idea is only
checked in Schwarzschild-de-Sitter black hole, while
the calculations for the other cases (the Kerr-Newman-
(Anti-)de-Sitter black holes etc.) can be performed in
a similar manner.

This paper is organized as follows. In the next
Section, we will investigate the entropy relations of
2 + 1 dimensional black holes. In Section 3, we take
as whole look at the entropy relations in four and high
dimensions and discuss their di�erences and similarity
in general dimensions. Section 4 is devoted to the
conclusions.

2 Entropy relations of black holes with multi-
horizons in (2 + 1) dimensions

Entropy relations including entropy product, �part�
entropy product and entropy sum in four and high
dimensions are studied widely. In this section, we
present all entropy relations of (2+1) dimensional BTZ
black hole [34] .

Consider the BTZ black hole [34], which is the
solution of Einstein equations in the theory with the
lagrangian

L =
1

2π

∫
d3x
√
−g (R− 2Λ) , (1)

where the cosmological constant Λ = − 1
l2 . The metric

takes the form as

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2(Nφ(r)dt+ dφ)2,

with the horizon function f(r) and the angular velocity
Nφ(r)

f(r) = −M +
r2

`2
+
J2

4r2
,

Nφ(r) = − J

2r2
,

where M and J are the mass and angular momentum
of the black hole respectively. We are interested in the
entropy relations of the multi-horizons, which are the
roots of f(r) and read as

r1 =

√√√√√
1 +

√
1−

(
J

M`

)2
M`,

r2 = −

√√√√√
1 +

√
1−

(
J

M`

)2
M`,

r3 =

√√√√√
1−

√
1−

(
J

M`

)2
M`,

r4 = −

√√√√√
1−

√
1−

(
J

M`

)2
M`,

where r1 and r3 correspond to event horizon and
Chauchy horizon, i.e. physical horizons, while r2 and
r4 represent the negative and un-physical �virtual�
horizons which often is discarded in literature.

The entropy at each horizon is equal to twice the
perimeter length of the horizon [34], i. e.

Si = 4πri. (2)
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A straightforward calculation then gives the entropy
relations. The entropy product

4∏
i=1

Si = 64π4J2`2, (3)

is strictly independent of mass M . It only depends on
angular momentum J , which is consistent with the
results in general rotating spacetime [1, 3]. We also
present the �part� entropy product of BTZ black hole
here∑
1≤i<j≤4

SiSj = −16π2M`2. (4)

It is mass dependent and not solely cosmological
constant dependent, which is di�erent from the case in
four and high dimensional static spacetime [18]. The
entropy sum

4∑
i=1

Si = 0 (5)

is vanishing and independent of mass M , and is
consistent with the results in general odd dimensions
[20].

However, when the J is vanishing, the black hole
reduces to static case with only two horizons r+ =√
M`, r− = −

√
M`. In this case, the entropy product

and �part� entropy product merge into the same
entropy product and behavior as a simple relation with
two parameters S+S− = −16π2M`2, which is mass
dependent.

3 Entropy relations of black holes with multi-
horizons

In this section, we present all entropy relations by
revisiting some known entropy relations and give some
new unknown ones in four and high dimensions. We
show the entropy product, �part� entropy product and
entropy sum in four and high dimensions separately.
Then we discuss their di�erences and similarity in
general dimensions.

3.1 Entropy product

The entropy product of multi-horizons black hole is
studied widely in many theories, including the super-
gravity model [1�5], Einstein gravity [6�13] and other
modi�ed gravity models [3,14�17] in both four and high
dimensions. Hence, we will only summarize its features
here.

1. It is always independent of the mass of the
black hole, and can be expressed solely in terms
of the quantized charges including the electric

charge Q, the angular momentum J , and the
cosmological constant Λ (which can be treated
as pressure after explaining the mass of the black
hole as enthalpy rather than internal energy of
the system) [1�5,7�10,12,16,17,19,20].

2. It holds for the black holes in four and
higher dimensions asymptotically �at and
asymptotically (anti-)de Sitter spacetimes,
including the ordinary area entropy [6�13] and
non-area entropy for which with higher derivative
terms in the lagrangian [3, 14�17].

3. One need include the necessary e�ect of the un-
physical �virtual� horizons, in order to preserve
its mass independence [11,19,20].

4. It is shown that the charge Q, J and Λ plays
an important role in this entropy product.
When the rotating black holes reduce to static
case, the mass independence of entropy product
always fails [6, 11, 14]; electric charge Q plays
the same role with J inf(R)-Maxwell theory,
as entropy product of uncharged f(R) black
holes depends on mass; in asymptotically �at
spacetime, the mass independence of entropy
product is destroyed only in the case of two-
horizons black holes, even the charge Q and J
are not vanishing, such as Kerr-Newman black
hole [14].

3.2 �Part� entropy product

In order to preserve the mass independence
of entropy relations, �part� entropy product is
introduced [11, 18]. The �part� entropy product we

have constructed is
∑

1≤i<j≤D(SiSj)
1
d−2 , where D

is the number of horizons, including physical and
�virtual� ones; while d is the number of the dimensions.
This type of entropy relation was �rstly introduced
in [11] in four dimensions and then generalized to
general dimensions [18]. However, the �part� entropy
product could be calculated smoothly only in the
Benkenstain-Hawking entropy case. One should note
that, for charged black hole in f(R) gravity, we only
demonstrate the d = 4 case for simpli�cation, since
the standard Maxwell energy-momentum tensor is not
traceless, which makes people failed to derive higher
dimensional black hole/string solutions from f(R)
gravity coupled to standard Maxwell �eld [35�40].

3.3 Entropy sum

Entropy sum [19, 20] is another entropy relation,
which is introduced in order to preserve the mass
independence of entropy relations. It is shown �rstly
in four dimensions [19] and is generalized to higher
dimensions [20] soon. One should note that, since in
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d = 4 dimensions, the integration of the GB density
LGB = RµνγδR

µνγδ − 4RµνR
µν + R2 is a topological

number and has no dynamics, which makes it out of
our discussion. In the high dimensional Einstein-Scalar
theory and Einstein-Weyl theory, entropy sum for
multi-horizons black holes are still di�cult to obtain.

3.4 Di�erences and similarities between three
entropy relations

In this section, we discuss the di�erences and
similarities between entropy product, �part� entropy
product and entropy sum in three, four and high
dimensions, in order to make a further study on
explaining the origin of black hole entropy at the
microscopic level.

After having a whole look at the entropy relations,
one can conclude that they can be divided into two
kinds barely: entropy product and �part� entropy
product belong to product relations for entropy, while
entropy sum belong to sum relation. For the former
relation, one can �nd that the mass independence
of entropy product and �part� entropy product hold
complementary. In rotating (A)dS spacetime, entropy
product is independent of mass (and depends on
electric charge, angular momentum and cosmological
constant), while reducing to static (A)dS spacetime
�part� entropy product takes the mass independence
(and only depends on cosmological constant). When
the case in (A)dS spacetime reduces to �at spacetime,
it is back to entropy product which is independent
of mass, while �part� entropy product turns to
depend on mass. Besides, they never holds in the
same case. Hence they can be viewed as the same
kind of universal entropy relations. Consider the
mass independence, it seems that there is always
one of the product relations for entropy holding.
However, two kind of failed examples are known:
the degenerated cases with only two horizons, whose
entropy product and �part� entropy product merge into
the same entropy product and have some vanishing
charges (electric charge and angular momentum, and
cosmological constant) meanwhile, such as the static
uncharged BTZ black hole and Kerr-Newman black
hole [14]; the cases do not admit the entropy area
law, such as the three dimensional static uncharged
hairy black hole and Gauss-Bonnet-AdS black holes
[14]. For the entropy sum, it only depends on the
constant characterizing the strength of the background
spacetime (the cosmological constant etc.) and never
depends on electric charge, angular momentum and
mass. Obviously, one can immediately point out
the black holes case whose entropy relations having
no mass independence, namely the black hole with
vanishing electric charge and angular momentum, and
cosmological constant. However, for this special case,

people will always �nd only one horizon which is not
interesting, such as the Schwarzschild black holes.

4 Conclusion

In this paper, we �rstly present all entropy relations
include entropy product, �part� entropy product and
entropy sum in three dimensions, which is never
studied in literature, in order to improve the study on
entropy relations. Then we revisit some known entropy
relations and give some new unknown ones in four
and high dimensions. We discuss their di�erences and
similarity in general dimensions, in order to make a
further study on understanding the origin of black hole
entropy at the microscopic level. After having a whole
look at the entropy relations, we conclude

1. Entropy product and �part� entropy product
belong to the same kind of entropy relation,
because the mass independence of entropy
product and �part� entropy product hold
complementary. In rotating (A)dS spacetime,
entropy product is independent of mass, while
reducing to static (A)dS spacetime �part� entropy
product takes the mass independence. When
the case in (A)dS spacetime reduces to �at
spacetime, it is back to entropy product which
is independent of mass, while �part� entropy
product turns to depend on mass. Besides, they
never holds in the same case.

2. There are two kind of failed examples which
the mass independence of �part� entropy product
or entropy product disappears: the degenerated
cases with only two horizons, i.e. the cases
that entropy product and �part� entropy product
merge into the same entropy product and have
some vanishing charges (electric charge and
angular momentum, and cosmological constant)
meanwhile, such as the static uncharged BTZ
black hole and Kerr-Newman black hole [14]; the
cases do not admit the entropy area law, such
as the three dimensional static uncharged hairy
black hole and Gauss-Bonnet-AdS black holes
[14].

3. �Part� entropy product and entropy sum both
have solely the constant (characterizing the
strength of the background spacetime, such as
the cosmological constant etc.) dependence, other
than the electric charge and angular momentum
dependence, which is di�erent from the entropy
product.

4. �Part� entropy product and entropy sum of
Schwarzschild-de-Sitter black hole are actually
equal, when only the e�ect of the physical
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horizons are considered, as they both can be
simpli�ed into a mass independent entropy
relations of physical horizon. This also reveal
that one can explaining the origin of black
hole entropy at the microscopic level without
considering the e�ect of the un-physical virtual
horizons.

However, for the sake of brevity, the idea of this paper
is only checked in some simplest examples, while the

calculations for the other cases can be performed in a
similar manner in the future.
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Ñ. Õ. Ìåíã

ÝÍÒÐÎÏÈß ×ÅÐÍÛÕ ÄÛÐ ÑÎ ÌÍÎÆÅÑÒÂÅÍÍÛÌÈ ÃÎÐÈÇÎÍÒÀÌÈ

Ïîëó÷åíû íîâûå ñîîòíîøåíèÿ äëÿ ýíòðîïèè ÷åðíîé äûðû ñî ìíîæåñòâåííûìè ãîðèçîíòàìè, âêëþ÷àÿ ïðîèçâåäå-
íèå ýíòðîïèé, ÷àñòè÷íîå ïðîèçâåäåíèå è èõ ñóììó. Ìû òàêæå îáñóæäàåì èõ ðàçëè÷íûå è îáùèå ñâîéñòâà ñ öåëüþ
äàëüíåéøèõ èññëåäîâàíèé è ñ íàäåæäîé íà ïîíèìàíèå ïðîèñõîæäåíèÿ ýíòðîïèè ÷åðíîé äûðû íà ìèêðîñêîïè÷åñêîì
óðîâíå.
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Using a slowly-varying gauge super�eld background we compute two-loop low-energy e�ective action in three dimensional
N = 2 supersymmetric Abelian Chern-Simons-matter model with one chiral super�eld up to four-derivative order.

Keywords: e�ective action, extended supersymmetry, Chern-Simons �eld models.

1 Introduction

The modern interest to three-dimensional
supersymmetric �eld models is partly motivated
by progress in constructing �eld theories describing
multiple M2 branes in the AdS4/CFT3 correspondence.
These are N = 8 and N = 6 three-dimensional
superconformal models of Chern-Simons gauge �elds
interacting with matter, known as the BLG [1�3] and
ABJM [4] ones. As was mentioned by John Schwarz [5],
it is important to study the low-energy e�ective
action in these models to check the conjecture that
it describes the dynamics of probe M2 brane in the
AdS4 background.

Following this general motivation we study the
low-energy e�ective action in the simplest three-
dimensional Abelian N = 2 supersymmetric Chern-
Simons-matter theory with one chiral super�eld.
Thanks to the background �eld method in N =
2, d = 3 superspace [6�10] we compute two-loop
low-energy e�ective action in this model up to the
four-derivative order. Because of the superconformal
symmetry two-loop contributions to the e�ective action
is strongly restricted. The one-loop e�ective action
in gauge super�eld sector (supersymmetric one-loop
Euler-Heisenberg e�ective action) was obtained in [8].

We base our consideration on the work [11].

2 General structure of e�ective action

In three-dimensions, the N = 2 gauge super�eld V
has not only Grassmann-odd super�eld strengths Wα

and W̄α, but also the Grassmann-even scalar super�eld
strength G.

The action of three-dimensional N = 2
supersymmetric Abelian Chern-Simons matter model

with one chiral super�eld has the form

S[V,Q] =
k

2π

∫
d7z V G−

∫
d7z Q̄e2VQ . (1)

The main goal for us is to study the low-energy e�ective
action in the model under consideration (1) in the
gauge super�eld sector. In general, it is given by a
functional of super�eld strengths G,Wα, W̄α and their
derivatives, Nαβ = DαWβ , N̄αβ = D̄αW̄β ,

Γ =

∫
d7z L(G,Wα, W̄α, Nαβ , N̄αβ , . . .) , (2)

where dots denote higher-order derivatives of the
super�eld strengths. It is hard problem to �nd the
e�ective action (2) taking into account all derivatives
of the �elds. Thus, we restrict our consideration on the
terms with no more than four space-time derivatives of
component �elds. For this aim it is enough to consider
the following constraint on the super�eld strengths:

(i) Supersymmetric Maxwell equations,

DαWα = 0 , D̄αW̄α = 0 ; (3)

(ii) Super�eld strengths are constant with respect to
the space-time coordinates,

∂mG = ∂mWα = ∂mW̄α = 0 . (4)

The equations (3) and (4) single out the slowly
varying gauge super�eld background. Also we note that
the super�elds Nαβ and N̄αβ and not independent
under the constraints (3) and (4),

Nαβ = −N̄αβ . (5)

Therefore, in what follows we keep only Nαβ and
discard N̄αβ .
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Under the constraints (3) and (4) the e�ective
action (2) which contains the terms with no more than
four derivatives is given by

Γ =

∫
d7z

[
f1(G) + f2(G)WαW̄ βNαβ

+ f3(G)W 2W̄ 2
]
, (6)

with some functions fi(G), i = 1, 2, 3.

3 Two-loop contributions to e�ective action

The one-loop contributions to the functions fi(G)
(6) for the model (1) were found in [8],

f
(1)
1 =

1

4π
G lnG , f

(1)
2 = 0 , f

(1)
3 =

1

256π

1

G5
. (7)

Our aim now is to compute two-loop corrections to this

result, i.e., to �nd f
(2)
i .

The two-loop contribution to the e�ective action
has the form

Γ(2) = − 15

512πkeff

∫
d7z

W 2W̄ 2

G5
. (8)

Here keff is the e�ective Chern-Simons level which
includes one-loop correction to the classical value.

The e�ective action (8) corresponds to the following

values of the functions f
(2)
i in (6),

f
(2)
1 = f

(2)
2 = 0 , f

(2)
3 = − 15

512πkeff

1

G5
. (9)

Since the model (1) is superconformal [8], the
two-loop e�ective action (8) can be represented in a
superconformal form by adding the terms with DαWα

and D̄αW̄α. The action (8) can be rewrite as follows

Γ(2) =
15

256πkeff

∫
d7z

(DαD̄α lnG)2

G
. (10)

After summarizing one- and two-loop contributions,
we get the parity-even part of the two-loop e�ective
action in the superconformal form,

Γeven = Γ(1) + Γ(2) =
1

4π

∫
d7z G lnG (11)

+
1

128π

(
15

2keff
− 1

)∫
d7z

(DαD̄α lnG)2

G
.

The e�ective action (11) is represented in the
superconformal form and represents the parity-even
part of the low-energy e�ective action in the model
(1) up to the four-derivative order.

4 Conclusion

In the present paper we considered the model (1) in
which the gauge super�eld is described by the Chern-
Simons action. In these models we computed two-loop
low-energy e�ective action (11) up to four-derivative
order in the gauge super�eld sector. We demonstrate,
that superconformal invariance restrict the possible
contributions to the e�ective action. It should be
noted that any superconformal e�ective action for the
N = 2 gauge super�eld can be expressed in terms of
superconformal invariants classi�ed in [8].
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Á. Ñ. Ìåðçëèêèí

ÄÂÓÕÏÅÒËÅÂÎÅ ÍÈÇÊÎÝÍÅÐÃÅÒÈ×ÅÑÊÎÅ ÝÔÔÅÊÒÈÂÍÎÅ ÄÅÉÑÒÂÈÅ Â N = 2,
d = 3 ÑÓÏÅÐÑÈÌÌÅÒÐÈ×ÍÎÉ ÀÁÅËÅÂÎÉ ÌÎÄÅËÈ ÏÎËß ×ÅÐÍÀ-ÑÀÉÌÎÍÑÀ Ñ

ÌÀÒÅÐÈÅÉ

Äëÿ ñëó÷àÿ ìåäëåííî ìåíÿþùåãîñÿ ôîíîâîãî êàëèáðîâî÷íîãî ñóïåðïîëÿ âû÷èñëåíî äâóõïåòëåâîå íèçêîýíåðãåòè÷å-
ñêîå ýôôåêòèâíîå äåéñòâèå â òðåõìåðíîé N = 2 ñóïåðñèììåòðè÷íîé àáåëåâîé ìîäåëè ïîëÿ ×åðíà-Ñàéìîíñà, âçàè-
ìîäåéñòâóþùåãî ñ îäíèì êèðàëüíûì ñóïåðïîëåì, ñ òî÷íîñòüþ äî ïðîèçâîäíûõ ÷åòâåðòîãî ïîðÿäêà îò êîìïîíåíòíûõ
ïîëåé.

Êëþ÷åâûå ñëîâà: ýôôåêòèâíîå äåéñòâèå, ðàñøèðåííàÿ ñóïåðñèììåòðèÿ, ìîäåëè ñ ïîëÿìè ×åðíà-Ñàéìîíñà.

Ìåðçëèêèí Á. Ñ., êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê.
Òîìñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò.
Óë. Êèåâñêàÿ, 60, 634061 Òîìñê, Ðîññèÿ.
Òîìñêèé ïîëèòåõíè÷åñêèé óíèâåðñèòåò.
Ïð. Ëåíèíà, 30, 634050 Òîìñê, Ðîññèÿ.
E-mail: merzlikin@tspu.edu.ru

� 185 �



TSPU Bulletin. 2014. 12 (153)

UDC 530.1; 539.1
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We argue that de Sitter universes with a small cosmological constant are entropically favored to have three spatial
dimensions. The conclusion relies on the causal-patch description of de Sitter space, where �ducial observers experience
local thermal equilibrium up to a stretched horizon, on the holographic principle, and on some assumptions about the
nature of gravity and the constituents of Hawking/Unruh radiation.
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1 Introduction

The fact that the observable Universe has three
large dimensions of space de�es explanations other
than anthropic [1]. This issue is sharpened by String
Theory, which allows a humongous multitude of
universes with various dimensions [2]. One may wonder
whether the Anthropic Principle is the only way to
understand the observed spacetime dimensionality.

The standard view of cosmology holds that the
Universe began with an epoch of in�ation, during
which spacetime geometry was approximately de
Sitter [3]. One may present particular frameworks
in which in�ation is one among various competing
cosmological scenarios, whose relative probabilities of
creation can be quanti�ed [4, 5]. In the braneworld
context in String Theory, it can be argued that
the quantum creation of in�ationary universes prefers
one similar to our early Universe [6]. String gas
cosmology may also shed light on how only three
(or less) spatial dimensions could have grown into a
macroscopic size [7]. Other attempts to understand the
dimensionality of spacetime can be made in the context
of brane gas dynamics [8] or by invoking some entropic
principle [9].

On the other hand, the late phase of our Universe
is asymptotically de Sitter with a small cosmological
constant [10]. One may ask whether this ultimate
phase can be (partly) understood by an entropic
principle: the �nal spacetime con�guration must have
maximum entropy for a given amount of energy. In
this note we will argue, under certain fairly justi�able
assumptions (to be spelled out as we proceed), that
an asymptotically de Sitter universe with a small
cosmological constant is entropically favored to have
three spatial dimensions. Our regime of interest for the
possible number of spatial dimensions, d, is 2 ≤ d ≤ 10.

Such a restriction follows if one assumes that gravity
is described by General Relativity in the infrared, and
that the underlying theory of quantum gravity yields
Supergravity as some low-energy approximation.

2 de Sitter Space & Entropy Thereof

We will use the natural units: c = ~ = kB = G = 1.
In (d+ 1) spacetime dimensions, this sets to unity the

Planck length, lP ≡ d−1
√
G~c−3, and the Planck mass,

MP ≡ ~c−1l−1
P , which however may be carried around

for the sake of clarity.
Let us write down the (d+1)-dimensional de Sitter

metric in the static coordinates:

ds2 = −(1−H2r2) dt2 +
dr2

1−H2r2
+ r2 dΩ2

d−1, (1)

where dΩ2
d−1 is the line element on Sd−1, and the

Hubble parameter H is related to the (positive)
cosmological constant as: Λ = 1

2d(d − 1)H2. The
apparent singularity at r = 1/H is a coordinate
artifact. One can analytically extend the metric to a
geodesically complete spacetime of constant curvature
with topology Sd × R1, where r = 0 represents
antipodal origins of polar coordinates on a d-sphere.
However, no single observer can access the entire de
Sitter space: an observer at r = 0 experiences the
presence of an event horizon at a distance r = 1/H.
The �causal patch� of the observer is the region which
is in full causal contact with her, namely 0 ≤ r ≤
1/H. The horizon is observer-dependent in that any
observer following a time-like geodesic can be chosen
to be at r = 0, and two such observers will belong to
di�erent causal patches. While the isometry group for
de Sitter space is SO(d+1, 1), the manifest symmetries
of the causal patch are SO(d) rotations plus translation
in t. The remaining d compact and d non-compact
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generators displace an observer from one causal patch
to another.

In what follows we will restrict all attention to a
single causal patch, �a la [4, 11]. As regions that are
out of causal contact with a particular observer have
no operational meaning to her, the observer should
consider the physics inside her horizon as complete,
without making reference to any other region. Without
loss of generality, this we can choose to be the
�southern� causal patch, where the Killing vector ∂t
is time-like and future-directed, so that time evolution
is well de�ned. We imagine that the causal patch is
�lled with ��ducial observers� (FIDOs), each of whom
is at rest relative to the static coordinate system,
i.e. each is located at a �xed r and �xed values of
the angular variables. The only geodesic observer is
the FIDO at r = 0, whom we call the �principal
investigator� (PI). The PI can send a request to any
other FIDO to perform certain local measurements and
report the results, which the PI will eventually receive
after waiting for a �nite amount of time.

The PI at r = 0 detects a thermal radiation with
a temperature TGH = H/2π−the Gibbons-Hawking
temperature of de Sitter space [12]. More generally, a
FIDO at a radial position r, whose Killing orbit has
a proper acceleration a = H2r/

√
1−H2r2, detects a

thermal bath with an e�ective local temperature [13]:

T (r) =
1

2π

√
H2 + a2 =

H

2π
√

1−H2r2
, (2)

which is just the Gibbons-Hawking temperature
multiplied by a Tolman factor [14]. Using an Unruh-
like detector [15], the FIDO can indeed discover a
thermal radiation with the temperature T (r). This
e�ect is real, and can also be understood as pure
Unruh e�ect associated with Rindler motion in the
global embedding Minkowski space [16]. The local
temperature, however, blows up at the horizon r =
1/H. A way to regularize this divergence is to consider
a �stretched horizon� [17], that extends from the
mathematical horizon (by some Planck length) up
to some rc < 1/H. The thickness may well be a
physical reality, originating possibly from quantum
�uctuations [18]. The temperature measured at the
stretched horizon is then large but �nite:

Tc ≡ T (r = rc) =
H

2π
√

1−H2r2
c

<∞, (3)

which sets a cuto� value for the temperature. It is
natural to identify the cuto� with the Planck scale.
In our case it will indeed turn out that Tc ∼MP.

A global notion of temperature is not meaningful
in curved spacetime [14]. Instead, one may need to
introduce operationally meaningful local concepts of
temperature and thermal equilibrium [19]. It was

shown in Ref. [13] that the unique invariant locally
Minkowskian state of quantum �elds in de Sitter space
has exactly the temperature given by (2). We will
therefore consider only local thermal equilibrium with
temperature T (r) of the physical degrees of freedom
(DOF) accessible to a FIDO at a radial position
r. What DOFs does the thermal radiation contain,
i.e., what are the constituents of Hawking/Unruh
radiation? Postponing justi�cation until later, let us
assume that the accessible number of DOFs, D, does
not depend on r.

The PI can ask a FIDO at radial position r to
measure the local entropy density, and receive the
result

σ(r) =

(
d+ 1

d

)
D a(d) [T (r)]d, (4)

where a(d)−the radiation constant per DOF in d
spatial dimensions−is given by

a(d) =
ω(d)

(2π)d
ζ(d+ 1) Γ(d+ 1), ω(d) ≡ 2πd/2

Γ
(
d
2

) , (5)

ω(d) being the surface area of the boundary of a unit
d-ball. The PI can take the volume integral of (4) to
compute the total thermal entropy of the causal patch:

S = ω(d)

∫ rc

0

dr rd−1

√
1−H2r2

σ(r). (6)

This integral can be expressed in terms of
hypergeometric functions by the variable rede�nition:
x ≡ H2r2, and the use of the integral
representation [20]:∫ z

0

dxxα−1

(1− x)1−β =
zα

α
(1−z)β 2F1(α+β, 1;α+1; z), (7)

which holds for R(α) > 0. Thereby the PI �nds that
the total entropy amounts to

S =

(
d+ 1

d2

)
Dω(d) a(d)

(√
1− ε
2π

)d(
1√
ε

)d−1

× 2F1

(
1
2 , 1; d+2

2 ; 1− ε
)
, (8)

where ε is a positive number de�ned as

ε ≡ 1−H2r2
c =

(
H

2πTc

)2

. (9)

Note that ε � 1, because we consider H/2π to be
much smaller than Tc ∼ MP, which is necessary
for a semiclassical treatment to be valid. The total
entropy (8), which clearly diverges in the limit ε → 0,
is rendered large but �nite by the stretched horizon.

Now, there is an entropy associated with de Sitter
horizon, known as the Gibbons-Hawking entropy [12],
which is 1

4 of the horizon area, A, in Planck units:

SGH =
1

4

A

l d−1
P

=
1

4
ω(d)

(
MP

H

)d−1

. (10)
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To see its possible connection with the total entropy (8)
of the causal patch, we note that the hypergeometric
function appearing in the latter can be written as [20]:

2F1

(
1
2 , 1; d+2

2 ; 1− ε
)
≡
(

d

d− 1

)
[ 1 + δ(d, ε) ] , (11)

where the function δ is such that it vanishes in the limit
ε → 0. Thanks to Eq. (11) and some properties of the
gamma function, one can rewrite the entropy (8) as

S = ω(d)

[
DΓ

(
d+3

2

)
ζ(d+ 1)

(d− 1)(
√
π )d+3

](
Tc
H

)d−1

+ ... , (12)

where the ellipses stand for subleading terms. Their
H-dependencies di�er from that of the leading term,
which mimics the area law (10) for de Sitter entropy.

Now we invoke the holographic principle, which
entails that the leading term in (12) should be
identi�ed with the Gibbons-Hawking entropy (10) of
the de Sitter horizon [21]1. This relates the cuto�
temperature Tc and the Planck mass MP in the
following way:

Tc
MP

=

[
(d− 1)(

√
π )d+3

4DΓ
(
d+3

2

)
ζ(d+ 1)

] 1
d−1

. (13)

Similar relations show up in the brick wall model,
propounded in [22], and subsequently used for dS3

in [23]. Note that the cuto� Tc is independent of the
Hubble parameter H, as expected, but depends on
the number of DOFs in a way that is in complete
accordance with the results of [24]. With some
reasonable assumptions on D, the right-hand side of
Eq. (13) is O(1). This sets Tc ∼ MP. Then, it is easy
to see that the thickness of the stretched horizon is
O(lP). With the identi�cation (13), one can now make
explicit the area dependence of the entropy:

S =
A

4

(
d− 1

d

)
(1− ε)d/2 2F1

(
1
2 , 1; d+2

2 ; 1− ε
)
, (14)

where the parameter ε depends on A as follows

ε =
1

4π2

[
8DΓ

(
d+3

2

)
ζ(d+ 1)

A (d− 1)π3/2 Γ
(
d
2

) ] 2
d−1

. (15)

In the limit ε→ 0 or A→∞, thanks to Eq. (11), S/A
reaches the value 1

4 for any space dimensionality.
Similarly, the PI can de�ne the total �energy� of the

causal patch as follows.

E = ω(d)

∫ rc

0

dr rd−1

√
1−H2r2

ρ(r), (16)

where ρ(r) = D a(d) [T (r)]d+1 is the local energy
density that a FIDO at a radial position r reports to
the PI. Again, using the integral representation (7) one
�nds

E =

(
H

2πd

)
Dω(d) a(d)

(√
1− ε
2π

)d(
1√
ε

)d
. (17)

Expressing
√
ε in terms of the cuto� temperature

Tc through the relation (9), one arrives at a rather
counter-intuitive conclusion: the �energy� scales like
(1/H)d−1 ∼ A. This is due to the extra factor of H
appearing in Eq. (17). More explicitly,

E =

(
A

2πd

)
D a(d) (1− ε)d/2 T d

c . (18)

Finally, using the expression (13) for Tc, one �nds after
some simpli�cations that the total �energy� is given by

E =
A

4

(
d− 1

d+ 1

)
(1− ε)d/2

×

[
(d− 1)(

√
π )d+3

4DΓ
(
d+3

2

)
ζ(d+ 1)

] 1
d−1

, (19)

That the total �energy� (19) follows an area law just
like the total entropy was also noticed in Ref. [25] for
a box of ideal gas kept near a de Sitter horizon. It
is therefore natural to consider the quantity E as an
attribute of the de Sitter horizon.

Our total �energy� E is unique and well de�ned
in the following sense. As soon as the de Sitter
entropy (14) is taken to be �nite, we must forgo the
symmetry of di�erent causal patches [11]. In the given
causal patch, all the FIDOs are on equal footing in
that they all follow time-like trajectories, are in causal
contact with one another, and of course experience the
same causal horizon. Any quantity to be attributed to
the entire causal patch or to the horizon itself must
not depend on which FIDO, be her the PI or not, is
assigned the job of de�ning it. In other words, all the
FIDOs must agree upon the value of any such quantity.
Now that any FIDO can learn about the results of
local measurements performed by any other FIDO,
they all will have identical sets of data for the density
distributions σ(r) and ρ(r), and therefore will agree
upon their respective volume integrals S and E. This
is not the case if in the de�nition (17) one inserts a
redshift factor (as was suggested in Ref. [25]), which
itself depends on the position of the FIDO assigned to
de�ne the quantity.

Eqs. (14) and (19) can be viewed as relations among
three extensive properties of the horizon, namely S, E
and A. Dividing Eq. (14) by (19), one can also write

1De�ning the entropy of the causal patch as (6) and identifying it with the Gibbons-Hawking entropy (10) has also been suggested
by N. Kaloper in a talk titled �In�ation and leaky cans�. We thank L. Sorbo for pointing this out.
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S

E
=

(
d+ 1

d

)[
4DΓ

(
d+3

2

)
ζ(d+ 1)

(d− 1)(
√
π )d+3

] 1
d−1

× 2F1

(
1
2 , 1; d+2

2 ; 1− ε
)
. (20)

It is clear, in view of Eq. (11), that in the limit
ε→ 0, the ratio S/E is �nite, although both S and E
diverge. For ε� 1, Eq. (20) can be approximated as

S ≈
(
d+ 1

d− 1

)[
4DΓ

(
d+3

2

)
ζ(d+ 1)

(d− 1)(
√
π )d+3

] 1
d−1( E

MP

)
. (21)

The virtue of Eq. (21) is that it allows one to compare
the entropies of de Sitter spaces with di�erent d, for a
given E in Planckian units. It does not make sense to
compare the horizon areas of two spaces with di�erent
dimensionalities, and indeed A does not appear in (21).

3 Is 4D Spacetime Entropically Favored?

Let us �rst note that the Hawking/Unruh radiation
is (approximately) thermal. Then, in order for the
density distributions σ(r) and ρ(r) to be smooth, the
constituent particles of the radiation cannot have mass
m & H. This also means that the accessible number of
DOFs does not depend on r. If the Hubble parameterH
is smaller than the mass of the lightest massive DOF,
only strictly massless particles would contribute to the
DOFs constituting the radiation. Known di�culties
with massless higher spins [26] then make it natural
to consider only particles of spin s ≤ 2. If there
is a massless spin-1 particle, no other particle can
be charged under this, because otherwise interactions
would render the radiation non-thermal. While the
Hawking/Unruh e�ect is very fundamental and takes
place in all dimensions, a massless chargeless fermion
can exist only in some particular dimensions. This rules
out spin-1/2 and spin-3/2 particles as non-generic.
Scalars are also ruled out, since there is no symmetry
to assure their masslessness. So we are left only with
spin-1 and spin-2 particles, whose masslessness can be
guaranteed by gauge invariance. Now, there is one and
just one massless spin 2, namely the graviton [26]. More
than one vector particle is not a possibility, because
they either con�ne and cease to exist as long-range
particles (when they are mutually charged), or there
is no way to distinguish them as di�erent constituent
particles of the radiation. At any rate, that photons and
gravitons could be the sole constituents of the radiation

may not seem so surprising given that these are the
natural DOFs to consider at low energy.

Thus one can assume, quite justi�ably, that for
a small cosmological constant the Hawking/Unruh
radiation will be a gas of photons and gravitons,
whose interactions are negligible. In (d+ 1) spacetime
dimensions photon has (d−1) DOFs, while graviton has
1
2 (d+ 1)(d− 2). The total number of DOFs is therefore

D ≡ D(d) = (d− 1) + 1
2 (d+ 1)(d− 2). (22)

Let us consider universes that evolve from some
initial state into a �nal state of a de Sitter space with
a small cosmological constant, like our Universe [10].
The asymptotically de Sitter universes are assumed
to have di�erent dimensionalities, but the same values
of the fundamental constants, which all can be set to
unity (we do not consider scenarios in which the Planck
mass MP may depend on spacetime dimensionality).
Now for any given value of the characteristic quantity
E, one can use Eq. (21) to formally consider S as a
function of the number of space dimensions d. Is there
any particular value of d that is favored entropically?

In the regime 2 ≤ d ≤ 10, when d is treated as a
continuous variable, its function S/E has an absolute
maximum at d ≈ 2.97. An upper bound on d is
essential since the function increases monotonically as
S/E ∼

√
d/2πe for large d. Explicitly, the respective

values for d = 2, 3, 4, . . . 10 are approximately
1.096, 1.495, 1.458, 1.425, 1.409, 1.404, 1.407, 1.414, and
1.425. For a given value of the �energy� E, the entropy
is therefore maximum for d = 3. In other words,
a universe whose �nal con�guration is a de Sitter
phase with a small cosmological constant is entropically
favored to have three spatial dimensions.

Acknowledgement

We are grateful to G. Gibbons, C. Hull, A. Iglesias,
E. Joung, M. Kleban, D. Klemm, L. Lopez, M. Porrati,
A. Sagnotti, L. Sorbo and M. Taronna for useful
discussions. AM and RR are thankful for the kind
hospitality respectively of the HECAP section of
ASICTP, Trieste, where part of this work was done,
and the Centre of Theoretical Physics at Tomsk
State Pedagogical University during the conference
QFTG'14. At the time of this work, RR was
supported in part by Scuola Normale Superiore, by
INFN and by the ERC Advanced Investigator Grant
no. 226455 �Supersymmetry, Quantum Gravity and
Gauge Fields"(SUPERFIELDS).

� 189 �



TSPU Bulletin. 2014. 12 (153)

References

[1] P. Ehrenfest, Ann. Physik 61, 440 (1920); F. R. Tangherlini, Nuovo Cim. 27, 636 (1963); M. Tegmark, Class. Quant.
Grav. 14, L69 (1997) [arXiv:gr-qc/9702052].

[2] L. Susskind, arXiv:hep-th/0302219.

[3] A. H. Guth, Phys. Rev. D 23, 347 (1981); A. D. Linde, Phys. Lett. B 108, 389 (1982); A. Albrecht and P. J. Steinhardt,
Phys. Rev. Lett. 48, 1220 (1982).

[4] L. Dyson, M. Kleban and L. Susskind, JHEP 0210, 011 (2002) [arXiv:hep-th/0208013].

[5] A. Albrecht and L. Sorbo, Phys. Rev. D 70, 063528 (2004) [arXiv:hep-th/0405270].

[6] H. Firouzjahi, S. Sarangi and S. H. H. Tye, JHEP 0409, 060 (2004) [arXiv:hep-th/0406107].

[7] R. H. Brandenberger and C. Vafa, Nucl. Phys. B 316, 391 (1989); B. Greene, D. Kabat and S. Marnerides, Phys. Rev.
D 82, 043528 (2010) [arXiv:0908.0955 [hep-th]].

[8] A. Karch and L. Randall, Phys. Rev. Lett. 95, 161601 (2005) [arXiv:hep-th/0506053].

[9] S. Kalyana Rama, Phys. Lett. B 645, 365 (2007) [arXiv:hep-th/0610071].

[10] S. Perlmutter et al. [Supernova Cosmology Project Collaboration], Astrophys. J. 517, 565 (1999) [arXiv:astro-
ph/9812133].

[11] N. Goheer, M. Kleban and L. Susskind, JHEP 0307, 056 (2003) [arXiv:hep-th/0212209].

[12] G. W. Gibbons and S. W. Hawking, Phys. Rev. D 15, 2738 (1977).

[13] H. Narnhofer, I. Peter and W. E. Thirring, Int. J. Mod. Phys. B 10, 1507 (1996).

[14] R. C. Tolman and P. Ehrenfest, Phys. Rev. 36, 1791 (1930).

[15] W. G. Unruh, Phys. Rev. D 14, 870 (1976).

[16] S. Deser and O. Levin, Class. Quant. Grav. 15, L85 (1998) [arXiv:hep-th/9806223]; Phys. Rev. D 59, 064004 (1999)
[arXiv:hep-th/9809159].

[17] L. Susskind, L. Thorlacius and J. Uglum, Phys. Rev. D 48, 3743 (1993) [arXiv:hep-th/9306069].

[18] M. Maggiore, Phys. Rev. D 49, 2918 (1994) [arXiv:hep-th/9310157].

[19] D. Buchholz and J. Schlemmer, Class. Quant. Grav. 24, F25 (2007) [arXiv:gr-qc/0608133]; C. Solveen, Class. Quant.
Grav. 27, 235002 (2010) [arXiv:1005.3696 [gr-qc]].

[20] M. Abramowitz and I. A. Stegun (Eds.), �Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical
Tables,� Dover, New York, 1972.

[21] S. Hawking, J. M. Maldacena and A. Strominger, JHEP 0105, 001 (2001) [arXiv:hep-th/0002145].

[22] G. 't Hooft, Nucl. Phys. B 256, 727 (1985).

[23] W. T. Kim, Phys. Rev. D 59, 047503 (1999) [arXiv:hep-th/9810169].

[24] G. Dvali and M. Redi, Phys. Rev. D 77, 045027 (2008) [arXiv:0710.4344 [hep-th]]; G. Dvali and S. N. Solodukhin,
arXiv:0806.3976 [hep-th].

[25] S. Kolekar and T. Padmanabhan, Phys. Rev. D 83, 064034 (2011) [arXiv:1012.5421 [gr-qc]].

[26] S. Weinberg, Phys. Rev. 135, B1049 (1964); C. Aragone and S. Deser, Phys. Lett. B 86, 161 (1979); M. Porrati, Phys.
Rev. D 78, 065016 (2008) [arXiv:0804.4672 [hep-th]].

Received 04.10.2014

� 190 �



A. Momen, R. Rahman. Spacetime dimensionality from de Sitter entropy

À. Ìîìåí, Ð. Ðàìàí

ÐÀÇÌÅÐÍÎÑÒÜ ÏÐÎÑÒÐÀÍÑÒÂÀ-ÂÐÅÌÅÍÈ ÊÀÊ ÑËÅÄÑÒÂÈÅ ÝÍÒÐÎÏÈÈ
ÏÐÎÑÒÐÀÍÑÒÂÀ ÄÅ ÑÈÒÒÅÐÀ

Ìû óòâåðæäàåì, ÷òî âñåëåííûå äå Ñèòòåðà ñ ìàëîé êîñìîëîãè÷åñêîé ïîñòîÿííîé äîëæíû, ïðèíèìàÿ âî âíèìà-
íèå ýíòðîïèþ, ïðåäïî÷òèòåëüíî èìåòü òðè ïðîñòðàíñòâåííûõ èçìåðåíèÿ. Ýòî çàêëþ÷åíèå îñíîâàíî íà ïðè÷èííî-
ñëåäñòâåííîì îïèñàíèè ïðîñòðàíñòâà äå Ñèòòåðà, â êîòîðîì ëîêàëüíûé íàáëþäàòåëü ôèêñèðóåò òåïëîâîå ðàâíî-
âåñèå âïëîòü äî ãîðèçîíòà, íà ãîëîãðàôè÷åñêîì ïðèíöèïå è íà íåêîòîðûõ ïðåäïîëîæåíèÿõ îòíîñèòåëüíî ïðèðîäû
ãðàâèòàöèè è èçëó÷åíèÿ Õîêèíãà/Óíðó.
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Following our recent results [P. Yu. Moshin, A. A. Reshetnyak, Nucl. Phys. B 888 (2014) 92], we discuss the notion of
�nite BRST-antiBRST transformations, with a doublet λa, a = 1, 2, of anticommuting (both global and �eld-dependent)
Grassmann parameters. We �nd an explicit Jacobian corresponding to this change of variables in the theories with
gauge group. Special �eld-dependent BRST-antiBRST transformations for the Yang-Mills path integral with sa-potential
(functionally-dependent) parameters λa = saΛ generated by a �nite even-valued functional Λ and the anticommuting
generators sa of BRST-antiBRST transformations, amount to a precise change of the gauge-�xing functional. This proves
the independence of the vacuum functional under such BRST-antiBRST transformations and leads to presence of modi�ed
Ward identities. The form of transformation parameters that induces a change of the gauge in the path integral is found and
is exactly evaluated for connecting two arbitraryRξ-like gauges. The �nite �eld-dependent BRST-antiBRST transformations
are used to generalize the Gribov horizon functional h0, in the Landau gauge in BRST-antiBRST setting, in the Gribov�
Zwanziger model and to �nd hξ corresponding to general Rξ-like gauges in the form compatible with gauge-independent
S-matrix.

Keywords: gauge theories, BRST-antiBRST Lagrangian quantization, Yang-Mills theory, Gribov�Zwanziger model,
�eld-dependent BRST-antiBRST transformations.

1 Motivations

The principles of the special supersymmetries
known as BRST symmetry [1,2] and BRST-antiBRST
symmetry [3�5] compose a basis of the modern
quantization methods for gauge theories [6, 7]. Their
peculiarities involve in the presence of a Grassmann-
odd parameter µ and two Grassmann-odd parameters
(µ, µ̄), respectively. The latter parameters within the
Sp (2)-covariant schemes of generalized Hamiltonian [8]
and Lagrangian [9, 10] quantizations (see [11] as well)
(µ, µ̄) ≡ (µ1, µ2) = µa form an Sp (2)-doublet. These
in�nitesimal odd-valued parameters may be regarded
both constants and �eld-dependent functionals to be
used respectively for derivation of the Ward identities
and for establishing of the gauge-independence of the
corresponding partition function in the path integral
approach.

In [12] the BRST transformations with a �nite
�eld-dependent parameter (FFDBRST) in the gauge
theories with gauge group, i.e. Yang-Mills (YM)
theories, whose quantum action is constructed by the
Faddeev�Popov (FP) rules [13], were �rst introduced
by means of a functional equation for the parameter
in question, and used to provide the path integral
with such a change of variables that would allow
one to relate the quantum action given in a certain
gauge with the one given in a di�erent gauge
however without it solving in the general setting. The

problem of establishing a relation of the FP action
in a certain gauge with the action in a di�erent
gauge, by using a change of variables induced by a
FFDBRST transformation was solved in [14], thereby
providing an exact relation between a �nite parameter
and a �nite change of the gauge-�xing condition
in terms of the gauge Fermion. In particular, this
result implies the conservation of the number of
physical degrees of freedom in a given YM theory
with respect to FFDBRST transformations, which
means the impossibility of relating the Yang-Mills
theory to another theory, whose action may contain, in
addition to the FP action, certain non-BRST invariant
terms (such as the Gribov horizon functional [15]
in the Gribov�Zwanziger theory [16]) in the same
con�guration space1.

Note, �rst, the solution of a similar problem
for arbitrary constrained dynamical systems in the
generalized Hamiltonian formalism [22, 23] has been
recently proposed in [24], second, for the general gauge
theories, (possessing by reducible gauge symmetry
and/or an open gauge algebra) an exact Jacobian
generated by FFDBRST transformations in the path
integral constructed according to the BV procedure
[25] was obtained in [26] with resolution of the
consistency of soft BRST symmetry breaking [27]
problem.

Recently, we have proposed an extension of BRST-
antiBRST transformations to the case of �nite (both

1For some aspects in study of the Gribov copies problem in YM theories in covariant, Landau, maximal Abelian gauges see [17�21].
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global and �eld-dependent) parameters for Yang-Mills
in [28] and general gauge theories [29�31] within
the BRST-antiBRST Lagrangian and generalized
Hamiltonian quantization methods (obtained also in
[32]). Here, we review the origin of the concept of
�nite BRST-antiBRST transformations, and study on
a base of their properties its in�uence on the quantum
structure of YM theory in the framework of BRST-
antiBRST setting.

We use the conventions introduced in [28]. In
particular, unless otherwise speci�ed by an arrow,
derivatives with respect to the �elds are taken from
the right, and those with respect to the corresponding
anti�elds are taken from the left. The raising (lowering)
of Sp (2) indices, sa = εabsb, sa = εabs

b, is ful�lled by a
constant antisymmetric metric tensor εab, εacεcb = δab ,
subject to the normalization, ε12 = 1.

2 Proposal for Finite Field-Dependent
BRST-antiBRST transformations

The generating functional of Green's functions for
irreducible gauge theories with closed algebra within
BRST-antiBRST Lagrangian quantization [9, 10] is
given by

ZF (J) =
∫
dφ exp

{
i
~
[
SF (φ) + JAφ

A
]}

, (1)

depending on sources JA with BRST-antiBRST-
invariant quantum action

SF (φ) = S0 (A) + 1/2sasaF (A,C)

= S0 (A) + Sgf (A,B) + Sgh (A,C) + Sadd (C) , (2)

determined on the total con�guration space
parameterized respectively by the classical, Sp(2)-
duplet of ghost-antighost, Nakanishi-Lautrup �elds
φA = (Ai, Cαa, Bα) (subject to Grassmann parity
ε(φA) ≡ εA, εA = (ε(Ai), ε(Bα), ε(Cαa)) ≡
(εi, εα, εα + 1) in condensed notations and being the
same as in FP method. The quantities S0, F appear by
classical gauge-invariant action and admissible gauge-
�xing Bosonic functional chosen here in quadratic
approximation, in case of YM theory (with Ai =
Aµn(x) given on d-dimensional Minkowski space and
taking its values in the algebra Lie of SU(N) gauge
group for ηµν = diag(−,+, ...,+)

S0 = −1/4
∫
ddxFnµνF

µνn, n = 1, ..., N2 − 1, (3)

given in terms of the strength Fµνn = ∂[µAν]n +
fnopAµ0Aνp and

Fξ(A,C) =−1

2

∫
ddx

(
Amµ A

mµ − ξ/2εabCmaCmb
)
(4)

corresponding to Rξ-family of the gauges (with

χξ(A,B) = ∂µA
µa + ξ

2B
a = 0) within FP rules for

YM theories. The rest terms in (2) the gauge-�xing
term Sgf , the ghost term Sgh, and the interaction term
Sadd, quartic in C

ma are determined by,

Sgf =
∫
ddx

[(
∂µAmµ

)
+ ξ/2Bm

]
Bm,

Sgh =
1

2

∫
ddx (∂µCma)Dmn

µ Cnbεab, (5)

Sadd = − ξ
48

∫
ddx fmnlf lrsCsaCrcCnbCmdεabεcd.

The action (3) is invariant with respect to in�nitesimal
gauge transformations δAmµ = Dmn

µ ζn with arbitrary

functions ζα ≡ ζn (ε(α) = 0) on R1,d−1, whereas the
in�nitesimal BRST-antiBRST transformations, δφA =
saφAµa, for YM theories in terms of anticommutiong
generators sa: sasab+ sbsa = 0,

saAmµ = Dmn
µ Cna ,

saδBm= 1/2fnml
(
BlCna+(1/6)f lrsCsbCraCncεcb

)
,

sbCma =
(
εabBm − (1/2)fmnlClaCnb

)
, (6)

leave the action SF and integrand IFφ in ZF (0) =≡∫
IFφ by invariant only in the 1-st order in µa.
To restore the total BRST-antiBRST invariance of

SF and IFφ in the whole orders in µa we introduced

in [28] �nite transformations of φA with a doublet λa
of anticommuting parameters, λaλb + λbλa = 0,

φA → φ′A = φA + ∆φA = φ′A (φ|λ) : φ′ (φ|0) = φ, (7)

as the solution of the functional equation

G (φ′) = G (φ) if saG (φ) = 0 (8)

for any regular functional G(φ) invariant under
in�nitesimal BRST-antiBRST transformations. The
general solution of (8) permits to restore �nite BRST-
antiBRST transformations in a unique way φA → φ′A,

φ′A =φA
(
1+←−s aλa+ 1

4
←−s 2λ2

)
≡φA exp{←−s aλa}, (9)

where a set of elements {g(λ)} = {exp{←−s aλa}}
forms Abelian two-parametric supergroup with
odd generating elements λa. The BRST-antiBRST
invariance of IFφ means the validity of the relation,

IFφg(λ) = IFφ , (10)

where we have used the fact established in [28] that
under global �nite transformations, corresponding to
λa = const, the integration measure remains invariant.

3 Jacobian for Finite BRST-antiBRST
transformations

As we have mentioned above the Jacobian of
the change of variables generated by global �nite
transformations, is equal to 1:

= (φ) = 0 =⇒ Sdet

(
δφ′

δφ

)
= 1 and dφ′ = dφ. (11)
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At the same time for �nite �eld-dependent
transformations, we show in [28] that for the particular
case of functionally dependent parameters λa = Λ←−s a,
(s1λ1 + s2λ2 = −s2Λ) with a certain even-valued
potential, Λ = Λ (φ), which is inspired by in�nitesimal
�eld-dependent BRST-antiBRST transformations with
the parameters

µa =
i

2~
εab (∆F ),AX

Ab =
i

2~
(sa∆F ) , (12)

for which with accuracy up to linear in ∆F
terms the gauge independence of the integrand
(therefore of the vacuum functional ZF (0)) follows
IFφg(µ(∆F )) = IF+∆F

φ + o(∆F ). In case of �nite
�eld-dependent transformations with group element
g(Λ←−s a) a set of which forms now non-Abelian 2-
parametric supergroup, the superdeterminant of the
change of variables takes the form

Sdet

(
δ(φg(Λ←−s a)

δφ

)
=

[
1− 1

2
s2Λ (φ)

]−2

, (13)

dφ′ = dφ exp
{
i
~

[
i~ ln

(
1− 1

2s
2Λ
)2]}

. (14)

4 Compensation equation for Yang-Mills
actions in di�erent gauges

In view of the invariance of the quantum action
SF (φ) under (9), the change φA → φ′A = φAg(λ(φ))
induces in (1) the following transformation of the
integrand IFφ

IFφg(λ(φ))= dφ exp
{
i
~
[
SF (φ)+ i~ ln(1− 1

2s
2Λ)2

]}
.

Due to the explicit form of the initial quantum action
SF = S0 − (1/2)F←−s 2, the BRST-antiBRST-exact

contribution i~ ln (1 + sasaΛ/2)
2
to the action SF ,

resulting from the transformation of the integration
measure, can be interpreted as a change of the gauge-
�xing functional made in the original integrand IFφ ,

i~ ln (1 + sasaΛ/2)
2

= sasa (∆F/2) (15)

=⇒ IFφg(λ(φ)) = IF+∆F
φ , (16)

for a certain ∆F (φ|Λ), whose relation to Λ (φ)
is established from (15) called in [28] as well as
compensation equation on unknown parameter Λ(φ) to
provide gauge independence of the vacuum functional,
ZF (0) = ZF+∆F (0). The explicit solution of (15)
(which satis�es to the solvability condition because
of BRST-antiBRST exactness of its both hand-sides)
up to BRST-antiBRST-exact terms is given by the
relations,

Λ (φ|∆F ) = 2∆F (sasa∆F )
−1 [

exp
(

1
4i~s

bsb∆F
)
− 1
]

=
1

2i~
∆F

∞∑
n=0

1

(n+ 1)!

(
1

4i~
sasa∆F

)n
. (17)

And visa-verse having considered the equation (15) for
unknown ∆F with given Λ we obtain

∆F (φ) = −2i~ Λ
(
s2Λ

)−1
ln
(
1− s2Λ/2

)2
. (18)

Thus, the �eld-dependent transformations with the
parameters λa = saΛ amount to a precise change
of the gauge-�xing functional. E.g. to relate ZFξ(J)
with ZFξ+∆ξ

(J) in Rξ- family of the gauges we should
to ful�ll FFDBRST-antiBRST transformations with
parameters,

λa = ∆ξ
4i~εab

∫
ddx

(
BnCnb

∞∑
n=0

1
(n+1)!

)[
∆ξ
4i~
∫
ddy

×
(
BuBu − 1

24
fuwtf trsCscCrpCwdCuqεcdεpq

)]n
.(19)

5 Gauge Dependence Problem and modi�ed
Ward identities

The property (16) leads in [30], �rst, to a so-called
modi�ed Ward identity, depending on �eld-dependent
parameters λa = Λ←−s a and therefore on �nite change
of the gauge due to (17),〈{

1 + i
~JA

[
XAaλa(Λ)− 1

2Y
Aλ2(Λ)

]
− 1

4

(
i
~
)

2εab

×JAXAaJBX
Bbλ2(Λ)

} (
1− 1

2Λ←−s 2
)−2

〉
F,J

= 1, (20)

for (saφA, s2φA) ≡ (XAa,−2Y A) and, second, to
a relation which describes the gauge dependence of
ZF (J) for a �nite change of the gauge F → F + ∆F :

∆ZF (J) = ZF (J)
〈
i
~JA

[
XAaλa (φ| −∆F )

− 1
2Y

Aλ2 (φ| −∆F )
]
− (−1)εB

(
i

2~
)2
JBJA

×
(
XAaXBb

)
εabλ

2 (φ| −∆F )
〉
F,J

. (21)

In (20), (21) the symbol �〈A〉F,J � for a quantity
A = A(φ) stands for the source-dependent average
expectation value corresponding to a gauge-�xing F (φ)

〈A〉F,J = Z−1
F (J)

∫
dφ A (φ) exp

{
i
~ [SF + Jφ]

}
with 〈1〉F,J = 1. Note, for constant λa from (20) follows
an Sp(2)-doublet of the usual Ward identities at the
�rst order in λa: JA

〈
XAa

〉
F,J

= 0 and a derivative

identity at the second order in λa:〈
JA
[
2Y A + (i/~) εabX

AaJBX
Bb
]〉
F,J

= 0 . (22)

6 Gribov-Zwanziger theory in BRST-
antiBRST formulation in Landau and
Feynman gauges

Because of the gauge-�xing functional F0

corresponds to Landau gauge we introduce Gribov
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horizon functional in the same manner as in [16] in the
FP procedure in Euclidian space

h(A) =

∫
ddx

(
ddy fmrlArµ(x)Kmn−1(x; y)

fnslAµs(y) + d(N2 − 1)
)
. (23)

with γ2, Kmn(x; y) being a Gribov mass parameter
determined from implied gap equation and FP matrix.
Proper not BRST-antiBRST-invariant action in F0

reference frame looks as

Sh (φ) = SF0
(φ) + γ2h (φ) . (24)

We determine the Gribov-Zwanziger theory in any Fξ
gauge (Rξ-gauge) in a way compatible with gauge-
independent property for generating functional of
Green's functions in F0 where Gribov Horizon in Fξ
gauge should be determined as

hξ = h
(

1 +
1

2i~
(←−s a) (∆Fξ

←−s a)

∞∑
n=0

1

(n+ 1)!

×
(
− 1

4i~
∆Fξ
←−s 2

)n
− 1

16~2

(←−s 2
)

(∆Fξ)
2

×

[ ∞∑
n=0

1

(n+ 1)!

(
− 1

4i~
∆Fξ
←−s 2

)n]2 )
, (25)

where ∆Fξ is readily determined with account taken of
(19); for details, see [28].

7 Conclusion

We have proposed the concept of �nite BRST-
antiBRST and FFDBRST-antiBRST transformations
for Yang-Mills theories in the Sp(2)-covariant
Lagrangian quantization. The Jacobian of the change
of variables generated by FFDBRST-antiBRST
transformations with functionally dependent
parameters is exactly calculated. It is established
that quantum YM action in di�erent gauges is
related to each other by means of FFDBRST-
antiBRST transformations with functionally
dependent parameters obtained as the solution of the
compensation equation. The new Ward identity and
gauge dependence problem for �nite change of the
gauge for generating functional of Green's functions is
derived and studied. The Gribov-Zwanziger theory in
BRST-antiBRST formulation is suggested and Gribov
horizon functional in the way compatible with S-matrix
gauge independence in the Feynman and arbitrary
gauges is suggested.
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ÊÎÍÅ×ÍÛÅ ÁÐÑÒ-ÀÍÒÈÁÐÑÒ ÏÐÅÎÁÐÀÇÎÂÀÍÈß ÄËß ÒÅÎÐÈÉ Ñ
ÊÀËÈÁÐÎÂÎ×ÍÎÉ ÃÐÓÏÏÎÉ

Ñëåäóÿ íàøèì ðåçóëüòàòàì [P. Yu. Moshin, A. A. Reshetnyak, Nucl. Phys. B 888 (2014) 92], ìû îáñóæäàåì ïîíÿòèå
êîíå÷íûõ ÁÐÑÒ-àíòèÁÐÑÒ ïðåîáðàçîâàíèé ñ äóïëåòîì λa, a = 1, 2, àíòèêîììóòèðóþùèõ (êàê ãëîáàëüíûõ, òàê è
çàâèñÿùèõ îò ïîëåé) ãðàññìàíîâûõ ïàðàìåòðîâ. Ìû íåïîñðåäñòâåííî âû÷èñëÿåì ÿêîáèàí, ñîîòâåòñòâóþùèé ýòîé çà-
ìåíå ïåðåìåííûõ äëÿ òåîðèé ñ êàëèáðîâî÷íîé ãðóïïîé. Ñïåöèàëüíûå çàâèñÿùèå îò ïîëåé ÁÐÑÒ-àíòèÁÐÑÒ ïðåîáðà-
çîâàíèÿ äëÿ ôóíêöèîíàëüíîãî èíòåãðàëà ïîëåé ßíãà�Ìèëëñà ñ sa-ïîòåíöèàëüíûìè (ôóíêöèîíàëüíî-çàâèñèìûìè)
ïàðàìåòðàìè λa = saΛ, ïîðîæäåííûìè êîíå÷íûì Ãðàññìàíîâî-÷åòíûì ôóíêöèîíàëîì Λ è àíòèêîììóòèðóþùè-
ìè ãåíåðàòîðàìè sa ÁÐÑÒ-àíòèÁÐÑÒ ïðåîáðàçîâàíèé, îáåñïå÷èâàþò òî÷íóþ çàìåíó ôóíêöèîíàëà, ôèêñèðóþùåãî
êàëèáðîâêó. Ýòî äîêàçûâàåò íåçàâèñèìîñòü âàêóóìíîãî ôóíêöèîíàëà îòíîñèòåëüíî òàêèõ ÁÐÑÒ-àíòèÁÐÑÒ ïðåîá-
ðàçîâàíèé è ïðèâîäèò ê íàëè÷èþ ìîäèôèöèðîâàííûõ òîæäåñòâ Óîðäà. Íàéäåí âèä ïàðàìåòðîâ ïðåîáðàçîâàíèé,
êîòîðûå èíäóöèðóþò çàìåíó êàëèáðîâêè â ôóíêöèîíàëüíîì èíòåãðàëå, è îíè òî÷íî îöåíèâàþòñÿ äëÿ ñâÿçè äâóõ
ïðîèçâîëüíûõ Rξ-ïîäîáíûõ êàëèáðîâîê. Êîíå÷íûå çàâèñÿùèå îò ïîëåé ÁÐÑÒ-àíòèÁÐÑÒ ïðåîáðàçîâàíèÿ èñïîëü-
çóþòñÿ äëÿ îáîáùåíèÿ ôóíêöèîíàëà ãîðèçîíòà Ãðèáîâà h0, â êàëèáðîâêå Ëàíäàó â ÁÐÑÒ-àíòèÁÐÑÒ ïîñòàíîâêå, â
ìîäåëè Ãðèáîâà-Öâàíöèãåðà äëÿ íàõîæäåíèÿ ôóíêöèîíàëà hξ ñîîòâåòñòâóþùåãî îáùèì Rξ-ïîäîáíûì êàëèáðîâêàì
â âèäå, ñîâìåñòíîì ñ êàëèáðîâî÷íîé íåçàâèñèìîñòüþ S-ìàòðèöû.

Êëþ÷åâûå ñëîâà: êàëèáðîâî÷íûå òåîðèè, ÁÐÑÒ-àíòèÁÐÑÒ ëàãðàíæåâî êâàíòîâàíèå, òåîðèè ßíãà-Ìèëëñà,
ìîäåëü Ãðèáîâà-Öâàíöèãåðà, çàâèñÿùèå îò ïîëåé ÁÐÑÒ-àíòèÁÐÑÒ ïðåîáðàçîâàíèÿ.
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A brief description of the supersymmetric and duality covariant approach to supergravity is presented. The formalism is
based on exceptional geometric structures and turns the hidden U-duality group into a manifest gauge symmetry. Tensor
hierachy of gauged supergravity appears naturally here as a consequence of covariance of the construction. Finally, the full
supersymmetric Lagrangian is explicitly constructed. This work was presented on the International Conference �Quantum
Field Theory and Gravity (QFTG'14)� in Tomsk.
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1 Introduction

1.1 Dualities in supergravity

Since the seminal work of Cremmer and Julia
[1] it is well known that 11-dimensional supergravity
compacti�ed on a torus Td enjoys a hidden
symmetry Ed(d). From the point of view of the
underlying M-theory these are the so-called U-duality
transformations that unify the perturbative T-duality,
that relates Type IIA and Type IIB theories, and S-
duality of Type IIB string theory.

To get the basic idea of the construction it is
the most instructive to start with D = 11, N = 1
supergravity, whose �eld content is very simple. This
introduction mainly follows the paper [2] by Cremmer
and Julia that contains very clear and detailed review
of their results presented in the letter [1]. The �eld
content of eleven-dimensional supergravity is very
simple: graviton, 11-dimensional gravitino and the 3-
form gauge �eld. Upon reduction on a d-dimensional
torus Td, parametrised by the coordinates {xn}, the
theory �ts into the maximal supergravity in D =
11 − d dimensions. Decomposing the 11-dimensional
�elds under the split 11=D+d one gets the following
�eld content in 4 dimensions. From the vielbein we
get one D-dimensional vielbein eᾱµ , d vector �elds A

m
µ

and d(d + 1)/2 scalar �elds gmn. The 3-form �eld
reduces into a 3-form Cµνρ, d number of 2-forms Bµνm,
d(d−1)/2 vectors Aµmn and q = d(d−1)(d−2)/6 scalar
�elds Cmnk.

Such constructed e�ective theory has in general
SL(d) n Rq global (rigid) symmetry group, where the
SL(d) part comes from the di�eomorphisms of the
internal space of the form δxm = Λmn x

n. The abelian
group Rq, that is the remnant of the gauge symmetry,
acts on the axions Cmnk as constant shifts

δCmnk = cmnk(= const). (1)

In addition, in dimensions D = 3, 4, 5 one can
dualise 1,2 and 3-forms respectively to obtain addition
scalars when the p-forms enter the Lagrangian only
by their derivatives. There are certain subtleties
when this procedure is applied to the 11-dimensional
supergravity because of the Chern-Simons-like terms
F [C] ∧ F [C] ∧ C, which will not be described here.
Very detailed inspection of the global rigid symmetries
that survive this construction is presented in [3]. To
be mentioned is that such dualisations are necessary in
D ≤ 5 to obtain the full U-duality group Ed(d) in the
scalar sector.

Hence, the scalar �elds can be nicely packaged
into a matrix V that is an element of the coset
Ed(d)/K(Ed(d)). By choosing a correct parametrisation
of the coset the scalar potential can be written in the
following form that is globally invariant under Ed(d) [3]

Lscalar =
1

4
eTr[∂M−1∂M], (2)

where M = V∗V is the metric on the coset space.
The involution ∗ here denotes the usual transposition
for D ≥ 6 and is replaced by Hermitian conjugate
and contraction with a certain symplectic matrix Ω for
D ≤ 5 (this is known as Cartan involution).

It is possible to repeat the same story for the p-
forms sector, taking into account that to have the
global symmetry on the level of Lagrangian (not the
EOM), in even dimensions D = 2n one has to add
extra �magnetic� duals to n-forms. This is necessary
since on the level of equations of motion the symmetry
is realised on the �eld strengths rather than the gauge
potentials. Hence, an n-form �eld strength together
with its Hodge dual forms a representation of the
duality group.

It is important that the hidden symmetries in the
described construction are global symmetries of a D-
dimensional e�ective theory. Following analogy with
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General Relativity one may ask what is the geometric
origin of the duality symmetries and to what extent do
they present in the initial 11-dimensional supergravity.
The formalism of Exceptional Field Theory that is an
attempt to make sense of these questions and to �nd a
way to answer them is brie�y described in this letter.
For calculational details and more involved discussion
the reader may refer to [4].

1.2 Basic conventions

In what follows we focus on the E6 exceptional
�eld theory and hence it is useful to list few basic
conventions and de�nitions that will be used [5]. A
coset representative is denoted as usual by

VijM ∈
E6(6)

USp(8)
, (3)

where the index convention is the following

M,N,O, P, . . . = 1, . . . , 27, E6(6) indices

A,B,C,D, . . . = 1, . . . , 27, local USp(8)

i, j, k, . . . = 1, . . . , 8, local USp(8)

µ, ν, ρ, σ, . . . = 1, . . . , 5, GL(5) indices

a, b, c, d, . . . = 1, . . . , 5, local SO(1, 4).

(4)

The scalar matrix VijM and the symplectic USp(8)
matrix Ωij satisfy a set of constraint

VijMV
N
ij = δNM , VklMVmij = δklij −

1

8
ΩijΩ

kl,

VklMΩkl = 0, VMij = (VijM )∗ = VklMΩkiΩlj ,

ΩklΩ
lm = −δmk ,

(5)

where the star denotes complex conjugation and the
Kronecker symbol for pairs of antisymmetric indices is
de�ned as δijkl = 1/2(δikδ

j
l −δilδ

j
k). In addition we use the

convention that all (anti)symmetrisations of n indices
are performed with a prefactor of 1/n!, i.e.

A[i1,...in] ≡
1

n!
(Ai1...in + permutations) . (6)

For the spinor sector we use symplectic Majorana
spinors ψi subject to the reality constraint

C−1ψ̄Ti = Ωijψ
j , ψi

T
C = Ωijψ̄j , (7)

where the charge conjugation matrix C is de�ned by
the following relations

CγaC
−1 = γTa , CT = −C, C† = C−1

γabcde = 1εabcde.
(8)

This implies the following relation for fermionic
bilinears with spinor �elds ψi and ϕi

ψ̄iΓϕ
j = −ΩikΩjlψ̄l(C

−1ΓTC)ψk (9)

for any expression of gamma matrices Γ.

1.3 Extended geometry

Following the constructon of Cremmer and
Julia the hidden exceptional symmetries of
lower dimensional maximal supergravities most
straightforwardly can be reproduced in toroidal
reductions of 11-dimensional supergravity. The
formalism of extended geometry provides more
geometric background to the exceptional groups in
terms of extended geometric structures on an extended
space (for review see [6�8]).

The extended space is constructed by adding extra
directions to the would-be internal manifold that
correspond to winding modes of M-branes [9, 10]

XM = {xm, ymn, zmnklp, . . .}. (10)

In�nitesimal coordinate transformations on this space
consistent with the exceptional groups are de�ned
as a generalisation of the well-known Hitchin's
construction. Hence, one de�nes generalised tensors
that live on the extended space as objects with the
following transformation rule [11,12]

(LΛT )M =ΛN∂NT
M − 6PML

N
K∂NΛKTL

+λT (∂KΛK)TM ≡ [Λ, T ]MD .
(11)

The �rst and the last terms play the roles of translation
and a weight term respectively. The second term
re�ects the exceptional group symmetry and involves
the projection of the matrix ∂NΛK on the U-duality
algebra, since in general it does not belong to the
structure group E6(6) [13]. This is very similar to
General Relativity where, however, the group is GL(n)
and any non-degenerate matrix belongs to its algebra.
Hence, in the case of the GL geometry the projector
will be just trivial.

In addition one introduces a di�erential constraint
on all �elds in the theory that restricts dependence on
the extended coordinates XM

dPMN∂M ⊗ ∂N = 0. (12)

This extra condition in particular implies existence of
a trivial transformation given by ΛM0 = dMNK∂NΞK
which itself transforms as a generalised vector. The
Jacobi identity and closure of the algebra hold up to a
trivial transformation as well. The latter leads to the
notion of E-bracket that is an antisymmetrisation of
the Dorfman bracket

[LΛ1
,LΛ2

] = L[Λ1,Λ2]E ,

[Λ1,Λ2]E ≡ [Λ[1,Λ2]]D.
(13)

It is important to mention that in contrast to the E-
bracket, the Dorfman bracket [, ]D is not antisymmetric
nor symmetric. This will play a crucial role in
construction of tensor hierarchy starting from the
covariant derivative to be de�ned in the next section.
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2 E6(6) covariant exceptional �eld theory

2.1 Covariant derivative for D-bracket and tensor
hierarchy

In the formalism of Extended Geometry generalised
tensors and the corresponding transformations are
considered to be independendent of space-time
coordinates xµ, that decouples the would be scalar
sector.

In order to naturally incorporate the tensor and
fermionic sector into the formalism the �elds and all
the gauge parameters are now allowed to depend on
the external space-time coordinates. In the spirit of the
ordinary Yang-Mills construction this implies that one
has to introduce a long space-time derivative, that is
covariant with respect to D-bracket [13]

δΛDµT
M = LΛDµT

M ,

Dµ = ∂µ − LAMµ = ∂µ − [Aµ, ]D,

δΛA
M
µ = ∂µΛM − [Aµ,Λ]MD = DµΛM ,

(14)

where the gauge �eld AMµ is identi�ed with the vector
�eld of the corresponding maximal supergravity (with
all necessary dualisations).

Since the E-bracket does not satisfy the Jacobi
identity, one has to deform the usual �eld strenth by a
trivial transformation

[Dµ,Dν ] = −LFµν ,
FMµν = 2∂[µA

M
ν] − [Aµ, Aν ]ME + 10dMNK∂NBKµν .

(15)

In the spirit of tensor hierarchy, gauge transformations
of the 1- and 2-forms naturally have the following form

δAMµ = DµΛM − 10dMNK∂NΞKµ,

∆BMµν = 2D[µΞMν] + dMNKΛNFµνK .
(16)

This construction nicely utilises the p-forms of the
D = 5 maximal supergravity and naturally leads
to tensor hierarchy as a consequence of generalised
covariance.

2.2 Geometry and connections

The structure of EFT explicitly distinguishes
beetween the two sets of coordinates: space-time {xµ}
and the extended space XM . Respectively, one has two
local groups SO(1, 4) and USp(8). Hence, there are
four types of connections listed in the following table

Dµ ∇M
SO(1, 4) ωµ

ab ωM
ab

USp(8) Qµ
i
j QM

i
j

The SO(1, 4) connection ωµ
ab is de�ned by the

usual vanishing torsion condition D[µe
a
ν] = 0. The

USp(8) connection Qµ is de�ned according to the

group properties of the matrix VijM as usual (see [5])

VklMDµVMij = 2δk
[iQµl

j] + Pµ
ijmnΩmkΩnl,

Qµ ∈ usp(8), Pµ ∈ e6 	 usp(8).
(17)

Explicit form of the SO(1, 4) connection ωM
ab can be

found following the same story but for the space-time
vielbein eaµ, i.e.

eaµ∂Me
b
µ = ωM

ab + πM
ab, (18)

where πM
ab = πM

ba. Finally, the internal USp(8)
connection QM

i
j is derived from an analogue of the

vanishing torsion condition for the extended space
vielbein VijM . The generalised torsion is given by

TNKM = ΓNK
M − 6PMK

P
LΓPN

L

+
3

2
PMK

Q
NΓPQ

P , (19)

that follows from the usual de�nition T (V,W )M =
L∇VWM − LVWM , where L∇ is the covariant
generalised Lie derivative. Hence one may write for the
vanishing torsion condition

VM̄MDNVKM̄ − 6PMK
P
LVM̄LDPVNM̄

+
3

2
PMK

Q
NΓPQ

P = 0. (20)

This equation has the form of the familiar expression
∇[µe

a
ν] = 0 however deformed in accordance to the

algebraic structure of the duality group E6.

3 Supersymmetry transformations

Supersymmetry transformations of the �elds of
E6(6) covariant supergravity are taken to be of the
following form

δεe
a
µ =

1

2
ε̄iγ

aψiµ,

δεψ
i
µ = Dµεi − i

√
2VMij

(
∇̃M (γµε

k)

− 1

3
γµ∇̃M εk

)
Ωjk,

δεχ
ijk =

i

2
P ijklµ γµΩlmε

m − 3√
2

(
VM [ijΩk]m

−1

3
VMm[iΩjk]

)
Ωmr∇̃M εr,

δεVijM = iVMkl
[
4Ωp[kχ̄lmn]ε

p + 3Ω[klχ̄mn]pε
p
]
ΩmiΩnj ,

δεAµ
M =

√
2
[
iΩik ε̄kψµ

j + ε̄kγµχ
ijk
]
VijM ,

δεBµνM =
1√
5
VMij

[
2ψ̄i[µγν]ε

kΩjk − iχ̄ijkγµνεk
]

+ dMNPA[µ
Nδε, A

P
ν], (21)
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where we de�ne the full covariant derivative as

∇̃M εi = ∇M εi −
1

8
FMρσγρσε

i. (22)

Closure of supersymmetry transformations on the
�elds of EFT has the following structure

= ξµDµ + δso(1,4)(Ω
ab) + δusp(8)(Λ

ij)

+ δgauge(Λ
M ) + δgauge(ΞMµ)

+ δgauge(Ξ
α
µν) + δsusy(ε3) + δ(OMµν),

(23)

that is the same as for the �ve-dimensional theory.
Parameters of the transformation on the RHS are given
by the following expressions made of the spinors ε1,2
and the scalar matrix VMij

ξµ =
1

2
ε̄2iγ

µεi1, ΛM = − i√
2

(
ε̄2iε

k
1VMijΩjk

)
,

Ωab = − i
√

2

3

(
ε̄1iγ

ab∇̃M εk2 − ∇̃M ε̄1iγabεk2
)
VMijΩjk

− ΛMωM
ab +

1

2
ΛMFMab,

ΞMµ = − 1√
5
VMklΩlm

(
ε̄2kγµε

m
1

)
Ξαµν = − 3i√

10
(tα)MNVMsiVNki

(
ε̄2kγµνε

s
1

)
,

OMµν =
i√
10

(
ε̄2kγµν∂M ε

k
1 − ∂M ε̄2kγµνεk1

− (ε̄2kε
s
1)ea[µ∂Meν]a +

2

3
VNsi∂MVNki

(
ε̄2kγµνε

s
1

))
.

Here ξµ and ΛM are the di�eomorphism parameters,
Ωab parametrizes the Lorentz rotations, ΞMµ and ΞαM
are the gauge transformation parameters of the 2-
form BµνK and the extra 3-form Cαµνρ. Finally, as a
consequence of the section condition the tensor OMµν

is constrained by

dMNK∂NOKµν = 0. (24)

The operator δ(OMµν) leaves invariant the �eld
FµνM that is the only way of how the 2-form �eld
enters the Largangian. The same is true for the
gauge transformation generated by Ξαµν . Hence, the
superalgebra is closed up to the section condition.

4 Invariant Lagrangian

Given the de�nitions of the covariant derivatives
that respect the E6(6) structure of the extended space
the full supersymmetric Lagrangian for the covariant

Exceptional Field Theory takes the following form

e−1L = R− 1

4
MMN FµνMFµνN −

1

6
|Pµijkl|2

− ψ̄µiγµνρDνψiρ − 2
√

2iVMijΩ
ikψ̄µkγ

[µ∇̃′M (γν]ψν
j)

− 4

3
χ̄ijkγ

µDµχijk − 4
√

2iVMmnΩnpχ̄pkl∇̃′Mχmkl

+
4i

3
Pµijklχ̄ijkγνγµψνmΩlm

+ 4
√

2VMijχ̄ijkγ
µ∇̃Mψµk + Ltop − V (M, g).

Here ∇̃′M [F ] = ∇̃M [−F ] encodes switch of the sign of
the gauge �eld �ux, Ltop is the topological term that
includes the covariant version of the Chern-Simions
Lagrangian and V is the scalar potential of [13, 14].
Due to the lack of space we do not check explicitly
supersymmetry invariance of the above Lagrangian.
For more detailed consideration the reader is referred to
the paper [4]. However, the E6(6) invariance is manifest
since all the objects in the Lagrangian are covariant.

5 Outlook

In this note the U-duality covariant approach
to supergravity is brie�y described. The essential
feature of the Exceptional Field Theory approach is
the notion of extended space and the structure of
extended geometry de�ned on it. We describe the
construction of E6(6) covariant derivatives in both
the space-time and the extended space directions.
The corresponding vanishing torsion and algebraic
conditions give necessary expressions for the SO(1, 4)
and USp(8) connections.

The �nal result is the supersymmetric manifestly
E6(6)-covariant Lagrangian that includes all the �elds
of the maximal D = 5 supergravity. The 11-
dimensional di�eomorphism symmetry is not manifest
in this construction, however upon solution of the
section constraint one is able to restore the full 11-
or 10-dimensional Lagrnagian.

As it was shown in [13], decomposition of the 27
extended space coordinates under the GL(6) subgroup
of E6(6) and leaving only the coordinates in the 6,
provides a consistent solution of the section constraint.
This corresponds to the Kaluza-Klein decomposition of
the full 11-dimensional supergravity.

An alternative solution is given by decomposition of
the 27 under the GL(5)× SL(2) subgroup. This leads
to Type IIB supergravity with manifest SL(2) duality
symmetry.

Relation between the described formalism and the
embedding tensor approach to gauged supergravities
is given by generalised Scherk-Schwarz reductions [15].
As it was shown in [14, 16] the reduction naturally
provides all the gaugings in terms of generalised twist
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matrices and their derivatives with respect to the full
set of extended coordinates.
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Ý. Ìóñàåâ

ÈÑÊËÞ×ÈÒÅËÜÍÀß ÒÅÎÐÈß ÏÎËß ÄËß E6(6) ÑÓÏÅÐÃÐÀÂÈÒÀÖÈÈ

Ïðåäñòàâëåíî êðàòêîå îïèñàíèå ñóïåðñèììåòðè÷íîãî äóàëüíîñòü-êîâàðèàíòíîãî ïîäõîäà ê ñóïåðãðàâèòàöèè. Â îñíî-
âå îïèñûâàåìîãî ôîðìàëèçìà ëåæèò ñòðóêòóðà îáîáùåííîé ãåîìåòðèè, ïðè ýòîì ñêðûòàÿ ñèììåòðèÿ U-äóàëüíîñòè
ðàññìàòðèâàåòñÿ â êà÷åñòâå ëîêàëüíîé êàëèáðîâî÷íîé ñèììåòðèè. Òåíçîðíàÿ èåðàðõèÿ ïîëåé äåôîðìèðîâàííîé ñó-
ïåðãðàâèòàöèè ïîÿâëÿåòñÿ åñòåñòâåííûì îáðàçîì êàê ñëåäñòâèå êîâàðèàíòíîñòè ïîäõîäà. Ïîëíîñòüþ ñóïåðñèììåò-
ðè÷íûé äóàëüíîñòü-êîâàðèàíòíûé Ëàãðàíæèàí âûïèñàí â ÿâíîì âèäå. Ýòà ðàáîòà áûëà äîëîæåíà íà ìåæäóíàðîäíîé
êîíôåðåíöèè ¾Quantum Field Theory and Gravity (QFTG'14')¿ â Òîìñêå.

Êëþ÷åâûå ñëîâà: ñóïåðãðàâèòàöè, ðàñøèðåííàÿ ãåîìåòðèÿ, äóàëüíîñòè, èñêëþ÷èòåëüíàÿ òåîðèÿ ïîëÿ.
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We propose a new ghost-free model describing massive spin two field1. This model consists of a kinetic term and interaction
terms without derivative. We report on the properties of this model, especially we consider what could happen when this
model couples with gravity. Although the model does not generate any ghost on the Minkowski space-time, it is not so
clear whether or not this property is preserved even on curved space-time. In fact, Buchbinder et al. have found that the
ghost appears even in the Fierz-Pauli theory on curved space-time if we do not include non-minimal coupling terms. We
report on the model with interactions on curved space-time and show that we can construct a model without ghost by
including non-minimal coupling terms.

Keywords: massive spin two field, massive gravity.

1 Introduction

Recently there have been much progress in the
study of massive gravity [4,5] and bigravity [6–8], with
which motivated, we propose a new kind of model for
massive spin-two field and investigate the properties.
There are several motivations why we study this model:
1. As we discuss, the condensation of the symmetric
tensor may break the supersymmetry. 2. The conden-
sation may also explain the accelerating expansion of
the present universe. 3. The particles corresponding
to the massive spin two field may be a candidate of the
dark matter.

The free theory of the massive spin two field, which
is called massive gravity, was proposed three the fourth
century ago, by Fierz and Pauli [9]. The Lagrangian
density for the massless spin-two field (graviton) hµν is
given by linearizing the Einstein-Hilbert Lagrangian,

L0 =− 1

2
∂λhµν∂

λhµν + ∂λh
λ
µ∂νh

µν − ∂µhµν∂νh

+
1

2
∂λh∂

λh . (1)

Here h ≡ hµµ. On the other hand, the Lagrangian
density of the massive graviton with mass m has the
following form:

Lm = L0 −
m2

2

(
hµνh

µν − h2
)
, (2)

which is called the Fierz-Pauli Lagrangian density.

We should note that the massless graviton has 2
degrees of freedom corresponding to the helicity but
the massive graviton has five degrees of freedom be-
cause the representation of the spin two states have

five degrees of freedom (as known in quantum mechan-
ics, the representation of the general spin s states is
2s + 1 dimensional). The Hamiltonian analysis surely
tells that the massive gravity has five propagating de-
grees of freedom in four dimensions. In m = 0 case, h0i

and h00 play the role of the Lagrange multipliers and
give 4 constraints, which are the first class constraints
associated with the gauge symmetry corresponding to
the general covariance. In four dimensions, hij and
the conjugate momenta πij have 6 components, respec-
tively, which give 12 dimensional phase space. Because
of the 4 constraints and 4 gauge invariances, the phase
space reduces to 4 dimensional one, which corresponds
to the two polarizations, that is, helicities of massless
graviton. On the other hand, in case m 6= 0, h0i’s are
no longer the Lagrange multipliers but the equation
given by the variation of h0i can be solved with respect
to h0i. Even in case m 6= 0, h00 plays the role of the
Lagrange multiplier and gives a single constraint. Be-
cause we also obtain a secondary constraint, there are
two second class constraints and in four dimensions, we
obtain 10 degrees of freedom because 12 dimensional
phase space minus 2 constraints are equal to the 10
physical degrees of freedom, which corresponds to the
5 polarizations of the massive graviton and their con-
jugate momenta.

Although we obtain a consistent free field theory
of the massive graviton, if we include the interaction,
there seems to appear always a ghost scalar field called
the Boulware-Deser ghost [10,11]. This is because due
to the non-linearity, h00 cannot be the Lagrange multi-
plier field and there appears one extra scalar field. Af-
ter that, there had not been much progress for a long
time but recently, remarkable formulations to construct
ghost free models of massive gravity [4, 5] and bigrav-

1This report is based on the collaborations with Y. Ohara and S. Akagi [1–3].
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ity [6–8] have been found. The bimetric gravity or bi-
gravity has the dynamical metric fµν and therefore the
model is background independent. This model includes
both of the massless graviton and massive graviton.

The F (R) gravity extension [12–14] has been also
well-studied and it has been shown that arbitrary evo-
lution of the expansion of the universe can be repro-
duced.

2 New theory of massive spin-two field

Recently new ghost free interactions called
“pseudo” linear terms has been proposed [15] (see also
[16]),

Ld,n ∼ηµ1ν1···µnνn∂µ1
∂ν1

hµ2ν2

· · · ∂µd−1
∂νd−1

hµdνdhµd+1νd+1
. (3)

Here ηµ1ν1µ2ν2 ≡ ηµ1ν1ηµ2ν2 − ηµ1ν2ηµ2ν1 ,
ηµ1ν1µ2ν2µ3ν3 ≡ ηµ1ν1ηµ2ν2ηµ3ν3 − ηµ1ν1ηµ2ν3ηµ3ν2 +
ηµ1ν2ηµ2ν3ηµ3ν1 − ηµ1ν2ηµ2ν1ηµ3ν3 + ηµ1ν3ηµ2ν1ηµ3ν2 −
ηµ1ν3ηµ2ν2ηµ3ν1 . The terms in (3) is linear with respect
to h00 in the Hamiltonian2 and there do not appear
the terms which include both of h00 and h0i. Therefore
the variation of h00 gives a constraint for hij and their
conjugate momenta πij . Then by including the sec-
ondary constraint, we can eliminate the ghost and we
may obtain a power-counting renormalizable model of
the massive spin two field, whose Lagrangian density
is given by

Lh0 =
1

2
ηµ1ν1µ2ν2µ3ν3 (∂µ1∂ν1hµ2ν2)hµ3ν3

− m2

2
ηµ1ν1µ2ν2hµ1ν1

hµ2ν2

− µ

3!
ηµ1ν1µ2ν2µ3ν3hµ1ν1

hµ2ν2
hµ3ν3

− λ

4!
ηµ1ν1µ2ν2µ3ν3µ4ν4hµ1ν1

hµ2ν2
hµ3ν3

hµ4ν4
. (4)

Here m and µ are parameters with the dimension of
mass and λ is a dimensionless parameter. Therefore
the model (4) is power-counting renormalizable and of
course free from ghost. The model is not, however, re-
ally renormalizable. This is because the propagator is
given by

Dm
αβ,ρσ =

1

2 (p2 +m2)

{
PmαρP

m
βσ + PmασP

m
βρ

− 2

D − 1
PmαβP

m
ρσ

}
. (5)

Here Pmµν ≡ ηµν+
pµpν
m2 is a projection operator on mass-

shell. Due to the projection operator, when p2 → ∞,
the propagator behaves as Dm

αβ,ρσ ∼ O
(
p2
)

and there-
fore the model (4) is not renormalizable.

We may consider the classical solution by assuming
hµν = Cηµν with a constant C. Then the action re-
duces to the following form: S = −

∫
d4xV (C). Here

V (C) ≡ −6m2C2 + 4µC3 + λC4. Then C can be
determined by the condition V ′(C) = 0. We should
note that when µ = λ = 0, which corresponds to the
Fierz-Pauli model, V (C) is unbounded below but this
does not generate any inconsistency because C does not
propagate and therefore does not roll down the poten-
tial. On the other hand, on the local minimum of the
potential (m2 < 0), hµν becomes tachyon and therefore
the local minimum corresponds to the instability (see
Fig. 1).

In order to show that C is always a constant, we
consider the equation of motion given by

0 =ηµνµ1ν1µ2ν2∂µ1∂ν1hµ2ν2 −m2ηµνµ1ν1hµ1ν1

− µ

2
ηµνµ1ν1µ2ν2hµ1ν1

hµ2ν2

− λ

3!
ηµνµ1ν1µ2ν2µ3ν3hµ1ν1hµ2ν2hµ3ν3 . (6)

When we assume hµν = Cηµν but C is not a constant,
Eq. (6) reduces into the following form:

0 = ηµν
(
22C − 3m2C − 3µC2 + 3λC3

)
− 2∂µ∂νC ,

(7)

which tells that C should be a constant and there-
fore even if C is on the local maximum of the po-
tential, C does not roll down. This could be consis-
tent because only massive spin two mode can propa-
gate but there is no propagating scalar mode in the
model. For simplicity, we parametrize m2 and µ by
using new parameters C1 and C2, m2 = −λ3C1C2 and

µ = −λ3 (C1 + C2). Then the solutions of the equa-
tion V ′(C) = 0 are given by C = 0, C1, C2 and
we find V (C1) = λ

3C
3
1 (−C1 + 2C2) and V (C2) =

λ
3C

3
2 (−C2 + 2C1). If we naively couple the model with

gravity, V (C) plays the role of the cosmological con-
stant. Then we might obtain the accelerating expan-
sion of the universe, which could be the de Sitter space-
time, if V > 0. On the other hand, V < 0 could
correspond to the anti-de Sitter space-time. When
λ > 0, there appear two unstable anti-de Sitter space-
time. On the other hand, when λ < 0, two cases ap-
pear. In one case, there are two solutions correspond-
ing to the unstable anti-de Sitter space-time and the

2For example,

ηµ1ν1µ2ν2hµ1ν1hµ2ν2 ∼h00 (h11 + h22 + h33) + terms not including h00 ,

ηµ1ν1µ2ν2µ3ν3 (∂µ1∂ν1hµ2ν2 )hµ3ν3 ∼
(
∂2

1h00

)
(h22 + h33 − 2h23h32) + · · · .
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stable de Sitter space-time. In another case, one solu-
tion is the stable anti-de Sitter space-time and another
is the unstable anti-de Sitter space-time. When we
consider the supersymmetric model, if E > 0, there
might occurs the breaking of supersymmetry. The re-
lation between C1,2 and the corresponding space-time
and the stability of the solutions is summarized in Ta-
ble 1. We should also note that C1 and C2 are given

by C1 =
−3µ+

√
9µ2+12m2λ

2λ and C2 =
−3µ−

√
9µ2+12m2λ

2λ .

3 New bigravity

If we couple the model of massive spin two field
with the gravity, the model might be regarded as a
new bigravity,

S =

∫
d4x
√
−g
{

1

2
gµ1ν1µ2ν2µ3ν3∇µ1

∇ν1
hµ2ν2

hµ3ν3

− 1

2
m2gµ1ν1µ2ν2hµ1ν1

hµ2ν2

− µ
3!
gµ1ν1µ2ν2µ3ν3hµ1ν1

hµ2ν2
hµ3ν3

− λ
4!
gµ1ν1µ2ν2µ3ν3µ4ν4hµ1ν1

hµ2ν2
hµ3ν3

hµ4ν4

}
. (8)

Here hµν is not the perturbation in gµν but hµν is a
field independent of gµν .

Naively if we work in the local Lorentz frame, we
might expect that there does not appear any ghost.
Buchbinder et al. [17, 18], however, have shown that
even in case of the Fierz-Pauli model, consistent the-
ory should be

S =

∫
dDx
√
−g
{

1

4
∇µh∇µh−

1

4
∇µhνρ∇µhνρ

− 1

2
∇µhµν∇νh+

1

2
∇µhνρ∇ρhνµ +

ξ

2D
Rhµνh

µν

+
1− 2ξ

4D
Rh2 − m2

4
hµνh

µν +
m2

4
h2

}
. (9)

Furthermore the background space-time should be the
Einstein space where Rµν = 1

DgµνR.3 In case of in-
teracting model in this report, we have shown that the
consistent model is given by

S =

∫
d4x
√
−g
{

1

2
∇µh∇µh−

1

2
∇µhνρ∇µhνρ

−∇µhµν∇νh+∇µhνρ∇ρhνµ +
ξ

4
Rhαβh

αβ

+
1− 2ξ

8
Rh2 +

m2

2
gµ1ν1µ2ν2hµ1ν1hµ2ν2

− µ

3!
gµ1ν1µ2ν2µ3ν3hµ1ν1

hµ2ν2
hµ3ν3

(10)

− λ
4!
ηµ1ν1µ2ν2µ3ν3µ4ν4hµ1ν1

hµ2ν2
hµ3ν3

hµ4ν4

}
.

In Eq. (10), the changes from (8) are only for quadratic
terms as in the Fierz-Pauli model. Therefore we
may consider (anti-)de Sitter (-Schwarzschild or Kerr)
space-time as exact solutions.

By assuming hµν = Cgµν with a constant C, the
action (10) can be rewritten as

S = −
∫
d4x
√
−gV (C) +

1

2κ2

∫
d4x
√
−gR , (11)

V (C) = −
{

6m2 + (2− 3ξ)R
}
C2 + 4µC3 + λC4 ,

S =

{
(2− 3ξ)C2 +

1

2κ2

}∫
d4x
√
−g [R− 2Λeff ] .

Then the effective mass M is given by M2 ≡
m2 − 2µC − λC2 and the effective cosmological

constant by Λeff ≡ κ2(−6m2C2+4µC3+λC4)
2κ2C2(2−3ξ)+1 . Then

we obtain R = 4Λeff , which tells V0
′(C) =

4C
{
−2µζC3 +

(
λ+ 6ζm2

)
C2 + 3µC − 3m2

}
= 0.

Here ζ ≡ κ2 (2− 3ξ). Besides a trivial solution C = 0,
the non-trivial solutions can be obtained by defin-

ing C = 4x + λ+6ζm2

6µζ , p = − 1
3

{(
λ+6ζm2

2µζ

)2

+ 9
2ζ

}
,

q = 2
27

(
λ+6ζm2

2µζ

)3

− λ
4µζ2 , and ω ≡ ei2π/3. Then the

explicit expressions of solutions are given by

x =ωk
3

√
−q

2
+

√(q
2

)2

+
(p

3

)3

(12)

+ ω3−k 3

√
−q

2
−
√(q

2

)2

+
(p

3

)3

, k = 1, 2, 3 .

and the determinant is given by D = −27q2 − 4p3 =

−22 · 33
{(

q
2

)2
+
(
p
3

)3}
. Then except the case q = p =

0, we find,

1. D > 0 There are three different real solutions.

2. D < 0 There is only one real solution.

3. D = 0 There are three real solutions but two of
them are degenerate with each other.

We should note that the stability of the solution is re-
lated with the Higuchi bound [20].

4 Summary

We propose a new theory describing massive spin
two field and consider the coupling of the theory with
gravity, which may be a new kind of bimetric gravity
or bigravity. Then we find the massive spin two field
plays the role of the cosmological constant. We have
also shown that

• The conditions of no ghost is not changed from
those in the Fierz-Pauli case.

3The inconsistence when the Fierz-Pauli model couples with gravity was found in [19].
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• There could be the accelerating expansion of the
universe (inflation or dark energy).

• The (anti-)de Sitter-Schwarzschild (Kerr) space-
time is an exact solution.

It could be interesting to consider if the particle cor-
responding to the massive spin two field can be dark
matter.

Because the (ant-) de Sitter-Schwarzschild (Kerr)
black hole space-time is an exact solution, it could be
interesting to investigate the entropy of the black hole.
As a tentative result, we have found that the entropy
would not be changed from the case of the Einstein
gravity, whose situation is different from the Hassan-

Rosen bigravity case [21, 22], where the entropy is the
sum of the contributions from two metric sectors cor-
responding to gµν and fµν .
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tlocal maximum

no tachyon for hµν (m2 > 0)

stable

C does not roll down

t
local minimum

tachyon for hµν (m2 < 0)

unstable

Figure 1. Upward convex potential (left) is stable but downward convex potential is unstable, which might be counter-intuitive

Table 1. The relation between C1,2 and the corresponding space-time and the stability of the solutions

0 < λ − 2µ2

3m2 < λ < 0 − 3µ2

4m2 < λ < − 2µ2

3m2

de Sitter no solution C2 (stable) no solution

Anti-de Sitter
C1 (unstable)
C2 (unstable)

C1 (unstable)
C1 (unstable)
C2 (stable)
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Ø. Íîæèðè

ÍÎÂÀß ÌÎÄÅËÜ ÌÀÑÑÈÂÍÎÃÎ ÏÎËß ÑÎ ÑÏÈÍÎÌ ÄÂÀ

Ìû ïðåäëàãàåì íîâóþ ìîäåëü, îïèñûâàþùóþ ìàññèâíûå ïîëÿ ñî ñïèíîì äâà áåç äóõîâ. Ìîäåëü ñîäåðæèò êèíåòè-
÷åñêèé ÷ëåí è ÷ëåíû âçàèìîäåéñòâèÿ áåç ïðîèçâîäíûõ. Îïèñàíû ñâîéñòâà ýòîé ìîäåëè; â ÷àñòíîñòè, ðàññìîòðåíû
ñëåäñòâèÿ îáúåäèíåíèÿ ñ ãðàâèòàöèåé. Õîòÿ ìîäåëü íå ãåíåðèðóåò íèêàêèõ äóõîâ, íå ñîâñåì ÿñíî, ñîõðàíÿåòñÿ ëè
ýòî ñâîéñòâî ìîäåëè â èñêðèâëåííîì ïðîñòðàíñòâå-âðåìåíè. Áóõáèíäåð ñ ñîàâòîðàìè ïîêàçàëè, ÷òî äóõ âîçíèêàåò
äàæå â òåîðèè Ôèðöà-Ïàóëè â èñêðèâëåííîì ïðîñòðàíñòâå-âðåìåíè, åñëè ìû íå âêëþ÷àåì ÷ëåíû íåìèíèìàëüíîãî
âçàèìîäåéñòâèÿ. Ìû îïèñûâàåì ìîäåëü ñ âçàèìîäåéñòâèåì â èñêðèâëåííîì ïðîñòðàíñòâå-âðåìåíè è ïîêàçûâàåì, ÷òî
ìîæíî ñêîíñòðóèðîâàòü ìîäåëü áåç äóõà ïðè âêëþ÷åíèè ÷ëåíîâ íåìèíèìàëüíîãî âçàèìîäåéñòâèÿ.

Êëþ÷åâûå ñëîâà: ìàññèâíîå ïîëå ñïèíà äâà, ìàññèâíàÿ ãðàâèòàöèÿ.
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ACCELERATION AND DECELERATION IN COSMOLOGY WITH SPINOR AND SCALAR FIELDS
NON-MINIMALLY COUPLED TO F(R) GRAVITY

K. E. Osetrin, A. N. Makarenko, Yu. A. Rybalov

Tomsk State Pedagogical University, Kievskaya str., 60, 634061 Tomsk, Russia.

E-mail: osetrin@tspu.edu.ru; andre@tspu.edu.ru; ribalovyua@tspu.edu.ru

The solution to the current extending Universe problem, and the description of all stages of evolution compels scientists
to consider various cosmological models. We combine two di�erent approaches to the description of dark energy: modi�ed
gravity theory and introduction of the additional �elds. We investigate the accelerating and decelerating cosmological
models with non-linear spinor �elds and non-minimal interaction of gravity with a scalar �eld. Scalar - tensor models are
rather simple and also allow us to clearly de�ne the separate stages of evolution. We explained the role of scalar and spinor
potentials for emergence of accelerating or decelerating cosmology.

Keywords: cosmological model, non-minimally interactions, scalar �eld, spinor �eld.

The problem of the dark energy and dark matter
is one of the main challenges of modern cosmology.
Astrophysical data indicates that the observed universe
is in an accelerated phase. This acceleration could be
caused by this so-called dark energy (see [1] for a recent
review). On the other hand, astrophysical observations
provide evidence [2] for the existence of a non-baryonic,
non-interacting and pressure-less component of the
Universe, dubbed dark matter. This leads us to the
need to revise the standard cosmology. The spectrum of
models, having been postulated and explored in recent
years, is extremely wide and includes, in particular,
Quintessence, K-essence, Ghost Condensates, Dvali-
Gabadadze-Porrati gravity, Galileon gravity, and f(R)
gravity [3] (see [4] for detailed reviews of these and
other models). Such cosmological models tend to
describe not only the accelerated expansion at this
stage of evolution, but also at all other stages of
evolution. All these models are divided into two main
classes: f(R) theory and alike (see [4�6]), and models
which use various objects: scalars, spinor, cosmological
constant, liquid with the di�cult state equation.

The cosmological constant models are the simplest
candidates for the solution of the problem of the
universe acceleration. However, these models have still
problems with the consistent description of the diffe-
rent evolution stages of the Universe. Scalar theory
is most popular to describe the current accelerating
expansion and early-time in�ation. However, to
describe the dark matter we have to introduce
additional �elds. One can consider a model with
two scalar �elds [7] (or scalar �eld and lagrange
multiplier(s) [8]), or, for example, models with
additional spinor �eld to describe dark energy and dark
matter.

The spinor �elds have been used as a source of

a gravitational �eld in a number of works, and the
interaction of the spinor and scalar �elds as a factor of
in�ation expansion has been considered. Spinor �elds
can be used to describe the primordial in�ation [9] and
current expansion [10]. However, the exact solutions in
the presence of the spinor �eld is di�cult to build (for
example, see [11]). A signi�cant number of attempts
have been made to construct the cosmological models
with a spinor �eld for description of dark energy, where
a non-canonical kinetic term was considered, such as
k-in�ation and k-essence models [12]. In [13, 14], the
properties of one of the foregoing models with self-
interacting spinor with the noncanonical kinetic term
were studied.

The scalar invariant constructed from two spinor
�elds dynamically develops a nonvanishing value in
Quantum Chromodynamics (QCD) theory [15]. There
is another way to solve the problem of dark energy
that does not require the introduction of the dark
component. The modi�ed theory of gravity may be
quite realistic to describe the di�erent phase of
evolution of the Universe (see recent review [6]).

We considered a cosmological model with a spinor
�eld and a scalar �eld couples with an arbitrary
function of the curvature. Of course, such models are
not standard ones, in the sense that they are not
multiplicatively renormalizable in curved spacetime
[16]. Hence, they should be considered as kind of
e�ective theories (without clear understanding of their
origin and their relation with more fundamental
string/M-theory). The paper is devoted to study
of non-minimally coupled scalar theory introduced
in [3] with self-interacting spinor �eld. We study
the Friedman-Robertson-Walker (FRW) equations of
motion for such non-linear and non-minimal system
with scalar and spinor �elds. In this work we
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will study cosmological models similar to those
o�ered in the works [14, 17], but with non-
minimally interacted scalar �eld. Speci�c choice of
scalar and spinor potentials is made in the process
of the search of explicit accelerating/decelerating
cosmological solutions. Several power-law solutions for
current dark energy epoch are constructed. It is known
that these cosmologies are quite realistic and pass the
observational bounds.

The models allowing non-minimal interaction of
scalar �eld derivatives and curvature are of particular
interest. As Amendola showed, the theory of such
kind, cannot be brought to a form of Einstein
gravitation by conformal transformation. Note that
usually �eld equations in models with non-minimal
derivative interaction are the di�erential equations
above the second order. However, the order goes
down to the second in a special case when the
kinetic term is connected only to Einstein's tensor,
i.e. κGµνφ

µφν (see, for example [18]). In works [19,
20] authors have studied cosmological scenarios from
non-minimal interaction of the derivative κGµνφ

µφν ,
concentrating on models with zero and constant
potential. According to the parameter choices, we
have obtained a variety of behaviors including the
Big Bang, an expanding universe without a beginning,
a cosmological turnaround, an eternally contracting
universe, a Big Crunch, and a cosmological bounce. In
this cosmological model the non-minimal interaction of
gravitation and a matter (a scalar �eld) is considered
in a combination with the spinor �eld.

Let us consider two models with the action in the
form:

S =

∫
d4x
√
−g{ R

8π
− (gµν + κ(Rµν

− 1

2
Rgµν))∇µφ∇νφ− V (φ)− LD}, (1)

where R is scalar curvature, and the action in the form:

S =

∫
d4x
√
−g{ R

8π
− f(R)Lφ − LD}. (2)

The Lagrangian of a scalar �eld of mass m is given
by:

Lφ =
1

2
gµν∇µφ∇νφ− V (φ). (3)

The Dirac Lagrangian LD of fermion mass �eldmf has
the form:

LD =
i

2
{ψ̄ΓµDµψ−Dµψ̄Γµψ}−mf 〈ψ̄ψ〉−F (ψψ̄). (4)

In the expression (4), F (ψψ̄) describes the potential
of fermion �eld and ψ̄ = ψ†γ0 denotes the conjugate
spinor. Γµ = eµaγ

a are generalized Dirac-Pauly
matrices in a curved spacetime (where eµa is tetrad).

A consideration of the spinor �eld is carried out in
works [14, 17], we have used the necessary results. Let
us now consider a FRW universe with the �at spatial
metric:

ds2 = dt2 − a(t)2(dx2 + dy2 + dz2). (5)

Einstein's equations can be written as

1

8π
(Rµσ −

1

2
gµνR) = −Tµν , (6)

where

Tµν = (Tf )µν + (Tφ)µν ,

(Tf )µν is the energy-momentum tensor of the fermion
�elds and (Tφ)µν is the contribution of the variation of
the scalar �eld which interacts non-minimally.

We choose the potential of a fermionny �eld F (ψ̄ψ)
in the following form:

F (ψ̄ψ) = α1(ψ̄ψ)2 + α2(ψ̄ψ)4 + α3(ψ̄ψ)6,

ψ̄ψ =
c

a(t)3
. (7)

We choose the action in form (1). We will notice
that for α1 = α2 = α3 = mf = 0 the equation is
similar to the equation formulated in work [20]. The set
of similar scalar models is considered in [4], but in our
work the model is not only considered with the scalar,
but also with the spinor �eld. We will contemplate
solutions of the �eld equations.

Equation shows us that the existence of a special
value forH = ȧ

a follows, namely atH = 1
3
√
κ
coe�cient

at φ′2 addresses in zero. Furthermore, it is shown that,
in this case, there is a solution.

I) Solution H = const = ±
√

1/(3κ). In this
case the potential of a scalar �eld plays a role of a
cosmological constant Λ.

II) Solution H = const = ±
√

1/(9κ).
We will now consider now solutions of the �eld

equations in the absence of scalar potential (V (φ) = 0).
Asymptotic solutions are of greater interest in the
equation at small a (τ → −∞) and big a ( τ → +∞),
and as transition from τ → −∞ to τ → +∞ (τ = ln a).

A) We will consider a case τ → −∞. For the
equation there are two partial solutions Y = 1/9, Y =
1/3 (Y = κH2). The solution Y = 1/9 � stable, Y =
1/3 � unstable. There is a special value of Y = −1/9
for which Y ′ does not exist.

At τ → −∞ for Y from an (−∞, −1/9) interval
at approach for special value of Y ′ tends to −∞, for Y
from an (0, 1/9) interval at approach for special value
of Y ′ tends to +∞, for Y from interval of (1/9, +∞)

the solution tends to Y = 1/9, a(t) = αe
t√
9κ . In

the �eld of Y ∈ (−∞, 0) the main contribution
to the equation gives the summands of the spinor
�eld, generally summed with α3. If in the equation we
consider solutions of higher order of smallness, then the
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most important are summands with α2, α3 and the
behavior of function Y qualitatively doesn't change.
If we put mf , α2, α3 = 0 we will receive singular
solutions Y = 0, Y = −1/9. Note that the results
calculated in works [19,20], in our case, are impossible,
as in a limit at τ → −∞ the spinor �eld renders
considerable in�uence. If we exclude the spinor �eld,
we will receive solutions given in the work above. We
can see that the accelerated expansion is observed, and
the prevalence (existence) of the summand spinor �eld,
which causes faster expansion.

B) We will consider τ → +∞ case. For the
equation there are three partial solutions Y = 0,
Y = 1/3, Y = 1/9. Solution Y = 0, Y = 1/3 � stable,
Y = 1/9 � unstable.

At τ → +∞ for Y from an (−∞, 1/9) interval
solution aspire at big τ to Y = 0, a(t) = const, for
Y from an (1/9, +∞) interval solution aspire big τ to

Y = 1/3, a(t)→ αe
t√
3κ .

By considering an interval of positive values τ at
τ → +∞ we can observe a gradual weakening of the
spinor �eld in�uence, and within the limit we receive
the prevalence of the summands for a scalar �eld and
the Einstein summand.

Note that in work [19] solutions, with additional
asymptotic restrictions, for a conformal factor, in
operation without the spinor �eld are received. In our
case, however, the scalar �eld behaves di�erently, which
is caused by the in�uence of the spinor �eld summands.
As the existence of a spinor excludes a number of
asymptotic solutions if we do not impose additional
approximations (for example degree).

We choose the action in form (2), where the
Lagrangian of the scalar �eld is (3) and a(t) =
a0t

n, f(R) = r0R
p. We assume reconstruction of

solutions. Thus, in our model we have a di�erent types
of behavior of the universe expansion. The presence
of the spinor �eld leads to a slowing of the universe
expansion, when the scale factor is positive and less
than one (n = 1/9, 1/6, 1/3 and 2/3). For the case
of a free scalar �eld if n = 2/3 then we get the scalar
�eld decreasing over time. Otherwise, the scalar �eld
increases with time (φ ∼ t1/2, t3/4 and t5/6).

If we consider the model in the absence of a spinor
�eld the situation is changing. The presence of non-
minimal interaction allows to obtain solutions for any
value of the degree in the scale factor. The degree of a
scalar �eld is arbitrary. We have only one restriction -
k = p (where φ = f0t

k).

All the solutions we obtained for the power-law
scalar �eld (φ ∼ tk). Choosing a di�erent type of �elds,
such as logarithmic function of time, lead us to an
equation without explicit solution.

Consider as an example the case of the scalar

potential �eld set to 1/2mφ2. In this case, the equation
of motion of the scalar �eld gets the form

2m t φ+ (3n− 2p)φ̇+ tφ̈ = 0.

φ = t
1
2−

3n
2 +p(BesselJ

[
1

2
− 3n

2
+ p,
√

2
√
mt

]
c1

+BesselY

[
1

2
− 3n

2
+ p,
√

2
√
mt

]
c2),

where c1 and c2 are constant, BesselJ is the Bessel
function of the �rst kind and BesselY is the Bessel
function of the second kind. We see that in this case
it would be di�cult to check the compatibility of the
solutions with the Einstein equations. For this reason,
we restricted ourselves to the power dependence of the
scalar �eld on time.

If the degree of the scale factor is positive, we
get the quintessence-type universe. However, we can
consider the case of a negative power. One can do a
replacement t→ t− ts (ts is a constant) and we obtain
the phantom universe with the singularity of the future
such as the Big Rip.

We see that the presence of a spinor �eld of speci�c
type does not permit the universe to expand with
acceleration. The introduction of a scalar �eld does
not change the situation. However, in the absence of
a spinor �eld the non-minimal interaction leads us to
arbitrary powers of the scale factor and the scalar (in
power form), but �xing potential and function f(R).

For the action in form (2). The behavior of the
cosmological model with the spinor �eld and non-
minimally interacted scalar �eld has been considered.
In the work a number of solutions addressing the
exponential behavior of a large-scale factor for model
with a scalar and spinor �eld have been calculated.
That partial solution are solutions of dS (de-Sitter),
or solutions a(t) = const. Asymptotic solutions are
generally more di�cult to comprehend and partial
asymptotic solutions are the de Sitter's solutions
or solutions a(t) = const. If we impose additional
conditions on the asymptotic equations it is possible
to receive also the series solutions for a large-scale
factor. The existence of the spinor �eld has an impact
on evolution in the initial stage and further weakens
its in�uence. Towards the latter stages of evolution,
a scalar �eld and R/2 term are very in�uential.
Our following research will include the equivalent
model with interaction of the scalar �eld and f(R)
gravitation.
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Ê. Å. Îñåòðèí, À. Í. Ìàêàðåíêî, Þ. À. Ðûáàëîâ

ÓÑÊÎÐÅÍÈÅ È ÇÀÌÅÄËÅÍÈÅ Â ÊÎÑÌÎËÎÃÈÈ ÑÎ ÑÏÈÍÎÐÍÛÌ ÏÎËÅÌ È
ÍÅÌÈÍÈÌÀËÜÍÛÌ ÂÇÀÈÌÎÄÅÉÑÒÂÈÅÌ f(R) ÃÐÀÂÈÒÀÖÈÈ ÑÎ ÑÊÀËßÐÍÛÌ

ÏÎËÅÌ

Ðåøåíèå ïðîáëåìû òåêóùåãî ðàñøèðåíèÿ Âñåëåííîé è îïèñàíèå âñåõ ñòàäèé ýâîëþöèè Âñåëåííîé çàñòàâëÿåò ó÷åíûõ
ðàññìàòðèâàòü ðàçëè÷íûå êîñìîëîãè÷åñêèå ìîäåëè. Â íàøåé ðàáîòå îáúåäèíåíû äâà ðàçëè÷íûõ ïîäõîäà ê îïèñàíèþ
òåìíîé ìàòåðèè: ìîäèôèöèðîâàííûå òåîðèè ãðàâèòàöèè è ââåäåíèå äîïîëíèòåëüíûõ ïîëåé. Èññëåäîâàíî óñêîðåíèå
è çàìåäëåíèå â êîñìîëîãè÷åñêèõ ìîäåëÿõ ñ íåëèíåéíûì ñïèíîðíûì ïîëåì è íåìèíèìàëüíîå âçàèìîäåéñòâèå ãðà-
âèòàöèè ñî ñêàëÿðíûì ïîëåì. Ñêàëÿðíî-òåíçîðíûå ìîäåëè äîâîëüíî ïðîñòû è òàêæå ïîçâîëÿþò ÿñíî îïðåäåëèòü
ðàçëè÷íûå ýòàïû ýâîëþöèè Âñåëåííîé. Â èññëåäîâàíèè îáúÿñíåíà ðîëü ñêàëÿðíîãî è ñïèíîðíîãî ïîòåíöèàëîâ äëÿ
ïîÿâëåíèÿ óñêîðåíèÿ èëè çàìåäëåíèÿ êîñìîëîãèè.

Êëþ÷åâûå ñëîâà: êîñìîëîãè÷åñêèå ìîäåëè, ñêàëÿðíîå ïîëå, ñïèíîðíîå ïîëå, íåìèíèìàëüíîå âçàèìîäåéñòâèå.

Îñåòðèí Ê. Å., äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîð.
Òîìñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò.
Óë. Êèåâñêàÿ, 60, 634061Òîìñê, Ðîññèÿ.
E-mail: osetrin@tspu.edu.ru

Ìàêàðåíêî À. Í., êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, äîöåíò.
Òîìñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò.
Óë. Êèåâñêàÿ, 60, 634061 Òîìñê, Ðîññèÿ.
E-mail: andre@tspu.edu.ru

Ðûáàëîâ Þ. À., êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê.
Òîìñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò.
Óë. Êèåâñêàÿ, 60, 634061 Òîìñê, Ðîññèÿ.
E-mail: ribalovyua@tspu.edu.ru

� 212 �



A. A. Reshetnyak. BRST-BFV Lagrangian formulations for HS fields subject to two-column Young tableaux

UDC 530.1; 539.1

BRST-BFV LAGRANGIAN FORMULATIONS FOR HS FIELDS SUBJECT TO TWO-COLUMN YOUNG
TABLEAUX

A. A. Reshetnyak

Department of Theoretical Physics, Tomsk State Pedagogical University, Kievskaya str., 60, 634061 Tomsk, Russia,
Institute of Strength Physics and Material Science Siberian Branch of RAS, Akademicheskii av. 2/4, 634021 Tomsk,

Russia.

E-mail: reshet@ispms.tsc.ru, reshet@tspu.edu.ru

The details of Lagrangian description of irreducible integer higher-spin representations of the Poincare group with an Young
tableaux Y [ŝ1, ŝ2] having 2 columns are considered for Bose particles propagated on an arbitrary dimensional Minkowski
space-time. The procedure is based, first, on using of an auxiliary Fock space generated by Fermi oscillators (antisymmetric
basis), second, on construction of the Verma module and finding auxiliary oscillator realization for sl(2)⊕sl(2) algebra which
encodes the second-class operator constraints subsystem in the HS symmetry superalgebra. Application of an universal
BRST-BFV approach permits to reproduce gauge-invariant Lagrangians with reducible gauge symmetries describing the
free dynamics of both massless and massive mixed-antisymmetric bosonic fields of any spin with appropriate number of
gauge and Stukelberg fields. The general prescription possesses by the possibility to derive constrained Lagrangians with
only BRST-invariant extended algebraic constraints which describes the Poincare group irreducible representations in terms
of mixed-antisymmetric tensor fields with 2 group indices.

Keywords: higher spins, BRST operator, Lagrangian formulation, Verma module, gauge invariance.

1 Introduction

The belief to reconsider the problems of an unique
description of variety of elementary particles and
known interactions maybe resolved within higher-spin
(HS) field theory whose revealing together with the
proof of supersymmetry display, and finding a new in-
sight on origin of Dark Matter remains by the aims in
LHC experiment programm ( [1]). Because of the exis-
tence of so-called tensionless limit in the (super)string
theory [2] which operates with an infinite tower of HS
fields with integer and half-integer spins the HS field
theory may be considered both of superstring theory
part and as an method to study a superstring the-
ory structure. On present state of HS field theory
we recommend to know from reviews [3–6]. The pa-
per considers the results of constructing Lagrangian
formulations (LFs) for free integer both massless and
massive mixed-antisymmetry tensor HS fields on flat
R1,d−1-space-time subject to arbitrary Young tableaux
(YT) with 2 columns Y [ŝ1, ŝ2] for ŝ1 ≥ ŝ2 in Frons-
dal metric-like formalism on a base of BFV-BRST ap-
proach [7], and precesses the results which appear soon
in [8] (as well as for fermionic mixed-antisymmetric
spin-tensor HS fields on R1,d−1-space-time subject to
arbitrary Y [n̂1 + 1

2 , n̂2 + 1
2 ] in [9]).

The irreducible Poincare or (Anti)-de-Sitter
((A)dS) group representations in the constant cur-
vature space-times may be described both by mixed-
symmetric HS fields subject to arbitrary YT with
k rows, Y (s1, ..., sk), (case of symmetric basis) deter-
mined by more than one spin-like parameters si [10,11]

and, equivalently, by mixed-antisymmetric tensor or
spin-tensor fields subject to arbitrary YT now with
l columns, Y [ŝ1, ..., ŝl], (case of antisymmetric basis)
with integers or half-integers ŝ1 ≥ ŝ2 ≥ ... ≥ ŝl having
a spin-like interpretation [8,9]. Both mixed-symmetric
and mixed-antisymmetric HS fields appear for d > 4
space-time dimensions, in addition to totally sym-
metric and antisymmetric irreducible representations
of Poincare or (A)dS algebras. Whereas for the lat-
ter ones and mixed-symmetric HS fields case the LFs
both for massless and massive free higher-spin fields
is well enough developed [12–16] as well as on base of
BFV-BRST approach, e.g. in [17–24], for the mixed-
antisymmetric case the problem of their field-theoretic
description has not yet solved except for constrained
bosonic fields subject to Y [ŝ1, ŝ2] on the level of the
equations of motion only [25] in so-called ”frame-like”
formulation.

We use, first, the conventions for the metric tensor
ηµν = diag(+,−, ...,−), with Lorentz indices µ, ν =
0, 1, ..., d− 1, second, the notation ε(A), gh(A) for the
respective values of Grassmann parity and ghost num-
ber of a quantity A, and denote by [A, B} the super-
commutator of quantities A,B, which for theirs defi-
nite values of Grassmann parities is given by [A ,B} =
AB − (−1)ε(A)ε(B)BA.

2 Derivation of integer HS symmetry super-
algebra on R1,d−1

We consider a massless integer spin irreducible
representation of Poincare group in a Minkowski

— 213 —



TSPU Bulletin. 2014. 12 (153)

space R1,d−1 which is described by a tensor field
Φ[µ1]ŝ1 ,[µ

2]ŝ2
≡ Φµ1

1...µ
1
ŝ1
,µ2

1...µ
2
ŝ2

of rank ŝ1 + ŝ2 and

generalized spin s ≡ (s1, ..., ss2 ; ss2+1, ..., ss1) =
(2, 2, ..., 2; 1, ..., 1), (with omitting later a sign ”ˆ” un-
der ŝi and s1 ≥ s2 > 0, s1 ≤ [d/2]) subject to a YT
with 2 columns of height s1, s2, respectively

Φ[µ1]s1 ,[µ
2]s2
←→

µ1
1 µ2

1

· ·
µ1
s2 µ2

s2
· · ·
µ1
s1

. (1)

This field is antisymmetric with respect to the permu-
tations of each type of Lorentz indices µi, and obeys
to the Klein-Gordon (2), divergentless (3), traceless (4)
and mixed-antisymmetry equations (5):

∂µ∂µΦ[µ1]s1 ,[µ
2]s2

= 0, (2)

∂µ
i
liΦ[µ1]s1 ,[µ

2]s2
= 0, for 1 ≤ li ≤ si, i = 1, 2, (3)

ηµ
1
l1
µ2
l2 Φ[µ1]s1 ,[µ

2]s2
= 0, for 1 ≤ li ≤ si, (4)

Φ
[[µ1]s1 ,µ

2
1...µ

2
l2−1︸ ︷︷ ︸µ2

l2
]...µ2

s2

= 0, (5)

where the bracket below in (5) denotes that the indices
in it are not included into antisymmetrization, i.e. the
antisymmetrization concerns only indices [µ1]s1 , µ

2
l2

in

[[µ1]s1 , µ
2
1...µ

2
l2−1︸ ︷︷ ︸µ2

l2
].

Combined description of all integer spin mixed-
antisymmetric ISO(1, d − 1) group irreps can be re-
formulated with help of an auxiliary Fock space Hf ,
generated by 2 pairs of fermionic creation aiµi(x) and

annihilation aj+νj (x) operators (in antisymmetric basis),

i, j = 1, 2, µi, νj = 0, 1..., d − 1: aiµi , a
j+
νj = −ηµiνjδij

and a set of constraints for an arbitrary string-like vec-
tor |Φ〉 ∈ Hf ,

|Φ〉 =

[d/2]∑
s1=0

s1∑
s2=0

Φ[µ1]s1 ,[µ
2]s2

(x)

2∏
i=1

si∏
li=1

a
+µili
i |0〉, (6)

(
l0, l

i, l12, ti1j1
)
|Φ〉 = 0, l0 = ∂µ∂µ, (7)(

li, l12, ti1j1
)

=
(
−iaiµ∂µ, 1

2a
1
µa

2µ, a1+
µ a2µ

)
. (8)

The set of 3 even and 2 odd, li, primary constraints
(7), (8) with {oα} =

{
l0, l

i, l12, t12
}

, because of the
property of translational invariance of the vacuum,
∂µ|0〉 = 0, are equivalent to (2)–(5) for all possible
heights s1 ≥ s2. In turn, when we impose on |Φ〉 the
additional to (7), (8) constraints with number particles
operators, gi0,

gi0|Φ〉 = (si − d
2 )|Φ〉, gi0 = − 1

2 [ai+µ , aµi], (9)

these combined conditions are equivalent to Eqs. (2)–
(5) for the field Φ[µ1]s1 ,[µ

2]s2
(x) with given spin s =

(2, 2, ..., 2, 1, ..., 1).

The procedure of LF construction implies the pro-
perty of BFV-BRST operator Q, Q = Cαoα+more, to
be Hermitian, that is equivalent to the requirements:
{oα}+ = {oα} and closedness for {oα} with respect to
the supercommutator multiplication [ , }. Evidently,
the set of {oα} violates above conditions. To provide
them we consider in standard manner an scalar product
on Hf ,

〈Ψ|Φ〉 =

∫
ddx

[d/2]∑
s1=0

s1∑
s2=0

[d/2]∑
p1=0

p1∑
p2=0

〈0|
( 2,pj∏

(j,mj)=(1,1)

a
νjmj

+

j

)+

×Ψ∗[ν1]p1 ,[ν
2]p2

Φ[µ1]s1 ,[µ
2]s2

(2,si)∏
(i,li)=(1,1)

a
+µili
i |0〉. (10)

As the result, the set of {oα} extended by means of the
operators,(
li+, l12+, t12+

)
=
(
−iai+µ ∂µ, 1

2a
2+
µ a1µ+, a2+

µ a1µ
)
, (11)

is closed with respect to Hermitian conjugation, with

taken into account of (l+0 , g
i
0
+

) = (l0, g
i
0). It is rather

simple exercise to see the second requirement is fulfilled
as well if the number particles operators gi0 will be in-
cluded into set of all constraints oI having therefore
the structure,

{oI} = {oα, o+
α ; gi0} ≡ {oa, o+

a ; l0, l
i, li+; gi0}. (12)

Together the sets {oa, o+
a } in the Eq. (12), for {oa} =

{l12, t12} and {oA} = {l0, li, li+}, may be consid-
ered from the Hamiltonian analysis of the dynamical
systems as the operator respective 4 second-class and 5
first-class constraints subsystems among {oI} for topo-
logical gauge system (i.e. with zero Hamiltonian) be-
cause of,

[oa, o
+
b } = f caboc + ∆ab(g

i
0), [oI , oB} = fCIBoC . (13)

Here the constants f cab, f
C
IB are the antisymmetric with

respect to permutations of lower indices and quantities
∆ab(g

i
0) form the non-degenerate 4×4 matrix ‖∆ab‖ in

the Fock space Hf on the surface Σ ⊂ Hf : ‖∆ab‖|Σ 6=
0, determined by the equations, (oa, l0, l

i)|Φ〉 = 0.

Explicitly, operators oI satisfy to the Lie-algebra
commutation relations, [oI , oJ ] = fKIJoK , fKIJ =
−(−1)ε(oI)ε(oJ )fKJI with the structure constants fKIJ be-
ing used in the Eq. (13), and determined from the
multiplication Table 1.
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Table 1. HS symmetry superalgebra A(Y [2],R1,d−1)

[ ↓,→} t12 t+12 l0 li li+ l12 l12+ gi0
t12 0 g1

0 − g2
0 0 l2δi1 −l1+δ2i 0 0 −F 12,i

t+12 g2
0 − g1

0 0 0 l1δi2 −l+2 δi1 0 0 F 12,i+

l0 0 0 0 0 0 0 0 0

lj −l2δj1 −l1δj2 0 0 l0δji 0 1
2
l[2+δ1]j ljδij

lj+ l1+δj2 l+2 δ
j1 0 l0δji 0 1

2
l[1δ2]j 0 −lj+δij

l12 0 0 0 0 1
2
l[2δ1]i 0 − 1

4
(g1

0 + g2
0) l12

l12+ 0 0 0 1
2
l[1+δ2]i 0 1

4
(g1

0 + g2
0) 0 −l12+

gj0 F 12,j −F 12j+ 0 −liδij li+δij −l12 l12+ 0

Note, that in the Table 1, the squared brackets for
the indices i, j in the quantity A[iBj]k mean the anti-
symmetrization A[iBj]k = AiBjk−AjBik and F 12,i =
t12(δi1 − δi2), F 12,i+ = t12+(δi1 − δi2). We call the
superalgebra of the operators oI as integer higher-spin
symmetry algebra in Minkowski space with a YT having
2 columns and denote it as A(Y [2],R1,d−1).

The structure of A(Y [2],R1,d−1) appears by insuffi-
cient to construct BRST operator Q with respect to its
elements oI which should generate correct Lagrangian
dynamics due to second-class constraints {oa} presence
in it. Therefore, we should to convert into enlarged set
of operators OI with only first-class constraints.

3 Deformed HS symmetry superalgebra for
YT with 2 columns

We apply an additive conversion procedure devel-
oped within BRST method, (see e.g. [17]), implying the
enlarging of oI to OI = oI + o′I , with additional parts
o′I supercommuting with all oI and determined on a
new Fock space H′. Now, the elements OI are given
on Hf⊗H′ so that a condition for OI , [OI , OJ ] ∼ OK ,
leads to the same algebraic relations for OI and o′I as
those for oI .

Because of only the generators which do not con-
tain space-timer derivatives, ∂µ, are the second-class

constraints in A(Y [2],R1,d−1), i.e. {o′a, o′
+
a }. There-

fore, one should to get new operator realization of
this subalgebra. Note, this subalgebra is isomorphic
to sl(2)⊕ sl(2).

An auxiliary oscillator realization of sl(2)⊕sl(2) al-
gebra can be found by using Verma module concept [26]
and explicitly derived in the form

t+′12 = b+2 , l+12

′
= b+1 ,

gi′0 = h1 + b+1 b1 + (−1)ib+2 b2,

l′12 = − 1
4 (h1 + h2 + b+1 b1)b1, (14)

t′12 = −(h2 − h1 + b+2 b2)b2,

with new 2 pairs of bosonic creation (annihilation) op-
erators b+i (bi), with non-trivial commutation relations,
[bi, b

+
j ] = δij . The operators t+′12 and t′12; l+′12 and l′12

are respectively Hermitian conjugated to each other, as
well as the number particles operators gi′0 is Hermitian
with help of the Grassmann-even operator (K ′)+ = K ′

which should be found from the system of 4 equations,

〈Ψ|K ′t(l)′12|Φ〉 = 〈Φ|K ′t(l)+′
12 |Ψ〉∗,

〈Ψ|K ′gi′0 |Φ〉 = 〈Φ|K ′gi′0 |Ψ〉∗, (15)

whose solution may be presented in the form,

K ′ =

∞∑
ni=0

(−1)n1+n2Ch1+h2
(n1)Ch2−h1

(n2)

4n1n1!n2!(h1 + h2 + n1)(h2 − h1 + n2)

×|n1, n2〉〈n1, n2|, for Ch(n) =

n∏
i=0

(h+ i), (16)

and |n1, n2〉 = (b+1 )n1(b+2 )n2 |0〉.

4 BRST-BFV operator and Lagrangian for-
mulations

Because of algebra of OI under consideration is a
Lie superalgebra A(Y [2],R1,d−1) the BRST-BFV op-
erator Q′ is constructed in the standard way

Q′ = OICI + 1
2C

ICJfKJIPK(−1)ε(OK)+ε(OI) (17)

with the constants fKJI from the Table 1, constraints
OI = (l0, l

+
i , li; L12, L

+
12, T12, T+

12, G
i
0), fermionic

[bosonic] ghost fields and conjugated to them momenta
(CI ,PI) =

(
(η0,P0); (η12,P+

12); (η+
12,P12j); (ϑ12, λ

+
12);

(ϑ+
12, λ12); (ηiG,P

i
G)
)
, [(q+

i , pi), (qi, p
+
i )] with non-

vanishing (anti)commutators

{ϑ12, λ
+
12} = {η12,P+

12} = 1, [qi, p
+
j ] = δij (18)

and for zero-mode ghosts {η0,P0} = ı, {ηiG ,P
j
G} = ıδij .

The ghosts possess the standard ghost number distri-
bution, gh(CI) = −gh(PI) = 1 =⇒ gh(Q′) = 1. There-
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fore, BRST-BFV operator Q′ and Q are determined as

Q′ = Q+ ηiG(σi + hi) + BiPiG, with some Bi, (19)

Q = η0L0 + iqiq
+
i P0 +∆Q, ∆Q=

(
qil

+
i +η12L

+
12 (20)

+ϑ12T
+
12 + 1

2εijη12q
+
i p

+
j + ϑ12(q+

2 p1 + q1p
+
2 ) + h.c.

)
,

σi + hi = Gi0 − q+
i pi − qip

+
i + η+

12P12 − η12P+
12

+(−1)i(ϑ+
12λ12 − ϑ12λ

+
12), (21)

with real εij = −εji, ε12 = 1. The property of Q′ to be
Hermitian in Htot, Htot = Hf⊗H′ ⊗Hgh is determined
by the rule

Q′+K = KQ′ where K = 1⊗K ′ ⊗ 1gh. (22)

To construct Lagrangian formulation for bosonic HS
fields subject to Y [s1, s2] we choose a representation
of Htot: (qi, pi, η12, ϑ12,P0, P12, λ12,PiG)|0〉 = 0, and
suppose that the field vectors |χ〉 as well as the gauge
parameters |Λ〉 do not depend on ghosts ηiG: extend
our basic vector |Φ〉 (6) given in Hf to

|χ〉 =

∞∑
{n}b=0

1∑
{n}f=0

η
nη0
0 η

+nη12
12 ϑ

+nϑ12
12 P+nP12

12 λ
+nλ12
12

×
2∏
i=1

(ηGi )niq
+nqi
i p

+npi
i b

+nbi
i

∣∣Φ(ai
+){n}f{n}b〉 , (23)

where the integers {n}b = nqi , npi , nbi ∈ N and {n}f
= nη0 , nη12 , nP12 , nϑ12 , nλ12 ∈ Z2.

From the BRST-like equation, determining the
physical vector (23) and from the set of reducible
gauge transformations, homogeneous in ghost number
Q′|χ0〉 = 0 and the BRST complex of the reducible
gauge transformations, δ|χ〉 = Q′|Λ0〉, δ|Λ0〉 = Q′|Λ1〉,
. . ., δ|Λ(r−1)〉 = Q′|Λ(r)〉, for gh(|χ〉) = gh(|Λ(k)〉)+k+
1 = 0 the decomposition in ηiG leads to the relations:(
Q|χ0〉, δ|χ0〉, ..., δ|Λ(r−1)〉

)
=
(
0, Q|Λ0〉, ..., Q|Λ(r)〉

)
,

[σi + hi]
(
|χ0〉, |Λ0〉, . . . , |Λ(r)〉

)
= 0, (24)

with r = sl+s2 being the stage of reducibility both for
massless and for the massive bosonic HS field. Resolu-
tion the spectral problem from (24) yields the eigenvec-
tors of the operators σi: |χ0〉[n]2 , |Λ0〉[n]2 , . . ., |Λr〉[n]2 ,
for [n]2 = [n1, n2], n1 ≥ n2 ≥ 0 and corresponding
eigenvalues of the parameters hi (for massless HS fields
i = 1, 2),

−hi = ni −
d

2
− (−1)i , n1,∈ Z, n2 ∈ N0 . (25)

One can show, first, the operator Q is nilpotent on the
subspaces determined by the solution for (24), second,
to construct Lagrangian for the field corresponding to
a definite YT (1) we must put ni = si, and, third,
one should substitute hi corresponding to the chosen

ni (25) into Q (19) and relations (24). Thus, the equa-
tion of motion (24) corresponding to the field with a
given Y [s1, s2] has the form

Q[s]2 |χ
0〉[s]2 = 0, for|χ0〉[s]2 ({n}f={n}b=0) = |Φ〉[s]2 . (26)

Because of commutativity [Q, σi} = 0 we have joint
system of proper eigen-functions |χl〉[s1,s2] for l =
0, 1, ..., s1+s2+1 and eigen-values hi(si) so that the se-
quence of reducible gauge transformations for the field
with given [s1, s2] are described (for k = 1, ...,

∑2
i=1 si)

by:

δ|χ0〉[s]2 = Q[s]2 |Λ
(0)〉[s]2 , δ|Λ

(0)〉[s]2 = Q[s]2 |Λ
(1)〉[s]2 ,

δ|Λ(k−1)〉[s]2 = Q[s]2 |Λ
(k)〉[s]2 , δ|Λ

(s1+s2)〉[s]2 = 0. (27)

The equation of motion (26) are Lagrangian with ap-
propriate numbers of auxiliary HS fields and derived
from a gauge-invariant Lagrangian action (for K[s]2 =
K|hi=hi(s))

S[s]2 =

∫
dη0[s]2〈χ

0|K[s]2Q[s]2 |χ
0〉[s]2 . (28)

5 Constrained lagrangian formulations

Let us list the key points of the derivation of the
constrained LF from unconstrained one for the same
bosonic field subject to Y [s1, s2]

1. reduction of HS symmetry algebra
A(Y [2],R1,d−1) → Ar(Y [2],R1,d−1) =
A(Y (k),R1,d−1)

sl(2)⊕ sl(2
= {l0, li, l+j };

2. absence of the 2nd class constraints for (m = 0)
=⇒ absence of the conversion procedure;

3. reduction of Q′ (19) to
Qr = η0l0 +

∑
i(qil

+
i + q+

i li + ıq+
i q

iP0);

4. presence 2 off-shell BRST extended by
qi, q

+
i , p

i, p+
i constraints L12, T12, and spin ope-

rator

σir = gi0 + qip
+
i + q+

i pi : [A, Qr] = 0, (29)

for A ∈ {L12, T12, σ
i
r} which look explicitly as

L12 = l12 + 1
2εijqipj , T12 = t12 + q2p

+
1 + q+

1 p2. (30)

The proper constrained Lagrangian action is deter-
mined by the relations

Sr[s]2 =

∫
dη0 [s]2〈χ

0
r|Q|χ0

r〉[s]2 , (L12, T12)|χkr 〉 = 0. (31)
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6 Conclusion

Thus, we have constructed gauge-invariant uncon-
strained and constrained Lagrangian descriptions of
free integer HS fields belonging to an irreducible rep-
resentation of the Poincare group ISO(1, d − 1) with
the arbitrary Young tableaux having 2 columns in the
“metric-like” formulation. The results of this study
are the general and obtained on the base of universal

method which is applied by the unique way to both
massive and massless bosonic HS fields with a mixed
antisymmetry in a Minkowski space of any dimension.

Acknowledgement

This research has been supported by the by the
RFBR grant, project No. 12-02-00121 and grant for
LRSS, project No. 88.2014.2.

References

[1] Feldman D., Perez P. F. and Nath P. 2012 JHEP 1201 038.

[2] Sagnotti A., Tsulaia M. 2004 Nucl. Phys. B682 83.

[3] Vasiliev M. 2004 Fortsch. Phys. 52 702.

[4] Vasiliev M. 2015 Lect. Notes Phys. 892 227.

[5] Sorokin D. 2005 AIP Conf. Proc. 767 172.

[6] Fotopoulos A., Tsulaia M. 2008 Int. J. Mod. Phys. A. 24 1, [arXiv:0805.1346[hep-th]].

[7] Fradkin E. S., Vilkovisky G. A. 1975 Phys. Lett. B. 55 224; Batalin I. A., Fradkin E. S. 1983 Phys. Lett. B. 128 303.

[8] Burd́ık Č., Boyarintceva N. and Reshetnyak A. In progress.

[9] Buchbinder I. L., Reshetnyak A. A., Takata H. In progress.

[10] Labastida J. M. F. 1989 Nucl. Phys. B. 322 185.

[11] Metsaev R. R. 1995 Phys. Lett. B. 354 78.

[12] Fronsdal C. 1978 Phys. Rev. D. 18 3624.

[13] Lopatin V. E., Vasiliev M. A. 1988 Mod. Phys. Lett. A 3 257.

[14] Skvortsov E. D. 2009 Nucl. Phys. B 808 569843

[15] Campoleoni A., Francia D., Mourad J., Sagnotti A. 2009 Nucl. Phys. B 815 289.

[16] Metsaev R. R. 2004 Phys. Lett. B. 590 95.

[17] Burdik C., Pashnev A., Tsulaia M. 2001 Mod. Phys. Lett. A 16 731.

[18] Buchbinder I., Krykhtin V., Takata H. 2007 Phys. Lett. B 656 253.

[19] Buchbinder I. L., Krykhtin V. A., Pashnev A. 2005 Nucl. Phys. B. 711 367, [arXiv:hep-th/0410215]

[20] Buchbinder I. L., Krykhtin V. A., Reshetnyak A. A. 2007 Nucl. Phys. B. 787 211.

[21] Moshin P. Yu., Reshetnyak A. A. 2007 JHEP 10 040, [arXiv:0707.0386[hep-th]].

[22] Buchbinder I. L. Reshetnyak A. A. 2012 Nucl. Phys. B 862 270.

[23] Reshetnyak A. A. 2013 Nucl. Phys. B 869 523270, [arXiv:1211.1273[hep-th]]

[24] Yu. M. Zinoviev, 2009 Nucl. Phys. B 821 21

[25] Alkalaev K. 2004 Theor. Math. Phys. 140 1253 [hep-th/0311212]

[26] Dixmier J. 1974 Algebres enveloppantes (Gauthier-Villars) Paris.

Received 26.11.2014

— 217 —



TSPU Bulletin. 2014. 12 (153)

À. À. Ðåøåòíÿê

ÁÐÑÒ-ÁÔÂ ËÀÃÐÀÍÆÅÂÛ ÔÎÐÌÓËÈÐÎÂÊÈ ÄËß ÏÎËÅÉ ÂÛÑØÈÕ ÑÏÈÍÎÂ,
ÏÎÄ×ÈÍÅÍÍÛÕ ÄÈÀÃÐÀÌÌÀÌ ÞÍÃÀ Ñ ÄÂÓÌß ÑÒÎËÁÖÀÌÈ

Ðàññìîòðåíû äåòàëè ëàãðàíæåâà îïèñàíèÿ íåïðèâîäèìûõ ïðåäñòàâëåíèé âûñøåãî öåëîãî ñïèíà ãðóïïû Ïóàíêà-
ðå ñ òàáëèöåé Þíãà Y [ŝ1, ŝ2], èìåþùèõ 2 ñòîëáöà äëÿ Áîçå-÷àñòèö, ðàñïðîñòðàíÿþùèõñÿ â ïðîñòðàíñòâå-âðåìåíè
Ìèíêîâñêîãî ïðîèçâîëüíîé ðàçìåðíîñòè. Ïðîöåäóðà îñíîâàíà, âî-ïåðâûõ, íà èñïîëüçîâàíèè âñïîìîãàòåëüíîãî ïðî-
ñòðàíñòâà Ôîêà, ïîðîæäåííîãî ôåðìèîííûìè îñöèëëÿòîðàìè (àíòèñèììåòðè÷íûé áàçèñ), âî-âòîðûõ, íà ïîñòðîåíèè
ìîäóëÿ Âåðìà è íàõîæäåíèè âñïîìîãàòåëüíîé îñöèëëÿòîðíîé ðåàëèçàöèè äëÿ àëãåáðû sl(2)⊕sl(2), êîòîðàÿ êîäèðóåò
ïîäñèñòåìó ñâÿçåé âòîðîãî ðîäà â ñóïåðàëãåáðó ñèììåòðèè âûñøèõ ñïèíîâ. Ïðèìåíåíèå óíèâåðñàëüíîãî ÁÐÑÒ-ÁÔÂ
ïîäõîäà ïîçâîëÿåò âîñïðîèçâåñòè êàëèáðîâî÷íî-èíâàðèàíòíûå ëàãðàíæèàíû ñ ïðèâîäèìûìè êàëèáðîâî÷íûìè ñèì-
ìåòðèÿìè, îïèñûâàþùèå ñâîáîäíóþ äèíàìèêó êàê áåçìàññîâûõ, òàê è ìàññèâíûõ ñìåøàííî-àíòèñèììåòðè÷íûõ áî-
çîííûõ ïîëåé ëþáîãî ñïèíà ñ ïîäõîäÿøèì íàáîðîì êàëèáðîâî÷íûõ è Øòþêåëüáåðãîâûõ ïîëåé. Îáùàÿ ïðåñêðèïöèÿ
îáëàäàåò âîçìîæíîñòüþ âîñïðîèçâåñòè ëàãðàíæèàíû ñ ÁÐÑÒ-èíâàðèàíòíûìè ðàñøèðåííûìè àëãåáðè÷åñêèìè ñâÿ-
çÿìè, êîòîðûå îïèñûâàþò íåïðèâîäèìûå ïðåäñòàâëåíèÿ ãðóïïû Ïóàíêàðå â òåðìèíàõ ñìåøàííî-àíòèñèììåòðè÷íûõ
òåíçîðíûõ ïîëåé ñ 2 ãðóïïàìè èíäåêñîâ.

Êëþ÷åâûå ñëîâà: âûñøèå ñïèíû, ÁÐÑÒ îïåðàòîð, Ëàãðàíæåâà ôîðìóëèðîâêà, ìîäóëü Âåðìà, êàëèáðîâî÷íàÿ
èíâàðèàíòíîñòü.
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We develop superfield models for constructing classical actions of various models with rigid supersymmetry on S2 and S3.
We introduce superspaces based on supercoset manifolds SU(2|1)/U(1) and SU(2|1)/[U(1)× U(1)]. We show that models
on S3 with extended supersymmetry can have different versions which are invariant under different supersymmetry groups.
Among the models with extended supersymmetry on S3 we consider the N = 4 and N = 8 SYM theories, Gaiotto-Witten
and ABJM models as well as their analogs on S2.

Keywords: superspace, supercoset, super Yang-Mills model.

1 Introduction and summary

Recently, there have been a surge of interest to su-
persymmetric field theories with rigid supersymmetry
on curved manifolds with topology of sphere. In [1]
it was demonstrated that such models are in the core
of the so-called supersymmetric localization method
which allows one to compute various quantum observ-
ables in these models exactly, beyond the perturbation
theory. Although the supersymmetry plays the cru-
cial role in this method, all applications were given us-
ing the component field formulations of field models in
which the supersymmetry is not manifest. It is natural
to expect that the localization method can be prop-
erly extended and applied to superfield models which
have explicit supersymmetry by construction. As a
first step towards this goal we develop appropriate su-
perfield methods for constructing classical Lagrangians
of various models with rigid supersymmetry on S2 and
S3.

Our consideration is based on the supercoset spaces
SU(2|1)/U(1) and SU(2|1)/[U(1) × U(1)] which con-
tain the spheres S3 and S2 as their bosonic bodies.
We introduce gauge and matter superfields in these
superspaces and construct classical actions using stan-
dard methods of quantum field theory in a curved su-
perspace with four supercharges [2]. In 3d case we
denote this supersymmetry as N = 2 while for two-
dimensional models it is N = (2, 2). Gauge and mat-
ter field theories with this supersymmetry on S3 were
constructed for the first time in [3,4] and on S2 in [5,6]
using standard component field methods. The authors
of these papers found many new exact results for these
models on the quantum level.

One of the main results of our consideration is the
application of superfield methods for constructing clas-
sical actions of various models with extended super-
symmetry both on S3 and S2, such as the N = 4 and

N = 8 SYM theories, Gaiotto-Witten and ABJM. For
three-dimensional models with extended supersymme-
try we show that there exist different supergroups with
the same number of fermionic generators and contain-
ing S3 in the bosonic sector. As a consequence, there
are different versions of models with extended super-
symmetry on S3 which reduce to the same model in
flat space limit. In the two-dimensional case there is
no such ambiguity. Superfield classical actions of these
theories are given explicitly together with the hidden
supersymmetry transformations.

The present contribution is based essentially on our
papers [7, 8].

2 Superspaces as coset realizations

The analogs of two- and three-dimensional Euclid-
ian Poinaré groups are SU(2|1) and SU(2|1) × SU(2)
for models on S2 and S3, respectively. Therefore, it is
natural to introduce superspaces as the following coset
spaces

2d :
SU(2|1)

U(1)× U(1)
, 3d :

SU(2|1)

U(1)
. (1)

The superalgebra su(2|1) is spanned by four
bosonic generators Ma, (a = 1, 2, 3) and R and four
Grassmann-odd generators Qα, Q̄α, α = 1, 2. There
are the following non-trivial commutation relations
among these generators:

[Ma,Mb] =
2i

r
εabcMc ,

[Ma, Qα] = −1

r
(γa)βαQβ ,

[Ma, Q̄α] = −1

r
(γa)βαQ̄β ,

{Qα, Q̄β} = γaαβMa +
1

r
εαβR ,
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[R,Qα] = −Qα , [R, Q̄α] = Q̄α . (2)

Let us introduce superspace coordinates ZM =
(xm, θµ, θ̄µ), where m takes values from one to d with
d = 2 for S2 and d = 3 for S3 case. The geometry of the
supercosets (1) is entirely encoded in the supervielbein
one-forms

EA = dzMEM
A(z) , EA = (Ea, Eα, Ēα) . (3)

Using the commutation relations (2), the expressions
of the supervielbens can be found explicitly in a given
coordinate system. Then, it is straightforvard to find
the inverse supervielbein EA

M and construct the co-
variant derivatives DA = (Da,Dα, D̄α). The algebra
(2) defines (anti)commutation relations among these
derivatives. In 3d case they are

[Da,Db] = − i

2r
εabcMc ,

[Da,Dα] = − i

2r
(γa)βαDβ ,

[Da, D̄α] = − i

2r
(γa)βαD̄β ,

{Dα, D̄β} = iγaαβDa −
1

2
γaαβMa +

1

r
εαβR ,

{Dα,Dβ} = {D̄α, D̄β} = 0 , (4)

while for the case of S2 we find

[Da,Db] =
i

r2
εabM ,

[Da,Dα] = − i

2r
(γa)βαDβ ,

[Da, D̄α] = − i

2r
(γa)βαD̄β ,

{Dα, D̄β} = iγaαβDa +
1

r
γ3
αβM +

1

2r
εαβR ,

{Dα,Dβ} = {D̄α, D̄β} = 0 . (5)

Here M ≡M3.

Any action in full superspace has the following form

S =

∫
ddxd2θd2θ̄ E L , (6)

where L is a superfield Lagrangian and E is the
Berezinian of the supervielbein,

E = BerEM
A . (7)

The latter has the following important property∫
ddxd2θd2θ̄ E = 0 . (8)

As a consequence, the supercosets (1) have vanishing
volume.

3 Superfield actions with minimal supersym-
metry

3.1 Gauge superfield

Gauge theory in superspace is described by gauge
superfield connections VA which covariantize the super-
space derivatives, ∇A = DA + VA. The gauge connec-
tions obey superspace constraints which correspond to
the following deformations of (anti)commutation rela-
tions (4) and (5), 3d:

{∇α,∇β} = {∇̄α, ∇̄β} = 0 ,

{∇α, ∇̄β} = iγaαβ∇a −
1

2
γaαβMa +

1

r
εαβR+ iεαβG ,

[∇a,∇b] = − i

2r
Mab + iFab ,

[∇a,∇α] = − i

2r
(γa)βα∇β − (γa)βαW̄β ,

[∇a, ∇̄α] = − i

2r
(γa)βα∇̄β + (γa)βαWβ , (9)

2d:

{∇α,∇β} = {∇̄α, ∇̄β} = 0 ,

{∇α, ∇̄β} = iγaαβ∇a +
1

r
γ3
αβM +

1

2r
εαβR

+iεαβG+ γ3
αβH ,

[∇a,∇b] =
i

r2
εabM + iFab ,

[∇a,∇α] = − i

2r
(γa)βα∇β − (γa)βαW̄β ,

[∇a, ∇̄α] = − i

2r
(γa)βα∇̄β + (γa)βαWβ . (10)

Here Wα (W̄α) are (anti)chiral superfield strengths
while G and H are linear,

∇̄αWβ = 0 , ∇2G = ∇2H = 0 ,

∇̄2G = ∇̄2H = 0 . (11)

These superfield strengths can be expressed in terms
of unconstrained gauge potential V as

G =
i

2
D̄α(e−VDαeV ) , Wα = − i

4
D̄2(e−VDαeV ) ,

H = −1

2
γαβ3 D̄α(e−VDβeV ) . (12)

Gauge transformation for V has standard form

eV −→ eiΛ̄eV e−iΛ , (13)

where Λ and Λ̄ are covariantly (anti)chiral local gauge
parameters.

Superfield Yang-Mills action has the same form
both on S2 and S3,

SSYM = − 4

g2
tr

∫
ddxd2θd2θ̄ E G2 , (14)

where g2 is the gauge coupling constant of mass dimen-
sion [g] = 1/2 in 3d and [g] = 1 in 2d.
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In 3d, one can consider also the Chern-Simons ac-
tion

SCS = − ik
π

tr

∫ 1

0

dt

∫
ddxd2θd2θ̄ E

×D̄α(e−tVDαetV )e−tV ∂te
tV . (15)

For integer k this action is invariant under large gauge
transformations and is topological. In 2d this action
is not topological any more, but represents a BF-type
interaction of component fields.

An interesting feature of 2d gauge theories is the
possibility to construct the following gauge invariant
action for the gauge superfield

SBF = κ tr

∫ 1

0

dt

∫
d2xd2θd2θ̄ E

×(γ3)αβD̄α(e−tVDβetV )e−tV ∂te
tV , (16)

where κ is a coupling constant of mass dimension -1.
One can check that in components this action contains
only BF-type interaction of fields and has no dynamical
degrees of freedom.

3.2 Chiral superfield

By definition, the chiral superfield Φ and its anti-
chiral counterpart Φ̄ obey

D̄αΦ = 0 , DαΦ̄ = 0 . (17)

In general, such superfields can be charged under R
generator,

RΦ = −qΦ , RΦ̄ = qΦ̄ . (18)

Classical action for the chiral superfield minimally in-
teracting with gauge superfield V in some representa-
tion reads

S = 4

∫
ddxd2θd2θ̄ E Φ̄eV Φ (19)

+2

∫
ddxd2θ EW (Φ) + 2

∫
ddxd2θ̄ Ē W̄ (Φ̄) ,

where W (Φ) is a superpotential. Note that for models
on S2 or S3 the R-charge of the superpotential is fixed
to be −2 to balance the R-charge of the chiral measure.

In conclusion of this section we point out that su-
perfield classical actions on S2 and S3 for gauge and
matter superfields have a simple form which is very
similar to usual flat space actions. They respect the
full symmetry under the SU(2|1) group by construc-
tion.

4 Models with extended supersymmetry

Superfield models constructed in the previous sec-
tion are invariant under minimal supersymmetry gen-
erated by four Killing spinors εα and ε̄α which obey

Daεα =
i

2r
(γa)αβε

β . (20)

Models with extended supersymmetry should involve
extra Killing spinors, say ηα and η̄α. However, there
is a sign ambiguity in the Killing spinor equation for
these spinors,

Daηα = ± i

2r
(γa)αβη

β . (21)

It is important to note that 3d Killing spinors with op-
posite signs in (21) are independent while in 2d they
are related to each other by the γ3 matrix. Thus, su-
persymmetric field theories on S3 with extended su-
persymmetry can have different versions which differ
in the number of positive and negative Killing spinors.
In this section we consider various such models, start-
ing with the case of the N = 4 SYM model.

4.1 N = 4 SYM with SU(2)× SU(2) R-symmetry

The N = 4 gauge multiplet in 3d (or N = (4, 4) in
2d) consists of the N = 2 gauge superfield V and a chi-
ral superfield Φ. The chiral superfield, in principle, can
have arbitrary R-charge. Extra supersymmetry should
transform these N = 2 superfields into each other.

In this subsection we consider extra supersymme-
tries generated by Killing spinors ηα which obey the
Killing spinor equation with the same sign as (20).
Such a Killing spinor appears as a component of chiral
superfield Υ,

Υ = a+ θαηα + θ2b , (22)

where a and b are some constants corresponding to
the parameters of internal symmetry group. The form
of transformations of the superfields V and Φ is fixed
uniquely from the requirement of closure of such trans-
formations to a supergroup:

∆ΥV = i(ΥΦ − ῩΦ) ,

δΥΦ = ∇̄αGDαΥ +
q

r
GΥ . (23)

Together with the manifest supersymmetry group,
these transformations form the group SU(2|2)×SU(2).
The classical SYM action with this supersymmetry
reads

SN=4
SYM = − 4

g2
tr

∫
ddxd2θd2θ̄ E

[
G2 − e−V Φ̄eV Φ

+
q

2r

∫ 1

0

dtD̄α(e−tVDαetV )e−tV ∂te
tV
]
. (24)

A novel feature of this action is the appearance of the
last perm which has the form of the Chern-Simons ac-
tion. This term is present for q 6= 0 and drops out in
the flat limit r →∞.

We point out that in the 2d case the classical ac-
tion (24) describes the SYM model with N = (4, 4)
supersymmetry.
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4.2 N = 4 SYM with U(1)× U(1) R-symmetry

Now let us consider Killing spinors ηα which obey
(21) with minus sign. Using such a Killing spinor we
construct the following transformations of N = 2 su-
perfields V and Φ

∆ηV = (θα − 1

r
θ2θ̄α)ηαΦ − θ̄αη̄αΦ ,

δηΦ = −iηα∇̄αG , δηΦ = iη̄α∇αG . (25)

One can check that these transformations (together
with the manifest supersymmetry) form a supergroup
SU(2|1) × SU(2|1) only if the R-charge of the chiral
superfield is fixed as

RΦ = −Φ , RΦ = Φ . (26)

The classical N = 4 SYM action with this supersym-
metry has simple form

S = − 4

g2
tr

∫
d3xd2θd2θ̄ E(G2 − e−V Φ̄eV Φ) . (27)

This action has U(1)×U(1) R-symmetry and does not
possess an S2 analog.

4.3 N = 8 SYM

Here we consider only the N = 8 SYM model with
Killing spinors obeying (20) with the same sign. In this
case the N = 8 multiplet consists of the N = 2 gauge
superfield V and an SU(3) triplet of chiral superfields
Φi, i = 1, 2, 3. These superfields transform among each
other by means of the extra N = 6 supersymmetry as

δΥV = iΥiΦ
i − iῩiΦi , (28)

δΥΦi = ∇̄αGDαΥi +
2

3r
GΥi +

1

2
εijk∇̄2(ῩjΦ

k
) ,

δΥΦ
i

= −∇αGD̄αῩi − 2

3r
GῩi − 1

2
εijk∇2(ΥjΦk) ,

where Υi is a triplet of superfield parameters of the
form (22). The invariant N = 8 SYM action appears
to be

SN=8
SYM = SYM + SCS + Spot , (29)

SYM = − 4

g2
tr

∫
ddxd2θd2θ̄ E(G2 − e−V Φ̄ieV Φi) ,

SCS = − 4

3rg2
tr

∫ 1

0

dt

∫
ddxd2θd2θ̄ E

×D̄α(e−tVDαetV )e−tV ∂te
tV ,

Spot = − i

3g2
tr

∫
ddxd2θ E εijkΦi[Φj ,Φk] + c.c.

Similarly to the N = 4 SYM model, this action has the
Chern-Simons term. However, R-charges of all chiral
superfields are fixed now

RΦi = −2

3
Φi , RΦ̄i =

2

3
Φ̄i . (30)

We point out that the action (29) describes the
N = (8, 8) SYM model on S2 with the same form of
the hidden supersymmetry transformations (29).

4.4 Gaiotto-Witten theory

In flat space the Gaiotto-Witten theory was intro-
duced in [9]. In the N = 2 superspace it is described by
two N = 2 gauge superfields V and Ṽ corresponding
to two different gauge groups and two chiral superfields
(a hypermultiplet) X+ and X− in the bifundamental
representation. The classical superfield action for this
model on S3 reads

SGW = SCS[V ]− SCS[Ṽ ] + SX , (31)

SX = 4 tr

∫
ddxd2θd2θ̄ E(X̄+e

VX+e
−Ṽ

+X−e
−V X̄−e

Ṽ ) , (32)

where SCS is the Chern-Simons action (15). We find
that this action is invariant under the following hidden
supersymmetry transformation

∆V = Σ̄X+X− + ΣX̄−X̄+ ,

∆Ṽ = Σ̄X−X+ + ΣX̄+X̄− ,
δX± = ±∇̄2(ῩX̄∓) , (33)

where X± and X̄± are covariantly (anti)chiral super-

fields, X̄+ = e−Ṽ X̄+e
V , X+ = X+, X̄− = e−V X̄−e

Ṽ

X− = X−. In (33) the superfield parameter Υ has the
form (22) while Σ is related to the latter as follows

DαΣ = −8iπ

k
D̄αῩ , D̄αΣ̄ = −8iπ

k
DαΥ . (34)

Note that these transformations correspond to the case
of Killing spinors obeying (20) with the same sign
which form together N = 4 supersymmetry. Note
also that the action (31) has a two-dimensional ana-
log which we refer to as the Gaiotto-Witten model on
S2. The latter possesses N = (4, 4) supersymmetry.

4.5 ABJM model

Finally, let us construct the classical action of the
ABJ(M) theory [10–12] on S3. This model is similar to
the Gaoitto-Witten theory, but it involves two hyper-
multiplets, (X+i, X

i
−), i = 1, 2, where X+i and Xi

− are
chiral superfields in the bi-fundamental representation
of the gauge group. We find the following generaliza-
tion of this action on S3:

SABJM = SCS[V ]− SCS[Ṽ ] + SX + Spot , (35)

SX = 4tr

∫
ddxd2θd2θ̄ E

(
X̄i

+e
VX+ie

−Ṽ

+Xi
−e
−V X̄−ie

Ṽ
)
,

Spot = −4πi

k
tr

∫
ddxd2θ E

(
X+iX

i
−X+jX

j
−

−Xi
−X+iX

j
−X+j

)
+ c.c .
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This action is invariant under the following hidden su-
persymmetry

∆V = −8iπ

k
(Ῡi

jX+iX j− + Υi
jX̄−jX̄ i+) ,

∆Ṽ = −8iπ

k
(Ῡj

iX i−X+j + Υi
jX̄ i+X̄−j) ,

δX+i = ∇̄2(Ῡi
jX̄−j) ,

δX̄ i+ = ∇2(Υi
jX j−) . (36)

Here X±i and X̄±i are covariantly (anti)chiral super-
fields while Υi

j is a quartet of chiral superfield param-
eters each of which is similar to (22).

In two-dimensional case the action (35) corresponds
to a reduction of the ABJM model to S2 which pos-
sesses N = (6, 6) supersymmetry.
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È. Á. Ñàìñîíîâ

ÑÓÏÅÐÏÎËÅÂÛÅ ÌÎÄÅËÈ ÍÀ S2 È S3

Ðàçâèâàþòñÿ ñóïåðïîëåâûå ìåòîäû äëÿ ïîñòðîåíèÿ êëàññè÷åñêèõ äåéñòâèé ðàçëè÷íûõ ìîäåëåé ñ ãëîáàëüíîé ñóïåð-
ñèììåòðèåé íà S2 è S3. Ââîäÿòñÿ ñóïåðïðîñòðàíñòâà, îñíîâàííûå íà ôàêòîðïðîñòðàíñòâàõ âèäà SU(2|1)/U(1) è
SU(2|1)/[U(1) × U(1)]. Ïîêàçûâàåòñÿ, ÷òî ìîäåëè ñ ðàñøèðåííîé ñóïåðñèììåòðèåé íà S3 èìåþò ðàçëè÷íûå íåýêâè-
âàëåíòíûå âåðñèè, îáëàäàþùèå îäèíàêîâûì ÷èñëîì ñóïåðñèììåòðèé, íî îñíîâàííûå íà ðàçëè÷íûõ ñóïåðàëãåáðàõ.
Â ÷àñòíîñòè, ïîñòðîåíû êëàññè÷åñêèå äåéñòâèÿ äëÿ N = 4 è N = 8 ñóïåðñèììåòðè÷íûõ ìîäåëåé ßíãà-Ìèëëñà, à
òàêæå òåîðèè Ãàéîòòî-Âèòòåíà è ABJM íà S3. Äëÿ âñåõ ýòèõ ñëó÷àåâ ðàññìîòðåíû àíàëîãè÷íûå ìîäåëè íà S2.
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In the Batalin-Fradkin-Vilkovisky approach to quantization of gauge theories a principal role is given to the BRST charge
which can be constructed as a series in Grassmannian (ghost) variables with coefficients given by generalized structure
functions of constraints algebra. Alternatively, the BRST charge can be derived making use of the Noether theorem and
global BRST invariance of the effective action. In the case of Yang-Mills fields the both methods lead to the same expression
for the BRST charge, but it is not valid in the case of General Relativity. It is illustrated by examples of an isotropic
cosmological model as well as by spherically-symmetric gravitational model which imitates the full theory of gravity much
better. The consideration is based on Hamiltonian formulation of General Relativity in extended phase space. At the
quantum level the structure of the BRST charge is of great importance since BRST invariant quantum states are believed
to be physical states. Thus, the definition of the BRST charge at the classical level is inseparably related to our attempts
to find a true way to quantize gravity.

Keywords: BRST charge, gauge transformations, Noether theorem, physical states, quantization of gravity.

1 Introduction

In the Batalin-Fradkin-Vilkovisky (BFV) approach
to quantization of gauge theories [1–3] a principal role
is given to the BRST charge since BRST invariant
quantum states are believed to be physical states. As
I shall demonstrate, in the case of gravity one meets
the problem how the BRST charge should be defined
and, therefore, what are physical states. The aim of
my talk is to attract attention to this problem.

Let me start from well-known things. In the BFV
approach the BRST charge can be constructed as a se-
ries in Grassmannian (ghost) variables with coefficients
given by generalized structure functions of constraints
algebra [4]:

ΩBFV =

∫
d3x

(
cαU (0)

α + cβcγU
(1)α
γβ ρ̄α + . . .

)
(1)

cα, ρ̄α are the BFV ghosts and their conjugate mo-
menta, U (n) are nth order structure functions, while

zero order structure functions U
(0)
α = Gα are Dirac con-

straints. In quantum theory physical states are those
annihilated by the BRST charge Ω̂:

Ω̂|Ψ〉 = 0. (2)

It can be proved that the condition (2) is equivalent to
the quantum version of constraints:

Ĝα|Ψ〉 = 0. (3)

The proof [4] is essentially based upon the statement
that any set of constraints is equivalent (at the classical

level) to another set of strongly commuting constraints.
Then the expansion (1) is reduced to the first term only.
The proof is formal and ignores such problems as oper-
ator ordering. However, we shall not discuss its details
here.

Let us note that there exist another way to con-
struct the BRST charge making use of global BRST
symmetry and the Noether theorem. In the case of
Yang-Mills fields this method leads to the same ex-
pression for the BRST charge as the BFV prescription
(1). For example, let us consider the Faddeev-Popov
action for the Yang-Mills fields in the Lorentz gauge

SYM =

∫
d4x

[
−1

4
F aµνF

µν
a − iθ̄a∂µDµθ

a

+ πa∂
µAaµ

]
(4)

where θ̄a, θa are the Faddeev-Popov ghosts, Dµ is a
covariant derivative. The action is known to be BRST
invariant. A direct demonstration of this fact can be
found in any modern textbook on quantum field theory.
The action (4) includes second derivatives, and to con-
struct the BRST charge one should used the Noether
theorem generalized for theories with high order deriva-
tives. In our case we have

ΩNoether =

∫
d3x

[
∂L

∂(∂0φa)
δφa +

∂L

∂(∂0∂µφa)
δ(∂µφ

a)

− ∂µ

(
∂L

∂(∂0∂µφa)

)
δφa
]
, (5)

φa stands for field variables and ghosts. It gives the
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expression

ΩYM =

∫
d3x

(
−θaDip

i
a − iπaPa +

1

2
P̄agfabcθbθc

)
(6)

which coincides exactly with that obtained by the BFV
prescription (1) after replacing the BFV ghosts by the
Faddeev-Popov ghosts; pia, Pa, P̄a are momenta con-
jugate to Aai , θ̄a, θa. But the situation in the gravita-
tional theory is different.

2 The BRST charge in the case of gravity

In the case of gravity we deal with space-time sym-
metry, and we should take into account explicit depen-
dence of the Lagrangian and the measure on space-time
coordinates. The expression (5) should be modified as

Ωgrav =

∫
d3x

[
∂L

∂(∂0φa)
δφa +

∂L

∂(∂0∂µφa)
δ(∂µφ

a)

− ∂µ

(
∂L

∂(∂0∂µφa)

)
δφa + ∂0

(
Lx0

)]
. (7)

We shall start from the simplest isotropic model
with the action [5]:

Sisotr =

∫
dt

[
−1

2

aȧ2

N
+

1

2
Na+ λ

(
Ṅ − df

da
ȧ

)
+ θ̄

d

dt

(
−Ṅθ −Nθ̇ +

df

da
ȧθ

)]
. (8)

N is the lapse function, a is the scale factor. One can
check that the action (8) is not invariant under BRST
transformations. However, the BRST invariance can
be restored by adding to the action (8) the additional
term

S1 =

∫
dt
d

dt

[
θ̄

(
Ṅ − df

da
ȧ

)
θ

]
. (9)

It contains only a full derivative and does not affect
motion equations. We do not need any additional con-
ditions to ensure the BRST invariance, for example,
asymptotic boundary conditions for ghosts. The BRST
charge constructed according to the Noether theorem
(7) for the isotropic model would be

Ωisotr = −Hθ − πP, (10)

where

H = −1

2

N

a

[
p2 + 2pπ

df

da
+ π2

(
df

da

)2
]

− 1

2
Na+

1

N
P̄P, (11)

p is the momentum conjugate to a, π = λ + ˙̄θθ is the
momentum conjugate to N , while P̄, P are ghost mo-
menta. In the approach to Hamiltonian dynamics pro-
posed in [6,7] H is the Hamiltonian in extended phase

space. Thanks to the differential form of gauge condi-
tion in (8), the Hamiltonian (11) can be obtained by

the usual rule H = πṄ+pȧ+ P̄ θ̇+ ˙̄θP−L which is ap-
plicable to unconstrained systems. It is an important
feature of this approach. Another its feature is that
Hamiltonian equations in extended phase space are
fully equivalent to Lagrangian equations, constraints
and gauge conditions being true Hamiltonian equa-
tions. Making use of this, one can show that the charge
(10) generates correct transformations for all degrees of
freedom, including gauge ones. By correct transforma-
tions I mean the ones that follow from transformations
of metric tensor components

δgµν = ηλ∂λgµν + gµλ∂νη
λ + gνλ∂µη

λ (12)

taking into account a chosen parametrization of gravi-
tational variables. For example,

δN = {N, Ωisotr} = −∂H
∂π

θ − P = −Ṅθ −Nθ̇, (13)

where we used the equation Ṅ =
∂H

∂π
(that is actually

a differential form of the gauge condition N = f(a)),
and the definition of the momentum P conjugate to θ̄.

The BRST charge constructed according to the
BFV prescription (1) reads

ΩBFVisotr = −Tθ − πP, (14)

where T is the Hamiltonian constraint,

T = − 1

2a
p2 − 1

2
Na. (15)

The condition for physical states (2) leads to the
Wheeler-DeWitt equation

T̂ |Ψ〉 = 0. (16)

The BFV charge (14) fails to produce a correct trans-
formation for the gauge variable N . At the same time,
the condition (2) with the Noether charge (10), under
the requirement of hermicity of Hamiltonian operator,
does not lead to the Wheeler-DeWitt equation.

We face the contradiction: on the one hand, at the
classical level we have a mathematically consistent for-
mulation of Hamiltonian dynamics in extended phase
space which is equivalent to the Lagrangian formula-
tion of the original theory, and the BRST generator
constructed in accordance with the Noether theorem,
that produces correct transformations for all degrees
of freedom. On the other hand, at the quantum level
our approach appears to be not equivalent to the BFV
approach as well as the Dirac quantization scheme.

The investigation of more complicated models has
confirmed the said above. Let us consider the general-
ized spherically-symmetric gravitational model [8] with
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the metric

ds2 =
[
−N2(t, r) + (Nr(t, r))2V 2(t, r)

]
dt2

+ 2Nr(t, r)V 2(t, r)dtdr + V 2(t, r)dr2

+ W 2(t, r)
(
dθ2 + sin2 θdϕ2

)
. (17)

where Nr = N1 is the only component of the shift vec-
tor. The model has two constraints and imitates the
full theory of gravity much better. One can check that
the sum of gauge-fixing and ghost parts of the action

Sgauge =

∫
dt

∞∫
0

dr

[
λ0

(
Ṅ − ∂f

∂V
V̇ − ∂f

∂W
Ẇ

)

+ λr

(
Ṅr − ∂fr

∂V
V̇ − ∂fr

∂W
Ẇ

)]
; (18)

Sghost =

∫
dt

∞∫
0

dr

[
θ̄0
d

dt

(
−Ṅθ0 −N ′θr

− Nθ̇0 +NNr(θ0)′

− ∂f

∂V

[
−V̇ θ0 − V ′θr − V (θr)′ − V Nr(θ0)′

]
− ∂f

∂W

[
−Ẇθ0 −W ′θr

])
+ θ̄r

d

dt

(
−Ṅrθ0 − (Nr)′θr −Nr θ̇0 − θ̇r

+ Nr(θr)′ +
N2

V 2
(θ0)′ + (Nr)2(θ0)′

− ∂fr

∂V

[
−V̇ θ0 − V ′θr − V (θr)′ − V Nr(θ0)′

]
− ∂fr

∂W

[
−Ẇθ0 −W ′θr

])]
(19)

is not invariant under BRST transformations. To en-
sure its BRST invariance we have to add to the action
the following terms (compare with (9)):

S2 =

∫
dt

∞∫
0

dr

(
d

dt

[
θ̄0

(
Ṅ − ∂f

∂V
V̇ − ∂f

∂W
Ẇ

)
θ0

]

+
d

dr

[
θ̄0

(
Ṅ − ∂f

∂V
V̇ − ∂f

∂W
Ẇ

)
θr
]

+
d

dt

[
θ̄r

(
Ṅr − ∂fr

∂V
V̇ − ∂fr

∂W
Ẇ

)
θ0

]
+

d

dr

[
θ̄r

(
Ṅr − ∂fr

∂V
V̇ − ∂fr

∂W
Ẇ

)
θr
])

. (20)

The BRST charge constructed according to the
Noether theorem (7) for the spherically-symmetric

model is

Ωspher =

∫
dr

[
−Hθ0 − PV V ′θr − PN

∂f

∂V
V ′θr

− PNr
∂fr

∂V
V ′θr − PWW ′θr − PN

∂f

∂W
W ′θr

− PNr
∂fr

∂W
W ′θr − PV V Nr(θ0)′

− PN
∂f

∂V
V Nr(θ0)′ − PNr

∂fr

∂V
V Nr(θ0)′

− PV V (θr)′ − PN
∂f

∂V
V (θr)′ − PNr

∂fr

∂V
V (θr)′

− P̄θ0(θ0)′θr − P̄θr (θr)′θr − PNPθ̄0

− PNrPθ̄r −
NWW ′(θ0)′

V

]
, (21)

H is a Hamiltonian density in extended phase space,
its explicit form is given in [8]. It has been also
demonstrated in [8] based on the equivalence of the
Lagrangian and Hamiltonian dynamics for this model
that the BRST charge (21) generates correct transfor-
mations (in the sense explained above) for physical,
gauge and ghost degrees of freedom. Nevertheless, its
structure differs from that of the BFV charge.

Nothing prevents us from constructing Hamilto-
nian dynamics in extended phase space and the BRST
charge for the full gravitational theory following the
method outlined above. One can use a gauge condi-
tion in a general form, fµ(gνλ) = 0. Its differential
form introduces the missing velocities and actually ex-
tends phase space, so that the gauge fixing and ghost
parts of the action will be

Sgauge =

∫
d4xλµ

d

dt
fµ(gνλ) =

∫
d4xλµ

(
∂fµ

∂g00
ġ00

+ 2
∂fµ

∂g0i
ġ0i +

∂fµ

∂gij
ġij

)
; (22)

Sghost = −
∫
d4x θ̄µ

d

dt

[
∂fµ

∂gνλ
(∂ρgνλθ

ρ

+ gλρ∂νθ
ρ + gνρ∂λθ

ρ)] . (23)

It is not difficult to check that the additional term en-
suring BRST invariance of the action in this general
case reads (compare with (9), (20)):

S3 =

∫
d4x ∂µ

[
θ̄ν
d

dt
fν(gλρ)θ

µ

]
. (24)

The calculation of the BRST charge for the full
gravitational theory is rather tedious and has not been
finished yet. However, relying upon the two models
discussed above, we can expect that the structure of
the BRST charge may also be different from the one
predicted by Batalin, Fradkin and Vilkovisky.

— 226 —



T. P. Shestakova. The role of BRST charge as a generator of gauge transformations . . .

3 Discussion

Therefore, one should inquire about a physical
meaning of the selection rules (2) (in the BFV ap-
proach) or (3) (in the Dirac approach) as well as asymp-
totic boundary conditions. In quantum field theory
with asymptotic states their meaning is quite clear: in
asymptotic states interactions are negligible, and these
states must not depend on gauge and ghost variables
which are considered as non-physical. But ghost fields
cannot be excluded in an interaction region. In the
gravitational theory, except some few situations, we
need to explore states inside the interaction region.
The simplest example of a system without asymptotic
states is a closed universe, not to mention a universe

with more complicated topology. Also, we would like to
reach a better understanding of quantum processes in
the neighborhood of a black hole. Then, what would
be a definition of physical states in such cases? To
my mind, today we have no satisfactory answer for
this question, though mathematics provides reasonable
grounds to put it. The definition of physical states
seems to be very important for our searching for a true
way to quantize Gravity.

Acknowledgement

I am grateful to the Organizing Committee of
QFTG 2014 for the invitation to give a talk at the
conference and financial support.

References

[1] Fradkin E. S. and Vilkovisky G. A. 1975 Phys. Lett. B 55 224.

[2] Batalin I. A. and Vilkovisky G. A. 1977 Phys. Lett. B 69 309.

[3] Fradkin E. S. and Fradkina T. E. 1978 Phys. Lett. B 72 343.

[4] Hennaux M. 1985 Phys. Rep. 126 1.

[5] Shestakova T. P. 2011 Class. Quantum Grav. 28 055009 [arXiv:1102.0097 [gr-qc]].

[6] Savchenko V. A., Shestakova T. P. and Vereshkov G. M. 2001 Gravitation & Cosmology 7 18 [arXiv:gr-qc/9809086
[gr-qc]].

[7] Savchenko V. A., Shestakova T. P. and Vereshkov G. M. 2001 Gravitation & Cosmology 7 102 [arXiv:gr-qc/9810035
[gr-qc]].

[8] Shestakova T. P. 2014 Gravitation & Cosmology 20 67 [arXiv:1302.4875 [gr-qc]].

Received 04.10.2014

Ò. Ï. Øåñòàêîâà

ÐÎËÜ ÁÐÑÒ ÇÀÐßÄÀ ÊÀÊ ÃÅÍÅÐÀÒÎÐÀ ÊÀËÈÁÐÎÂÎ×ÍÛÕ ÏÐÅÎÁÐÀÇÎÂÀÍÈÉ
Â ÊÂÀÍÒÎÂÀÍÈÈ ÊÀËÈÁÐÎÂÎ×ÍÛÕ ÒÅÎÐÈÉ È ÃÐÀÂÈÒÀÖÈÈ

Â ïîäõîäå Áàòàëèíà-Ôðàäêèíà-Âèëêîâûñêîãî (ÁÔÂ) ê êâàíòîâàíèþ êàëèáðîâî÷íûõ òåîðèé ïðèíöèïèàëüíàÿ ðîëü
îòâîäèòñÿ ÁÐÑÒ-çàðÿäó, êîòîðûé ñòðîèòñÿ â âèäå ðàçëîæåíèÿ ïî ñòåïåíÿì ãðàññìàíîâûõ (äóõîâûõ) ïåðåìåííûõ,
ïðè÷åì êîýôôèöèåíòû ðàçëîæåíèÿ ïðåäñòàâëÿþò ñîáîé îáîáùåííûå ñòðóêòóðíûå ôóíêöèè àëãåáðû ñâÿçåé. Ñ äðó-
ãîé ñòîðîíû, ÁÐÑÒ-çàðÿä ìîæíî ïîñòðîèòü, èñïîëüçóÿ òåîðåìó Íåòåð è ãëîáàëüíóþ ÁÐÑÒ-èíâàðèàíòíîñòü ýôôåê-
òèâíîãî äåéñòâèÿ. Â ñëó÷àå ïîëåé ßíãà-Ìèëëñà îáà ìåòîäà ïðèâîäÿò ê îäèíàêîâûì âûðàæåíèÿì äëÿ ÁÐÑÒ-çàðÿäà,
íî ýòî íå ñïðàâåäëèâî â ñëó÷àå îáùåé òåîðèè îòíîñèòåëüíîñòè. Ñêàçàííîå èëëþñòðèðóåòñÿ ïðèìåðàìè èçîòðîïíîé
êîñìîëîãè÷åñêîé ìîäåëè, à òàêæå ñôåðè÷åñêè-ñèììåòðè÷íîé ãðàâèòàöèîííîé ìîäåëè, êîòîðàÿ ãîðàçäî ëó÷øå âîñ-
ïðîèçâîäèò ñòðóêòóðó ïîëíîé òåîðèè ãðàâèòàöèè. Îáñóæäåíèå îñíîâûâàåòñÿ íà ãàìèëüòîíîâîé ôîðìóëèðîâêå îáùåé
òåîðèè îòíîñèòåëüíîñòè â ðàñøèðåííîì ôàçîâîì ïðîñòðàíñòâå. Íà êâàíòîâîì óðîâíå ñòðóêòóðà ÁÐÑÒ-çàðÿäà ÷ðåç-
âû÷àéíî âàæíà, ïîñêîëüêó èìåííî ÁÐÑÒ-èíâàðèàíòíûå êâàíòîâûå ñîñòîÿíèÿ ðàññìàòðèâàþòñÿ êàê ôèçè÷åñêèå ñî-
ñòîÿíèÿ. Òàêèì îáðàçîì, îïðåäåëåíèå ÁÐÑÒ-çàðÿäà íà êëàññè÷åñêîì óðîâíå íåðàçðûâíî ñâÿçàíî ñ ïîïûòêàìè íàéòè
ïðàâèëüíûé ïîäõîä ê êâàíòîâàíèþ ãðàâèòàöèè.

Êëþ÷åâûå ñëîâà: ÁÐÑÒ-çàðÿä, êàëèáðîâî÷íûå ïðåîáðàçîâàíèÿ, òåîðåìà Íåòåð, ôèçè÷åñêèå ñîñòîÿíèÿ, êâàíòî-
âàíèå ãðàâèòàöèè.
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In this paper we consider massive spin 3/2 �eld and study its gravitational interaction. We use frame-like formulation for
higher spin �elds (s ≥ 3/2) in terms of gauge invariant �eld strengths. It is shown that as for massless higher spin �eld the
gravitational interaction for massive spin 3/2 �eld can be constructed as strength deformation procedure.

Keywords: frame-like formalism, higher spins, gauge symmetries.

1 Introduction

In last three decades for massless higher spin �eld
signi�cant progress has been achieved in the problem of
construction of interaction. As is well known non-linear
theory for massless spin 3/2 is associated with gauge
theories of extended Poincare (AdS) superalgebras. At
the same time for spins higher than 3/2 non-linear
theory is associated with gauge theories of extended
higher spin superalgebras [1,2]. Less progress has been
made in the theory of interacting massive fermion
�elds. Among the available results one can distinguish
Metsaev classi�cation of cubic vertices using the light
cone approach [3, 4]. In this paper, using massive spin
3
2 as a simple but physically interesting and non-trivial
example of massive fermionic higher spin �elds, we
apply the so-called Fradkin-Vasiliev formalism [1,2] to
the construction of gravitational cubic vertices. Unlike
Metsaev classi�cation of cubic vertices these ones are
constructed in explicitly covariant form.

2 Frame-like gauge invariant approach

It is known that di�erent approaches to higher-spin
theory formulation have been developed. We will use
the frame-like formalism [5]. The advantage of such
a formulation is a natural geometric interpretation.
Moreover within of such formulation it has been able
to realize non-linear theory for higher-spin �elds. We
brie�y recall the main features of this formulation and
focus only on the massless �elds. Let us just say that for
massive �elds we must introduce auxiliary Stueckelberg
�elds with appropriate symmetries. Concrete massive
spin-3/2 example will be shown below. So the frame-
like formulation of �elds with spin s ≥ 3/2 is just
a generalization of the well-known frame formulation
of gravity in terms of the tetrad ēµ

a and Lorentz

connection ω̄µ
a,b. We have to consider the full bunch

of tensor �elds for bosons

ēµ
a, ω̄µ

a,b ⇒ Φµ
a1...as−1,b1...bk , 0 ≤ k ≤ s− 1 (1)

and spin-tensor1 �elds for fermions

ψµ ⇒ Ψµ
a1...as−3/2,b1...bk , 0 ≤ k ≤ s− 3/2. (2)

Note that for k = 0 we have generalized tetrad �eld
and for other values of k we have the so-called extra
�elds that are physically expressed through derivatives
of tetrad �eld

Φµ
a1...as−1,b1...bk ∼ ∂kΦµ

a1...as−1 .

It is very important that all these �elds are the gauge
ones so that each �eld has a gauge transformation with
its own parameter

δΦµ
a1...as−1,b1...bk = ∂µξ

a1...as−1,b1...bk + ...

Here dots denote terms without derivatives. Moreover
each �eld has its own gauge-invariant �eld strength (we
will call them the curvatures)

Rµνa1...as−1,b1...bk = ∂[µΦν]
a1...as−1,b1...bk + ... (3)

It is remarkable that free Lagrangian in terms of these
curvatures can be rewritten as follows

L0 =
∑
R∧R.

This is very similar to usual Yang-Mills theory.
Now let us discuss the general scheme

of constructing of cubic interaction vertices.
Universal method in gauge-invariant approach is
the decomposition of the Lagrangian and gauge
transformations in powers of �elds

L = L0 + κL1 + ..., δ = δ0 + κδ1 + ...,

where

L1 = ΦΦΦ, δ1Φ = Φξ,

1We omit all spinor indices.
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then condition of gauge invariance δL = 0 also
decomposes in powers of the �elds

κ0 δ0L0 = 0,

κ1 δ0L1 + δ1L0 = 0,

...

In the zero-order we have the invariance condition for
free theory. In the �rst-order we have condition for
cubic verteces. Note that this scheme is universal and
works in general gauge invariant approach including
frame-like formalism.

However in frame-like gauge invariant approach
there are additional features. Using the linearized
curvatures (3) the general structure for cubic
interaction will have form

L1 = RRR+RRΦ +RΦΦ. (4)

Here �rst term gives trivial vertices because they
are constructed in terms of explicitly gauge invariant
curvatures. We will not consider them. Second
and third terms in (4) give us abelian and non-
abelian vertices respectively. For massless �eld it was
shown that non-abelian vertices are obtained from
deformation of curvatures [6]. There exist quadratic
deformation for all curvatures

R → R̂ = R+ ∆R

such that deformed curvatures transform covariantly

δR̂ = δ0∆R+ δ1R = Rξ,

where ∆R = ΦΦ, δ1Φ = Φξ. Thus non-trivial
interacting Lagrangian has form

L = R̂R̂+RRΦ → δL = RRξ = 0.

Further we apply this procedure for investigation of
massive spin 3/2 gravitational interaction.

3 Free massive spin 3/2 �eld

Firstly consider the free massive spin 3/2 �eld and
formulate for it frame-like gauge invariant description.
As the �eld variables we have master spin-vector �eld
ψµ and auxiliary Stuckelberg spinor �eld φ. Note that
in accordance with (2) there are no extra �elds. The
free Lagrangian and gauge transformations in four
dimensional AdS space have form2

L0 = − i
2
{ µναabc } ψ̄µΓabcDνψα +

i

2
eµaφ̄γ

aDµφ

+3imeµaψ̄µγ
aφ

−3M

2
{ µνab } ψ̄µΓabΨν −Mφ̄φ, (5)

δ0ψµ = Dµξ +
iM

2
γµξ, δ0φ = 3mξ,

where M is determined as M2 = m2 + λ2. Small m
is the mass parameter, and λ is associated with the
cosmological Λ as follows λ2 = −Λ/3. Note also that
in the massless limit, when m = 0 the cross term drops
out and Lagrangian describes massless spin-3/2 and a
massive spin 1/2 �elds.

For both �elds ψµ and φ one can construct a gauge-
invariant strengths (curvatures)

Ψµν = D[µψν] +
m

6
Γµνφ+

iM

2
γ[µψν],

Φµ = Dµφ− 3mψµ +
iM

2
γµφ

which also will be the equations of motion. The general
expression for the Lagrangian in terms of curvatures
will contain three terms

L0 = c1

{
µναβ
abcd

}
Ψ̄µνΓabcdΨνα

+ic2 { µναabc } Ψ̄µνΓabcΦα

+c3 { µνab } Φ̄µΓabΦν . (6)

The requirement to reproduce the original Lagrangin
(5) partially �xes parameters c1−3 but one-parameter
ambiguity say c2 remains

3c3 = −8c1, 32c1M = 1− 12c2m.

In principle there is a simple solution c2 = 0. However
we would like to consider the general situation and to
explore the role of c2 in the construction of interaction.

4 Gravitational interaction of massive spin
3/2 �eld

Let us consider the example of gravitational
coupling for massive spin 3/2 �eld. And at �rst, for
clarity, we illustrate the general scheme. Let us for a
while denote �elds and curvatures for massive spin-3/2
by

ψ ≡ (ψµ, φ), Ψ ≡ (Ψµν ,Φµ)

�elds and curvatures for gravity (massless spin 2) by

ω ≡ (ωµ
ab, hµ

a), R ≡ (Rµν
ab, Tµν

a).

Gravitational coupling for spin 3/2 �eld corresponds
to cubic vertex 3

2 −
3
2 − 2. For this type of vertex

deformations to curvatures R̂ = R+ ∆R will look like
these

∆Ψ = ωψ, ∆R = ψψ

2In AdS space we have non-dynamical background velbein eµa and covariant derivatives normalized as follows D[µDν]ξ =
λ2

2
Γµνξ. For antisymmetric combinations of eµa and γa-matrices we use notations Γa1...an = 1

n!
γ[a1 ...γan] and

{ µ1...µn
a1...an

}
=

e[µ1a1 ...e
µn]

an , where in four dimensions n = 1, 2, 3, 4.
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while corrections to gauge transformations and
curvature transformations as follows

δ1ψ = ωξ ⊕ ψξ̂, δ1ω = ψξ,

δΨ̂ = Ψξ̂ ⊕Rξ, δR̂ = Ψξ. (7)

Interacting Lagrangian will have a sum of free
Lagrangians for spin-2, spin 3/2 plus Abelian verteces

L = R̂R̂⊕ Ψ̂Ψ̂⊕ΨΨω ⇒
⇒ δL = RΨξ ⊕ΨΨξ̂ = 0. (8)

Two conditions (7), (8) will �x all arbitrariness.
Proceeding to above procedure let us explicitly

write out pieces for massive spin 3/2 deformation:
deformations to curvatures

∆Ψµν = g0(ω[µ
abΓabψν]

+2Mih[µ
aγaψν] −

2m

3
h[µ

aΓν]
aφ),

∆Φµ = g0(ωµ
abΓabφ+ 2Mihµ

aγaφ)

corrections to gauge transformations

δ1ψµ = −g0(Γabψµη̂ab + 2iMγaψµξ̂a

−2m

3
Γµ

aφξ̂a − ωµabΓabξ − 2iMhµ
aγaξ),

δ1φ = −g0(Γabφη̂ab + 2iMγaφξ̂a)

and curvature transformations

δΨ̂µν = −g0(ΓabΨµν η̂ab + 2iMγaΨµν ξ̂a

+
2m

3
Γ[µ

aΦν]ξ̂a −RµνabΓabξ

−2iMTµν
aγaξ),

δΦ̂µ = −g0(ΓabΦµηab + 2iMγaΦµξ̂a).

Note that here we have only one free parameter
g0 being identi�ed with the gravitational coupling
constant. Now let us present in explicit form the
pieces for massless spin-2 deformation: deformations to
curvatures

∆Rµν
ab = b1ψ̄[µΓabψν] + ib2e[µ

[aψ̄ν]γ
b]φ

+ib3ψ̄[µΓν]
abφ+ b4e[µ

aeν]
bφ̄φ

+b5φ̄Γµν
abφ,

∆Tµν
a = ib6ψ̄[µγ

aψν] + b7e[µ
aψ̄ν]φ

+b8ψ̄[µΓν]
aφ+ ib9φ̄Γµν

aφ

corrections to gauge transformations

δ1ωµ
ab = 2b1ψ̄µΓabξ − ib2eµ[aφ̄γb]ξ − ib3φ̄Γµ

abξ,

δ1hµ
a = 2ib6ψ̄µγ

aξ + b7eµ
aφ̄ξ + b8φ̄Γµ

aξ

and curvature transformations

δR̂µν
ab = 2b1Ψ̄µνΓabξ + ib2e[µ

[aΦ̄ν]γ
b]ξ

−ib3Φ̄[µΓν]
abξ,

δT̂µν
a = 2ib6Ψ̄µνγ

aξ − b7e[µ
aΦ̄ν]ξ

+b8Φ̄[µΓν]
aξ. (9)

General expressions for deformations to curvature
and torsion will contain nine terms. In this one can
verify that only b1 will be as free parameter. Part
of them is �xed from the requirement of curvature
transformations (9) and another part is removed by
�eld rede�nitions.

At the last the interacting Lagrangian has form

L = c0

{
µναβ
abcd

}
R̂µν

abR̂αβ
cd

+c1

{
µναβ
abcd

}
ˆ̄ΨµνΓabcdΨ̂να

+ic2 { µναabc }
ˆ̄ΨµνΓabcΦ̂α + c3 { µνab }

ˆ̄ΦµΓabΦ̂ν

+ic4

{
µναβ
abcd

}
Ψ̄µνΓabcΦαhβ

d

+c5 { µναabc } Φ̄µΓabΦνhα
c.

At non-interacting level the �rst four terms
corresponds to spin 2, and massive spin 3/2. The last
two terms are Abelian verteces. Here we have three
free parameters c2,4,5. Gauge invariance for Lagrangian
imposes the following restrictions

b1 =
6c1
c0
g0, c4 = 4c2g0, c5 = 4c3g0

expressing all throug gravitational coupling constant
g0. From the second conditon we see arbitrariness of c2
is related to construction abelian vertex at coe�cient
c4.

5 Conclusion

Using frame-like gauge invariant approach we show
that like for massless higher spin �elds (i) massive spin
3/2 theory can be rewritten in terms of gauge invariant
curvature (6) (ii) cubic vertices can be constructed as
curvature deformation procedure.
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Ò. Â. Ñíåãèðåâ

ÌÀÑÑÈÂÍÎÅ ÏÎËÅ ÑÎ ÑÏÈÍÎÌ 3/2 È ÅÃÎ ÂÇÀÈÌÎÄÅÉÑÒÂÈß Â ÐÅÏÅÐÍÎÌ
ÔÎÐÌÀËÈÇÌÅ

Ðàññìàòðèâàåòñÿ ìàññèâíîå ïîëå ñî ñïèíîì 3/2 è èçó÷àåòñÿ åãî âçàèìîäåéñòâèå ñ ãðàâèòàöèîííûì ïîëåì. Èñïîëüçóåò-
ñÿ ðåïåðíàÿ ôîðìóëèðîâêà ïîëåé âûñøèõ ñïèíîâ (s ≥ 3/2) â òåðìèíàõ êàëèáðîâî÷íî-èíâàðèàíòíûõ íàïðÿæåííîñòåé.
Ïîêàçàíî, ÷òî, êàê è äëÿ áåçìàññîâûõ ïîëåé âûñøèõ ñïèíîâ, ãðàâèòàöèîííîå âçàèìîäåéñòâèå ìàññèâíîãî ïîëÿ ñî
ñïèíîì 3/2 ìîæåò áûòü ïîñòðîåíî ñ ïîìîùüþ ïðîöåäóðû äåôîðìàöèè ýòèõ íàïðÿæåííîñòåé.

Êëþ÷åâûå ñëîâà: ðåïåðíàÿ ôîðìóëèðîâêà, âûñøèå ñïèíû, êàëèáðîâî÷íûå ñèììåòðèè.
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BLACK HOLE ORBITS IN SUPERGRAVITY1
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Duality symmetries are used to organise symmetry orbits of supergravity black-hole solutions and to display their relation
to extremal (i.e.BPS) solutions at the limits of such orbits. An important technique for this analysis uses a timelike
dimensional reduction and exchanges the stationary black-hole problem for a nonlinear sigma-model problem. Families of
BPS solutions are characterized by nilpotent orbits under the duality symmetries, based upon a tri-graded or penta-graded
decomposition of the corresponding duality group algebra.

Keywords: supergravity, black-holes, duality symmetries, sigma-model.

The study of families of black-hole solutions is
of considerable current interest because it touches
upon many important issues in theoretical physics.
For example, the classi�cation of BPS and non-BPS
black holes forms part of a more general study of
branes in supergravity and superstring theory. Branes
and their intersections, as well as their worldvolume
modes and attached string modes, are also key elements
in phenomenological approaches to the marriage of
string theory with particle physics phenomenology.
The related study of nonsingular and horizon-free BPS
gravitational solitons is also central to the �fuzzball�
proposal of BPS solutions as candidate black-hole
quantum microstates. Brane solutions are also the basis
for a number of early-universe cosmology candidates.

The search for supergravity solutions with assumed
Killing symmetries can be recast as a Kaluza-Klein
problem [1�3]. To see this, consider a 4D theory with
a nonlinear bosonic symmetry G4 (e.g. the �duality�
symmetry E7 for maximal N = 8 supergravity). Scalar
�elds take their values in a target space Φ4 = G4/H4,
where H4 is the corresponding linearly realized
subgroup, generally the maximal compact subgroup
of G4 (e.g. SU(8) ⊂ E7 for N = 8 SG). The search will
be constrained by the following considerations:
• We assume that a solution spacetime is
asymptotically �at or asymptotically Taub-NUT and
that there is a `radial' function r which is divergent in
the asymptotic region, gµν∂µr∂νr ∼ 1 +O(r−1).
• Searching for stationary solutions amounts to
assuming that a solution possesses a timelike Killing
vector �eld κµ(x). Lie derivatives with respect to κµ are
assumed to vanish on all �elds. The Killing vector κµ
will be assumed to haveW := −gµνκµκν ∼ 1+O(r−1).
• We also assume asymptotic hypersurface
orthogonality, i.e.κν(∂µκν − ∂νκµ) ∼ O(r−2). In

any vielbein frame, the curvature will then fall o�
as Rabcd ∼ O(r−3).

The 3D theory obtained after dimensional
reduction with respect to a timelike Killing vector
κµ will have an Abelian principal bundle structure,
with a metric

ds2 = −W (dt+Bidx
i)2 +W−1γijdx

idxj , (1)

where t is a coordinate adapted to the timelike Killing
vector κµ and γij is the metric on the 3-dimensional
hypersurface M3 at constant t. If the 4D theory also
has Abelian vector �elds Aµ, they similarly reduce to
3D as

4
√

4πGAµdxµ = U(dt+Bidx
i) +Aidx

i. (2)

The timelike reduced 3D theory will have a G/H∗

coset space structure similar to the G/H coset space
structure of a 3D theory reduced with a spacelike
Killing vector. Thus, for the spacelike reduction of
maximal supergravity down to 3D, one obtains an
E8/SO(16) theory from the sequence of dimensional
reductions descending from D = 11 [4]. The resulting
3D theory has this exceptional symmetry because 3D
Abelian vector �elds can be dualized to scalars; this
also happens for the analogous theory subjected to
a timelike reduction to 3D. The resulting 3D theory
contains 3D gravity coupled to aG/H∗ nonlinear sigma
model.

Although the numerator group G for a timelike
reduction is the same as that obtained in a spacelike
reduction, the divisor groupH∗ for a timelike reduction
is a noncompact form of the spacelike divisor group
H [2]. A consequence of this H → H∗ change and the
dualization of vectors is the appearance of negative-sign
kinetic terms for some 3D scalars.

1An expanded version of this note will appear in the Festschrift in honor of the 75th birthday of Professor Andrei Alekseevich
Slavnov.
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Consequently, maximal supergravity, after a
timelike reduction to 3D and the subsequent
dualization of 29 vectors to scalars, has a bosonic
sector containing 3D gravity coupled to a E8/SO

∗(16)
nonlinear sigma model with 128 scalar �elds. As a
consequence of the timelike dimensional reduction and
vector dualizations, however, the scalars do not all have
the same signs for their �kinetic� terms:
• There are 72 positive-sign scalars: 70 descending
directly from the 4D theory, one emerging from the 4D
metric and one more coming from the D = 4→ D = 3
Kaluza-Klein vector, subsequently dualized to a scalar.
• There are 56 negative-sign scalars: 28 descending
directly from the time components of the 28 4D
vectors, and another 28 emerging from the 3D vectors
obtained from spatial components of the 28 4D vectors,
becoming then negative-sign scalars after dualization.

The sigma-model structure of this timelike reduced
maximal theory is E8/SO

∗(16). The SO∗(16) divisor
group is not an SO(p, q) group de�ned via preservation
of an inde�nite metric. Instead it is constructed
starting from the SO(16) Cli�ord algebra {ΓI ,ΓJ} =
2δIJ and then by forming the complex U(8)-
covariant oscillators ai := 1

2 (Γ2i−1 + iΓ2i) and ai ≡
(ai)

† = 1
2 (Γ2i−1 − iΓ2i). These satisfy the standard

fermi oscillator annihilation/creation anticommutation
relations

{ai, aj} = {ai, aj} = 0 , {ai, aj} = δi
j . (3)

The 120 SO∗(16) generators are then formed from
the 64 hermitian U(8) generators ai

j plus the 2 ×
28 = 56 antihermitian combinations of aij±aij . Under
SO∗(16), the vector representation and the antichiral
spinor are pseudo-real, while the 128-dimensional chiral
spinor representation is real. This is the representation
under which the 72+56 scalar �elds transform in the
E8/SO

∗(16) sigma model.
The 3D classi�cation of extended supergravity

stationary solutions via timelike reduction generalizes
the 3D supergravity systems obtained from spacelike
reduction [5]. This also connects with N = 2 models
with coupled vectors [6] and N = 4 models with
vectors, where solutions have also been generated using
duality symmetries [7, 8].

The process of timelike dimensional reduction down
to 3 dimensions together with dualization of all
form-�elds to scalars produces an Euclidean gravity
theory coupled to a G/H∗ nonlinear sigma model,
Iσ =

∫
d3x
√
γ(R(γ) − 1

2GAB(φ)∂iφ
A∂jφ

Bγij), where
GAB(φ) is the G/H∗ sigma-model target-space metric
and γij is the 3D metric. Varying this action produces
the 3D �eld equations

1
√
γ
∇i(
√
γγijGAB(φ)∂jφ

B) = 0 (4)

Rij(γ) = 1
2GAB(φ)∂iφ

A∂jφ
B (5)

where ∇i is a doubly covariant derivative (for the 3D
spaceM3 and for the G/H∗ target space).

Now one can make the simplifying assumption that
φA(x) = φA(σ(x)), with a single intermediate map
σ(x). Subject to this assumption, the �eld equations
become

∇2σ
dφA

dσ
+ γij∂iσ∂jσ[

∂2φA

dσ2
+ ΓABC(G)

dφB

dσ

dφC

dσ
] = 0,

Rij =

(
1
2GAB(φ)

dφA

dσ

dφB

dσ

)
∂iφ

A∂jφ
B . (6)

Now one uses the gravitational Bianchi
identity ∇i(Rij − 1

2γijR) ≡ 0 to obtain
1
4
d
dσ (GAB(φ)dφ

A

dσ
dφB

dσ )(∇iσ∂iσ) = 0. Requiring

separation of the σ(x) properties from the d
dσ

properties leads to the conditions

∇2σ = 0 (7)

d2φA

dσ2
+ ΓABC(G)

dφB

dσ

dφC

dσ
= 0 (8)

d

dσ

(
GAB(φ)

dφA

dσ

dφB

dσ

)
= 0 (9)

The �rst equation (7) above implies that σ(x) is
a harmonic map from the 3D space M3 into a curve
φA(σ) in the G/H∗ target space. The second equation
(8) implies that φA(σ) is a geodesic in G/H∗. The third
equation (9) implies that σ is an a�ne parameter. The
decomposition of φ : M3 → G/H∗ into a harmonic
map σ : M3 → R and a geodesic φ : R → G/H∗ is in
accordance with a general theorem on harmonic maps
[9] according to which the composition of a harmonic
map with a totally geodesic one is again harmonic.
Such factorization into geodesic and harmonic maps
is also characteristic of general higher-dimensional p-
brane supergravity solutions [1, 3].

Here is a sketch of the map composition:

xi

σ(x)

∇ σ = 02

GH*/

D=3 Space M
3

φ  (σ
)

ge
od

esi
cΑ

Now de�ne the Komar two-form K ≡ ∂µκνdx
µ ∧

dxν . This is invariant under the action of the
timelike isometry and, by the asymptotic hypersurface
orthogonality assumption, is asymptotically horizontal.
This condition is equivalent to the requirement that the
scalar �eld B dual to the Kaluza-Klein vector arising
out of the 4D metric must vanish likeO(r−1) as r →∞.
In this case, one can de�ne the Komar mass and NUT
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charge by (where s∗ indicates a pull-back to a section)
[10]

m ≡ 1

8π
K

∫
∂M3

s∗?K, n ≡ 1

8π
K

∫
∂M3

s∗K. (10)

The Maxwell �eld also de�nes charges. Using the
Maxwell �eld equation d ? F = 0, where F ≡ δL/δF
is a linear combination of the two-form �eld strengths
F depending on the 4D scalar �elds, and using the
Bianchi identity dF = 0, one obtains conserved electric
and magnetic charges:

q ≡ 1

2π
K

∫
∂M3

s∗ ? F , p ≡ 1

2π
K

∫
∂M3

s∗F .

(11)

Now consider these charges from the three-
dimensional point of view in order to clarify their
transformation properties under the 3D duality group
G. The three-dimensional theory is described in terms
of a coset representative V ∈ G/H∗. The Maurer-
Cartan form V−1dV for g decomposes as

V−1dV = Q+ P , Q ≡ Qµdxµ ∈ h∗ ,

P ≡ Pµdx
µ ∈ g	 h∗ . (12)

Then the three-dimensional scalar-�eld equation of
motion can be rewritten as d ? VPV−1 = 0, so
the g-valued �Noether current� is ?VPV−1. Since the
three-dimensional theory is Euclidean, one cannot
properly speak of a conserved charge. Nevertheless,
since ?VPV−1 is d-closed, the integral of this 2-form
over a given homology cycle does not depend on the
particular representative of that cycle.

As a result, for stationary solutions, the integral
of this three-dimensional 2-form current, taken over
any spacelike closed surface ∂M3 containing in its
interior all the singularities and topologically non-
trivial subspaces of a solution, de�nes a g 	 h∗-valued
Noether-charge matrix C :

C ≡ 1

4π

∫
∂M3

?VPV−1. (13)

This transforms in the adjoint representation of the
duality group G in accordance with the standard non-
linear action of G on V ∈ G/H∗. For asymptotically-
�at solutions, V can be arranged to tend asymptotically
at in�nity to the identity matrix; the charge matrix C
in that case is simply given by the asymptotic value of
the one-form P :

P = C
dr

r2
+O(r−2) . (14)

Now follow the evolution of the duality group G
down a couple of steps in dimensional reduction. In
D = 5, maximal supergravity has the maximally

noncompact duality group E6,6, with the 42 D =
5 scalar �elds taking their values in the coset
space E6,6/USp(8), while the 1-form (i.e. vector) �elds
transform in the 27 of E6,6.

Proceeding on down to 4D, the 27 D = 5 vectors
produce new scalars upon dimensional reduction, and
one also gets a new Kaluza-Klein scalar emerging from
the D = 5 metric, making up the total of 70 scalars in
the 4D theory. These take their values in E7,7/SU(8),
while the 4D vector �eld strengths transform in the 56
of E7,7. The new KK scalar corresponds to a gl1 grading
generator of E7,7, leading to a tri-graded decomposition
of the E7,7 algebra as follows:

e7,7 ' 27
(−2) ⊕ (gl1 ⊕ e6,6)(0) ⊕ 27(2), (15)

where the superscripts indicate the gl1 grading.
Continuing on down to 3D via a timelike reduction,

one encounters a new phenomenon: 3D vectors can
now be dualized to scalars. This is already clear in
the timelike reduction of pure 4D GR to 3D, where
one obtains a two-scalar system taking values in
SL(2,R)/SO(2), where SL(2,R) is the Ehlers group
[11]. Its generators can be written

γh⊕ εe⊕ ϕf =

(
γ ε
ϕ −γ

)
(16)

and its Lie algebra is

[h, e] = 2e , [h,f ] = −2f , [e,f ] = h.

Accordingly, in reducing from 4D to 3D a
supergravity theory with 4D symmetry group G4,
with corresponding Lie algebra g4 and with vectors
transforming in the l4 representation of g4, one obtains
a penta-graded structure for the 3D Lie algebra g, with
the Ehlers h now acting as the grading generator 1(0):

g ' 1(−2) ⊕ l4
(−1) ⊕ (1⊕ g4)(0) ⊕ l

(+1)
4 ⊕ 1(2). (17)

For example, in 3D maximal supergravity one obtains
in this way e8,8:

e8,8 ' 1(−2) ⊕ 56
(−1) ⊕ (1⊕ e7,7)(0) ⊕ 56(+1) ⊕ 1(2)

(248 generators). (18)

Now apply this to the decomposition of the coset-
space structure for the 3D scalar �elds and the charge
matrix C . In 4D, the scalars are associated to the coset
generators g4 	 h4, where h4 is the Lie algebra of the
4D divisor group H4. The representation carried by
the 4D electric and magnetic charges q and p is l4.
Then the 3D scalars and the charge matrix C can be
decomposed into three irreducible representations with
respect to so(2)⊕ h4 according to

g	 h∗ ∼=
(
sl(2,R)	 so(2)

)
⊕ l4 ⊕

(
Kg4 	 h4

)
. (19)
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The metric induced by the g algebra's Cartan-Killing
metric on this coset space is positive de�nite for the
�rst and last terms, but is negative de�nite for l4. One
associates the sl(2,R) 	 so(2) components with the
Komar mass and the Komar NUT charge, while the
l4 components are associated with the electromagnetic
charges. The remaining g4 	 h4 charges belong to the
Noether current of the 4D theory.

Breitenlohner, Gibbons and Maison [2] proved that
if G is simple, all the non-extremal single-black-hole
solutions of a given theory lie on the H∗ orbit of a
Kerr solution. Moreover, all static solutions regular
outside the horizon with a charge matrix satisfying
Tr C 2 > 0 lie on the H∗-orbit of a Schwarzschild
solution. (Turning on and o� angular momentum
requires consideration of the D = 2 duality group
generalizing the Geroch A1

1 group.)
Using Weyl coordinates, where the 4D metric takes

the form

ds2 = f(x, ρ)−1[e2k(x, ρ)(dx2 + dρ2)

+ ρ2dφ2] + f(x, ρ)(dt+A(x, ρ)dφ)2 , (20)

the coset representative V associated to the
Schwarzschild solution with mass m can be written
in terms of the non-compact generator h of the Ehlers
sl(2,R) only, i.e.

V = exp

(
1

2
ln
r −m
r +m

h

)
→ C = mh. (21)

For the maximal N = 8 theory with symmetry
E8(8) (and also for the exceptional `magic' N = 2
supergravity [12] with symmetry E8(−24)), one has
h = diag[2, 1, 0,−1,−2], so

h5 = 5h3 − 4h (22)

Consequently, the charge matrix C satis�es in all cases
the characteristic equation

C 5 = 5c2C 3 − 4c4C , (23)

where c2 ≡ 1
Tr h2 Tr C 2 is the extremality parameter

(c2 = 0 for extremal static solutions; c2 = m2

for Schwarzschild). Moreover, for all but the two
exceptional E8 cases, a stronger constraint is actually
satis�ed by the charge matrix C :

C 3 = c2C . (24)

The characteristic equation selects acceptable orbits
of solutions, i.e. orbits not exclusively containing
solutions with naked singularities. It determines C
in terms of the mass and NUT charge and the 4D
electromagnetic charges.

The parameter c2 is the same as the
(target space velocity)

2
of the harmonic-map

discussion: c2 = v2. The Maxwell-Einstein theory
is the simplest example with an inde�nite-signature
sigma-model metric, for the scalar-�eld target space
G/H∗ = SU(2, 1)/S(U(1, 1) × U(1)). The Maxwell-
Einstein charge matrix is

CME =

 m n −z/
√

2

n −m iz/
√

2

z̄/
√

2 iz̄/
√

2 0

 ∈ su(2, 2)	 u(1, 1)

(25)

where z = q + ip is the complex electromagnetic
charge. The Maxwell-Einstein extremality parameter
is c2 = m2 + n2 − zz̄. Solutions fall into three
categories: c2 > 0 nonextremal, c2 = 0 extremal and
c2 < 0 hyperextremal. The hyperextremal solutions
have naked singularities, while the nonextremal and
extremal solutions have their singularities cloaked by
horizons.

Extremal solutions have c2 = 0, implying that the
charge matrix C becomes nilpotent: C 5 = 0 in the E8

cases and C 3 = 0 otherwise.
For N extended supergravity theories, one �nds

H∗ ∼= Spin∗(2N ) × H0 and the charge matrix C
transforms as a Weyl spinor of Spin∗(2N ) also valued
in a representation of h0 (where h0 acts on the matter
content of reducible N = 4 theories). As in the SO∗(16)
case considered earlier, one de�nes the Spin∗(2N )
fermionic oscillators

ai :=
1

2

(
Γ2i−1 + iΓ2i

)
,

ai ≡ (ai)
† =

1

2

(
Γ2i−1 − iΓ2i

)
(26)

for i, j, · · · = 1, . . . ,N . These obey standard fermionic
annihilation & creation anticommutation relations.
Using this annihilation/creation oscillator basis, the
charge matrix C can be represented as a state (where
ai |0〉 = 0)

|C 〉 ≡
(
KW + Zija

iaj

+ Σijkla
iajakal + · · ·

)
K |0〉 . (27)

From the requirement that the dilatino �elds be left
invariant under the unbroken supersymmetry of a BPS
solution, one derives a `Dirac equation' for the charge
state vector,(
εiαai + Ωαβε

β
i a

i
)
|C 〉 = 0 (28)

where (εiα, ε
α
i ) is the asymptotic (for r → ∞) value of

the Killing spinor and Ωαβ is a symplectic form on C2n

in cases with n/N preserved supersymmetry.
Note that c2 = 0 ⇐⇒ 〈C |C 〉 = 0 is a weaker

condition than the supersymmetry Dirac equation.
Extremal and BPS are not always synonymous
conditions, although they coincide for N ≤ 5 pure
supergravities. They are not synonymous forN = 6 & 8
or for theories with vector matter coupling.
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Earlier analysis of the orbits of the 4D symmetry
groups G4 [13] heavily used the Iwasawa decomposition

g = u(g,Z) exp
(

lnλ(g,Z) z
)
b(g,Z) (29)

with u(g,Z) ∈ H4 and b(g,Z) ∈ BZ , where
BZ ⊂ G4 is the parabolic subgroup that leaves
the charges Z invariant up to a multiplicative factor
λ(g,Z). This multiplicative factor can be compensated
for by `trombone' transformations combining Weyl
scalings with compensating dilational coordinate
transformations, leading to a formulation of active
symmetry transformations that map solutions into
other solutions with unchanged asymptotic values of
the spacetime metric and scalar �elds.

The 4D `trombone' transformation �nds a natural
home in the parabolic subgroup of the 3D duality
group G. The 3D structure is characterized by the
fact that the Iwasawa decomposition breaks down for
noncompact divisor groups H∗.

The Iwasawa decomposition does, however work
�almost everywhere� in the 3D solution space. The
places where it fails are precisely the extremal
suborbits of the duality group. This has the
consequence that G does not act transitively on its own
orbits. There are G transformations which allow one to
send c2 → 0, thus landing on an extremal (generally
BPS) suborbit. However, one cannot then invert the
map and return to a generic non-extremal solution from
the extremal solution reached on a given G trajectory.

The above framework applies equally to multi-
centered as to single-centered solutions [14, 15]. One
may start from a general ansatz

V(x) = V0 exp(−
∑
n

Hn(x)Cn) (30)

with Lie algebra elements Cn ∈ g 	 h∗ and functions
Hn(x) to be determined by the equations of motion.

De�ning as above V−1dV = Q + P and restricting P
to depend linearly on the functions Hn(x), one �nds
the requirement [KCm, [Cn,Cp]] = 0. The Einstein and
scalar equations of motion then reduce to

Rµν −
1

2
gµνR =

∑
mn

∂µHm∂νHn Tr CmCn, (31)

d ? dHn = 0. (32)

Restricting attention to solutions where the 3-space is
�at then requires Tr CmCn = 0. The resulting system
generalizes that found in [3]. Solving [KCm, [Cn,Cp]] =
0 = Tr CmCn is now reduced to an algebraic problem
amenable to the above nilpotent-orbit analysis: non-
extremal and extremal stationary solutions can be
formed from extremal single-hole constituents.

In summary, what has been developed here
is a quite general framework for the analysis of
stationary supergravity solutions using duality orbits.
The Noether charge matrix C satis�es a characteristic
equation C 5 = 5c2C 3 − 4c4C in the maximal E8 cases
and C 3 = c2C in the non-maximal cases, where c2 ≡

1
Tr h2 Tr C 2 is the extremality parameter. Extremal

solutions are characterized by c2 = 0, and C becomes
nilpotent (C 5 = 0 or C 3 = 0) on the corresponding
extremal suborbits. BPS solutions have a charge
matrix C satisfying an algebraic `supersymmetry Dirac
equation' which encodes the general properties of
such solutions. This is a stronger condition than the
c2 = 0 extremality condition. The orbits of the 3D
duality group G are not always acted upon transitively
by G. This is related to the failure of the Iwasawa
decomposition for noncompact divisor groups H∗.
The Iwasawa failure set corresponds to the extremal
suborbits.
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Ê. Ñ. Ñòåëëå

ÎÐÁÈÒÛ ×ÅÐÍÛÕ ÄÛÐ Â ÑÓÏÅÐÃÐÀÂÈÒÀÖÈÈ

Äóàëüíûå ñèììåòðèè èñïîëüçóþòñÿ äëÿ ïîñòðîåíèÿ ñèììåòðè÷íûõ îðáèò â ðåøåíèÿõ äëÿ ÷åðíûõ äûð â ñóïåðãðà-
âèòàöèè è äëÿ âûÿâëåíèÿ èõ ñâÿçè ñ âíåøíèìè ðåøåíèÿìè (ò.å. BPS) â ïðåäåëå òàêèõ îðáèò. Ècïîëüçóåìûé äëÿ
äàííîãî àíàëèçà ïîäõîä ñâîäèò çàäà÷ó ñòàöèîíàðíîé ÷åðíîé äûðû ê çàäà÷å íåëèíåéíîé ñèãìà-ìîäåëè. Ñåìåéñòâî
BPS ðåøåíèé õàðàêòåðèçóåòñÿ íèëüïîòåíòíûìè îðáèòàìè äóàëüíîé ñèììåòðèè.
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NSVZ SCHEME AND THE REGULARIZATION BY HIGHER DERIVATIVES

K. V. Stepanyantz

Department of Theoretical Physics, Moscow State University, Leninskie Gory, Moscow 119991, Russia.
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The NSVZ scheme is constructed in all orders for the renormalization group functions de�ned in terms of the renormalized
coupling constant for AbelianN = 1 supersymmetric theories regularized by higher derivatives. For the other renormalization
prescriptions the scheme-independent consequences of the NSVZ relation are investigated. It is explained, why for the
renormalization group functions de�ned in terms of the bare coupling constant the NSVZ relation is valid for all renormalization
prescriptions in the case of using the higher derivative regularization.

Keywords: supersymmetry, renormalization, β-function, anomalous dimension.

1 Introduction

The NSVZ β-function [1�4] is a relation between
the β-function of N = 1 supersymmetric theories and
the anomalous dimensions of the matter super�elds:

β(α) = −
α2
(

3C2 − T (R) + C(R)i
jγj

i(α)/r
)

2π(1− C2α/2π)
. (1)

Here we use the notation

tr (TATB) ≡ T (R) δAB ; (TA)i
k(TA)k

j ≡ C(R)i
j ;

fACDfBCD ≡ C2δ
AB ; r ≡ δAA. (2)

For the particular case of N = 1 supersymmetric
electrodynamics (SQED) with Nf �avors the NSVZ
β-function takes the form [5,6]

β(α) =
α2Nf
π

(
1− γ(α)

)
. (3)

The NSVZ β-function was constructed using various
general arguments: structure of instanton contributions
[1, 3, 7], anomalies [2, 4, 8], the non-renormalization
theorem for the topological term [9].

The NSVZ expression can be compared with the
results of explicit calculations which in supersymmetric
theories are mostly made using the regularization
by the dimensional reduction [10]. (It should be
noted that this regularization is either mathematically
inconsistent [11], or is not manifestly supersymmetric
[12] and can break supersymmetry in higher loops [13,
14].) Using the dimensional reduction supplemented
by the DR-scheme the β-function for general N =
1 supersymmetric theories was calculated up to the
four-loop approximation [15�18]. The NSVZ β-function

agrees with these calculations only in the one- and two-
loop approximations. In the higher loops it is obtained
only after a specially tuned �nite renormalization
[16,19].

It appears that a very convenient tool for
calculating quantum corrections in supersymmetric
theories is the higher covariant derivative
regularization [20, 21]. (It also includes the Pauli-
Villars regularization for removing the one-loop
divergences [22,23].) Unlike the dimensional reduction,
it is consistent and (if it is used for supersymmetric
theories) does not break supersymmetry [24, 25]. This
regularization can be also formulated for N = 2
supersymmetric theories [26,27].

The explicit calculations made with the higher
derivative regularization in N = 1 supersymmetric
theories reveal an interesting feature of quantum
corrections: integrals giving the β-function de�ned
in terms of the bare coupling constant are integrals
of (double) total derivatives [28, 29]. (Note that in
these integrals the external momentum vanishes.)
The NSVZ relation appears after calculating the
momentum integral of a total derivative. For Abelian
supersymmetric theories this was proved exactly in all
orders [30,31].

However, the renormalization group (RG) functions
de�ned by the standard way in terms of the
renormalized coupling constant [32] are scheme
dependent. They satisfy the NSVZ relation only with a
certain subtraction scheme, which is called the NSVZ
scheme.

At present there is no general prescription how to
construct this scheme in all orders with the dimensional
reduction. However this can be easily done using the
higher derivative regularization [33]. In the present
paper we describe how this can be made.
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2 N = 1 SQED with Nf �avors, regularized
by higher derivatives

In this paper we consider N = 1 SQED with Nf
�avors which is described by the action

S =
1

4e2
0

Re

∫
d4x d2θW aWa +

Nf∑
i=α

1

4

∫
d4x d4θ

×
(
φ∗αe

2V φα + φ̃∗αe
−2V φ̃α

)
, (4)

in the massless limit. Here V is a real gauge super�eld,
φα and φ̃α with α = 1, . . . , Nf are chiral matter
super�elds. In the Abelian case Wa = D̄2DaV/4. In
order to introduce the higher derivative regularization
we add the higher derivative term SΛ to the classical
action:

Sreg = S + SΛ, (5)

where

SΛ =
1

4e2
0

Re

∫
d4x d2θW a

(
R(∂2/Λ2)− 1

)
Wa (6)

and the function R − 1 contains the large degree of
derivatives. A convenient choice of this function is
R = 1 + ∂2n/Λ2n.

By introducing SΛ one regularizes all divergences
beyond the one-loop approximation. The remaining
one-loop divergencies can be removed by inserting
the Pauli-Villars determinants into the generating
functional [23]:

Z[J,Ω] =

∫
Dµ

∏
I

(
detPV (V,MI)

)Nf cI
× exp

{
iSreg + iSgf + SSources

}
. (7)

We require that the degrees of the Pauli-Villars
determinants cI satisfy the constrains

∑
I

cI = 1;
∑
I

cIM
2
I = 0 (8)

due to which the remaining one-loop divergences
cancel. The masses of the Pauli-Villars �elds are chosen
proportional to the parameter Λ, the ratios being
independent of the bare coupling constant:

MI = aIΛ, aI 6= aI(e0). (9)

Let us de�ne the functions d−1(α0,Λ/p) and
G(α0,Λ/p) according to the following equation:

Γ(2) =

∫
d4p

(2π)4
d4θ

(
− 1

16π
V (−p, θ) ∂2Π1/2

×V (p, θ)d−1(α0,Λ/p) +
1

4

Nf∑
α=1

(
φ∗α(−p, θ)

×φα(p, θ) + φ̃∗α(−p, θ)φ̃α(p, θ)
)
G(α0,Λ/p)

)
, (10)

where Γ(2) is a part of the e�ective action
corresponding to the two-point Green functions
and ∂2Π1/2 denotes a supersymmetric transversal
projection operator.

In order to construct the renormalized coupling
constant α(α0,Λ/µ) we require �niteness of
d−1(α0(α,Λ/µ),Λ/p) in the limit Λ → ∞. The
renormalization constant Z3 is then de�ned by

Z3(α,Λ/µ) ≡ α

α0
. (11)

Similarly, the renormalization constant Z is
constructed by requiring �niteness of the renormalized
two-point Green function ZG in the limit Λ→∞.

3 NSVZ relation for the RG functions de�ned
in terms of the bare coupling constant

The RG functions can be de�ned in terms of
the bare coupling constant according to the following
prescription:

β
(
α0(α,Λ/µ)

)
≡ dα0

d ln Λ

∣∣∣
α=const

; (12)

γi
j
(
α0(α,Λ/µ)

)
≡ −d lnZi

j

d ln Λ

∣∣∣
α=const

, (13)

where the derivatives should be calculated at a
�xed value of the renormalized coupling constant.
It is possible to prove [33] that these RG functions
are scheme independent for a �xed regularization,
but depend on the regularization. Moreover, in
all loops they satisfy the NSVZ relation for
Abelian supersymmetric theories, regularized by higher
derivatives [30,31].

The NSVZ relation appears, because with the
higher covariant derivative regularization loop integrals
giving the β-function de�ned in terms of the bare
coupling constant are integrals of total derivatives [28]
and even integrals of double total derivatives [29]. (In
these integrals the external momentum vanishes, p =
0.) As a consequence, one of the momentum integrals
can be calculated analytically, producing the NSVZ
relation for the RG functions de�ned in terms of the
bare coupling constant:
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β(α0)

α2
0

=
d

d ln Λ

(
d−1(α0,Λ/p)− α−1

0

)∣∣∣
p=0

=
Nf
π

(
1− d

d ln Λ
lnG(α0,Λ/q)

∣∣∣
q=0

)
=
Nf
π

(
1− γ(α0)

)
. (14)

Similar features are also valid in the non-Abelian case,
but the calculations have been done only in the two-
loop approximation [34�36].

4 The NSVZ scheme with the higher
derivatives

In the previous section we consider the RG function
de�ned in terms of the bare coupling constant.
However, by standard way the RG functions are de�ned
in terms of the renormalized coupling constant [32]:

β̃
(
α(α0,Λ/µ)

)
≡ dα

d lnµ

∣∣∣
α0=const

; (15)

γ̃i
j
(
α(α0,Λ/µ)

)
≡ d lnZi

j

d lnµ

∣∣∣
α0=const

. (16)

(In order to obtain these functions it is necessary to
express the RHS via α0 and calculate the derivatives
at a �xed value of the bare coupling constant.) The
RG functions (15) and (16) are scheme-dependent.
According to [33, 37] they coincide with the RG
functions de�ned in terms of the bare coupling
constant, if the boundary conditions

Z3(α, x0) = 1; Zi
j(α, x0) = 1 (17)

are imposed on the renormalization constants, where
x0 is an arbitrary �xed value of ln Λ/µ:

β̃(α) = β(α) γ̃(α) = γ(α). (18)

Due to the scheme-dependence the RG functions
β̃(α) and γ̃(α) satisfy the NSVZ relation only in a
certain subtraction scheme, called the NSVZ scheme.
This scheme is evidently �xed in all loops by the
boundary conditions (17) if the theory is regularized
by higher derivatives, because the functions β and γ
satisfy the NSVZ relation in the case of using this
regularization.

5 RG functions in the three-loop
approximation

Using the higher derivative regularization with
Rk = 1 + k2n/Λ2n one can calculate the β-function

and the anomalous dimension in the three- and two-
loop approximations, respectively. Let us present the
results for various de�nitions of the RG functions and
in various subtraction schemes.

The RG functions de�ned in terms of the bare
coupling constant coincide with the RG functions
de�ned in terms of the renormalized coupling constant
in the NSVZ scheme and are given by the following
expressions:

γ̃NSVZ(α) = γ(α)− α

π
+
α2

π2

(1

2
+Nf

n∑
I=1

cI ln aI

+Nf

)
+O(α3); (19)

β̃NSVZ(α) = β(α)
α2Nf
π

(
1 +

α

π
− α2

π2

(1

2
+Nf

×
n∑
I=1

cI ln aI +Nf

)
+O(α3)

)
. (20)

We see that in this scheme the NSVZ relation is really
satis�ed in the considered approximation.

Let us also present the results for the RG functions
de�ned in terms of the renormalized coupling constants
for other subtraction schemes.

In the MOM scheme the dimensional reduction
and the higher derivative regularizations give the same
result [37]

γ̃MOM(α) = −α
π

+
α2(1 +Nf )

2π2
+O(α3); (21)

β̃MOM(α) =
α2Nf
π

(
1 +

α

π
− α2

2π2

(
1 + 3Nf

× (1− ζ(3))
)

+O(α3)
)
. (22)

In the DR-scheme the result was obtained in Ref. [16]
and is written as

γ̃DR(α) = −α
π

+
α2(2 + 2Nf )

4π2
+O(α3); (23)

β̃DR(α) =
α2Nf
π

(
1 +

α

π
− α2(2 + 3Nf )

4π2
+O(α3)

)
.

Comparing all above expressions one can see that in
the considered approximations only terms proportional
to (Nf )2α4 in the β-function and to Nfα

2 in the
anomalous dimension are scheme dependent. The other
terms coincide in all schemes.

6 The NSVZ relation and �nite
renormalizations

Di�erent renormalization prescriptions can be
related by �nite renormalizations

α→ α′(α); Z ′(α′,Λ/µ) = z(α)Z(α,Λ/µ), (24)
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under which the β-function (15) and the anomalous
dimension (16) are changed as follows:

β̃′(α′) =
dα′

dα
β̃(α); γ̃′(α′) =

d ln z

dα
·β̃(α)+γ̃(α). (25)

Using these equations one can see [37] that if β̃(α) and
γ̃(α) satisfy the NSVZ relation, then

β̃′(α′) =
dα′

dα
· α

2Nf
π

1− γ̃′(α′)
1− α2Nf (d ln z/dα)/π

∣∣∣
α=α(α′)

.

Taking into account that quantum corrections to the
coupling constant are proportional at least to Nf we
obtain

α′(α)− α = O(Nf ); z(α) = O
(
(Nf )0

)
. (26)

Therefore, all scheme-dependent terms in the β-
function are proportional at least to (Nf )2 in all loops,
while the terms proportional to (Nf )0 in the anomalous
dimension are scheme-independent. This means that
the NSVZ relation is valid for terms proportional to
(Nf )1 in all orders. Nevertheless, terms proportional
to (Nf )α with α ≥ 2 are scheme-dependent.

Similarly making �nite renormalizations in the non-
Abelian case one can see [38] that in L loops terms
proportional to tr

(
C(R)L

)
satisfy the NSVZ relation

for an arbitrary renormalization prescription. This
implies that the NSVZ relation non-trivially constrains
the divergences in spite of its scheme-dependence.

7 Conclusion

For Abelian supersymmetric theories, regularized
by higher derivatives, the NSVZ β-function relates the
scheme-independent RG functions de�ned in terms of
the bare coupling constant. The NSVZ relation follows
from the fact that the integrals which determine the β-
function de�ned in terms of the bare coupling constant
can be written as integrals of double total derivatives.

For the RG functions de�ned in terms of the
renormalized coupling constant, the NSVZ relation is
valid only in a special NSVZ scheme. In the Abelian
case the higher derivative regularization enables to give
a simple prescription for constructing this scheme in all
orders by imposing the boundary conditions (17).

Although the NSVZ relation is scheme-dependent,
it has some scheme-independent consequences which
non-trivially restrict the divergences.
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Ê. Â. Ñòåïàíüÿíö

NSVZ ÑÕÅÌÀ È ÐÅÃÓËßÐÈÇÀÖÈß ÂÛÑØÈÌÈ ÏÐÎÈÇÂÎÄÍÛÌÈ

Äëÿ àáåëåâûõ N = 1 ñóïåðñèììåòðè÷íûõ òåîðèé, ðåãóëÿðèçîâàííûõ âûñøèìè ïðîèçâîäíûìè, NSVZ ñõåìà ïîñòðîå-
íà âî âñåõ ïîðÿäêàõ äëÿ ðåíîðìãðóïïîâûõ ôóíêöèé, îïðåäåëåííûõ â òåðìèíàõ ïåðåíîðìèðîâàííîé êîíñòàíòû ñâÿ-
çè. Äëÿ äðóãèõ ïåðåíîðìèðîâî÷íûõ ïðåäïèñàíèé èññëåäóþòñÿ ñõåìíî-íåçàâèñèìûå ñëåäñòâèÿ NSVZ ñîîòíîøåíèÿ.
Îáúÿñíÿåòñÿ, ïî÷åìó äëÿ ðåíîðìãðóïïîâûõ ôóíêöèé, îïðåäåëåííûõ â òåðìèíàõ ãîëîé êîíñòàíòû ñâÿçè, NSVZ ñîîò-
íîøåíèå ñïðàâåäëèâî ïðè ïðîèçâîëüíûõ ïåðåíîðìèðîâî÷íûõ ïðåäïèñàíèÿõ â ñëó÷àå èñïîëüçîâàíèÿ ðåãóëÿðèçàöèè
âûñøèìè ïðîèçâîäíûìè.

Êëþ÷åâûå ñëîâà: ñóïåðñèììåòðèÿ, ïåðåíîðìèðîâêà, β-ôóíêöèÿ, àíîìàëüíàÿ ðàçìåðíîñòü.
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GAUGE INVARIANT LAGRANGIAN FORMULATIONS FOR MIXED-ANTISYMMETRIC FERMIONIC
HIGHER SPIN FIELDS

H. Takata1

Department of Theoretical Physics, Tomsk State Pedagogical University, Kievskaya str., 60, 634061 Tomsk, Russia.

E-mail: takata@tspu.edu.ru

A Lagrangian formulation of irreducible half-integer higher-spin representations of the Poincare algebra with a Young
tableaux having two columns is presented based on the BRST approach. Starting from Casimir constraints written by
oscillator representation of Poincare algebra, which is the necessary condition of the irreducibility, we find closed higher
spin superalgebra. In order to convert all constraints to the first class we introduce four auxiliary oscillators with γ-matrix
and use Verma module method. To get nilpotent BRST operators we further introduce ghosts. After using restrictions on
spin number and ghost number we construct Lagrangian having gauge symmetry with finite stage of reducibility.

Keywords: higher-spin fields, gauge theories, BRST method, Lagrangian formulation.

1 Introduction

Higher spin theory has been studied in the hopes
as an unified description of elementary particles [2].
For the progress in higher-spin field theory, see the
reviews [3]. For our study, we will construct un-
constraint Lagrangian by using BRST approach [4]. In
this construction, we make a connection between La-
grangian and space-time symmetry, like Poincare sym-
metry. Considering constraints from suitable represen-
tation of Casimir operators in Poincare algebra, one
may find constraint algebra, that is, higher spin alge-
bra which leads nil-potent BRST operators [5]. Once
BRST operator is found, gauge invariant Lagrangian
can be constructed straightforwardly.

BRST approach has been applied for various cases
of constructing free Lagrangian. In the metric-like ap-
proach for bosonic tensors Φµ1,··· ,µs(x) or fermionic
tensors Ψµ1,··· ,µs(x) with general type of indexes
µ1, · · · , µs, there are two different approaches; sym-
metric base approach and anti-symmetric base ap-
proach. In the former approach one start from totally
symmetric tensor [4,6] and then generalize it to mixed
symmetric case [7]. One introduce bosonic oscillators

[a′iµ, a
′+
jν ] = −δijηµν , i, j = 1, 2, · · · (1)

to construct Fock space and consider suitable vanish-
ing constraints on that for each case. For example, for
massless fields in flat space-time, it is as follows.

Totally sym. Mixed sym.

Bosonic
∂µ∂

µ

a′µ∂
µ , 1

2a
′
µa
′µ ∂µ∂

µ

a′iµ∂
µ ,

1
2a
′
iµa
′µ
j

a′
+
1µa
′µ
2

Fermionic γ̃µ∂
µ, γ̃µa

′µ γ̃µ∂
µ,

γ̃µa
′µ
i

a′
+
1µa
′µ
2

In other word, these approaches correspond row based
classification of associated Young-tableau. While to-
tally symmetric case corresponds one row Young-
tableau, mixed symmetric case corresponds Young-
tableau with more than one row.

On the other hand, in the later approach one start
from totally anti-symmetric tensor [8] and then gener-
alize it to mixed anti-symmetric case [1]. One introduce
fermionic oscillators

{aiµ, a+
jν} = −δijηµν , i, j = 1, 2, · · · (2)

to construct Fock space and consider suitable vanish-
ing constraints on that for each case. It is as follows
for massless fields in flat space-time.

Totally anti-sym. Mixed anti-sym.

Bosonic
∂µ∂

µ

aµ∂
µ

∂µ∂
µ

aiµ∂
µ ,

1
2a1µa

µ
2

a+
1µa

µ
2

Fermionic γ̃µ∂
µ, γ̃µa

µ γ̃µ∂
µ,

γ̃µa
µ
i

a+
1µa

µ
2

These approaches correspond column based classi-
fication of associated Young-tableau. While to-
tally anti-symmetric case corresponds one column
Young-tableau, mixed anti-symmetric case corresponds
Young-tableau with more than one column.

In fact, for the antisymmetric case, there was no
clear explanation about the fact that above condition
gives irreducible representation of Poincare algebra.
Therefore in the next section we will explain, by con-
sidering Casimir operators, how irreducible representa-
tion of Poincare algebra and the vanishing constraints
are related.

1This talk is based on the collaboration with J. L. Buchbinder and A. A. Reshetnyak [1]
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2 Irreducibility condition

In this section, we consider the meaning of the
supplementary condition in terms of the irreducibil-
ity. To consider general type of tensor indexes we can
use symmetric base or anti-symmetric case. Unlike the
symmetric base we did not know how irreducibility con-
dition for the general type of tensor can be written
in the anti-symmetric base. We study it for massive
bosonic tensor in four space-time dimension as the sim-
plest case. Consider bosonic tensor Φµ1···µs1,ν1···νs2(x)
with constraint on indexes as

Φµ1···µs1,ν1···νs2(x) = Φ[µ1···µs1],[ν1···νs2](x), (3)

where square bracket describe anti-symmetrization.
We are going to explain that the following conditions:

Φµ1···[µs1,ν1···νs2](x) = 0 (4)

(2−m2)Φµ1···µs1,ν1···νs2(x) = 0 (5)

∂µ1Φµ1···µs1,ν1···νs2(x) = 0 (6)

∂ν1Φµ1···µs1,ν1···νs2(x) = 0 (7)

ηµ1ν2Φµ1···µs1,ν1···νs2(x) = 0. (8)

can be understood as the condition that Casimir oper-
ator C2 is a multiple of the identity operator. For
Poincare algebra we adopt oscillator representation on
space |Φ〉:

|Φ〉 = a+µ1

1 · · · a+µs1
1 a+ν1

2 · · · a+νs2
2 |0〉Φµ1···µs1,ν1···νs2(x)

with two sets of anti-commuting oscillators

{aµi , a
+ν
j } = −ηµνδij , i, j = 1, 2. (9)

It is found that the representations of generators of
Poincare algebra can be written as [9].

Pν = −i∂µ,
Mµν = Lµν + Σµν ,
Lµν = −i(xµ∂ν − xν∂µ),
Σµν = Σ1

µν + Σ2
µν ,

Σjµν = i(aj+µ ajν − aj+ν ajµ), j = 1, 2.

(10)

Supplementary conditions (4)-(8) are also rewritten as2

g12|Φ〉 = l0|Φ〉 = li |Φ〉 = l12|Φ〉
= (gii + si − 2)|Φ〉 = 0 (11)

where we have used definitions (pµ = −i∂µ)

l0 = −p2 +m2,
gij = a+

iµa
µ
j + 2δij ,

li = aµi pµ,

l+i = aµ+
i pµ,

l12 = 1
2a1µa

µ
2 ,

l+12 = 1
2a
µ+
2 a+

1µ.

One can easily see that if the following constraints

t0|Ψ〉 = t1|Ψ〉 = t2|Ψ〉 = g12|Ψ〉
= (gii + si − d

2 )|Ψ〉 = 0, (12)

The second Casimir operator C2 can be written by
the Pauli-Lubanski vector Wµ [10]

C2 = WµW
µ, Wµ =

1

2
εµνρσP

νΣρσ. (13)

By defining

Cij = W i
µW

jµ, Wiµ =
1

2
εµνρσP

νΣρσi , (14)

the second Casimir can be written as C2 = W1µW
µ
1 +

W2µW
µ
2 +2W1µW

µ
2 . In the following we will show that

C2 are multiples of the identity operator on the vector.
Note that these Cij can be directly checked to com-
mute to the generators. By inputting expressions of
eqs (10) we get the following expression

Cij=
{
− (a+i · a+j)(ai · aj) + (aj+ · ai)(a+i · aj) + (a+j · aj)

+2δij(a+j · aj)
}∂2

2
− (a+j · ∂)(a+i · aj)(ai · ∂) (15)

+(a+i · a+j)(ai · ∂)(aj · ∂)− δij(a+i · ∂)(aj · ∂) +h.c.

When using above conditions eq. (11), it lead to the
final result3

C2|Φ〉 = m2 {s1(s1 − 3) + s2(s2 − 5)} |Φ〉. (16)

Thus we have shown that the second Casimir operator
C2 is a multiple of the identity operator on the vector
which satisfies supplementary conditions eq. (11), that
is a necessary condition of irreducibility of the repre-
sentation.

3 HS Symmetry Superalgebra for mixed-
antisymmetric fermionic fields

In this section, we consider a massless half-integer
spin irreducible representation of Poincare group in a
Minkowski space which is described by a tensor field
Ψ[µ1···µs1 ],[ν1···νs2 ](x) to be corresponding to a Young
tableaux with 2 columns of height s1, s2, respectively

Ψ[µ1···µs1 ],[ν1···νs2 ]←→

µ1 ν1

· ·
µs2 νs2
·
µs1

. (17)

We call this field as spin [s1, s2] field, that is antisym-
metric with respect to the permutations of each type
of Lorentz indices µ, ν. This is realized in the space

2The first condition (3) is automatically satisfied.
3General formula for arbitrary Young tableaux in anti-symmetric base and in symmetric base are similary given as C2|Φ〉 =

m2
∑# of colums
j=1 sj(sj − 2j − 1)|Φ〉 and C2|Φ〉 = −m2

∑# of rows
j=1 s′j(s

′
j − 2j + 3)|Φ〉, respectively. It can be easily proved that

these two formulas are equal to each other for given fixed Young tableaux, independently from the choice of the base as expected.
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of fermionic tensor field Ψ[µ1···µs1 ],[ν1···νs2 ](x) satisfying
the following constraints

γµ∂µΨ[µ1···µs1 ],[ν1···νs2 ](x) = 0

γµ1Ψ[µ1···µs1 ],[ν1···νs2 ](x) = 0

γν1Ψ[µ1···µs1 ],[ν1···νs2 ](x) = 0

Ψµ1µ2···[µs1 ,ν1ν1···νs2 ](x) = 0, (18)

those can be naturally guessed from the bosonic ver-
sion (4)–(8) in the previous section. Our purpose is
to construct a Lagrangian which reproduces these con-
straints as the consequences of the equations of mo-
tion. It is convenient to introduce grassmann-odd
creation and annihilation operators with space-time
indices (µ, ν = 0, 1, . . . , d − 1) and column indices
(i, j = 1, 2)

{aµi , a
+ν
j } = −ηµνδij , ηµν = diag(+,−, · · · ,−) (19)

We follow [6] and introduce a set of (d+1) Grassmann-
odd gamma-matrix-like objects γ̃µ, γ̃, subject to the
conditions

{γ̃µ, γ̃ν} = 2ηµν , {γ̃µ, γ̃} = {γ̃µ, a(+)ν
i } = 0,

γ̃2 = −1. (20)

An arbitrary vector in this Fock space has the form

|Ψ〉 =

{∞,n1}∑
{n1,n2}={0,0}

a+µ1

1 . . . a
+µn1
1 a+ν1

2. . . a
+νn2
2 |0〉Ψ{µ}n1 ,{ν}n2

(x).

(21)

We call the vector (21) as basic vector. The fields
Ψ{µ}n1 ,{ν}n2

(x) are the coefficient functions of the vec-
tor |Ψ〉, where the simplified notation {µ}n is used be-
cause its symmetry properties are stipulated by the
properties of the product of the creation operators.

Let us define a set of operators being quadratic in

powers of all oscillators, a
µ(+)
i , odd gamma-matrices,

γ̃µ, momenta pµ (with notation pµ = −i∂µ) and re-
quirement to have aµi , aµ+

i , pµ in the products

t0 = γ̃µpµ, l0 = −pµpµ, gij = a+
iµa

µ
j + d

2δij ,

ti = γ̃µa
µ
i ,

t+i = aµ+
i γ̃µ,

li = aµi pµ,

l+i = aµ+
i pµ,

l12 = 1
2a1µa

µ
2 ,

l+12 = 1
2a
µ+
2 a+

1µ,

(22)

One can easily see that if the following constraints

t0|Ψ〉 = t1|Ψ〉 = t2|Ψ〉 = g12|Ψ〉
= (gii + si − d

2 )|Ψ〉 = 0, (23)

are satisfied for |Ψ〉 then each component Ψ{µ}n1
,{ν}n2

of (21) obeys the conditions (18)–(18) Let us turn
to the algebra generated by operators t0, ti, g12 and
gii, (i = 1, 2). To get a real Lagrangian we need a
Hermitian BRST operator. Therefore, we should add
operators t+i (i = 1, 2) and g21. By taking super-

commutators we get operators l0, l
(+)
i (i = 1, 2),l

(+)
12 .

As a result we need all of operators defined in (22).
Our task is to find a closed algebra including these ope-
rators. After simple calculation, we find the following
closed algebra using these operators.

[↓,→} t0 lk l+k l0 tk t+k l12 l+12 gkl

t0 −2l0 0 0 0 2li −2l+k 0 0 0

li 0 0 δikl0 0 0 −δikt0 0 −δi[2l+1]
−δkill

l+i 0 δikl0 0 0 δikt0 0 δi[2l1] 0 δlil
+
k

l0 0 0 0 0 0 0 0 0 0

ti −2li 0 −δikt0 0 −4l12εik −2gki 0 −δi[1t+2]
−δiktl

t+i 2l+i δikt0 0 0 2gik 4l+12εik δi[1t2] 0 δilt
+
k

l12 0 0 −δk[2l1] 0 0 −δk[1t2] 0 1
4

(g11 + g22) −δkll12

l+12 0 δk[2l
+
1]

0 0 δk[1t
+
2]

0 − 1
4

(g11 + g22) 0 δkll
+
12

gij 0 δkilj −δkj l+i 0 δkitj −δkjt+i δij l12 −δij l+12 δilgkj − δjkgil
HS superalgebra for massless fermionic field corresponding to two columns Young-tableaux. (εik = −εki, ε12 = 1.)

In this table, the first and the second arguments
of the super-commutators are listed in the first col-
umn and the first row, respectively. The algebra cor-
responding to this table is a base for massless half-
integer higher spin field Lagrangian construction corre-
sponding Young tableaux with 2 columns in flat space.
We should emphasize some points. First, there are
four hermitian operators l0,t0,gii for i = 1, 2. Second,
t0, li and l+i are grassmann-odd operators and oth-
ers are grassmann-even. Third, a straightforward use
of BRST-BFV construction as if all the operators are
the first class constraints doesn’t lead to the proper

equations (23) for any spin [s1, s2] (see e.g. [4, 6]). In
fact, in the table, there are second-class constraints
caused by super-commutators among eight operators:

t
(+)
i (i = 1, 2), l

(+)
12 , g12 and g21. Thus we must some-

how get rid of these second class constraints. Method
of elaboration of the second class constraints consists
in constructing new representations of the superalge-
bra so that the hermitian operators g11 and g22 will be
modified with constant parameters to be controlling
possible values of spin [s1, s2].
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4 Conversion of HS Symmetry Superalgebra

In this section, to solve the problem of modi-
fication of ti, t

+
i ,l12,l+12, g12 and g21 we describe the

method of auxiliary representation construction for the
superalgebra with second-class constraints, in terms of
new creation and annihilation operators. It implies
the enlarging of oI = {t0, li, l+i , l0, ti, t

+
i , l12, l

+
12, gij} to

OI = oI + o′I , where additional parts o′I are given on a
new Fock space with requirement,

[oI , o
′
J} = 0, [o′I , o

′
J} = fKIJo

′
K , [OI , OJ} = fKIJOK

with the same structure constants fKIJ of the super-
algebra in the table. Because of only sub-algebra of
left-bottom part of the table has the second-class con-
straints, it is enough to get new operator realization
form them. We will solve this problem by means of
special procedure known as Verma module construc-
tion [11] for the latter algebra.

Corresponding to four pair of bosonic operators t1,
t2,l12 and g12 and their conjugations, we introduce the
same number of pair of auxiliary bosonic oscillators
[bi, b

+
j ] = δij , (i, j = 1, · · · , 4). Owing to this conver-

sion two arbitrary constants h1 and h2 can be intro-
duced in the system. They, in fact, control the size of
spin [s1, s2]. Detailed calculation and explicit form are
written in [1].

As explained in the beginning of this section, new
representation of the algebra is

Ti = ti + t′i
T+
i = t+i + t+i

′ ,
L12 = l12 + l′12

L+
12 = l+12 + l+12

′ , Gij = gij + gij

It is obvious that these operators with capital letter
form the same algebra to the table.

5 BRST operator and fixed spin theory

In order to construct BRST operator one may use
prescription [5]. It is as follows. Corresponding to
the each generators OI ’s of the algebra having only
the first class constraints, we introduce a pair of cre-
ation -annihilation operator CI and PI satisfying to the
canonical commutation relations, [CI ,PJ} = δIJ , whose
Grassmann parity is opposite to the one of OI . We call
CI ghost coordinate and PI ghost momentum . Then
nilpotent BRST-BFV operator Q′ are given as

Q′ = CIOI +
1

2
CICJfKJIPK(−1)ε(OK)+ε(OI), (24)

corresponding to the structure of given Higher spin al-
gebra

[OI , OJ} = fKIJOK , f
K
IJ = −(−1)ε(OI)ε(OJ )fKJI , (25)

where ε(O) describe Grassmann parity of O. Follow-
ing to this prescription, we introduce ghost coordinate

and ghost momenta and define Q′ corresponding our
superalgebra of the table. Including oscillators b+i and
creation operators of ghosts, Hilbert space is now ex-
tended from |Ψ〉 of eq. (21) to that we will write as
|χ〉. As usual prescription of BRST approach, one need
specially treat Hermitian ghosts parts, which originate
from hermite operators l0, t0 and Gii. The detail is
in [1]. Generalized spin number operators σi + hi are
defined in Q′ as the coefficient of the ghost coordinate
that corresponds to gii. As a result for spin [s1, s2]
model, we fix parameters hi to be

hi = si −
(
d

2
+ 1 + (−1)i

)
. (26)

Thus, we now study spin fixed theory.

6 Unconstrained Gauge-invariant Lagrangian

Nilpotent BRST operator Q′ gives us equations of
motion and gauge transformations in the space |χ〉. Af-
ter partially fixing gauge and using equation of motion
those do not give any new constraints, eq. of mo-
tion and gauge transformations in reduced subspace
are given as

δ|χ(n−1),0〉=∆Q|χ(n),0〉+
1

2
{T ′0, q+

i qi}|χ
(n),1〉, (27)

δ|χ(n−1),1〉=∆Q|χ(n),1〉+ T ′0|χ(n),0〉, (28)

where n = 0 giving equations of motion (l.h.s≡ 0) and

n = 1, 2, · · ·
∑2
i=1 si + 3 giving reducible gauge trans-

formations. ∆Q is defined as terms that independent
of any Hermitian ghosts in Q′ of (24). T ′0 is also defined
there as coefficient of the Hermitian ghost coordinate
that corresponds to T0. q+

i and qi are ghost coordi-
nates corresponding to Li and L+

i respectively. Two
independent vectors |χ(n),n0〉, (n0 = 0, 1) are supposed
to be independent of any Hermitian ghosts and to have
ghost number −(n + n0), where ghost number +1 is
assigned to the ghost coordinates and −1 to the ghost
momenta. We can easily find Lagrangian that derive
above equations of motion as

L = 〈χ0|KT ′0|χ0〉+
1

2
〈χ1|K{T ′0, q+

i qi}|χ
1〉

+〈χ0|K∆Q|χ1〉+ 〈χ1|K∆Q|χ0〉, (29)

where |χn0〉 ≡ |χ(0),n0〉 and operator K has been intro-
duced in order to make Lagrangian real [1]. This (29)
is invariant under gauge transformations (27) and (28)
with finite stage of reducibility, and is an unconstraint
Lagrangian of massless free half-integer HS fields cor-
responding Young tableaux having two column in any
space-time dimension. These are our final results.
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7 Conclusion

In the present work, we have constructed a
gauge-invariant Lagrangian description of massless free
half-integer HS fields belonging to an irreducible repre-
sentation of the Poincare group with the corresponding
Young tableaux having two column in the metric-like
formulation in a Minkowski space of any space-time
dimension..

By using oscillator representation of Poincare alge-
bra in mixed anti-symmetric base, an explicit expla-
nation has been given, through the Casimir constraint
(16), about initial conditions of BRST construction for
massive bosonic fields in four space-time dimension.

We have started from initial condition (23) or (18)

supposed to give an irreducible Poincare-group repre-
sentation for massless fermionic field with correspond-
ing two column Young-tableaux (17).

These constraints generate a closed Lie superalge-
bra of HS symmetry as in the table, whose representa-
tion can be additively converted to have only first class
constraints.

The nilpotent BRST operator Q′ (24) are defined
and in its reduced subspace equations of motion, gauge
transformations with finite stage of reducibility (27)-
(28) and unconstraint lagrangian (29) for massless free
half-integer HS fields corresponding Young tableaux
having two column in any space-time dimension are
given.
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Õ. Òàêàòà

ÊÀËÈÁÐÎÂÎ×ÍÎ-ÈÍÂÀÐÈÀÍÒÍÀß ËÀÃÐÀÍÆÅÂÀ ÔÎÐÌÓËÈÐÎÂÊÀ ÄËß
ÑÌÅØÀÍÍÛÕ ÀÍÒÈÑÈÌÌÅÒÐÈ×ÍÛÕ ÔÅÐÌÈÎÍÍÛÕ ÏÎËÅÉ Ñ ÂÛÑØÈÌÈ

ÑÏÈÍÀÌÈ

Ïðåäñòàâëåíà ëàãðàíæåâà ôîðìóëèðîâêà íåïðèâîäèìîãî ïðåäñòàâëåíèÿ àëãåáðû Ïóàíêàðå ñ ïîëóöåëûì âûñøèì
ñïèíîì, îñíîâàííàÿ íà ìåòîäå ÁÐÑÒ. Èñõîäÿ èç ñâÿçåé Êàçèìèðà â îñöèëëÿòîðíîì ïðåäñòàâëåíèè àëãåáðû Ïóàíêàðå,
ìû íàõîäèì çàìêíóòóþ ñóïåðàëãåáðó âûñøèõ ñïèíîâ. Ñ öåëüþ ïðåîáðàçîâàíèÿ âñåõ ñâÿçåé ê ïåðâîìó êëàññó, ìû
ââîäèì ÷åòûðå âñïîìîãàòåëüíûõ îñöèëëÿòîðà è èñïîëüçóåì ìåòîä Âåðìà. ×òîáû ïîëó÷èòü íèëüïîòåíòíûå ÁÐÑÒ
îïåðàòîðû ìû ââîäèì äóõè. Èñïîëüçóÿ ñâÿçè íà ñïèíîâîå ÷èñëî è äóõè, ìû êîíñòðóèðóåì êàëèáðîâî÷íî-èíâàðèàòíûé
ëàãðàíæèàí.
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Êëþ÷åâûå ñëîâà: ïîëÿ âûñøèõ ñïèíîâ, êàëèáðîâî÷íûå òåîðèè, ìåòîä ÁÐÑÒ, ëàãðàíæåâà ôîðìóëèðîâêà, êîãå-
ðåíòíîñòü.
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INFINITE-DIMENSIONAL SYMMETRIES OF THE TWISTOR STRING MODELS

D. V. Uvarov

NSC Kharkov Institute of Physics and Technology, 1 Academicheskaya str., 61108 Kharkov, Ukraine.
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It is shown that similarly to massless superparticle models, space-time symmetry of the classical action of the Berkovits
twistor string is in�nite-dimensional. Its superalgebra contains �nite-dimensional subalgebra that includes the generators
of psl(4|4,R) superalgebra. In quantum theory this in�nite-dimensional symmetry breaks down to SL(4|4,R) one.

Keywords: supertwistor, twistor string, in�nite-dimensional symmetry, anomaly.

1 Introduction

Twistor string theory [1, 2] inspired remarkable
progress in understanding spinor and twistor structures
underlying scattering amplitudes in gauge theories and
gravity. To gain further insights into the properties of
twistor strings it is helpful to identify their symmetries
both classical and quantum. It was shown in [1,3] that
except for an obvious PSL(4|4,R) global symmetry
twistor strings are also invariant under its Yangian
extension that is closely related to in�nite-dimensional
symmetry of integrable N = 4 superYang-Mills theory.

In this note we exhibit in�nite-dimensional global
symmetry of the world-sheet action of the Berkovits
twistor string and its generalization with ungauged
GL(1,R) symmetry. In the quantum theory in�nite-
dimensional symmetries break down to SL(4|4,R)
one, whose consistency was proved in [3]. Let us
mention that in�nite-dimensional nature of massless
superparticles' symmetries was revealed already in [4].

2 Twistor string models and their symmetries

For Lorentzian signature world sheet the simplest
twistor string action can be presented as

S =
∫
dτdσ(LL + LR) :

LL = −2(Yα∂−Z
α + ηi∂−ξ

i) + LL−mat,

LR = −2(Ȳα∂+Z̄
α + η̄i∂+ξ̄

i) + LR−mat,

(1)

where ∂± = 1
2 (∂τ ± ∂σ), σ± = τ ± σ, Y+α ≡ Yα,

Ȳ−α ≡ Ȳα, η+i ≡ ηi, η̄−i ≡ η̄i and LL(R)−mat

are Lagrangians for left- and right-moving non-twistor
matter variables, whose contribution to the world-sheet
conformal anomaly equals c = c̄ = 26 to cancel that
of (b, c)−ghosts. Such variables may contain a current
algebra for some Lie group (see, e.g., [5]). In Berkovits

twistor-string model [2] global scale symmetry for both
left- and right-movers

δZα=ΛZα, δYα=−ΛYα, δξ
i=Λξi, δηi=−Ληi;

δZ̄α=Λ̄Z̄α, δȲα=−Λ̄Ȳα, δξ̄
i=Λ̄ξ̄i, δη̄i=−Λ̄η̄i

(2)

is gauged by adding to the action (1) appropriate
constraints T = YαZ

α + ηiξ
i ≈ 0 and T̄ = ȲαZ̄

α +
η̄iξ̄

i ≈ 0 with the Lagrange multipliers

SGL(1,R) =

∫
dτdσ(λT + λ̄T̄ ). (3)

This necessitates add two units to the central charges of
the matter variables to compensate that of (b, c)-ghosts
and ghosts for the gauged GL(1,R) symmetry.

De�nition of the open string sector, that to date
is the only one well-understood, is based on the
conditions ZA = Z̄A, YB = ȲB imposed on the world-
sheet boundary on the supertwistors ZA = (Zα, ξi),
Z̄A = (Z̄α, ξ̄i) and their duals YB = (Yβ , ηj), ȲB =
(Ȳβ , η̄j). So taking into account reality condition of the
Lagrangian one is led to consider left(right)-moving
supertwistors ZA (Z̄A) and dual supertwistors YB
(ȲB) as independent variables with real components.
Such supertwistors are adapted for the description of
�elds on D = 4 N = 4 superspace for the space-time of
signature (+ + −−)1. Conformal group of Minkowski
space-time of such a signature is SO(3, 3) ∼ SL(4,R)
and its minimal N = 4 supersymmetric extension is
PSL(4|4,R) with the bosonic subgroup SL(4,R) ×
SL(4,R) implying that bosonic and odd components
of ZA belong to the fundamental representation of
SL(4,R)L × SL(4,R)L, whereas bosonic and odd
components of YA belong to the antifundamental
representation. Correspondingly components of Z̄A
and ȲA transform according to the (anti)fundamental
representation of SL(4,R)R × SL(4,R)R.

1Detailed discussion of the reality conditions of the twistor string Lagrangian for both Lorentzian and Euclidean world sheets,
and di�erent real structures in the complex supertwistor space associated with D = 4 space-times of various signatures can be
found, e.g., in [6].
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Focusing on the sector of left-movers of the model
(1) and applying the Dirac approach yields equal-time
D.B. relations

{Zα(σ), Yβ(σ′)}D.B. = δαβ δ(σ − σ′),

{ξi(σ), ηj(σ
′)}D.B. = δijδ(σ − σ′)

(4)

that in terms of the PSL(4|4,R) supertwistors can be
written as

{ZA(σ),YB(σ′)}D.B. = δABδ(σ − σ′). (5)

Similar relations hold for the right-movers.

2.1 Classical symmetries of twistor strings

Global symmetry of the left-moving part of the
action (1) is generated on D.B. by the function

G =
∫
dσ
∑
L≥0

G(L)(σ),

G(L)(σ) = YB(σ)ΛBAL...A1ZA1(σ) · · · ZAL(σ).
(6)

For arbitrary value of the order L transformation rules
for the supertwistors read

δZA(σ) = ΛAB(L)ZB(L)(σ),

δYA(σ) = −LYC(σ)ΛCABL−1...B1ZB(L−1)(σ),
(7)

where convenient notation to be used below is ZA(L) =
ZA1 · · · ZAL (ZA(0) = 1, ZA(1) = ZA) and Z̄A(L) =
Z̄A1
· · · Z̄AL (Z̄A(0) = 1, Z̄A(1) = Z̄A)2. Associated

Noether current densities up to irrelevant numerical
factor are given by the monomials

T (L)
B
A(L)(σ) = YBZA(L)(σ), L ≥ 0 (8)

that enter generating functions G(L). On D.B. they
generate the twistor string algebra (TSA)3

{T (L)
B
A(L)(σ), T (M)

D
C(M)(σ′)}D.B.

= (δ
A(1)
D T (L+M−1)

B
A(L−1)C(M)

−δC(1)
B T (L+M−1)

D
A(L)C(M−1))(σ)δ(σ − σ′).

(9)

The �nite-dimensional subalgebra of TSA is
spanned, apart from the order 0 generator YA(σ) that
is responsible for constant shift of the supertwistor
components, by quadratic monomial

TA
B(σ) = YAZB(σ) (10)

generating gl(4|4,R) superalgebra

{TAB(σ), TC
D(σ′)}D.B.

= (δBCTA
D − (−)ε

b
aε
d
c δDATC

B)(σ)δ(σ − σ′),
(11)

where εba = (−)a+b.
Irreducible components of gl(4|4,R) current

densities (10) are

TA
B(σ) = {T̃αβ , T̃ij ; Qαj , Qiβ ; T, U} :

T̃α
β=YαZ

β − 1
4δ
β
α(Y Z), T̃i

j=ηiξ
j − 1

4δ
j
i (ηξ);

Qα
j = Yαξ

j , Qi
β = ηiZ

β ;

T = YαZ
α + ηiξ

i, U = YαZ
α − ηiξi.

(12)

On D.B. they generate in�nitesimal SL(4,R) ×
SL(4,R) rotations of the supertwistor components

δZα(σ) = ΛαβZ
β(σ),

δYα(σ) = −Yβ(σ)Λβα, Λαα = 0;

δξi(σ)=Λijξ
j(σ), δηi(σ)=−ηj(σ)Λji, Λii=0

(13)

and supersymmetry transformations

δZα(σ) = εαiξ
i(σ), δηi(σ) = −Yα(σ)εαi;

δYα(σ) = −ηi(σ)εiα, δξ
i(σ) = εiαZ

α(σ),
(14)

where εαi and εiα are independent odd parameters
with 16 real components each. T (σ) generates GL(1,R)
transformations (2) and U(σ) � 'twisted' GLt(1,R)
transformations

δZα(σ) = ΛtZ
α(σ), δYα(σ) = −ΛtYα(σ),

δξi(σ) = −Λtξ
i(σ), δηi(σ) = Λtηi(σ).

(15)

2.2 Quantum symmetries of twistor strings

It was shown in [3] that SL(4|4,R) symmetry
is preserved at the quantum level, whereas the
generator U of the `twisted' GLt(1,R) symmetry
has anomalous OPE with the world-sheet stress-
energy tensor implying that corresponding symmetry
is broken in twistor string theory. Thus possible
type of in�nite-dimensional symmetry that could
survive in the quantum theory is restricted to that
based on sl(4|4,R) as �nite-dimensional subalgebra.
Since sl(4|4,R) superalgebra belongs to the family
of sl(M |M,R) superalgebras, whose properties di�er
from those of sl(M |N,R) superalgebras with M 6= N ,
one is forced to take components of supertwistors as
building blocks of their generators.

2Composite objects like ZA(L) and Z̄A(L) are graded symmetric in their indices. In general it is assumed graded symmetry
in supertwistor indices denoted by the same letters. Similarly one de�nes the products of supertwistor bosonic and fermionic
components as Zα(m) = Zα1 · · ·Zαm , Z̄α(m) = Z̄α1 · · · Z̄αm and ξi[n] = ξi1 · · · ξin , ξ̄i[n] = ξ̄i1 · · · ξ̄in (n ≤ N = 4) that are
(anti)symmetric. Antisymmetry in a set of n indices is indicated by placing n in square brackets. Both symmetrization and
antisymmetrization are performed with unit weight.

3To be more precise one has to introduce TSA as an in�nite-dimensional Lie superalgebra and then consider its loop version
pertinent to twistor-string global symmetry. Let us also note that the subscript L in the notation of symmetry groups and algebras
will be omitted as the discussion is concentrated on the sector of left-movers only. On the boundary left- and right-moving variables
are identi�ed and thus also no subscripts are needed.
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2.2.1 Superalgebraic perspective on quantum higher-
spin symmetries

In the bosonic limit TSA reduces to TSAb �
an in�nite-dimensional Lie algebra, whose generators
are obtained from (8) by setting to zero fermionic
components of the supertwistors. Order 0 and 1
generators are given by the dual bosonic twistor Yα
and gl(4,R) generators YαZ

β . The latter divide into

sl(4,R) T̃α
β and gl(1,R) T0 = YαZ

α ones. Higher-
order generators YαZ

β(L) divide into

T̃α
β(L) = YαZ

β(L) − 1

L+ 3
(Y Z)δβ(1)

α Zβ(L−1) (16)

and T0Z
β(L−1). Expression (16) is an obvious

generalization of T̃α
β from (12) to the case L > 1.

Proceeding to TSA superalgebra, from (9) one
infers that the D.B. relations of order L and M
generators close on order L + M − 1 generators. So
that order 1 generators, i.e. gl(4|4,R) ones (12), play
a special role: D.B. relations of the generators of an
arbitrary order L with those of order 1 yield again order
L generators. This feature can be used to characterize
irreducible higher-order generators.

Thus the form of irreducible order 2 generators can
be found by D.B.-commuting corresponding bosonic
generator (16) with order 1 supersymmetry generators
Qi

β and Qα
j , dividing generators that appear on the

r.h.s. into irreducible SL(4,R)×SL(4,R) tensors, then
D.B.-commuting them with Qi

β and Qα
j and so on. In

such a way we obtain

{Qiβ(σ), T̃γ
δ(2)(σ′)}D.B.

=
(
δβγQi

δ(2) − 1
5δ

(δ1
γ Qi

δ2)β
)

(σ)δ(σ − σ′),
(17)

where

Qi
δ(2) = ηiZ

δ(2) (18)

D.B.-commutes with Qi
β . Analogously calculation of

D.B. relations of T̃γ
δ(2) and Qα

j yields

{Qαj(σ), T̃γ
δ(2)(σ′)}D.B.

= −
(
δ

(δ1
α Q̃γ

δ2)j − 1
5δ

(δ1
γ Q̃α

δ2)j
)

(σ)δ(σ − σ′),
(19)

where another order 2 supersymmetry generator

Q̃γ
δi = T̃γ

δξi (20)

D.B.-commutes with Qα
j . Applying Qα

j to Qk
δ(2)

gives

{Qαj(σ), Qk
δ(2)(σ′)}D.B.

= δjkT̃α
δ(2)(σ)δ(σ − σ′) + δ

(δ1
α

[
T̃k

δ2)j

+δjk
(

9
40T −

1
40U

)
Zδ2)

]
(σ)δ(σ − σ′)

(21)

and similarly

{Qiβ(σ), Q̃γ
δl(σ′)}D.B.

=
(
δβγ T̃i

δl − 1
4δ
δ
γ T̃i

βl
)

(σ)δ(σ − σ′)

+δli

[
T̃γ

βδ +
(

9
40T −

1
40U

)
×
(
δβγZ

δ − 1
4δ
δ
γZ

β
)]

(σ)δ(σ − σ′),

(22)

where

T̃i
βj = T̃i

jZβ . (23)

Continuing further one recovers the set of irreducible
order 2 generators

T̃α
β(2), T̃i

αj , Tα
j[2] = Yαξ

j[2];

Qi
α(2), Q̃α

βj , Q̃i
j[2] = ηiξ

j[2] − 1
3 (ηξ)δ

[j1
i ξj2]

(24)

and

TZα, UZα, T ξi, Uξi. (25)

The operators associated with the generators (25),
as will be shown below, are not the primary �elds
in the world-sheet CFT and hence corresponding
symmetries are broken at the quantum level. Since
these generators appear on the r.h.s. of (21), (22) this

implies breaking of the order 2 supersymmetriesQi
α(2),

Q̃α
βj and, in view of (17), (19) breaking of the bosonic

symmetry generated by T̃γ
δ(2). So that classical odrer

2 symmetries break in the quantum theory.
For order L > 2 calculation of D.B. relations of

the corresponding bosonic generator (16) and order 1
supersymmetry generators gives

{Qiβ(σ), T̃γ
δ(L)(σ′)}D.B.

=
(
δβγQi

δ(L)− 1
L+3δ

δ(1)
γ Qi

δ(L−1)β
)
(σ)δ(σ − σ′),

(26)

and

{Qαj(σ), T̃γ
δ(L)(σ′)}D.B.

= −
(
δ
δ(1)
α Q̃γ

δ(L−1)j

− 1
L+3δ

δ(1)
γ Q̃α

δ(L−1)j
)

(σ)δ(σ − σ′),

(27)

where order L supersymmetry generators are de�ned
by the expressions

Qi
δ(L) = ηiZ

δ(L), Q̃γ
δ(L−1)j = T̃γ

δ(L−1)ξj . (28)

Their D.B. relations with order 1 supersymmetry
generators read

{Qαj(σ), Qk
δ(L)(σ′)}D.B.

= δjkT̃α
δ(L)(σ)δ(σ − σ′) + δ

δ(1)
α

[
T̃k

δ(L−1)j

+δjk

(
L+7

8(L+3)T−
L−1

8(L+3)U
)
Zδ(L−1)

]
(σ)δ(σ − σ′)

(29)
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and

{Qiβ(σ), Q̃γ
δ(L−1)l(σ′)}D.B.

=
(
δβγ T̃i

δ(L−1)l− 1
L+2δ

δ(1)
γ T̃i

βδ(L−2)l
)

(σ)δ(σ−σ′)

+δli

[
T̃γ

βδ(L−1) +
(

L+7
8(L+3)T −

L−1
8(L+3)U

)
×
(
δβγZ

δ(L−1)− 1
L+2δ

δ(1)
γ ZβZδ(L−2)

)]
(σ)δ(σ−σ′),

(30)

where

T̃k
δ(L−1)j = T̃k

jZδ(L−1). (31)

Continuing further calculation of D.B. relations of
gl(4|4,R) supersymmetry generators and order L
generators allows to �nd complete set of irreducible
order L bosonic

T̃α
β(p)j[q] = T̃α

β(p)ξj[q], q = 0, 2, 4, p+ q = L;

T̃i
β(p)j[q] = T̃i

j[q]Zβ(p), q = 1, 3, p+ q = L
(32)

and fermionic generators

Q̃α
β(p)j[q] = T̃α

β(p)ξj[q], q = 1, 3, p+ q = L;

Q̃i
β(p)j[q] = Q̃i

j[q]Zβ(p), q = 0, 2, 4, p+ q = L.
(33)

Relevant (traceless) products of bosonic components of
supertwistors are de�ned in (16) and the de�nition of
(traceless) products of fermionic components is given
in (12), (24) and by the expressions

T̃i
j[3] = ηiξ

j[3] − 1
2 (ηξ)δ

[j1
i ξj2ξj3],

Qi ≡ ηi, Qi
j[4] = ηiξ

j[4].
(34)

There are also generators of the form

TZα(p)ξi[q], UZα(p)ξi[q], 0 ≤ q ≤ 4, p+q = L−1. (35)

It is these generators that correspond to non-tensor
operators in the world-sheet CFT. They are present on
the r.h.s. of (29) and (30) implying breaking of order
L symmetries in analogy with those of order 2.

In Berkovits twistor string theory GL(1,R)
symmetry is gauged so that generators carrying the
factor of T are set to zero. However, GLt(1,R)
symmetry, being anomalous, cannot be gauged thus
the generators carrying the factor of U cannot be put
to zero. So we conclude that for any order L it is not
possible to �nd a set of generators with closed D.B.
relations that would correspond to the primary �elds.
As a result the quantum symmetry of the twistor string
reduces to the symmetry SL(4|4,R) × SL(4|4,R) for
the sector of closed strings and its diagonal subgroup
for the sector of open strings.

2.2.2 Higher-spin symmetries from the world-sheet
CFT perspective

This subsection is devoted to the twistor part of the
left-moving world-sheet CFT justifying the arguments
above discussion relied on. To apply the 2d CFT
technique to the model (1) it is helpful to carry out
Wick rotation to Euclidian signature world-sheet

τ → iσ2, σ → σ1 ⇒

σ+ → z=σ1+iσ2, σ− → −z̄=−(σ1−iσ2).
(36)

The following changes of the world-sheet derivatives

∂+ → ∂z = 1
2 (∂1 − i∂2) ≡ ∂,

∂− → −∂z̄ = − 1
2 (∂1 + i∂2) ≡ −∂̄,

(37)

2d volume element

dτdσ → idσ1dσ2 =
i

2
d2z, (38)

and supertwistor components

YA → YA(z), ȲA → −ȲA(z̄), (39)

result in the Euclidean action

SE =

∫
d2z(YA∂̄ZA + ȲA∂Z̄A). (40)

Non-trivial OPE for the supertwistors of the left-
moving sector is

ZA(z)YB(w) ∼ δAB
z − w

. (41)

The supertwistor part of the left-moving stress-energy
tensor equals4

Ltw(z) = −YA∂ZA (42)

so that YB and ZA are primary �elds of conformal
weight 1 and 0 respectively.

From the world-sheet CFT perspective the
necessary condition for the considered global
symmetries to survive in the quantum theory is that
their generators become primary �elds, i.e. their OPE's
with the stress-energy tensor are anomaly free. As we
�nd the generators containing the factor of T or U fail
to comply with this requirement.

Direct calculation using the OPE de�nition (41)

shows that sl(4|4,R) generators T̃α
β , T̃i

j ,Qα
j ,Qi

β and
T are primary �elds of unit weight, while U is not [3]

Ltw(z)U(w) ∼ −8

(z − w)3
+O((z − w)−2). (43)

4It is assumed that composite operators depending on a single argument are normal-ordered but normal ordering signs : : will
be omitted.
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Higher-order generators (32), (33) also become primary
�elds of unit weight. While OPE's of the generators
(35) with the stress-energy tensor are anomalous

Ltw(z)TZα(p)ξi[q](w)

∼ − p+q
(z−w)3Z

α(p)ξi[q](w) +O((z − w)−2) ,

Ltw(z)UZα(p)ξi[q](w)

∼ − 8+p−q
(z−w)3Z

α(p)ξi[q](w) +O((z − w)−2).

(44)

In the case p = q = 0 one recovers the OPE's of gl(1,R)
and glt(1,R) generators with the stress-energy tensor.
For p 6= 0, q 6= 0 anomalous terms do not vanish so that
associated symmetries are broken. Since generators
(32), (33) are linked with other order L generators
by order 1 supersymmetries (cf. Eqs. (26), (27), (29),
(30)) it appears that higher-spin symmetry is broken
for arbitrary value of L except for L = 1, for which
quantum-mechanically consistent global symmetry is
isomorphic to SL(4|4,R).

3 Conclusion

The main result reported in this note is the
identi�cation of the ini�nite-dimensional classical
symmetry of the Berkovits twistor string model and

its extension with ungauged GL(1,R) symmetry.
Associated Noether current densities have been
constructed in terms of PSL(4|4,R) supertwistors. For
the generalized twistor string model the D.B. relations
of the Noether current densities have been shown to
form the TSA ini�nite-dimensional Lie superalgebra
with the �nite-dimensional subalgebra spanned by the
gl(4|4,R) generators and the generator of constant
shifts of the supertwistor components. The full classical
symmetry of the twistor string action is generated
by the direct sum of two copies of TSA superalgebra
for the left- and right-movers. Classical symmetry of
the Berkovits model is described by the subalgebra
of TSA obtained by going on the constraint shell
YαZ

α + ηiξ
i ≈ 0. Its �nite-dimensional subalgebra is

spanned by psl(4|4,R), 'twisted' glt(1,R) generators
and that of shifts of the supertwistor components.

More detailed account of the material covered in
the present note can be found in Ref. [7].
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ÁÅÑÊÎÍÅ×ÍÎÌÅÐÍÛÅ ÑÈÌÌÅÒÐÈÈ ÌÎÄÅËÅÉ ÒÂÈÑÒÎÐÍÛÕ ÑÒÐÓÍ

Ïîêàçàíî, ÷òî, ïîäîáíî ìîäåëÿì áåçìàññîâîé ñóïåð÷àñòèöû, ïðîñòðàíñòâåííî-âðåìåííàÿ ñèììåòðèÿ êëàññè÷åñêî-
ãî äåéñòâèÿ òâèñòîðíîé ñòðóíû Áåðêîâèöà ÿâëÿåòñÿ áåñêîíå÷íîìåðíîé. Åå ñóïåðàëãåáðà ñîäåðæèò êîíå÷íîìåðíóþ
ïîäàëãåáðó, êîòîðàÿ âêëþ÷àåò ãåíåðàòîðû psl(4|4,R) ñóïåðàëãåáðû. Â êâàíòîâîé òåîðèè äàííàÿ áåñêîíå÷íîìåðíàÿ
ñèììåòðèÿ íàðóøàåòñÿ äî SL(4|4,R) ñèììåòðèè.
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VACUUM FLUCTUATIONS AS QUANTUM PROBES IN FRWL SPACE-TIMES
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Vacuum �uctuations related a massless conformally coupled scalar �eld in Friedman-Robertson-Walker-Lemaitre (FRWL)
space-times are investigated. Point-slitting regularization is used and a speci�c renormalization proposal is discussed.
Applications to generic black holes and FRWL form of the de Sitter space-time are presented.

Keywords: vacuum �uctuations, black holes, Hawking temperature.

1 Introduction

How to probe the properties of the Quantum
Vacuum in relativistic quantum �eld theory (QFT)? It
is well known that this is a di�cult task, because one
is dealing with relativistic systems having an in�nite
number of degrees of freedom. The possibility we shall
discuss here is to study the vacuum expectation value
〈φ2(x)〉 =< 0|φ2(x)|0 > associated with quantum
�eld φ(x). We will refer to it as �vacuum �uctuation�.
It contains physical informations on the quantum
vacuum, and it is simpler than the vacuum expectation
value of the stress-energy tensor.

In QFT, φ(x) is an operator valued distribution,
thus 〈φ2(x)〉 ill-de�ned quantity, and regularization
and renormalization procedures are required.

One may use zeta-function regularization [1, 2],
however, since in cosmology one is dealing with FRWL
space-times and hyperbolic operators, point-splitting
regularization is more appropriate.
Given the o�-diagonal Wightman function

W (x, x′) =< 0|φ(x)φ(x′)|0 > , (1)

point-splitting regularization means x′ = x + ε, ε a
small cut-o�, and the removal of cut-o� consists in
taking the coincidence limit x′ → x.

2 Fluctuation as Quantum thermometer

Fluctuations may give informations on thermal
nature of the quantum vacuum. In order to illustrate
the issue, let us consider a free massive scalar �eld
de�ned on the Minkowsky manifold M4, make a Wick
rotation to imaginary compacti�ed time with period β.
As a result, one is dealing with a massive free quantum

�eld in thermal equilibrium at temperature T =
1

β
, and

the relevant operator is de�ned on S1 ×R3 and reads

L = −∂2
τ −∇2 +M2 , (2)

M being the mass and τ imaginary time with period β.
A direct calculation within zeta-function regularization
[3, 4] gives for the renormalized �uctuation associated
with this massive free �eld

〈φ(x)2〉R =
M

2πβ

∞∑
n=1

K1(nβM)

n
+
M2

8π2
ln

(
M2

µ2

)
. (3)

If M 6= 0, the thermal properties are not transparent
and an arbitrary mass scale µ2 is present:
bad thermometer.

However, in the massless case, there is a drastic
simpli�cation and the result is

〈φ(x)2〉R =
1

12β2
=
T 2

12
. (4)

No ambiguity is present, simple reading for the
temperature T : good thermometer [5].

It is also instructive to present a point-splitting
regularization derivation. Making use of the images
method and KMS condition, it follows that thermal
Wigthman function is periodic of period β in the
imaginary time τ , and reads

Wβ(x, x′) =
1

4π2

∑
n

1

|~x− ~x′|2 + (τ − τ ′ + nβ)2
. (5)

The term n = 0 is the only singular term when x →
x′, and coincides with the Minkowski contribution.
Renormalization prescription : subtract this term.
Thus, for x→ x′, we get again

< Φ(x)2 >=
1

2π2β2

∞∑
n=1

1

n2
=

1

12β2
=
T 2

12
. (6)

3 Spherically symmetric dynamical black
holes

Fluctuations associated with massless scalar �elds
work well as good thermometers in �nite temperature
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QFT in Minkowski space-time. What about the use of
�uctuation as thermometers in presence of gravity?

Static black holes and FRWL space-times in
cosmology are example of Spherically Symmetric
Space-times (SSS), and both may have an uni�ed
descriptions [6]. With regard to this, �rst let us brie�y
review the Kodama-Hayward formalism. A generic
dynamical SSS may be de�ned by the following metric

ds2 = γij(x
i)dxidxj +R2(xi)dΩ2 , i, j = 0, 1 , (7)

where the two dimensional normal metric is

dγ2 = γij(x
i)dxidxj , (8)

with xi associated coordinates. Furthermore, the
quantity R(xi) is the areal radius, a scalar �eld in the
normal 2-dimensional metric. Dynamical or apparent
trapping horizons are determined by

γij∂iRH∂jRH = 0 . (9)

Another important invariant quantity is the Hayward

surface gravity κH =
1

2
(∆γR)H (see for example [7,8]),

which is a generalization of the Killing surface gravity.

There is also conserved Kodama vector, Ki =
εij∂Rj√
−γ

,

generalization of the Killing vector. Relevant for us are
the so called Kodama observers, de�ned by condition
R = R0.

First Example: 4-dimensional static Schwarzschild
BH with x = (t, r) as coordinates in normal space.

ds2 = −V (r)dt2 +
dr2

V (r)
+ r2dΩ2 = dγ2 + r2dΩ2 (10)

with

V (r) = 1− 2M

r
, G = 1. (11)

Areal radius R = r, the event horizon V (rH) = 0,

i.e. rH = 2M , the surface gravity κH =
V ′H
2

=
1

4M
,

Kodama vector is the Killing vector K = (1, 0, 0, 0).
Kodama observer: r = r0: constant areal radius.

A dynamical SSS example: �at FRWL space-time,
relevant in cosmology

ds2 = −dt2 + a2(t)(dr2 + r2dΩ2) , (12)

Areal radius is R = a(t)r, physical radial distance,

H(t) =
ȧ

a
is the Hubble parameter. There is a

dynamical trapping horizon (Hubble radius)

RH =
1

H(t)
. (13)

The Kodama vector is

K = (1,−H(t)R, 0, 0). (14)

Kodama observer: R = R0 constant areal radius,

namely r =
R0

a(t)
.

4 Fluctuations in FRWL space-times

The main idea: use the �uctuation related to
a suitable quantum probe, which has to be a
good thermometer. The probe: a conformally coupled
massless scalar �eld. Its Lagrangian reads

L =
√
−g
(
−1

2
∂iφ∂iφ−

1

6
Rφ2

)
, (15)

R Ricci scalar curvature.
It is convenient to re-write the �at FRWL space-

time making us of the conformal time η, dη =
dt

a
,

ds2 = −dt2 + a2(t)d~x2 = a2(η)(−dη2 + d~x2) . (16)

Recall that the Wightmann function is
W (x, x′) =< 0|φ(x)φ(x′)|0 >. Now the �eld φ(x) is
�free� and admits the expansion

φ(x) =
∑
~k

f~k(x)a~k + h.c. , (17)

where f~k(x) are the associated modes. The related
Conformal Vacuum is de�ned by

a~k|0 >= 0 . (18)

As a result

W (x, x′) =
∑
~k

f~k(x)f∗~k (x′) , (19)

where the modes functions f~k(x) satisfy conformally
invariant equations(
2− R

6

)
f~k(x) = 0 . (20)

In this case, solutions of this equation are simple and
characterize the Conformal Vacuum:

f~k(x) =
e−iηk

2
√
ka(η)

e−i
~k·~x k = |~k|. (21)

The related Wightmann function W (x, x′) can be
evaluated, and this covariant bi-scalar distribution
reads

W (x, x′) =
1

4π2a(η)a(η′)

1

|~x− ~x′|2 − |η − η′ − iε|2
.

It is convenient to make use of the proper time τ
as evolution parameter. As a result, the proper-time-
parametrized Wightman function is

W (x(τ), x′(τ ′)) =
1

4π2

1

σ2(τ, τ ′)
, (22)

where the invariant distance is de�ned by

σ2(τ, τ ′) = a(τ)a(τ ′)
(
x(τ)− x(τ ′)

)2

. (23)
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5 Point-splitting regularization

Due to the isotropy of �at FRWL space-time,
one may restrict only to radial time-like trajectories,
namely x(τ) =

(
η(τ), r(τ)

)
.

Putting τ ′ = τ + ε, with ε small and ṫ =
dt

dτ
, and

introducing the four-acceleration along the trajectory
from x to x′,

A2 =

[
ẗ√
ṫ2 − 1

+H
√
ṫ2 − 1

]2

, (24)

one obtains

σ2(τ, ε) = −ε2− 1

12

[
A2+H2+2ṫ2∂tH

]
ε4+O(ε6) . (25)

As a result, for small ε the Wightman function is

W (τ, ε) = − 1

4π2

1

ε2
+

1

48π2

[
A2+H2+2ṫ2∂tH

]
+O(ε2) .

6 Renormalization

In Minkowski space-time, one has H(t) = 0, and
for inertial trajectories, one has vanishing acceleration,
namely

WM (τ, ε) = − 1

4π2

1

ε2
. (26)

Choice of the renormalization prescription: subtract
this contribution. As a consequence, the renormalized
vacuum �uctuation reads [6]

〈φ2(x)〉R =
1

48π2

[
A2 +H2 + 2ṫ2∂tH

]
. (27)

Some remarks are in order. The �rst term is depending
on the trajectory through A and hence ṫ. The second
one is depending on the dynamical space-time through
H, and the third term is an �entangled� contribution,
vanishing for stationary space-times.

Important byproduct. In Minkowski case, H = 0.
Thus one has only two cases:

If A not vanishing: one has the Unruh e�ect, and
the related Unruh temperature is

TU =
A

2π
. (28)

On the other hand, if A = 0, namely inertial observer,
one has 〈φ2(x)〉R = 0, and the Minkowski renormalized
result is obtained.

7 de Sitter FRWL space-time

A very important example of FRWL space-time is
de Sitter one, its �at FRWL metric being

ds2 = −dt2 + e2H0td~x2 , (29)

a(t) = eH0t, H(t) = H0 constant.

For Kodama observers with R = R0, the conformal
time can be evaluated in terms of proper time τ

η(τ) =
1

H0
e
− H0√

1−R2
0
H2

0

τ

(30)

and the dS invariant distance is

σ2(s) = − (1−R2
0H

2
0 )

4H2
0

sinh2

(
H0

2
√

1−R2
0H

2
0

s

)
. (31)

This is an example of stationary space-time: it depends
only on the di�erence s = τ − τ ′.

General formula (27) leads to the �uctuation for dS

〈φ2(x)〉R =
1

48π2

(
H4

0R
2
0

(1−R2
0H

2
0 )

+H2
0

)
, (32)

the �rst term in the bracket being the acceleration of
the Kodama observer at �xed R0. One also has

〈φ2(x)〉R =
1

12

T 2
GH

(1−R2
0H

2
0 )
. (33)

TGH = H0

2π is the well known Gibbons-Hawking

temperature,
1

(1−R2
0H

2
0 )

being a kinematical red-shift

factor. One is dealing with a good thermometer.

8 de Sitter space as black holes

The de Sitter space-time admits also static patch

ds2 = −(1−H2
0r

2)dt2s +
dr2

1−H2
0r

2
+ r2dΩ2 , (34)

ts is the time coordinate, and the areal radius is R = r.

The related horizon: rH =
1

H0
, and surface gravity

κH = H0.
In the cosmological dS patch, the �uctuation leads,
modolo a red-shift factor, to the Gibbons-Hawking

temperature TH =
H0

2π
. What about the temperature

issue in this static patch? One can answer to this
question in general.

9 Static black hole as e�ective FRWL space-
time

Black holes are not black, and it is well known
that they emit a quantum Hawking radiation in
thermodynamical equilibrium at temperature TH . In
order to (partially) investigate this fundamental issue,
�rst let us show that for Kodama observers, one is
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dealing with a special FRWL space-time. Start with
a generic static BH solution

ds2 = −V (r)dt2s +
dr2

V (r)
+ r2dΩ2

with event horizon at V (rH) = 0, V ′H 6= 0. In order
to avoid the metric singularity at r = rH , one can
make use of Kruskal coordinates. With tortoise radial

coordinate dr∗ =
dr

V (r)
, the BH Kruskal metric is

ds2 = e−2κHr
∗
V (r∗)[−dT 2 +dX2]+r2(T,R)dΩ2 , (35)

where now r∗ = r∗(T,X), κH =
V ′H
2

being the Killing

surface gravity. The relevant part of BH Kruskal metric
is its normal part, namely

dγ2 = e−2κHr
∗
V (r∗)[−dT 2 + dX2] . (36)

First key point : Kruskal normal space-time is
conformally related to two-dimensional Minkowski
space-time.

Second point: Kruskal space-time is e�ective �at
FRWL space-time for Kodama observers r = r0

dγ2 = V0e
−2κHr

∗
0 (−dT 2 + dX2) , (37)

and we also have

dγ2 = −dt2 + a2
∗dX

2 = −dt2sV0 . (38)

Thus t =
√
V0 e

−κHr∗0 T is a �cosmological� time, and
a(r∗0) =

√
V0e
−κHr∗0 is the related constant �expansion�

factor, and dτ2 = dt2s V0.
Since a2(r0) constant, i.e. H = 0, only acceleration

term is present, and the general formula (27) gives

〈φ2(x)〉R =
1

48π2

[
(ẗ)2

ṫ2 − 1

]
. (39)

Using Kruskal coordinates de�nition and ts =
τ√
V0

,

one gets

ṫ = cosh

(
κH

τ√
V0

)
, ẗ =

κH√
V0

sinh

(
κH

τ√
V0

)
. (40)

As a result

〈φ2(x)〉R =
1

48π2

κ2
H

V0
=

1

12

T 2
H

V0
. (41)

Again a good thermometer: local temperature is

T0 =
TH√
V0

, (42)

with the Hawking temperature TH =
κH
2π

, while V0 =

−g00 being the Tolman red-shift factor.
In the de Sitter space-time, V (r) = 1 − H2

0r
2 and

TH =
|κH |
2π

=
H0

2π
, in full agreement with previous

result.

10 Conclusion

Fluctuation related to massless conformally coupled
scalar �eld has been used to probe the Quantum
Vacuum in presence of gravity. Making use of this
quantum probe, after a point-splitting regularization
in the proper-time, the following renormalization
prescription has been used: remove the Minkowski
contribution related to inertial observers. In principle,
other renormalization prescriptions are possible.
However, one can show that our renormalization
prescription is full agreement with the results obtained
making use of Unruh-de Witt detector approach [9].
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Ñ. Çåðáèíè

ÂÀÊÓÓÌÍÛÅ ÔËÓÊÒÓÀÖÈÈ ÊÀÊ ÊÂÀÍÒÎÂÛÅ ÇÎÍÄÛ Â
ÏÐÎÑÒÐÀÍÑÒÂÅ-ÂÐÅÌÅÍÈ ÔÐÈÄÌÀÍÀ-ÐÎÁÅÐÒÑÎÍÀ-ÓÎÊÅÐÀ-ËÅÌÅÒÐÀ

Èññëåäóþòñÿ âàêóóìíûå ôëóêòóàöèè áåçìàññîâîãî êîíôîðìíîãî ñêàëÿðíîãî ïîëÿ â ïðîñòðàíñòâå-âðåìåíè Ôðèäìàíà-
Ðîáåðòñîíà-Óîêåðà-Ëåìåòðà (ÔÐÓË). Èñïîëüçóåòñÿ ðåãóëÿðèçàöèÿ ðàçäâèæêè òî÷åê è îáñóæäàåòñÿ ñïåöèàëüíîå ðå-
íîðìàëèçàöèîííîå ïðåäïèñàíèå. Ïðåäñòàâëåíû ïðèëîæåíèÿ ê ÷åðíûì äûðàì è ÔÐÓË ôîðìå ïðîñòðàíñòâó-âðåìåíè
äå Ñèòòåðà â ôîðìå ïðîñòðàíñòâà ÔÐÓË.

Êëþ÷åâûå ñëîâà: ôëóêòóàöèè âàêóóìà, ÷åðíûå äûðû, òåìïåðàòóðà Õîêèíãà.
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We discuss a possibility to extend a Fradkin-Vasiliev formalism of constructing consistent cubic interaction vertices to the
cases where vertex contains massive and/or massless higher spin �elds. As an illustration we provide application of this
formalism to the gravitational interactions of massless and partially massless spin-5/2 �elds.

Keywords: higher spins, frame-like description, Fradkin-Vasiliev formalism.

1 Fradkin-Vasiliev formalism

Let us �rst of all brie�y remind what is Fradkin-
Vasiliev formalism [1,2] developed for the construction
of consistent cubic interaction vertices among the
massless higher spin �elds. The main ingredient of
this formalism is the so-called frame-like description
of massless higher spin �elds [3�5]. Its main features
can be described as follows.

• Each massless higher spin �eld is described by a
set of one-forms Φ (physical, auxiliary and extra
ones).

• Each �eld has its own gauge transformation

δΦ = Dξ + . . .

where dots stand for the terms without
derivatives.

• For each �eld a gauge invariant object (two-form)
can be constructed

R = D ∧ Φ + . . .

where again dots stand for the terms without
derivatives.

• Using these objects the free Lagrangian can be
rewritten in a explicitly gauge invariant form

L0 ∼
∑
R∧R.

There exist three types of possible cubic vertices:

• trivial: L ∼ R∧R∧R, i.e constructed using gauge
invariant two-forms only and thus trivially gauge
invariant (hence the name);

• abelian: L ∼ R ∧ R ∧ Φ, which contain one-
form and whose gauge invariance (up to total
derivative) follows from the Bianci identities;

• non-abelian: L ∼ R ∧ Φ ∧ Φ, which look similar
to the ones in the Yang-Mills theories and whose
gauge invariance requires introduction of non-
trivial corrections to the gauge transformations.

All the non-abelian vertices can be constructed by
the following deformation procedure:

• take the most general quadratic deformation of
curvatures in the form: ∆R ∼ Φ ∧ Φ;

• take the most general linear deformation of gauge
transformations δΦ ∼ Φξ;

• require that deformed curvatures transform
covariantly, i.e. δR̂ ∼ Rξ;

• extract cubic vertex as a part of interacting
Lagrangian L ∼

∑
R̂ ∧ R̂, which is just the

free Lagrangian but with the initial curvatures
replaced by the deformed ones.

Vasiliev has shown [6] that any non-trivial cubic
vertex for massless completely symmetric �elds with
spins s1, s2 and s3 having up to

N = s1 + s2 + s3 − 2

derivatives can be obtained as a linear combination of
abelian and non-abelian vertices.

The Fradkin-Vasiliev formalism was initially
developed and e�ectively applied for the construction
of cubic vertices for the massless higher spin �elds (see
e.g. [7�12]). As we have seen the two main ingredients
of this formalism are frame-like description and gauge
invariance. But frame-like gauge invariant description
exists for the massive higher spin �elds as well [13,14].
Thus it seem natural to extend this formalism to
the case of cubic vertices containing massive and/or
massless �elds. Some examples for electromagnetic and
gravitational interactions of massive �elds already exist
[15�18]. In what follows we apply such formalism for
gravitational interaction of partially massless spin-5/2
�eld as a simplest non-trivial fermionic case.
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Note that in the frame-like description most of the
auxiliary and extra �elds are mixed symmetry (spin-)
tensors (γ-traceless in fermionic cases)

Φa1...as−1,b1...bk

and this make all calculations rather involved
(especially in the fermionic cases). One of the possible
ways to simplify investigations is to restrict ourselves
with particular space-time dimension d = 4 and use
a multispinor frame-like formalism where all �elds are
still one forms but with all local indices replaced by
spinor ones a → (αα̇). For the spin 5

2 case we are
interested in here it means for example:

Ψa, (γΨ) = 0 ⇔ Ψαβα̇,Ψαα̇β̇ ,

Ω[ab], γaΩab = 0 ⇔ Ωαβγ ,Ωα̇β̇γ̇ .

Thus in what follows we will work in (A)dS4 space
with background frame eαα̇ and covariant derivative D
normalized so that (Λ = −λ2)

D ∧Dξα = 2λ2Eαβξβ , Eαβ =
1

2
eαα̇ ∧ eβα̇.

2 Massless spin
5

2

In this section we begin with the massless case that
will be useful for the comparison. The free Lagrangian
in AdS4 space can be written as follows [13]:

L0 = ψαβα̇e
α
β̇Dψ

βα̇β̇ +
3λ

2
ψαβα̇E

α
γψ

βγα̇

−λ
2
ψαβα̇E

α̇
β̇ψ

αββ̇ + h.c. (1)

This Lagrangian is invariant under the following local
gauge transformations:

δ0ψ
αβγ̇ = Dξαβγ̇ + eγ

γ̇ηαβγ + λe(α
δ̇ξ
β)γ̇δ̇. (2)

We will need also an auxiliary �eld Ωαβγ (though
it does not enter the free Lagrangian) with the
corresponding gauge transformations:

δ0Ωαβγ = Dηαβγ + λ2e(α
δ̇ξ
βγ)δ̇. (3)

Following the general procedure we construct two
gauge invariant objects (similar to the curvature and
torsion in the spin-2 case):

Rαβγ = DΩαβγ + λ2e(α
δ̇ψ

βγ)δ̇,

T αβγ̇ = Dψαβγ̇ + λe(α
δ̇ψ

β)γ̇δ̇ + eδ
γ̇Ωαβδ. (4)

Note that there is an essential di�erence between spin-
2 and spin-5/2 cases as far as the zero torsion condition
is concerned. In the spin-2 case this condition simply
allows one to express Lorentz connection in terms of

physical frame �eld, while in spin-5/2 case it also put
physical �eld on shell:

T = 0 ⇒ Ω = Ω(ψ) ⊕ δS

δψ
= 0.

Using these gauge invariant objects the free Lagrangian
can be rewritten in the form:

L0 = a1RαβγRαβγ + a2Tαβγ̇T αβγ̇ + h.c., (5)

where coe�cients a1,2 must be adjusted so that
auxiliary �eld Ω do not enter.

Now let us turn to the gravitational interactions. It
turns out that deformations for the spin- 5

2 correspond
just to the minimal substitution rules: D → D + ω,
e→ e+ h:

∆Rαβγ = c0[ω(α
δΩ

βγ)δ + λ2h(α
α̇ψ

βγ)α̇],

∆T αβα̇ = c0[ω(α
γψ

β)γα̇ + ωα̇β̇ψ
αββ̇ (6)

+λh(α
β̇ψ

β)α̇β̇ + hγ
α̇Ωαβγ ].

At the same time deformations for the gravitational
curvature and torsion have the form:

∆Rαβ = b0[Ω(α
γδΩ

β)γδ + 2λ2ψ(α
γα̇ψ

β)γα̇

+λ2ψ(α
α̇β̇ψ

β)α̇β̇ ], (7)

∆Tαα̇ = 2b0[Ωαβγψ
βγα̇ + 2λψαββ̇ψ

βα̇β̇ + h.c.].

In this, non-trivial (on-shell) part of gauge
transformations looks like:

δR̂αβγ = R(α
δη
βγ)δ,

δT̂ αβα̇ = R(α
γξ
β)γα̇ +Rα̇β̇ξ

αββ̇ , (8)

δR̂αβ = 2b0R(α
γδη

β)γδ.

Now we consider the following interacting Lagrangian,
which is just the sum free spin-5/2 and spin-2
Lagrangians with the initial curvatures replaced by the
deformed ones:

L = a1R̂αβγR̂αβγ + a2T̂αβγ̇ T̂ αβγ̇

+a0R̂αβR̂
αβ + h.c. (9)

For the Lagrangian (9) to be invariant under the
transformations (8) we have to put:

3a1c0 = 4a0b0.

Note that the cubic vertex extracted from this
Lagrangian contains terms with up to 2 derivatives in
agreement with [19�21].
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3 Partially massless spin
5

2

Now let us turn to the partially massless spin-
5
2 (recall that in four dimensions such �eld has four
physical degrees of freedom corresponding to helicities
± 5

2 , ±
3
2 ). Correspondingly, gauge invariant description

requires two �elds (main and Stueckelberg ones) and
the free Lagrangian has the form:

L0 = ψαβα̇e
α
β̇Dψ

βα̇β̇ − ψαeαα̇Dψα̇

+
α1

2
[3ψαβα̇E

α
γψ

βγα̇ − ψαβα̇Eα̇β̇ψ
αββ̇ ]

+3α2[ψαβα̇E
αβψα̇ − ψαα̇β̇E

α̇β̇ψα]

−3α1ψαE
α
βψ

β + h.c. (10)

Here α1
2 = λ2

4 , α2
2 = − 5λ2

12 . This Lagrangian is
invariant under the following gauge transformations:

δ0ψ
αβα̇ = Dξαβα̇ + α1e

(α
β̇ξ
β)α̇β̇

+eγ
α̇ηαβγ + α2e

α̇(αξβ), (11)

δ0ψ
α = Dξα + 3α2eβα̇ξ

αβα̇ + 3α1e
α
α̇ξ
α̇.

Correspondingly, we will need two auxiliary �elds (note
thatV αβγ is a zero form):

δ0Ωαβγ = Dηαβγ , δV αβγ = 6α2η
αβγ . (12)

Each of these four �elds has its own gauge invariant
object:

Rαβγ = DΩαβγ − 4α2

5
E(α

δV
βγ)δ,

T αβα̇ = Dψαβα̇ + eγ
α̇Ωαβγ

+α1e
(α
β̇ψ

β)α̇β̇ + α2e
α̇(αψβ),

Ψα = Dψα + 3α2eβα̇ψ
αβα̇ (13)

+3α1e
α
α̇ψ

α̇ − EβγV αβγ ,
Vαβγ = DV αβγ − 6α2Ωαβγ .

Similarly to the massless case, the zero torsion
conditions not only allows one to express auxiliary
�elds in terms of physical ones, but simultaneously put
physical �elds on shell:

T = 0 ⇒ Ω = Ω(ψ) ⊕ δS

δψ
= 0,

Ψ = 0 ⇒ V = V (ψ) ⊕ δS

δψ
= 0.

At last, the free Lagrangian in terms of these gauge
invariant objects looks as follows:

L0 = a1RαβγRαβγ + a2Tαβα̇T αβα̇

+a3ΨαΨα + a4VαβγEγδVαβδ

+a5Tαβα̇eγα̇Vαβγ + h.c. (14)

Note that there is an ambiguity in the choice of
coe�cients due to identity:

0 ≈ D(RαβγVαβγ)

= DRαβγVαβγ +RαβγDVαβγ

= −6α2RαβγRαβγ +
12α2

5
VαβγEγδVαβδ.

Now let us turn to the gravitational interactions.
Deformations for partially massless spin 5

2 again
correspond to the minimal substitution rules D → D+
ω, e→ e+ h, while deformations for the gravitational
curvature and torsion are de�ned up to the possible
�eld rede�nitions:

hαα̇ ⇒ hαα̇ + κ1e
βα̇V αγδVβγδ + κ2e

αα̇V βγδVβγδ + . . .

Non-trivial (on-shell) part of gauge transformations
looks like:

δR̂αβ = 2b1R(α
γδη

β)γδ + b2Rαβγξγ + . . .

δR̂αβγ = c0R
(α
δη
βγ)δ (15)

δT̂ αβα̇ = c0R
(α
γξ
β)γα̇ + c0R

α̇
β̇ξ
αββ̇ .

The interacting Lagrangian is just the sum of
free Lagrangians with deformed curvatures plus one
possible abelian vertex:

L0 = a1R̂αβγR̂αβγ + a2T̂αβα̇T̂ αβα̇

+a3Ψ̂αΨ̂α + a4V̂αβγEγδV̂αβδ

+a5T̂αβα̇eγα̇V̂αβγ + ia0R̂αβR̂
αβ

+a6RαβVαβγψγ + h.c. (16)

Gauge invariance �xes all the coe�cients in
deformations as well as coe�cient a6 of abelian vertex
in terms of gravitational coupling constant c0 hence
we obtained one non-trivial vertex only. As in the
massless case cubic vertex contains terms with up to
two derivatives in agreement with [19].

Conclusion

Thus the Fradkin-Vasiliev formalism allows
one systematically investigate cubic vertices for
massless, partially massless and massive �elds (in
any combination). Here we use the multispinor frame-
like formalism. Thus means a restriction to d = 4
case, but allows us to describe bosonic and fermionic
�elds on equal footing with possible generalization to
arbitrary spins. Let us stress some points where good
understanding is still lacking:

• ambiguities in the choice of free Lagrangians in
terms of gauge invariant objects;

• admissible �eld rede�nitions;

• on-shell equivalence of some vertices.
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Þ. Ì. Çèíîâüåâ

Î ÂÇÀÈÌÎÄÅÉÑÒÂÈßÕ ÌÀÑÑÈÂÍÛÕ ÏÎËÅÉ Ñ ÂÛÑØÈÌÈ ÑÏÈÍÀÌÈ

Ìû îáñóæäàåì âîçìîæíîñòü ðàñøèðèòü ôîðìàëèçì Ôðàäêèíà-Âàñèëüåâà ïîñòðîåíèÿ íåïðîòèâîðå÷èâûõ êóáè÷åñêèõ
âåðøèí âçàèìîäåéñòâèÿ íà ñëó÷àè, êîãäà âåðøèíà ñîäåðæèò ìàññèâíûå è/èëè áåçìàññîâûå ïîëÿ âûñøèõ ñïèíîâ.
Â êà÷åñòâå èëëþñòðàöèè ìû äàåì ïðèìåíåíèå ýòîãî ôîðìàëèçìà ê ãðàâèòàöèîííîìó âçàèìîäåéñòâèþ áåçìàññîâûõ
è ÷àñòè÷íî áåçìàññîâûõ ïîëåé ñî ñïèíîì 5/2.
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