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New States of Gauge Theories on a circle
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We study a one-dimensional large-N U(N) gauge theory on a circle as a toy model of higher dimensional Yang-Mills
theories. We �nd a new class of saddle point solutions in this theory. These solutions are characterized by the expectation
values of the Polyakov loop operators, which wind the circle di�erent times. We �nd two evidences that these solutions
appear as intermediate states in certain dynamical processes. One is from a numerical calculation and another is from the
dual gravity. The similar solutions exist in a wide class of SU(N) and U(N) gauge theories on S1 including QCD and pure
Yang-Mills theories in various dimensions if N ≥ 3.

Keywords: gauge theories, Yang-Mills theory, gravity.

Introduction. We consider gauge theories on a cir-
cle. Here we have two di�erent classes of the theories
depending on the choices of the circle: temporal cir-
cle in Euclidian theory or spatial circle. In the case
of the temporal circle, the theories describe the �nite
temperature systems [1]. In the case of the spatial
circle, these theories would be regarded as the extra-
dimension models of our world [2�4], which may nat-
urally appear in string theory. Hence both cases are
signi�cant in theoretical physics.

In this study [5], we �nd a new class of saddle point
solutions in the U(N) and SU(N) gauge theories on a
circle in the case N ≥ 3. These solutions exist in both
temporal and spatial circle cases, and may be relevant
in the above studies. We investigate their properties
through both analytical and numerical methods. Es-
pecially we �nd several evidences that these solutions
might play important roles in certain dynamical pro-
cesses.

Although these new saddle point solutions exist in
various gauge theories on a circle, in order to under-
stand them concretely, we mainly consider the follow-
ing large-N BFSS type matrix model at �nite temper-
ature,

S =

∫ β

0
dtTr

 D∑
I=1

1

2

(
DtY

I
)2
−
∑
I,J

g2

4
[Y I , Y J ]2

 . (1)

Here Y I is adjoint scalar (I = 1, · · · , D) and Dt =
∂t − i[At, ·]. β and At denote the inverse temperature
1/T and the gauge �eld on the Euclidean time circle,
respectively.

We consider this model for the following reasons.
This model is obtained from a dimensional reduction
of a higher dimensional pure Yang-Mills theory and in-
herits several properties. For example, an analog of the

con�nement/decon�nment transition happens at large
N . Besides non-perturbative analyses of this model
have been developed well via numerical method [6] and
analytic method by the 1/D expansion [7]. Hence this
model is a good toy model of higher dimensional gauge
theories. In addition, this model is also obtained as an
e�ective theory of N D branes in the case D = 9. So
we can study the relation to the gravity dual too [6].

In the case of the spatial S1 circle, we will argue
what the gravity duals of our new saddle point solu-
tions are. Especially we will see that these gravity so-
lutions play important roles in a real-time process of
the Gregory-La�amme transition [8�10]

The Phase Structure. We brie�y review the phase
structure of the model (1) studied in [7]. The phases of
the gauge theories are characterized by the expectation
value of the Polyakov loop operator

P ≡
1

N
TrP exp

(
i

∫ β

0
Atdt

)
=

1

N

N∑
k=1

eiαk , (2)

where we have taken the static diagonal gauge:

(At)ij = αiδij/β, (i, j = 1, · · · , N). (3)

Here ∂tαi = 0 is imposed and αi has a periodicity
αi = αi + 2π. The phase is con�ned if 〈|P |〉 = 0, and
is decon�ned if 〈|P |〉 6= 0. The eigenvalue distribution
function

ρ(α) ≡ 1

N

N∑
i=1

δ(α− αi) (4)

is also a convenient tool to describe the phases.
In the gauge (3), the con�guration of the eigen-

value {αk} determines the value of the Polyakov loop
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operator (2). Since {αk} can be regarded as the po-
sitions of N particles on S1, this N particle problem
governs the phase structures. Then we can interpret
the mechanism of the con�nement and decon�nement
as follows. If repulsive forces between the eigenvalue
{αk} are dominant, the eigenvalues tend to spread on
the S1 and the stable con�guration is

αk = 2πk/N + c (mod 2π), (5)

and their permutations. Here c is a k-independent con-
stant, which is discretized as 2πn/N (n ∈ ZN ) in the
SU(N) case. Then |P | = 0 is satis�ed and the con-
�nement phase is realized. In this case, the eigenvalue
distribution ρ(α) is uniform as in Fig. 1 (I).

Oppositely, if attractive forces are dominant, the
eigenvalues tend to clump and the con�guration

αk = c (mod 2π) (6)

would be stable. Usually quantum e�ects disturb
this con�guration and the eigenvalue distribution is
smeared around c as shown in Fig. 1 (II) or (III). At
this time, |P | 6= 0 is satis�ed, and the decon�nement
phase is realized. Therefore the phases in the gauge
theories may be related to the forces between the eigen-
value {αk}.

The authors in [7] analyzed the model (1) by us-
ing the 1/D expansion, and explicitly con�rmed the
relation between the forces and the phases. They
also revealed the phase structure. The con�nement
phase is stable at low temperature, and at Tc1 =
(Dλ)1/3/ logD, the con�nement/decon�nement tran-
sition happens, and, above it, the decon�nement phase
is stable. (A Gross-Witten-Wadia (GWW) type tran-
sition [11, 12] also occurs at Tc2 near Tc1.) See Fig. 3.
Correspondingly the repulsive and the attractive forces
are dominant at each temperature.

Multi Peak Saddle Point Solutions. Once we
understand the relation between the phases and the
forces between {αi}, we intuitively notice that, if the
attractive forces are dominant at high temperature
(T ≥ Tc1), the con�gurations with multiple mobs of
the eigenvalues may be possible as a solution of the
model, if the attractive forces between the mobs are
balanced.

Indeed we can con�rm that these solutions exist in
the model (1) via the 1/D expansion [5]. These solu-
tions are unstable, since the mobs are attracted each
other, and they are saddle points. We call them �multi-
peak solution� or �multi-cut solution�. Particularly, the
construction of the solution ρ(α) with a Zm symmetry
α → α + 2π/m is very simple. See m = 2 case in
Fig. 2. We call them Zm solution and �nd the critical
temperatures for these solutions as shown in Fig. 3.

Further, we evaluate observables of Zm solutions
and compare them with a Monte Carlo simulation.

Then we �nd quantitative agreements. For details, see
the original paper [5].

Stochastic Time Evolution. We will study the
pro�le of the e�ective potential for {αi}. Such a pro�le
is crucial to investigate the decay process of an unstable
state to a stable state. Although our e�ective potential
is thermal and is not directly related to the real-time
decay process, if the decay happens su�ciently slowly
or adiabatically, the decay process may re�ect the pro-
�le of the potential.

Of course we cannot draw the potential explicitly,
since we have in�nite variable αi at large N . However
we possibly read o� the relevant part of the pro�le of
the potential through the following procedure. Sup-
pose that we can integrate out adjoint scalar Y I in the
model (1) and obtain an e�ective action for the gauge
�eld Seff(αi). Then we consider an unstable solution
in the action Seff(αi). We smoothly deform {αi} from
this solution such that Seff(αi) is becoming smaller. By
repeating this deformation, {αi} may settle down to a
stable con�guration �nally. Then we can speculate the
pro�le of the potential between the unstable solution
and the stable con�guration from the history of the
deformation of {αi}.

We investigate this process by using a stochastic
time evolution of a Monte Carlo calculation, which is
designed such that the above process is realized. We
assign a discrete �stochastic time� s for αi and Y I ,
which is distinguished from the Euclidean time t in the
model (1). We take an appropriate initial con�gura-
tion at s = 0, and, to gain the time s, we update αi(s)
and Y I(s) through the following rule:

1. Set a trial con�guration αi,trial(s+1) = αi(s)+r,
where r is a small random number.

2. If S[αi,trial(s+1)] ≤ S[αi(s)], we accept this trial
con�guration as αi(s+ 1) = αi,trial(s+ 1).

3. Even if S[αi,trial(s + 1)] > S[αi(s)], we
still accept αi,trial(s + 1) with the probability
exp(−S[αi,trial(s + 1)] + S[αi(s)]), and, if it is
rejected, we retain αi(s+ 1) = αi(s).

4. Update the scalar �eld Y I(s) many times such
that they arrive at an equilibrium for the given
con�guration {αi(s + 1)}, and use this state as
Y I(s+ 1).

The last step might correspond to the path integral
of Y I and is taken to focus on the dynamics of {αi}
in Seff(αi). Through this evolution, {αi} is deformed
gradually such that the action Seff(αi) tends to be
smaller as we intended. Note that this procedure for
{αi} is based on the Metropolis algorithm.

Then we will see that this method captures several
characteristic properties of the model (1).
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Decay Patterns in the Stochastic Time Evolu-
tion. We investigate the stochastic time evolution of
the unstable states of the model (1). At T > Tc1,
we take the unstable uniform solution (5) as the initial
state, and evaluate the evolutions repeatedly by chang-
ing the temperature and random number. Then we
observe the following two evolution patterns depend-
ing on temperature 1.

Direct Decay. In this pattern, the unstable uni-
form solution directly evolves to a more stable one-
peak state (decon�nement con�guration). This pat-
tern is mainly observed at lower temperature Tc1 <
T < c(D)Tc1. Here c(D) is a constant, which seems to
depend on D as c(D = 2) ∼ 3.5 and c(D = 9) ∼ 5.0,
although the change of the decay pattern at c(D)Tc1 is
not sharp.

Cascade Decay. In this pattern, the unstable uni-
form solution �rst evolves to a multi-peak state. Then
the peaks attract each other, and two of them collide
and merge into one peak. By repeating such collisions,
the number of the peaks decreases one by one, and
it �nally achieves the one-peak state. This pattern is
dominant at high temperature c(D)Tc1 < T . The m-
peak states with a larger m tend to appear at higher
temperature. An example is shown in Fig.4.

In this way, the multi-peak states appear as the in-
termediate states in the stochastic decay process of the
unstable uniform state. These results indicate that the
multi-peak states lie between the uniform and the one-
peak con�guration in the potential valley of Seff(αi).
We will see the relevance of this pro�le of the potential
in the dual gravity theory in the next paragraph.

Gravity Duals of the Multi-cut Solutions. Now
we consider the gauge/gravity correspondence and dis-
cuss what the dual gravity solutions of the multi-cut
solutions in the model (1) with D = 9 are.

To consider it, we regard the temporal circle of (1)
as a spatial one. We rename β as L, and call the cir-
cle S1

L. Then it has been shown that the model (1)
is obtained as an e�ective theory of N D0 branes at
high temperature by taking a T-dual along the S1

L [6].
We call the dual circle S1

1/L and de�ne the radius of

S1
1/L as L′ (≡ 1/L). In this model, N D0 branes are

localized on S1
L′ , and the eigenvalue {αi} in the model

(1) now represents the position of the branes on S1
L′ .

Through the gauge/gravity correspondence, the IIA
supergravity gravity with S1

L′ would describe this sys-
tem in the strong coupling. The gravity duals of the
uniform and one-cut solutions have been predicted [6].
The dual of the uniform solution would be the uni-
formly smeared black D0 brane solution whose horizon
winds the S1

L′ . This geometry is a kind of a black

string. The dual of the one-cut solution would be
the black D0 brane solution whose horizon is localized
on the S1

L′ . These correspondences seem reasonable
through the relation between the eigenvalue distribu-
tion of {αi} and the D0 brane distribution.

It has been revealed that their stabilities are also
consistent. The smeared black D0 brane is stable at
small L′, which means large L, and unstable at large
L′ due to the Gregory-La�amme instability. This is
similar to the uniform solution which is stable only at
large L. Oppositely, the localized black D0 brane is
stable at large L′ and it agrees with the one-cut solu-
tion.

Now we consider the dual geometry of the m-cut
solution in the gauge theory. According to the above
correspondences, the m-cut solution would correspond
to m black D0 branes localized on S1

L′ . Such multi
black branes have been known as the solutions of the
supergravity, and are unstable due to the gravitational
attractive forces between the branes. It is consistent
with the instability of multi-cut solutions in the gauge
theory. Indeed the existence of the dual phases in
the gauge theories corresponding to these multi black
brane solutions in the Kaluza-Klein gravities has been
predicted in Ref. [13]. The saddle point solutions in
our article provide evidence for this conjecture.

Such multi black holes (connected by thin black
strings) appear in a real-time decay process of a black
string [9, 10, 14]. As we mentioned, the black string is
unstable at large L′, and a localized black hole is ther-
modynamically favored. The authors in Refs. [9,10] ex-
amine the decay process of a meta-stable black string
by solving the Einstein equation numerically. They
found that several points of the horizon are growing
and other parts are shrinking owing to the Gregory-
La�amme instability. As a result, a sequence of black
holes joined by thin black string segments appear along
S1
L′ . See Fig. 5. However the numerical analysis did

not work for su�ciently long time and the �nal state
of this process has not been found. Since this con�gu-
ration is unstable, it might evolve to a single localized
black hole joined by an extremely thin black string.

Remarkably this time evolution of the black string
is similar to the stochastic time evolution of the un-
stable uniform con�guration in the gauge theory. The
multi-peak state appears as the intermediate state in
both cases. This agreement may imply that the dy-
namical stability in the gravity may be related to the
thermodynamical stability in the gauge theory (Recall
that the stochastic time evolution may re�ect the pro-
�le of the thermodynamical e�ective potential of the
gauge theory.)

1The movies for the stochastic evolutions are available on
http://www2.yukawa.kyoto-u.ac.jp/~azuma/multi_cut/index.html.
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Summary. We have found the multi-peak saddle
point solutions in the model (1). The important condi-
tion for the existence of these solutions is the attractive
forces between the eigenvalues, which typically realize
in case the decon�nement phase is stable. Since the
decon�nement phase generally exist in various gauge
theories, we expect that similar multi-peak solutions
also exist there. Indeed we can con�rm it in the four di-
mensional pure Yang-Mills theory and QCD [5]. These
solutions exist even in �nite N case as well if N ≥ 3.

Through the stochastic time evolution of the one-
dimensional gauge theory (1), we found that these
multi-peak states may exist as the intermediate states
between the unstable con�nement phase and the sta-
ble decon�nement phase at high temperature. This
result indicates that, even in the real-time decay pro-
cess of the unstable con�nement phase, some related
intermediate states might appear. It is valuable to in-

vestigate it further but one di�culty is the de�nition of
the multi-peak states in the real-time formalism, since
the theory does not have the temporal circle anymore.

A natural generalization of this study is the stochas-
tic evolution of an unstable con�nement phase in higher
dimensional gauge theories. We can also take the S1

as the spatial circle as we considered. Then we do
not have any di�culty about the de�nition of the
multi-peak solutions in the real-time formalism. One
interesting application is to the phenomenology of par-
ticle physics. In some models, the gauge �eld of the
spatial S1, which is an extra-dimension of our world,
is identi�ed as the Higgs �eld [2�4]. If we consider the
time evolution of such models in early universe, certain
multi-peak con�gurations might appear and probably
play some roles.

Figure 1: The distribution function ρ(α) in three states.

Figure 2: The distribution function ρ(α) for two-peak states with two gaps (=two cuts) (IV) and gapless (V).

We have also studied the application to the
gauge/gravity correspondence by identifying the eigen-
value distribution of the spatial gauge �eld and the
positions of the D branes on the spatial circle in the
Kaluza-Klein gravity through the T-duality. There the
multi-peak solutions in the gauge theory may corre-
spond to the multi black branes localized on the circle.
In this case, we found an interesting similarity between
the decay process of the black string [9,10,14] and the
stochastic time evolution in the gauge theory. It must
be valuable to evaluate the time evolution of the gauge
theories on a spatial circle to see the similar behaviours
directly. Finally we have one missing object. The grav-

ity duals of the multi-cut solutions along the temporal
circle in supersymmetric Yang-Mills theories have not
been found. Although the gravity dual of the tem-
poral multi-cut solutions in (p + 1)-dimensional pure
Yang-Mills theory would be obtained through the T-
dual and the double Wick rotation of the multi black
black p branes localized on the temporal circle accord-
ing to the conjecture discussed in Ref. [15], the gravity
duals of the supersymmetric Yang-Mills theories might
be given by di�erent generalizations of a black p branes.
If we can �nd such brane solutions, it might be impor-
tant in the context of the uniqueness theorem in general
relativity.
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Figure 3: A sketch of the e�ective action of the several solutions in the model (1). The green and blue lines are for the

gapless and the gapped solutions respectively. Note that this sketch is not rigidly plotted based on the equations, and the

GWW point βc2 is much close to βc1 in the actual plot at large D.

s = 0 s = 500 s = 1000 s = 1500

Figure 4: The stochastic evolution of the eigenvalue distribution for D = 9, N = 60, T = 6.7Tc1. e
iαk (k = 1, · · · , N) are

plotted.

Figure 5: A sketch of the decay process of the meta-stable black string in Refs. [9, 10]. The last step is just a speculation.

The inside of the apparent horizon is depicted as the black region. In Ref. [10], an interesting fractal structure, which is akin

to a low viscosity �uid, is observed but we omit it in this sketch.
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Ò. Àçóìà, Ò. Ìîðèòà, Ø. Òàêåó÷è

ÍÎÂÛÅ ÑÎÑÒÎßÍÈß ÊÀËÈÁÐÎÂÎ×ÍÛÕ ÒÅÎÐÈÉ ÍÀ ÎÊÐÓÆÍÎÑÒÈ

Èññëåäîâàíà îäíîìåðíàÿ U(N) òåîðèÿ íà îêðóæíîñòè äëÿ áîëüøîãî N â êà÷åñòâå ìîäåëè òåîðèé ßíãà-Ìèëëñà â
ïðîñòðàíñòâàõ âûñîêèõ ðàçìåðíîñòåé. Íàéäåí íîâûé êëàññ ðåøåíèé äëÿ ñåäëîâîé òî÷êè. Íàéäåíî äâà ïîäòâåðæäåíèÿ
òîãî, ÷òî ýòè ðåøåíèÿ âîçíèêàþò êàê ïðîìåæóòî÷íûå ñîñòîÿíèÿ â îïðåäåëåííûõ äèíàìè÷åñêèõ ïðîöåññàõ. Àíàëîãè÷íûå
ðåøåíèÿ ñóùåñòâóþò â øèðîêîì êëàññå êàëèáðîâî÷íûõ òåîðèé SU(N) è U(N), âêëþ÷àÿ ÊÕÄ è ÷èñòûå òåîðèè ßíãà-
Ìèëëñà â ðàçëè÷íûõ èçìåðåíèÿõ, åñëè N ≥ 3
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New results referred to the fundamental theory of synchrotron radiation (SR) are to be presented. We thoroughly analyze
the relation between the amount of radiation emitted by a scalar particle at the transitions to the �rst excited state and
to the ground state. Generalizing basic expressions we can follow the evolution of spectral maximum. It turns out there is
a condition for radiation maximum to stay at highest harmonic.

Keywords: synchrotron radiation; spectral maximum; quantum transitions

1 Introduction

The motion of a scalar particle (boson) in a con-
stant uniform magnetic �eld of intensity H = (0, 0, H)
can be described by Klein-Gordon equation from which
follows that the spectrum of particle's energy is discrete
(see [1�3] for details)

E = γm0c
2 =

m0c
2√

1− β2
, γ2 =

1

1− β2
= 1 + (2n+ 1)b,

(1)

b =
H

H0
, H0 =

m2
0c

3

|e0|~
=

Q~
e2

0|e0|
, Q =

e2m2
0c

3

~2
.

Here γ is the relativistic factor; m0 is the rest mass of
the particle; c is the speed of light; β = v/c, where v
is the speed of the particle in classical theory; ~ is the
Plank constant and e0 is the charge of the particle. H0

may be interpreted as the Schwinger �eld.

Energy levels are numbered with n = 0, 1, 2, 3,
etc., n = 0 for the ground state. The concept of quan-
tum spectrum of SR bases on the quantum transitions
between energy levels, i.e. at the transition from ini-
tial level n to �nal level s the harmonic ν = n − s of
quantum spectrum is radiated. Obviously, quantum
spectrum contains a �nite number of harmonics ν 6 n
in contrast to classical one which, as we know, is in�-
nite whatever the radiation parameters are.

It is well-known that for non-relativistic limit clas-
sical theory of SR predicts the maximum of radiation
to be found at the �rst harmonic of classical spectrum
and quantum theory does not contradict this predic-
tion. Indeed, at low values of β (β ≈ 0) only the �rst
harmonic is radiated (in classical theory the radiation
associated with other harmonics is vanishingly small),

so there is no other possible position for radiation max-
imum. Increasing β we get to relativistic domain where
the shift of radiation maximum to higher harmonics is
expected. In [4] L. A. Artsimovich and I. Ya. Pomer-
anchuk demonstrated that according to classical theory
of SR the number of harmonic νmax associated with the
maximum amount of emitted radiation is proportional
to γ3, νmax ∼ γ3. It means that the number νmax can
be increased in�nitely with β. This result can not be
repeated in quantum theory at least because ν 6 n,
as mentioned above. However, in quantum theory one
can ask about the condition for νmax = n, i.e. for
the radiation maximum to lie on the highest possible
harmonic.

2 Basic de�nitions and notations

Let us consider the transitions from initial quan-
tum state n to the �rst excited state s = 1 (ν = n− 1)
and to the ground state s = 0 (ν = n). The amount
of unpolarized radiation may be interpreted in terms
of β and θ (the angle θ gives the direction of photon
emission) [1]

W b(n, β) =

Qβ6
n∑
ν=1

F b(n, ν, β)

2(2n+ 1)3(1− β2)
,

F b(n, ν, β) =

π∫
0

f b(n, ν, β, θ) sin θdθ, (2)

f b(n, n− 1, β, θ) =
(n− 1 + x)3xn−2

n!(n− 1− x)
e−x ([n(n− 1)−

−(2n+ 1)x+ x2]2 + (n− x)2(n− 1 + x)2 cos2 θ
)
,

ν = n− 1, n > 2,
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f b(n, n, β, θ) =
(n+ x)3xn−1

n!(n− x)
e−x

[
(n− x)2+

(n+ x)2 cos2 θ
]
, ν = n > 1.

3 The evolution of spectral maximum

Now we introduce the functions K(n, β)

K(n, β) =
F b(n, n, β)

F b(n, n− 1, β)
.

The graphics of these functions are shown in Fig. 1.

Figure 1: The functions K(n, β) at n = 5, 10, 20, 50, 100.

Figure 2: The γ2 = 2k0n line with the (n, γ2)-roots of K(n, β)=1.

One can interpret K(n, β) as a relation between the
amount of radiation emitted at ν = n and ν = n − 1
transitions. It is easy to see that if K(n, β) > 1, then
the maximum of radiation stays at highest harmonic,
νmax = n and if K(n, β) < 1, then the maximum does
not shift to highest harmonic. Finally, the condition

K(n, β) = 1 (3)

at �xed n de�nes such β = βn and, therefore, such
γ = γn = (1− βn)−1/2 that the maximum in radiation
spectrum shifts from harmonic ν = n − 1 to the high-
est harmonic ν = n. From (1) at high initial energies
n one can get an approximation

γ2 ≈ 2bn, n� 1. (4)

So, as the solutions of (3) can be rewritten in the form

(n, γ2
n), according to (4) they must lie on the 'line'

γ2 = 2k0n (Fig. 2).
The coe�cient k0 was calculated numerically, k0 ≈

1, 146128792697. It is important to emphasize that k0

does not depend on n. On the other hand, γ2
n = 2k0n =

2b0n, i.e. k0 = b0, where b0 is associated with a cer-
tain value of external magnetic �eld. Thus, whatever
the initial energy level, the radiation maximum shifts
to the highest harmonic only if the external �eld is
more or equal to a certain critical value, b > b0. This
can be formulated di�erently - no matter how much we
increase the energy of a particle or change other con-
ditions, the shift of maximum to νmax = n can only
occur when b > b0

if b < b0, νmax 6 n− 1,

if b > b0, νmax 6 n.
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Thus, we assume that there exists an ordered set of
numbers b0 > b1 > b2 > ... > bs such that if b < bs
then the spectral maximum lies on νmax 6 n − s and
it shifts to higher harmonics with n. If bm < b < bm−1

(1 ≤ m ≤ s) then for any initial state n > m the spec-
tral maximum stays at νmax = n− s. Finally, if b > b0
then at any n we have νmax = n.

4 Conclusion

In the framework of quantum theory we consider
the evolution of SR spectral maximum. We found the
condition for the maximum to lie at the highest har-
monic of the spectrum, and, therefore, increasing the
energy, any other shift of the maximum for higher har-

monics does not occur. The condition of its shift to the
highest harmonic is that the external magnetic �eld in-
tensity is higher than certain critical value. If the in-
tensity of external �eld is less than this critical value,
whatever the other parameters are, the spectral max-
imum does not move to the highest harmonic. Thus,
we found the restrictions for the rule concerning the
evolution of spectral maximum in classical theory.
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Ïðåäñòàâëåíû íîâûå ðåçóëüòàòû, îòíîñÿùèåñÿ ê ôóíäàìåíòàëüíîé òåîðèè ñèíõðîòðîííîãî èçëó÷åíèÿ (ÑÈ). Èññëåäîâàíî
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A generic feature of viable exponential F (R)-gravity is investigated. An additional modi�cation to stabilize the e�ective
dark energy oscillations during matter era is proposed and applied to two viable models. An analysis on the future evolution
of the universe is performed. Furthermore, a uni�ed model for early and late-time acceleration is proposed and studied.
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1 Introduction

The current acceleration of our universe is sup-
ported by various observations and cosmological data
[1]. There exist several descriptions of this acceleration
and, among them, the most important are given by the
ΛCDM Model of General Relativity (GR) plus Cos-
mological Constant and by the modi�ed gravitational
theories, like F (R)-gravity [2]. Here, we study some as-
pects and generic feature of viable F (R)-gravity models
which reproduce the physics of ΛCDM Model, namely
power-law and exponential gravity. We show that the
behavior of higher derivatives of the Hubble parame-
ter may be in�uenced by large frequency oscillations of
e�ective dark energy during matter era, which makes
solutions singular and unphysical at a high redshift.
As a consequence, we examine an additional correction
term to the models in order to remove any instability
with keeping the viability properties. Some comments
about the growth of matter perturbations of corrected
models are given and future universe evolution is ana-
lyzed. We also propose a way to describe the early time
acceleration of universe by applying exponential grav-
ity to in�ationary cosmology and a uni�ed description
between in�ation and current acceleration is presented.
This work is based on Refs. [3,4]. We denote the grav-
itational constant 8πGN by κ2.

2 Realistic F (R)-models in the FLRW uni-
verse

The action describing F (R)-gravity is given by

I =

∫
M
d4x
√
−g
[
F (R)

2κ2
+ L(matter)

]
, (1)

where F (R) is a generic function of the Ricci scalar R
only, g is the determinant of the metric tensor gµν and

L(matter) is the matter Lagrangian. In realistic models
reproducing the standard cosmology of GR with a suit-
able correction to realize current acceleration and/or
in�ation one has F (R) = R + f(R) and the modi�ca-
tion of gravity is encoded in the function f(R). In this
case, we may use an e�ective �uid-like representation
of modi�ed gravity and in FLRW space-time described
by the metric ds2 = −dt2 + a(t)2dx2, the equations of
Motion (EOM) assume the form

ρDE +ρm =
3

κ2
H2 , PDE +Pm = − 1

κ2

(
2Ḣ + 3H2

)
.

(2)

Here, ρm and Pm are the energy density and pres-
sure of standard matter and ρDE and PDE are the
e�ective dark energy density and pressure given by
modi�ed gravity. In order to study the dynamics of
F (R) gravity models, we may introduce the variable
yH(z) = ρDE/ρm(0) as a function of the red shift z,
where ρm(0) = 3m̃2/κ2 is the matter energy density
at the present time, being m̃2 a mass scale. From the
EOM one derives an equation on the type [5]

y′′H(z) + J1(z)y′H(z) + J2(z)yH(z) + J3(z) = 0 , (3)

where J1(z), J2(z) and J3(z) depend on the F (R)-
model. In what follows, we will consider viable models
representing a realistic scenario to account for dark en-
ergy, in particular a suitable reparameterization of the
Hu-Sawicki model [6],

F (R) = R− 2Λ

{
1− 1

(R/Λ)4 + 1

}
, (4)

and a simple example of exponential gravity [7],

F (R) = R− 2Λ
[
1− e−R/Λ

]
. (5)

This models are very carefully constructed such that in
the high curvature regime F (R� Λ) = R− 2Λ. Here,
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(a) (b)

Figure 1: Evolution of the jerk parameter in pure exponential model (a) and in exponential model with correction term (b)

overlapped with the ones in ΛCDM Model.

Λ plays the role of the Cosmological Constant which
decreases in the �at limit (F (R → 0) → 0) where the
Minkowski solution is recovered.

3 DE-oscillations in the matter dominated
era

Since in matter dominated era R = 3m̃2(z + 1)3,
one may locally solve Eq. (3) around z + δz, where
|δz| � z. The solution reads

yH(z+δz) = a0+b0δz+C0e
1

2(z0+1)

(
−α±
√
α2−4β

)
δz
, (6)

where C0 is a generic constant and a0, b0, α and
β are constants depending on the model. It turns
out that the dark energy perturbations remain small
around z as soon as the exponential term does not
diverge in expanding universe, when δz < 0. The ex-
plicit conditions (1−F ′(R))F ′′′(R)/(2F ′′(R)2) > −7/2
and 1/(RF ′′(R)) > 12 are found for stable matter
era [3]. In the case of realistic gravity described by
the models (4)-(5), where a0 = Λ/(3m̃2), it is easy to
see that such conditions are well satis�ed. Further-
more, since in both of the models F ′′(R) → 0+, we
understand that the discriminant of Eq. (6) is nega-
tive and dark energy oscillates with frequency F(z) '
(R ∗ F ′′(R))

−1/2
/(z + 1). Since by increasing the cur-

vature F ′′(R) tends to zero, for large values of the red-
shift the dark energy density oscillates with a high fre-
quency and also its derivatives become large and may
be dominant in some derivatives of the Hubble parame-
ter which approach an e�ective singularity making un-
physical the solution. Moreover, it may be stated that
the closer the model is to the ΛCDM Model (i.e., as
much F ′′(R) is close to zero), the bigger the oscillation
frequency of dark energy becomes. As a consequence,
despite the fact that the dynamics of the universe de-
pends on the matter and the dark energy density re-
mains very small, some divergences in the derivatives
of the Hubble parameter can occur, showing a di�erent

feature of this kind of models with respect to the case of
GR with an undynamic Cosmological Constant. Since
in the models (4)-(5) the approaches to the Cosmologi-
cal Constant are di�erent from each other, we may say
that dark energy oscillations in matter era are a generic
feature of realistic F (R) gravity, in which the cosmo-
logical evolution is similar to those in ΛCDM Model.
In order to remove the divergences in the derivatives
of the Hubble parameter, we can introduce a function
g(R) for which the oscillation frequency of the dark en-
ergy density acquires a constant value F(z) = 1/

√
δ,

δ > 0, during matter era, stabilizing the oscillations
with the use of a correction term. This term has been
derived as

g(R) = −γ̃ Λ

(
R

3m̃2

)1/3

, (7)

where γ̃ = 1.702 δ, so that (R ∗ g′′(R))
−1/2

/(z + 1)
when R = 3m̃2(z + 1)3. We explore the models
(4)-(5) with adding these correction. The e�ects of
the compensating term vanish in the de Sitter epoch,
when R = 4L and the models resemble to a model
with an e�ective cosmological constant, provided that
γ̃ � (m̃2/Λ)1/3. For example, a reasonable choice is
to put γ̃ = 1/1000, which corresponds to the oscilla-
tions frequency of the dark energy during matter era
F = 41.255 with a period T ' 0.152. In order to
appreciate the role of the proposed correction, let us
consider the jerk parameter j(z), which depends on
the second derivative of H(z)1, for the exponential
model (5), whose numerical extrapolation2 is plotted
and overlapped with its behavior in ΛCDM Model on
the left side of Fig. 1. Despite the fact that the dark
energy density ρDE ' Λ/κ2 is negligible at high red
shift, the e�ects of its oscillations become relevant in
the jerk parameter, which grows up with an oscillatory
behavior and diverges at z ' 2.8. On the right side of
the �gure, we plot the graphic of the jerk parameter
for the same model with the addition of the correction
term g(R) previously discussed. Also in this case the

1The form of the jerk parameter as a function of time is j(t) = a′′′(t)/(a(t)H(t)), a(t) being the scale factor of the universe.
2We have used Mathematica 7 c©.
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jerk parameter oscillates with the same frequency of
the dark energy, but here such oscillations have a con-
stant frequency and do not diverge at high red shift.
It is also important to stress that the term added
to stabilize the dark energy oscillations in the matter
dominated epoch does not cause any problem to the
good proprieties of the models (4)-(5), which continue
to satisfy all the cosmological and local gravity con-
straints. It has been demonstrated in several papers
that in order to evade the solar system tests [8] or
avoid large corrections to Newton Law at large cosmo-
logical scales [9], a modi�ed gravity theory must satisfy
the following relation

1

3R

(
F ′(R)

F ′′(R)
−R

)
� 1 , (8)

when R assumes the typical curvature value of the
constant background around a matter source. For
the models (4)-(5) without correction terms, this con-
dition is always well satis�ed, due to the fact that
F ′′(R� Λ) ' 0+. Next, if we consider the addition of
g(R), whose second derivative is dominant, the left side

of the letter equation reads 34/3m̃2/(2Λγ̃)
(
R/m̃2

)2/3
.

Despite the fact that this quantity is smaller than the
one obtained for the pure models (4)-(5), it still re-
mains su�ciently large and the correction to the New-
ton Law is very small. For example, at the typical
value of the curvature in the solar system, namely
R ' 10−61eV2, it corresponds to 2 × 106, which is
very large e�ectively. Concerning the matter instabil-
ity [10], this might also occur when the curvature is
rather large, as on a planet (R ' 10−38eV2), as com-
pared with the average curvature of the universe today
(R ' 10−66eV2). This instability is avoided as soon
as 1/(RF ′′(R)) is much larger than one on the planet
surfaces. For our correction term g(R), this quantity
evaluated at R ' 10−38eV2 corresponds to 4×1021 and
also in this case we do not have any particular problem.

4 Growth index

After the discovery of cosmic acceleration, a lot of
theories for the dark energy have been proposed, and
it has become very important to �nd a way to dis-
criminating among these theories, most of them ex-
hibit the same expansion history. In this context, the
characterization of growth of the matter density per-
turbations is very signi�cant in modi�ed gravity, since
models with the same cosmological evolution have a
di�erent cosmic growth history. In order to execute
it, the so-called growth index γ(z) is useful [11]. Un-
der the subhorizon approximation, the matter den-
sity perturbation δ = δρm/ρm satis�es the equation
δ̈ + 2Hδ̇ − 4πGeff(a, k)ρmδ = 0 with k being the co-
moving wavenumber and Geff(a, k) being the e�ective

gravitational �constant� depending on the model and
expressed as a function of k and the scale factor a,
such that k2/a2 � H. The equation for matter per-
turbation has an equivalent description in terms of the
growth rate fg ≡ d ln δ/d ln a. The growth index γ(z)
is de�ned as is de�ned as the quantity satisfying the
relation fg(z) = Ωm(z)γ(z) with Ωm(z) = 8πGρm/3H

2

being the matter density parameter. The growth index
cannot be observed directly, but it can be determined
from the observational data of both the growth factor
and the matter density parameter at the same redshift
and this is the reason for which in the last period its
calculation in di�erent theories has become of a great
interest. In Ref. [4] various parameterizations for the
growth index γ(z) have been studied for the models
(4)-(5) with correction term g(R). It has been found
that the Ansatz which better �ts the (numerical) so-
lution of the growth rate for the considered models is
given by γ = γ0 + γ1z, where γ0,1 are constants.

5 Future universe evolution

The confrontation of the models (4)-(5) with SNIa,
BAO, CMB radiation and gravitational lensing has
been executed in the past in several works and all
the numerical analysis have demonstrated that they
are consistent with the last observational data com-
ing from our universe. In particular, they repro-
duce the correct amount of dark energy today ΩDE =
0.721 ± 0.015 [5, 12]. Moreover, the addition of cor-
rection term (7) does not have any in�uence at the
present day range of detection. Starting from Eq. (3),
we are able to study perturbations around the de Sit-
ter solution RdS = 4Λ of our universe today in the
considered models. Performing the variation with re-
spect to yH(z) = y0 + y1(z) with y0 = RdS/12m̃2 and
|y1(z)| � 1 and assuming the contributions of radia-
tion and matter to be much smaller than y0, one �nds
the following solution for y1(z),

y1(z) = C0(z + 1)
1
2 (3±

√
9−4β) +

4ζ

β
(z + 1)3 , (9)

where C0 is a generic constant and ζ = 1 + (1 −
F ′(R))/(RF ′′(R)) and β = −4 + 4F ′(R)/(RF ′′(R)),
the both evaluated at R = RdS. The de
Sitter solution is stable provided by condition
F ′(RdS)/((RdS)F ′′(RdS)) > 1, which is a well know
result. It has also been demonstrated that since in real-
istic F (R)-gravity models for the de Sitter universe 0 <
RdSF

′′(RdS) � 1, one has F ′(RdS)/(RdSF
′′(RdS)) >

25/16, giving the negative discriminant of Eq. (9) and
an oscillatory behavior to the dark energy density dur-
ing this phase. Thus, in this case the dark energy
Equation of State (EoS) parameter ωDE ≡ PDE/ρDE

oscillates in�nitely often around the line of the phan-
tom divide ωDE = −1 [13]. These models possess one
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crossing in the recent past, after the end of the matter
dominated era, and in�nite crossings in the future, but
the amplitude of such crossings decreases as (z + 1)3/2

and it does not cause any serious problem to the accu-
racy of the cosmological evolution during the de Sitter
epoch which is in general the �nal attractor of the sys-
tem. However, since the existence of a phantom phase
can give some undesirable e�ects such as the possibility
to have the Big Rip [14] or Big Rip scenario with the
disintegration of bound structures [15], it is important
to observe that in the models (4)-(5) with the adding
modi�cation (7), the e�ective EoS parameter of the
universe

ωeff ≡
ρDE + ρm

PDE + Pm
= −1 +

2(z + 1)

3H(z)

dH(z)

dz
, (10)

never crosses the phantom divide line in the past, and
that only in the very far future, when z is very close to
−1, it coincides with ωDE and the crossings occur. Let
us consider for example the exponential case (5) plus
term (7). The numerical evaluation of Eq. (3) leads to
Hubble parameter

H(z) =
√
m̃2 [yH(z) + (z + 1)3] , (11)

and therefore ωeff(z). We depict the corresponding cos-
mological evolution of ωeff(z) for −1 < z < 2 in Fig. 2.
We can see that ωeff(z) starts from zero in the matter
dominated era and asymptotically approaches -1 with-
out any appreciable deviation. Only when z ' −0.90,
ωeff(z) crosses the line of phantom divide, how it is
shown on the right. By considering the scale factor
a(t) = exp (H0t), where H0 ' 6.3 × 10−34eV−1 is the
Hubble parameter of the de Sitter universe, we may
conclude that the crossings appear at 1026 years.

6 Exponential gravity for early and late-time
cosmic acceleration

One of the most important goals for modi�ed grav-
ity theories is that all the processes in the expan-
sion history of the universe are realized, from in�a-
tion to the late cosmic acceleration epoch, without in-
voking the presence of dark components. Models of
the type (5) may be combined in a natural way to
obtain the phenomenological description of the in�a-
tionary epoch, mimicking a smooth version of F (R) =
R−2Λ

[
1− e−R/Λ

]
−Λi θ(R−Ri), where Ri is the tran-

sition scalar curvature for which a suitable cosmological
constant Λi switches on producing in�ation. Following
the �rst proposal of Ref. [16], we consider the form of
F (R) with a natural possibility of a uni�ed description
of our universe

F (R) = R− 2Λ
(

1− e−
R
Λ

)
− Λi

[
1− e

−
(
R
Ri

)n]
+γ̄

(
1

R̃α−1
i

)
Rα , (12)

where Ri and Λi are the typical values of transition
curvature and expected cosmological constant during
in�ation, respectively, and n is a natural number larger
than unity (here, we do not write the correction term
for the stability of oscillations in the matter dominated
era). In Eq. (12), the last term γ̄(1/R̃α−1

i )Rα, where
γ̄ is a positive dimensional constant and α is a real
number, works at the in�ation scale R̃i and is actu-
ally necessary in order to realize an exit from in�a-
tion. An accurate analysis of this model shows that if
α > 1 and n > 1, we avoid the e�ects of in�ation at
small curvatures and it does not in�uence the stabil-
ity of the matter dominated era. The de Sitter point
RdS which describes the early time acceleration exists
if R̃i = RdS and it reads as RdS = 2/(γ̄(2 − α) + 1)
under the condition (RdS/Ri)

n � 1. Thus, the in�a-
tion is unstable if αγ̄(α − 2) > 1. We may evaluate
the characteristic number of e-folds during in�ation
N = log[(zi + 1)/(ze + 1)], where zi and ze are the
redshifts at the beginning and at the end of early time
cosmic acceleration. Given a small cosmological per-
turbation y1(zi) at the redshift zi to the e�ective dark
energy density of in�ation y0 = RdS/(12m̃2), so that
y(z) = y0 + y1(z), we have from Eq. (3) avoiding the
matter contribution

y1(zi) = C0(zi + 1)x , (13)

with

x =
1

2

(
3−

√
25− 16F ′(RdS)

RdSF ′′(RdS)

)
. (14)

Here, x < 0 if the de Sitter point is unstable. As a
consequence, the perturbation y1(z) grows up in ex-
panding universe as y1(z) = y1(zi) [(z + 1)/(zi + 1)]

x
.

When y1(z) is on the same order of the e�ective mod-
i�ed gravity energy density y0(z) of the de Sitter solu-
tion describing in�ation, the model exits from in�ation.
In this way, we can estimate the number of e-folds dur-
ing in�ation as

N ' 1

x
log

(
y1(zi)

y0

)
. (15)

A value demanded in most in�ationary scenarios is
at least N = 50�60. A classical perturbation on the
(vacuum) de Sitter solution may be given by the pres-
ence of ultrarelativistic matter in the early universe.
Thus, we can predict the numbers of e-folds for the
model (12) by computing x in Eq. (14), which depends
on model parameters. Let us consider an example
by supposing that ultrarelativistic matter/radiation is
106 times smaller than that of e�ective modi�ed grav-
ity energy density(∼ Λi) at the beginning of in�a-
tion. By choosing the viable model parameters n = 4,
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(a) (b)

Figure 2: E�ective EoS parameter for −1 < z < 2 in exponential model. On the right, the region −1 < z < −0.9 is stressed.

Ri = 2Λi, γ̄ = 1 and α = 8/3, such that the curva-
ture at the in�ation results to be RdS = 6Λi, one has
x = −0.218 and, by using Eq. (15), we obtain N ' 64
and ze = e−64(zi + 1) − 1. The numerical extrapo-
lation of Eq. (3) gives us yH(ze) = 0.88yH(zi) and
R(ze) = 0.853RdS, con�rming that the e�ective modi-
�ed gravity energy density and the curvature decrease
at the end of in�ation. After that, it is reasonable
to expect that the physical processes described by the
ΛCDM Model are reproduced by the �rst term of mod-
i�cation to gravity.

7 Conclusions

In this work, we have analyzed some feature of re-
alistic F (R)-gravity mimicing the physics of ΛCDM
Model. Two viable models have been considered. We
have seen that since the corrections to GR at small
curvatures may lead to undesired e�ects at high curva-

tures, some adding modi�cations are required. In par-
ticular, we have reconstructed a compensating term in
order to stabilize the oscillations of the e�ective dark
energy at high red shifts with retaining the viability
proprieties. Furthermore, we have brie�y discussed
about the growth index and an investigation on the cos-
mological evolution of the universe has been executed
showing that the e�ective crossing of the phantom di-
vide, which characterizes the de Sitter epoch, occurs in
the very far future. We also have considered the in�a-
tionary cosmology in exponential gravity. It has been
derived the correlation between the e-folds during in-
�ation and the model parameters. Since at the end of
in�ation the e�ective modi�ed gravity energy density
and the curvature decrease, we may conclude that it
is possible to acquire a gravitational alternative sce-
nario for a uni�ed description of in�ation in the early
universe with the late-time cosmic acceleration.
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Èññëåäîâàíà îáùàÿ îñîáåííîñòü ýêñïîíåíöèàëüíîé F (R)-ãðàâèòàöèè. Ïðåäëîæåíà äîïîëíèòåëüíàÿ ìîäèôèêàöèÿ,
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We show that the symmetry algebra of asymptotically �at four dimensional spacetimes at null in�nity in the sense of
Newman and Unti is isomorphic to the direct sum of the abelian algebra of in�nitesimal conformal rescalings with bms4.
We then work out the local conformal properties of the relevant Newman-Penrose coe�cients, as well as the surface charges
and their algebra.
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1 Introduction

This conference proceedings summarizes the results
of paper [1] to which we refer for detailed computations
and discussions.

The de�nitions of asymptotically �at four dimen-
sional space-times at null in�nity by Bondi-Van der
Burg-Metzner-Sachs [2, 3] (BMS) and Newman-Unti
(NU) [4] in 1962 merely di�er by the choice of the radial
coordinate. Such a change of gauge should not a�ect
the asymptotic symmetry algebra if, as we contend,
this concept is to have a major physical signi�cance.
The problem of comparing the symmetry algebra in
both cases is that, besides the di�erence in gauge, the
very de�nitions of these algebras are not the same. In-
deed, NU allow the leading part of the metric induced
on Scri to undergo a conformal rescaling. When this
generalization is considered in the BMS setting, it turns
out that the symmetry algebra is the direct sum of the
BMS algebra bms4 [5] with the abelian algebra of in-
�nitesimal conformal rescalings [6], [7].

In this note we show that, as expected, the asymp-
totic symmetry algebra in the NU framework is again
the direct sum of bms4 with the abelian algebra of in-
�nitesimal conformal rescalings of the metric on Scri
and thus coincides, as it should, with the generalized
symmetry algebra in the BMS approach.

We then discuss the transformation properties of
the Newman-Penrose coe�cients parametrizing solu-
tion space in the NU approach, focussing on the in-
homogeneous terms in the transformation laws that
contain the information on the central extensions of
the theory, and we �nally study the associated surface
charges and their algebra by following the analysis in
the BMS gauge [8].

2 NU metric ansatz and asymptotic symme-
tries

The metric ansatz of NU can be written as

ds2 = Wdu2−2drdu+gAB(dxA−V Adu)(dxB−V Bdu) ,

(1)

with coordinates u, r, xA and where gABdx
AdxB =

r2γ̄ABdx
AdxB+rCABdx

AdxB+o(r) , with γ̄AB confor-
mally �at. Below, we will use standard stereographic
coordinates ζ = cot θ2e

iφ, ζ̄, γ̄ABdx
AdxB = e2ϕ̃dζdζ̄,

ϕ̃ = ϕ̃(u, x). There is also an additional condition, re-
lated to the �xing of the origin of the a�ne parameter
of the null geodesic generators of the null hypersur-
faces used to build the metric [4], which yields here
CAA = 0 [1].

In the following we denote by D̄A the covariant
derivative with respect to γ̄AB and by ∆̄ the asso-
ciated Laplacian. The fall-o� conditions are V A =
O(r−2) and W = −2r∂uϕ̃ + ∆̄ϕ̃ + O(r−1), where
∆̄ϕ̃ = 4e−2ϕ̃∂∂̄ϕ̃ with ∂ = ∂ζ , ∂̄ = ∂ζ̄ .

The in�nitesimal NU transformations are de�ned
as those in�nitesimal transformations that leave the
form of the metric and the fall-o� conditions invariant,
up to a rescaling of the conformal factor δϕ̃(u, xA) =
ω̃(u, xA), and are in this case generated by

ξu = f,
ξA = Y A + IA, IA = −∂Bf

∫∞
r
dr′gAB ,

ξr = −r∂uf + Z + J, J = ∂Af
∫∞
r
dr′V A,

(2)

with ∂rf = 0 = ∂rY
A = ∂rZ, Z = 1

2∆̄f , ∂uY
A = 0,

with Y A a conformal Killing vector of γ̄AB , i.e. Y
ζ ≡

Y = Y (ζ), Y ζ̄ ≡ Ȳ = Ȳ (ζ̄) in the coordinates (ζ, ζ̄),
and also with

f = eϕ̃
[
T̃ +

1

2

∫ u

0

du′e−ϕ̃ψ̃
]
, T̃ = T̃ (ζ, ζ̄), (3)

� 28 �



G. Barnich, P.-H. Lambert. Asymptotic symmetries at null in�nity and local conformal properties ...

with ψ = D̄AY
A and ψ̃ = ψ − 2ω̃. Asymptotic

Killing vectors thus depend on Y A, T̃ , ω̃ and the met-
ric, ξ = ξ[Y, T̃ , ω̃; g]. For such metric dependent vec-
tor �elds, consider the suitably modi�ed Lie bracket
taking the metric dependence of the spacetime vectors
into account, [ξ1, ξ2]M = [ξ1, ξ2]− δgξ1ξ2 + δgξ2ξ1, where

δgξ1ξ2 denotes the variation in ξ2 under the variation of

the metric induced by ξ1, δ
g
ξ1
gµν = Lξ1gµν . Consider

now the extended bms4 algebra, i.e., the semi-direct
sum of the algebra of conformal Killing vectors of the
Riemann sphere with the abelian ideal of in�nitesimal
supertranslations, trivially extended by in�nitesimal
conformal rescalings of the conformally �at degenerate
metric on Scri. The commutation relations are given

by [(Y1, T̃1, ω̃1), (Y2, T̃2, ω̃2)] = (Ŷ ,
̂̃
T , ̂̃ω) where

Ŷ A = Y B1 ∂BY
A
2 − Y B2 ∂BY

A
1 ,̂̃

T = Y A1 ∂AT̃2 − Y A2 ∂AT̃1 + 1
2 (T̃1∂AY

A
2 − T̃2∂AY

A
1 ),̂̃ω = 0 .

(4)

In these terms, one can show the following:

Theorem 2.1 The spacetime vectors ξ[Y, T̃ , ω̃; g] re-
alize the extended bms4 algebra in the modi�ed Lie
bracket,[
ξ[Y1, T̃1, ω̃1; g], ξ[Y2, T̃2, ω̃2; g]

]
M

= ξ[Ŷ ,
̂̃
T , ̂̃ω; g] , (5)

in the bulk of an asymptotically �at spacetime in the
sense of Newman and Unti.

Note in particular that for two di�erent choices of the
conformal factor ϕ̃ which is held �xed, ω̃ = 0, the
asymptotic symmetry algebras are isomorphic to bms4,
which is thus a gauge invariant statement.

3 Explicit relations between the NU and the
BMS gauges and local conformal transfor-
mation laws of the NU coe�cients

The choice of the radial coordinate in the de�-
nition of asymptotically �at space-times in the BMS
[2], [3], [5] and the NU [4] approaches di�ers but the
relation between the two radial coordinates does not
involve constant terms [1] and is of the form r′ =
r + O(r−1) . This change of coordinates only a�ects
lower order terms in the asymptotic expansion of the
metric that play no role in the de�nition of asymptotic
symmetries and explains a posteriori why the asymp-
totic symmetry algebras in both approaches are iso-
morphic.

In the BMS set-up, the general solution to Ein-
stein's �eld equations is parametrized by some func-
tions [2], [3], [7] among which are the mass and angu-
lar momentum aspects, and the news tensors. In the

NU case instead [4], the free data characterizing solu-
tion space are described in terms of the spin coe�cient
σ0 and its time derivative, and also in terms of the
Ψ0
α (with α = 0, 1, 2, 3, 4), �ve complex scalars repre-

senting all the components of the Weyl tensor. The
explicit relations between the free data characterizing
asymptotic solution space in both approaches were es-
tablished for instance in [1].

Using the �eth� operators [9] de�ned for a �eld ηs

of spin weight s according to the conventions of [10]
through ðηs = P 1−s∂̄(P sηs) , ð̄ηs = P 1+s∂(P−sηs)
with P =

√
2e−ϕ̃ , where ð, ð̄ raise respectively lower

the spin weight by one unit and let Y = P−1Ȳ and
Ȳ = P−1Y . The conformal Killing equations and
the conformal factor then become ðȲ = 0 = ð̄Y and
ψ = (ðY + ð̄Ȳ). Using the notation S = (Y, T̃ , ω̃), we
have −δS γ̄AB = 2ω̃γ̄AB for the background metric.

To work out the transformation properties of
the NU coe�cients characterizing asymptotic solution
space, one needs to evaluate the subleading terms in
the Lie derivative of the metric on-shell. This can also
be done by translating the results from the BMS gauge,
using the dictionary of [1], which yields in this case

−δSσ0 = [f∂u + Yð + Ȳð̄ +
3

2
ðY − 1

2
ð̄Ȳ − ω̃]σ0 − ð2f ,

−δS σ̇0 = [f∂u + Yð + Ȳð̄ + 2ðY − 2ω̃]σ̇0 − 1

2
ð2ψ̃ ,

−δSΨ0
i = [f∂u + Yð + Ȳð̄ +

5− i
2

ðY +
1 + i

2
ð̄Ȳ−

− 3ω̃]Ψ0
i + (4− i)ðfΨ0

i+1 ,

(6)

with i = 1, 2, 3, 4.

4 Surface charge algebra

In this section, ω̃ = 0 so that f = T + 1
2uψ and

we use the notation s = (Y, Ȳ, T ) for elements of the
symmetry algebra, which is given in these terms by
[s1, s2] = ŝ where

Ŷ = Y1ðY2 − (1↔ 2),̂̄Y = Ȳ1ð̄Ȳ2 − (1↔ 2),

T̂ = (Y1ð + Ȳ1ð̄)T2 −
1

2
ψ1T2 − (1↔ 2) .

(7)

The translation of the charges, the non-integrable piece
due to the news and the central charges computed in [8]
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gives here

Qs[X ] = − 1

8πG

∫
d2Ωϕ

[(
f(Ψ0

2 + σ0 ˙̄σ0)+

+ Y(Ψ0
1 + σ0ðσ̄0 +

1

2
ð(σ0σ̄0))

)
+ c.c.

]
,

Θs[δX ,X ] =
1

8πG

∫
d2Ωϕ f

[
˙̄σ0δσ0 + c.c.

]
, (8)

Ks1,s2 [X ] =
1

8πG

∫
d2Ωϕ

[(1

4
f1ðf2ð̄R̄+

+
1

2
σ̄0f1ð2ψ2 − (1↔ 2)

)
+ c.c.

]
.

We recognize all the ingredients of the surface
charges described in [11]. More precisely the angular
(super-)momentum that we get is

QY,0,0 = − 1

8πG

∫
d2Ωϕ Y

[
Ψ0

1 + σ0ðσ̄0 +
1

2
ð(σ0σ̄0)−

− u

2
ð
(
Ψ0

2 + Ψ̄0
2 + ∂u(σ0σ̄0)

)]
(9)

and di�ers from Qηc given in equation (4) of [11] by the
explicitly u-dependent term of the second line. It thus
has a similar structure to Penrose's angular momentum
as described in equations (11), (12), and (17a) of [11] in
the sense that it also di�ers by a speci�c amount of lin-
ear supermomentum, but the amount is di�erent and
explicitly u-dependent, QY,0,0 = Qu=0

Y,0,0 + 1
2uQ0,0,ðY .

The main result derived in [8] states that if one
is allowed to integrate by parts, and if one de-
�nes the �Dirac bracket� through {Qs1 , Qs2}∗[X ] =

−δs2Qs1 [X ]+Θs2 [−δs1X ,X ], then the charges de�ne a
representation of the bms4 algebra, up to a �eld depen-
dent central extension, {Qs1 , Qs2}∗ = Q[s1,s2] +Ks1,s2 ,
where Ks1,s2 satis�es the generalized cocycle condition
K[s1,s2],s3 − δs3Ks1,s2 + cyclic(1, 2, 3) = 0 . This repre-
sentation theorem can be veri�ed directly in the present
context [1].

To the best of our knowledge, except for the previ-
ous analysis in the BMS gauge, the above representa-
tion result does not exist elsewhere in the literature.

A major issue in these considerations is whether
one uses the globally well-de�ned version of the bms4

algebra or a local version which contains the Virasoro
algebra and involves an expansion in terms of Laurent
series. The formulas presented above generally apply
to both cases, except for divergences in the charges
that appear in the second case and have to be handled
properly. This is discussed in more details in [1].
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Ã. Áàðíèø, Ï.-Õ. Ëàìáåðò

ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈÅ ÑÈÌÌÅÒÐÈÈ ÏÐÈ ÑÂÅÒÎÏÎÄÎÁÍÎÉ ÁÅÑÊÎÍÅ×ÍÎÑÒÈ È
ËÎÊÀËÜÍÛÅ ÊÎÍÔÎÐÌÍÛÅ ÑÂÎÉÑÒÂÀ ÑÏÈÍÎÂÛÕ ÊÎÝÔÔÈÖÈÅÍÒÎÂ

Ïîêàçàíî, ÷òî àëãåáðà ñèìåòðèè àñèìïòîòè÷åñêè ïëîñêîãî ÷åòûð¼õìåðíîãî ïðîñòðàíñòâà-âðåìåíè ïðè ñâåïîïîäîáíîé
áåñêîíå÷íîñòè â ñìûñëå Íüþìàíà è Óíòè èçîìîðôíà ïðÿìîé ñóììå àáåëåâîé àëãåáïû áåñêîíå÷íî ìàëûõ êîíôîðìíûõ
ïðåîáðàçîâàíèé ñ bms4. Îáñóæäàþòñÿ ëîêàëüíûå êîíôîðìíûå ñâîéñòâà ñîîòâåòñòâóþùèõ êîýôôèöèåíòîâ Íüþìàíà-
Ïåíðîóçà, à òàêæå ïîâåðõíîñòíûå çàðÿäû è èõ àëãåáðà.

Êëþ÷åâûå ñëîâà: êîíôîðìíàÿ ñèììåòðèÿ, êîýôôèöèåíòû Íüþìàíà-Ïåíðîóçà.
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In this short contribution we will review the quantization of U(N) spinning particles with complex target spaces, producing
equations for higher spin �elds on complex backgrounds. We will focus �rst on �at complex space, and subsequently present
our model on an arbitrary K�ahler manifold. In the �nal section, we will specialize to (p, q)-forms on arbitrary K�ahler spaces
and present their one-loop e�ective actions as well as issues related to Hodge duality.

Keywords: sigma models, higher spins, gauge symmetry.

1 Introduction

Spinning particle models [1�4] have been a useful
framework to study �elds of di�erent spins in a �rst-
quantized approach. Wordline techniques can indeed
give manageable representations of one-loop quantities
in quantum �eld theories, such as e�ective actions, am-
plitudes and anomalies (see for a review [5, 6] and ref-
erences therein), and allow to describe ordinary higher
spin �elds in �rst quantization. We will present here
a class of spinning particles enjoying a U(N)-extended
supersymmetry on the worldline [7, 8], that naturally
live on complex manifolds and give rise to complex
higher spin equations. Although a direct spacetime
interpretation of these models is prevented by the com-
plex nature of the target space, they are useful play-
grounds to study issues related to the quantization of
higher spins. They can as well provide insights in the
study of K�ahler geometries, supersymmetric �eld the-
ories and QFT's in curved backgrounds.

More precisely, spinning particles are quantum me-
chanical models, enjoying local supersymmetries on the
worldline. For instance, particles with N local real su-
persymmetries describe spin N/2 �elds in four dimen-
sional spacetime. The constraints on the Hilbert space
of the particle theory, arising from the gauging, trans-
late into a set of di�erential equations for the spacetime
�eld, viewed as the wave function of the quantum me-
chanical model. Interactions with scalars, gauge �elds
and gravity can be achieved, when allowed, by coupling
the particle theory to suitable backgrounds. Quantiz-
ing the particle, one can recover in a rather simple
way various useful objects of the related QFT, such as
e�ective actions, n-point functions, anomalies and so
on. The path integral quantization for these non-linear
sigma models, arising in gravitational backgrounds, re-
quires regularization [6,9,10]. This is essentially related
to ill-de�ned products of distributions in perturbative
computations, and we will use Time Slicing regulariza-

tion (TS) in all the computations that will be showed.
We organize the paper as follows: in the next sec-

tion we will present the U(N) spinning particle and its
Dirac quantization in �at complex space. The end of
the section will be devoted to the coupling to a curved
K�ahler background. In the last section we will focus
on the U(2) model, studied in [11], describing (p, q)-
forms on an arbitrary K�ahler space. The local proper
time expansion of the one-loop e�ective action will be
brie�y sketched, along with the �rst Seeley-DeWitt co-
e�cients. We will comment at the end on exact re-
lations between Hodge dual forms that have been ex-
tracted from the particle model.

2 The U(N) spinning particle

The graded phase space of the model is spanned by
complex coordinates of Cd and momenta: xµ(t), x̄µ̄(t)
and pµ(t), p̄µ̄(t), along with the fermionic superpart-
ners ψµi (t) and ψ̄iµ(t), with i = 1, 2, ..., N . They obey
canonical (anti)-commutation relations:

[xµ, pν ] = i δµν , [x̄µ̄, p̄ν̄ ] = i δµ̄ν̄ , {ψµi , ψ̄
j
ν} = δµν δ

j
i .

(1)

Quadratic operators constructed from the basic vari-
ables provide generators for the U(N)-extended world-
line SUSY:

H = pµp̄
µ , Qi = ψµi pµ , Q̄i = ψ̄µ̄i p̄µ̄ ,

J ij =
1

2
[ψµj , ψ̄

i
µ] = ψµj ψ̄

i
µ −

d

2
δij , (2)

where we raise and lower indices by means of the �at
complex metric δµν̄ and its inverse. H, Qi and Q̄

i are
the hamiltonian and supercharges, respectively gen-
erating worldline translations and supersymmetries,
while J ij generates U(N) R-symmetry rotations. Given
the (anti)-commutation relations (1), the above gener-
ators obey an extended supersymmetry algebra with
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R-symmetry group U(N):[
J ij , Qk

]
= δikQj ,

[
J ij , Q̄

k
]

= −δkj Q̄i ,[
J ij , J

k
l

]
= δil J

k
j − δkj J il ,

{
Qi, Q̄

j
}

= δji H (3)

the other (anti)-commutators being zero. In order to
construct a worldline action that is invariant under lo-
cal symmetries generated by (2), we couple the gen-
erators to one-dimensional gauge �elds: an einbein
e(t) for local worldline translations, complex graviti-
nos χi(t) and χ̄i(t) for local supersymmetries and a
one-dimensional U(N) gauge �eld aij(t). Together with
the symplectic kinetic terms, we obtain the phase space
action for the U(N) spinning particle:

S =

∫ 1

0

dt
[
pµẋ

µ + p̄µ̄ ˙̄xµ̄ + iψ̄iµψ̇
µ
i − eH − iχ̄

iQi

−iχiQ̄i − aij
(
Jji − sδ

j
i

)]
, (4)

where we added a Chern-Simons coupling s that is
quantized as s = m − d

2 for integer m. The equa-
tions of motion for the one-dimensional gauge �elds
constrain the classical generators to vanish. At the
quantum level, the operators (2) impose constraints on
the Hilbert space, by requiring that they annihilate
physical states:

|Φ〉 ∈ Hphys ⇔ TA |Φ〉 = 0 ,

where TA = (H,Qi, Q̄
i, J ij − sδij). This is allowed since

(3) is a �rst class superalgebra, and amounts to Dirac
quantization. The above constraints will be the afore-
mentioned higher spin equations obeyed by spacetime
�elds, that sit as x-dependent coe�cients inside |Φ〉.

2.1 Dirac quantization in �at space

In a Schroedinger picture, we shall realize the
fermionic oscillator algebra in (1) treating the ψµi op-
erators as Grassmann-odd variables, and the ψ̄iµ as

odd derivatives thereof: ψ̄iµ ∼ ∂
∂ψµi

. The states in

the Hilbert space will have a �nite Taylor expansion in
powers of ψ's, so that the coe�cients of the expansion
are multi-form spacetime �elds with only holomorphic
indices. The J ij−sδij constraints are purely algebraic on
the multi-forms, and impose irreducibility conditions.
After imposing them, the only states that survive in
the Hilbert space correspond to tensors with N blocks
of m antisymmetric indices, with s = m− d

2 :

|F 〉 ∼ Fµ1[m],...,µN [m](x, x̄) ,

where we denoted µ[k] := [µ1...µk]. Symmetry between
block exchanges ensures they belong to a U(d) rectan-
gular Young tableaux withm rows and N columns. On

the spacetime �elds the supercharges Qi and Q̄
i act as

Dolbeault operators1 and their hermitian conjugates,
generalized to multi-forms such that Qk ∼ −i∂(k)

meaning that it antisymmetrizes the derivative only
among the indices of the k-th block. The remaining
constraints have then the form of generalized Bianchi
and Maxwell equations, i.e.

Qi |F 〉 = 0 ∼ ∂[µFµ1...µm],...,ν1...νm = 0 ,

Q̄i |F 〉 = 0 ∼ ∂̄µFµµ2...µm,...,ν1...νm = 0 . (5)

It is natural to interpret the F �elds as higher spin
curvatures that obey Maxwell-like equations. It is in-
deed possible to solve the �rst of (5) by introducing a
gauge potential φ as |F 〉 = Q1Q2...QN |φ〉 or, in tensor
language:

Fµ1[m],...,µN [m] = ∂µ1 ...∂µNφµ1[m−1],...,µN [m−1] , (6)

where each set of indices µk is antisymmetrized:
µkµk[m− 1] := [µk1 ...µ

k
m].

Let us notice that for N > 1 the Maxwell equation
(5) on the potential is higher derivative. We also men-
tion that forN = 1 we have ordinary (p, 0)-forms φ(p,0),
carefully studied in [12], while for m = 2 the gauge
potentials are completely symmetric tensors φµ1...µN .
Since (Qi)

2 = 0 for each i, it is easy to see that the
curvature F is indeed invariant under a gauge trans-
formation of the form δ |φ〉 = Qi

∣∣Λi〉, that is
δφµ1[p],...,µN [p] = ∂µ1Λ

(1)

µ1[p−1],...,µN [p]

+ . . .+ ∂µNΛ
(N)

µ1[p],...,µN [p−1]
(7)

We already noticed that the Maxwell-like equations
are higher derivative in terms of the gauge �eld:
Q̄iQ1...QN |φ〉 = 0. It is actually possible to intro-
duce a second order wave operator, analogous to the
Fronsdal-Labastida one, and reduce the �eld equations
to second order:

(
−H +QiQ̄

i
)
|φ〉 = QiQj

∣∣ρij〉 by

means of an auxiliary compensator
∣∣ρij〉. In tensor

language it reads

∂ν ∂̄
νφµ1[p],...,µN [p] −

N∑
i=1

∂µi ∂̄
νφµ1[p],..,νµi[p−1],...,µN [p] =

=
∑
i6=j

∂µi∂µjρ
(ij)

µ1[p],..,µi[p−1],..,µj [p−1],..,µN [p]
. (8)

The �eld equations are invariant under the gauge trans-
formations (7), provided that the compensator �eld
transforms as the divergence of the gauge parameter.
It turns out that it is possible to gauge �x the compen-
sators to zero, at the price of having transverse gauge
parameters2: ∂̄ · Λ = 0.

1On a complex (p,q)-form Aµ1...µpν̄1...ν̄qdz
µ1 ∧ ...dzµp ∧ dz̄ν̄1 ... ∧ dz̄ν̄q the Dolbeault operator acts as an holomorphic exterior

derivative: ∂ := dzµ∂µ
2For related issues on real spacetime, see for instance [13,14]
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2.2 Coupling to curved space

We analyze here the changes needed to couple the
spinning particle to an arbitrary background metric.
Let us consider as target space a D = 2d dimensional
K�ahler manifold, equipped with a metric gµν̄(x, x̄) in
holomorphic coordinates. Having in mind the mini-
mal coupling, it is su�cient to replace suitably covari-
antized constraints in the action (4). To this aim, we
de�ne U(d) �Lorentz� generators Mµ

ν = 1
2 [ψµi , ψ̄

i
ν ] so

that we can construct covariant momenta and super-
charges3:

πµ = pµ + iΓλµνM
ν
λ , π̄µ̄ = p̄µ̄ , (9)

Qi = ψµi g
1
2πµg

− 1
2 , Q̄i = ψ̄iµ g

µν̄ g
1
2 π̄ν̄g

− 1
2 (10)

The superalgebra (3) is deformed by the target space
geometry, namely one has{
Qi, Q̄

j
}

= δji H0 − ψµi ψ̄
jν̄ Rµν̄λσ̄M

λσ̄ , (11)

where the minimally covariantized hamiltonian reads
H0 = g

1
2 gµν̄ π̄ν̄πµg

− 1
2 . One can see from (11) that the

algebra is no longer �rst class, and hence the model is
inconsistent, on general K�ahler backgrounds. Impor-
tant exceptions are the cases N = 1, 2, presented in the
next section, that can be quantized on any curved back-
ground, and represent di�erential forms. For N > 2
one can still quantize the model on particular back-
grounds. For instance, it is possible to quantize the
spinning particle for general N , that is for arbitrary
�spin�, on K�ahler spaces with constant holomorphic
curvature [8], i.e.

Rµν̄λσ̄ = Λ (gµν̄gλσ̄ + gµσ̄gλν̄) .

3 N=2, (p,q)-forms on K�ahler spaces

We shall focus in this section to the model with
N = 2 on an arbitrary K�ahler manifold with metric
gµν̄ . We decide to realize the fermionic operators in a
slightly di�erent way: here we will treat ψµ1 and ψ̄2µ̄

as odd coordinates, and ψ̄1
µ, ψ2µ̄ as derivatives thereof.

In this way, states in the Hilbert space are (p, q)-forms.
In [11], several theories of di�erential forms were in-
vestigated by using the U(2) spinning particle. Here
we restrict ourselves to present one of those models.
To obtain the model we are interested in, it is su�-
cient to gauge only the U(1) × U(1) subgroup of the
R-symmetry U(2) generated by J1

1 and J2
2 . In such

a case one is free to have two di�erent Chern-Simons
couplings s1 and s2, compared to s in (4). This allows
to �x independently the eigenvalues of the J1

1 and J2
2

constraints, and physical states will be forms F(m,n),
for given and arbitrary m,n. The four supercharges

are realized now as Dolbeault operators and their her-
mitian conjugates: ∂, ∂̄ and ∂†, ∂̄†, while the super-
algebra (3) closes on the hamiltonian that acts as the
Hodge laplacian

4 = −{∂, ∂†} =
∇2

2
+

1

2
Rµν̄λσ̄M

µν̄Mλσ̄ .

Bianchi equations can be locally integrated by intro-
ducing a potential: F(p+1,q+1) = ∂∂̄A(p,q). In this par-
ticular model, even if we are dealing with di�erential
forms, Maxwell equations (∂†F = ∂̄†F = 0) are higher
derivative with respect to the potential A. As we did
in the general case, it is possible to have second order
�eld equations by introducing a compensator:(
4+ ∂∂† + ∂̄∂̄†

)
A(p,q) = ∂∂̄ρ(p−1,q−1) . (12)

The equations (12) are gauge invariant under the com-
bined transformations of the gauge �eld and compen-
sator

δA(p,q) = ∂Λ1
(p−1,q) + ∂̄Λ2

(p,q−1) ,

δρ(p−1,q−1) = ∂̄†Λ1
(p−1,q) − ∂

†Λ2
(p,q−1) , (13)

and one can see again that gauge �xing the compen-
sator to zero would restrict the gauge parameters to be
transverse.

Let us turn now to the path integral quantization of
the U(2) spinning particle. If the particle is quantized
on a circle with external gravity, one �nds an expansion
for the QFT one-loop e�ective action of the (p, q)-form
in a gravitational background. We will present the heat
kernel expansion in terms of local Seeley-DeWitt co-
e�cients. In order to quantize the spinning particle,
we have to take into account the gauge �xing of lo-
cal worldline symmetries and Faddeev-Popov determi-
nants. Because of the topology of the worldline circle,
one is left with three modular integrals: the usual one
over β, being the proper length of the circle, and two
angular integration over θ and φ, taking into account
the gauge invariant Wilson loops of the two U(1) fac-
tors. The resulting partition function is given by

Zp,q[g] =

∫ ∞
0

dβ

β

∫ 2π

0

dθ

2π

∫ 2π

0

dφ

2π
µ(φ, θ)×

×
∫
ddx0d

dx̄0

(2πβ)d
g(x0, x̄0)

〈
e−Sint

〉
, (14)

where x0 is an arbitrary �xed spacetime point, Sint is
the interaction part of the spinning particle action and
µ(φ, θ) is the modular measure given by

µ(φ, θ) = e−i(p+1−d/2)φei(q+1−d/2)θ ×

×
(

2 cos
φ

2

)d−2(
2 cos

θ

2

)d−2

. (15)

3The g factors ensure that (Qi)
† = Q̄i

4In the modular integration one encounters poles along the integration path. Detailed explanation of the prescription to deal
with such poles can be found in [11]
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After performing the worldline perturbative computa-
tion, and evaluating the modular integrals4 we organize
the e�ective action expansion, up to order β2, as fol-
lows:

Zp,q[g] =

∫ ∞
0

dβ

β

∫
ddx0d

dx̄0

(2πβ)d
g(x0, x̄0) v1 {1 + v2β R

+β2
[
v3 (Rµν̄λσ̄)

2
+ v4 (Rµν̄)

2
+ v5R

2 + v6∇2R
]}

.

(16)

The Seeley-DeWitt coe�cients vi are given by

v1 =

(
d− 2

p

)(
d− 2

q

)
, v2 =

1

6
− 12k1 ,

v3 =
1

180
− k2 + k3 , v4 = − 1

360
− k1 + 4k2 − 2k3 ,

v5 =
1

72
+ k1 − 3k2 + k3 , v6 =

1

60
− k1 , (17)

where the numerical factors ki read

k1 =
p(d− 2− q) + q(d− 2− p)

24(d− 2)2
,

k2 =
p(d− 2− p) + q(d− 2− q)

24(d− 2)(d− 3)
,

k3 =
p(d− 2− p)q(d− 2− q)

2(d− 2)2(d− 3)2
. (18)

A few comments are now in order. First of all, let us
stress that the overall coe�cient v1 gives the number of
propagating degrees of freedom. For p or q greater than
d − 2 it vanishes and cannot be factored out in (16).
Other coe�cients can and indeed are non-vanishing,
and represent the topological contribution of a non-
propagating form. As a second remark we should no-
tice that the result (18) holds only for d > 3. In d = 2
only scalars propagate, and all the ki vanish. In d = 3
instead, they have the form

k1 =
p(1− q) + q(1− p)

24
, k2 =

p+ q

24
, k3 =

pq

2
(19)

Finally, we stress that the ki coe�cients in (18) were
used to make manifest the symmetry under the ex-
changes p ↔ q and p ↔ d − 2 − q. The �rst exchange
is related to the symmetry under complex conjugation,
that states the equivalence Zp,q[g] = Zq,p[g] and is ex-
act. The second exchange relates Hodge dual forms
and is more subtle. Despite the manifest symmetry
in the coe�cients (18), it is not an exact symmetry
at the quantum level, and one can already see that in
d = 3 the ki (19) are not invariant under p ↔ 1 − q.
In general, for higher dimension d the mismatch ap-
pears in higher order Seeley-DeWitt coe�cients. The
spinning particle model, however, allows us to �nd an
exact non-perturbative result for the mismatch, that is

purely topological. The derivation can be found in [11],
and one has5

Zd−2−q,d−2−p(β)−Zp,q(β) = (−)q+dZtop
d−1,q(β)

+(−)p+dZtop
p,d−1(β) + (−)p+qZtop

d−1,d−1(β)

+(d− 1− p)(−)p+q
q∑

m=0

(−)m(q + 1−m) ind(Ωm,0, ∂̄)

+(d− 1− q)(−)p+q
p∑

n=0

(−)n(p+ 1− n) ind(Ωn,0, ∂̄)

+(−)p+q
[(
p+ 1− d

2

)(
q + 1− d

2

)
− d2

4

]
χ(M) .

(20)

In the above formula ind(Ωm,0, ∂̄) is the Dolbeault in-
dex twisted by the (m, 0)-form bundle, whose expres-
sion can be found in [11, 15]. χ(M) is the Euler char-
acteristics of the manifold, and the top forms Zp,d−1,
Zd−1,q, Zd−1,d−1 are related to the Ray-Singer analytic
torsion [16] via

Ztop
p,d−1 = 2

p∑
n=0

(−)n+1(n+ 1) lnTd−p+n(M) . (21)

Having presented the expansion for the e�ective actions
up to order β2, it is possible to check the mismatch (20)
only in d = 2 and d = 3. These cases have been con-
sidered in [11] and agree with (20), giving a nontrivial
check.

4 Conclusion

In this short contribution, we presented the U(N)
spinning particles, introduced in [7] and subsequently
studied in [8], where they were shown to describe a
class of gauge invariant higher spin equations, close in
form to Fronsdal-Labastida equations for real space-
times and to Maxwell-like equations recently intro-
duced in [13]. We brie�y described the possibility of
de�ning the model on a K�ahler manifold, and �nally fo-
cused on the U(2) model on an arbitrary K�ahler space.
We presented �eld equations for di�erential (p, q)-forms
as well as the heat kernel expansion of their e�ective
actions and issues related to Hodge duality. Even if a
genuine spacetime interpretation is somehow prevented
by the complex target space, these models can provide
interesting insights in the general problem of higher
spin �eld theories, sharing crucial properties such as
the appearance of constrained gauge invariance and
compensator �elds [17]. When quantized on K�ahler
backgrounds, they show quite a rich structure, such as
the topological issues related to Hodge duality, or the
coupling to the U(1) part of the K�ahler holonomy, and
could be a useful instrument in K�ahler geometry.

5We denoted Zp,q =
∫∞
0

dβ
β
Zp,q(β).
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Ð. Áîíåööè

U(N) ÑÏÈÍÎÂÛÅ ×ÀÑÒÈÖÛ È ÏÎËß ÂÛÑØÈÕ ÑÏÈÍÎÂ ÍÀ ÊÝËÅÐÎÂÎÌ ÔÎÍÅ

Äà¼òñÿ êðàòêèé îáçîð êâàíòîâàíèÿ U(N) ñïèíîâûõ ÷àñòèö íà êîìïëåêñíîì ôîíå. Â íà÷àëå ðàññìàòðèâàåòñÿ ïëîñêîå
êîìïëåêñíîå ïðîñòðàíñòâî è çàòåì ðàññìàòðèâàåòñÿ ìîäåëü íà ïðîèçâîëüíîì Êýëåðîâîì ìíîãîáðàçèè. Â ïîñëåäíåì
ðàçäåëå ðàññìàòðèâàþòñÿ (p, q)-ôîðìû íà ïðîèçâîëüíûõ Êýëåðîâûõ ïðîñòðàíñòâàõ è äà¼òñÿ èõ îäíîïåòëåâîå ýôôåêòèâíîå
äåéñòâèå à òàêæå âîïðîñû ñâÿçàííûå ñ äóàëüíîñòüþ Õîäæà.
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The problem of the relativistic theory of the electromagnetic orbital and spin angular momenta of the charge radiation is
considered. It is obtained that the total power of the �eld spin angular momentum radiation is proportional to the Thomas
precession and corresponds to the force �eld momentum of radiation.

Keywords: electromagnetic �eld, spin, angular momentum, radiation, torque.

1 Introduction

The hypothesis that electromagnetic waves have
proper angular momentum was put forward by A. I.
Sadowsky as long ago as 1897 [1]. He proposed the
method of measurement for angular momentum of light
based on light transmission through anisotropic crys-
talline plate: ". . . any apparatus processing linearly po-
larized light into circularly polarized must rotate. . . ".

In 1935-1936, B. A. Beth in USA [2] and A. N.
S. Holborn in England [3] experimentally proved that
circularly polarized light has angular momentum. Ob-
servation of considerably greater torque became possi-
ble with the emergence of lasers (see, for example, [4]).
The existence of angular momentum of circularly polar-
ized electromagnetic waves in the present time has no
doubt about. However the general de�nition of angu-
lar momentum of the electromagnetic �eld (AMEF) is
argued over among physicists to this day. Contentious
debates about the adequacy of the theory of angular
momentum and its radiation arise from time to time
[5-9].

The base of the stated here the radiation theory
of AMEF is exact methods of the relativistic radiation
theory of the arbitrarily moving charge [10]. As an
attachment there are considered properties of the or-
bital and spin moments of the synchrotron radiation
with the speci�c source of this radiation such as an
electron.

2 Relativistic theory of the orbital and spin
angular momentum radiation

It may be distinguished two alternative ways of the
relativistically covariant methods for the description
of AMEF originated by D. D. Ivanenko and A. A.
Sokolov [11] as well as by C. Teitelboim et al. [12-15].

Using the Teitelboim's method we can receive [16]

dL̃µν

dτ
=

2

3

e2

c5
ωρω

ρ(rµvν − rνvµ), (1)

dΠ̃µν

dτ
=

2

3

e2

c3
(vµων − vνωµ) (2)

where vµ = drµ/dτ and ωµ = dvµ/dτ are the four-
vectors of velocity and acceleration correspondingly, e
is the charge of an arbitrary moving relativistic parti-
cle.

It's interesting that on the method of D. D. Iva-
nenko and A. A. Sokolov yields the same results!

The received formulas have clear-cut physical in-
terpretation. If we put into operation the well-known
four-dimensional vector of the radiation momentum
change [10] dP̃µ/dτ = (2e2/3c5)ωρω

ρvµ, then we can
get the expression for the orbital momentum of radia-
tion

dL̃µν

dτ
= rµ

dP̃ ν

dτ
− rν dP̃

µ

dτ
=

d

dτ
(rµP̃ ν − rν P̃µ),

which is precisely the same relation between moments
of the force tensor and of the angular momentum ten-
sor derivative like relativistic mechanics T̃µν = rµF̃ ν−
rν F̃µ = dL̃µν/dτ. Thus, the radiation of the orbital
AMEF adds up to the radiation of the �eld momen-
tum of the force.

The power of the radiation of the spin momentum
is proportional to the Thomas's precession frequency
ΩµνTh which is de�ned by this equation in the relativis-
tic spin theory (see. [10])

dπµ

dτ
=

1

c2
(vµων − vνωµ)πν = ΩµνThπν , (3)

where πµ is a well-known four-dimensional space-like
spin vector. So if we put �eld momentum of force for
the spin radiation into operation

G̃µν =
2

3

e2

c
ΩµνTh =

dΠ̃µν

dτ
, (4)
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then Thomas's precession which until now was known
as purely kinematic relativistic e�ect gets obvious dy-
namic interpretation.

3 Conclusion

The work presented here discovers new trend in the
relativistic theory of radiation and the spin properties

of relativistic particles.
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ÏÐÅÖÅÑÑÈß ÒÎÌÀÑÀ È ÝËÅÊÒÐÎÌÀÃÍÈÒÍÛÉ ÓÃËÎÂÎÉ ÌÎÌÅÍÒ
ÈÇËÓ×ÅÍÈß ÐÅËßÒÈÂÈÑÒÑÊÈÕ ÇÀÐßÆÅÍÍÛÕ ×ÀÑÒÈÖ ÑÎ ÑÏÈÍÎÌ

Ðàññìîòðåíà ïðîáëåìà ðåëÿòèâèñòñêîé òåîðèè, ñâÿçàííàÿ ñ èçëó÷åíèåì îðáèòàëüíîãî è ñïèíîâîãî ýëåêòðîìàãíèòíûõ
óãëîâûõ ìîìåíòîâ çàðÿäà. Ïîêàçàíî, ÷òî ïîëíàÿ ìîùíîñòü èçëó÷åíèÿ ïîëåâîãî ñïèíîâîãî óãëîâîãî ìîìåíòà ýëåêòðîìàãíèòíîãî
ïîëÿ ïðîïîðöèîíàëüíà ïðåöåññèè Òîìàñà è ñîîòâåòñòâóåò ïîëåâîìó ìîìåíòó ñèë èçëó÷åíèÿ.
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Áîðäîâèöûí Â.À., äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîð.
Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò.
Ïð. Ëåíèíà, 36, Òîìñê, Ðîññèÿ, 634050.
E-mail: vabord@sibmail.com

Íåì÷åíêî Å. À., àñïèðàíò.
Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò.
Ïð. Ëåíèíà, 36, Òîìñê, Ðîññèÿ, 634050.
E-mail: katrin_nemchenko@mail.ru

� 38 �



T. S. Boronenko. Post-Newtonian e�ects in the motion of the nearest satellites of Jupiter.

UDC 530.1; 539.1

Post-Newtonian e�ects in the motion of the nearest satellites of Jupiter

T. S. Boronenko

Department of Theoretical Physics, Tomsk State Pedagogical University, Tomsk, 634061, Russia.

E-mail: boron@tspu.edu.ru

In this article the possibility of measurement of post-Newtonian e�ects in the motion of close satellites of Jupiter is discussed.
On an example of Jupiter's �fth satellite Amalthea we study a question of, whether can be isolated the PN component
of orbital precession of the satellite from much bigger Newtonian components. Results of researches have shown that all
larger contributions of Newtonian perturbations can be modeled and subtracted out.
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1 Introduction

It is known that gravitation �elds of the gas giant
planets are the best laboratories for measuring the ef-
fects of Post-Newtonian (PN) gravity on trajectories of
natural satellites and spacecrafts [1]. In this work the
problem connected with the PN shift of pericenters of
orbits of close satellites of Jupiter is considered. Theo-
retically predicted the PN shift of pericenters of orbits
of the close satellites of Jupiter much more, than for
the Mercury orbit ($̇ = 43′′/per century) [1], [2].

Table 1. PN precession rates $̇ (arcsec/per century)
MetisJ16 AdrasteaJ15 AmaltheaJ5 ThebeJ14
5286′′.64 5283.65 2212.85 1335.57

Although the post-Newtonian e�ects are very large
for these satellites (Table 1), there are serious problems
to measure and separate out such e�ects. In article
J.D. Anderson, et al. "Gravitation and Celestial Me-
chanics Investigations with Galileo" [3] it is possible to
read: "It is unknown whether the relativistic compo-
nents of orbital precession for the inner satellites can
be isolated from the far larger Newtonian precessions".
In this work the attempt of studying of this question
is undertaken.

2 Perturbing factors in movement of of the
Jupiter's close satellites

The Hamiltonian function of a considered problem
within the PN formalism can be written down in a
form:

H = H0 +HN +HPN, (1)

where H0 is the Hamiltonian function of a separable
system (two-body problem), HN is the disturbing New-
tonian potential function and HPN is the relativistic
disturbing part of H. Function HN is

HN = H01 +H02 +H03. (2)

Here H01, H02, H03 are perturbations caused respec-
tively by the Jupiter's oblateness, Galilean satellites
and the Sun.

The orbit of the �fth satellite of Jupiter Amalthea
is the most studied. Therefore we use it as the test.

The �rst term of Hamiltonian function can be in-
troduced in form:

H0 =
µJ

2a
, µJ = GmJ, (3)

where a is the semi-magor axis of an orbit of the satel-
lite, G is the Newtonian gravitational constant, mJ is
mass of Jupiter. This term establishes the zero order
level for the Hamiltonian function.

The most considerable disturbing in�uence is de-
�ned by the second zonal harmonic of the Jupiter's
potential. Considering only a leading factor in expres-
sion for a zonal harmonic, we receive

ε =
µJR

2
JJ2

H0r3
A

, J2 = 1473.6 · 10−5. (4)

Here RJ is the equatorial radius of Jupiter, rA is the
mean orbit radius of a satellite, J2 is the dimensionless
coe�cients of the second zonal harmonic. The ratio
(4) de�nes the small parameter ε of our problem. The
same way the valuations of perturbations from Galilean
satellites and from the Sun were made.

The term HPN is treated as the additional poten-
tial to the Newtonian disturbing function which de-
scribes the geodesic motion of a test particle (satel-
lite) in the gravitational �eld of a spherically symmet-
ric body (Jupiter) of mass mJ. In the framework of
General Relativity (GR) the dominant GR e�ect can
be described by the following expression

τPN =

∣∣∣∣− µh2

c2r3

∣∣∣∣ . (5)

For a case which is considered in this work , the
right part of (5) is interpreted as follows: µ = µJ, r =
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rA. h = r2θ̇ =
√
µa · (1− e2) is the orbital angular

momentum of the satellite per unit mass, θ is the po-
lar angle, e is the eccentricity of satellite's orbit. The
contributions from HPN is τPN/H0.

The numerical values of contributions from the dis-
turbing potential terms are given in Table 2:

Table 2. The disturbing function of the problem.
Disturbing action (Leading factor)/H0 Order
Zonal harmonic(J2) 4.55866 · 10−3 ε
Galilean satellites) 9.43476 · 10−6 ε2

Zonal harmonic(J4) 2.81962 · 10−5 ε2

Zonal harmonic(J6) 2.30768 · 10−7 ε3

Sun 2.64792 · 10−8 ε3

HPN 1.55476 · 10−8 ε3

Analysis of results shows that the in�uence of the
PN e�ects of the gravity are rather big and it is nec-
essary to take them into consideration in the process
modeling of movement of the inner satellites of Jupiter.
The contribution from HPN is commensurable with So-
lar perturbations. And, if it is possible to separate So-
lar perturbations, it can be possible to separate and
PN e�ects also. In�uence of other bodies of the Solar
system on movement of the close satellites of Jupiter
is negligible.

3 Secular perturbations

Usually the disturbing function is represented in the
form of the truncated series at which there are century
and periodic terms. Our problem (1) is nonintegrable.
However, by means of suitable approximations it is pos-
sible to �nd an analytical solution for (1) with su�cient
accuracy. In this work we concentrate only on studying
of the secular motions of satellites.

With help of canonical transformations and the av-
eraging method the functionH01 ( oblateness part) was
presented in a form:

〈H01〉 =
1

2
n2a2

[
3

2
J2

(
R

a

)2

− 9

8
J2

2

(
R

a

)4
]
e2 −

−1

2
n2a2

[
15

4
J4

(
R

a

)4

+ 15J6

(
R

a

)6
]
e2 −

−1

2
n2a2

[
3

2
J2

(
R

a

)2

− 27

8
J2

2

(
R

a

)4
]

sin2 i+

+
1

2
n2a2

[
15

4
J4

(
R

a

)4

+ 15J6

(
R

a

)6
]

sin2 i (6)

Here n = 2π/Ts is the mean motion of a satellite, where
Ts is its orbital period, i is the orbital inclination of a
satellite to the equatorial plane of Jupiter. Expression
(6) by accuracy to J4 can be found in work [4].

Then, using the equations of motion of the satellite
in the orbital elements, we received expressions for the

rate of change of pericentre $̇01 (Newtonian part from
oblateness):

$̇01 = n

[
3

2
J2

(
R

a

)2

− 9

8
J2

2

(
R

a

)4
]
−

−n

[
15

4
J4

(
R

a

)4

+ 15J6

(
R

a

)6
]

(7)

The full velue of the Newtonian shift of a pericenter
is determined by a formula:

$̇N = $̇01 + $̇02 + $̇03, (8)

Calculation of perturbations in $̇02 (from Galilean
satellites) and in $̇03 (from the Sun)was carried out
on known analytical expressions [4].

4 Numerical experiment

Observable value of shift of a pericenter of
Amalthea was received by P.V. Sudbury from the anal-
ysis of a large number of observations of the satellite [5]
:

$̇S = 3′′. 30264001 · 108 per century. (9)

At �rst we received total value of the Newtonian
shift of a pericenter without having included the sixth
harmonica:

$̇
(4)
N = 3′′. 30426244 · 108 per century. (10)

The similar calculations made by S. Breiter [6] , give
quite close value of the shift of a pericenter:

$̇
(4)
N = 3′′. 30409477 · 108per century (Breiter). (11)

The di�erence between the observable value and the
calculated value of the shift of a pericenter is:

∆$̇(4) = $̇S − $̇(4)
N = −162242′′. (12)

The di�erence has negative value, and the problem be-
comes uncertain.

Then the sixth harmonica was included. The fol-
lowing result was received:

$̇
(6)
N = 3′′. 30261439 · 108 per century. (13)

and

∆$̇(6) = $̇S − $̇(6)
N = 2566′′. 5. (14)

Predicted relativistic shift of pericenter of an orbit of
Amalthea has the following value (Table 1):

$̇PN = 2212′′. 85 per century. (15)

Thus the value ∆$̇(6) is commensurable with a
value of the predicted relativistic shift of a pericenter
of the satellite.
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5 Conclusion

The presented analytical solution for the secular
shift of the pericenter of a satellite includes the sixth
harmonic of the gravitational potential of Jupiter. The
di�erence between the observable value and the calcu-
lated value of the Newtonian part of shift of a pericen-

ter is commensurable with the value of the predicted
relativistic shift of the pericenter of a satellite. The
received result says that, apparently, possibility of iso-
lation of a relativistic part of pertutbations from New-
tonian exists. But this problem is very di�cult and it
is necessary to consider the received result preliminary.
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Ò. Ñ. Áîðîíåíêî

ÏÎÑÒÍÜÞÒÎÍÎÂÑÊÈÅ ÝÔÔÅÊÒÛ Â ÄÂÈÆÅÍÈÈ ÁËÈÇÊÈÕ ÑÏÓÒÍÈÊÎÂ
ÞÏÈÒÅÐÀ

Â ñòàòüå îáñóæäàåòñÿ ïðîáëåìà èçìåðåíèÿ ïîñòíüþòîíîâñêèõ (ÏÍ) ýôôåêòîâ â äâèæåíèè áëèçêèõ ñïóòíèêîâÞïèòåðà.
Íà ïðèìåðå ïÿòîãî ñïóòíèêàÞïèòåðà Àìàëüòåè ðåøàåòñÿ âîïðîñ îá îòäåëåíèè ÏÍ êîìïîíåíòû îðáèòàëüíîé ïðåöåññèè
ñïóòíèêà îò ñðàâíèòåëüíî áîëüøîé ïî âåëè÷èíå íüþòîíîâñêîé ÷àñòè. Ðåçóëüòàòû èññëåäîâàíèÿ ïîêàçàëè, ÷òî âñå
íåðåëÿòèâèñòñêèå âîçìóùåíèÿ â âåêîâîì äâèæåíèè ïåðèöåíòðà ñïóòíèêà ìîãóò áûòü ïîëó÷åíû ñ äîñòàòî÷íî âûñîêîé
ñòåïåíüþ òî÷íîñòè, ïîçâîëÿþùåé îòäåëèòü èõ îò ðåëÿòèâèñòñêîé êîìïîíåíòû.
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We investigate a speci�c model for a dark energy which lead to the Quasi-Rip cosmology. In the Quasi-Rip model the
equation of state parameter w is less than −1 in the �rst stage, but then in the second stage is larger than −1. The
conditions for the appearance the Quasi-Rip in the terms of the parameters equation of state are received.

Keywords: dark energy, cosmological constant, equation of state, bound structures.

1 Introduction

The discovery accelerated expansion of the universe
led to the appearance the new theoretical models in the
cosmology (for recent review see [1,2]) and signi�cantly
changed our view of the fate of the universe. Recent ob-
servations suggest that the universe is dominated by a
negative-pressure component named dark energy (dark
�uid). Such quintessence/phantom dark energy pro-
posed to explain the cosmic acceleration should have
the strong negative pressure. It can be characterized
by an equation of state parameter w, which is the ratio
of the pressure to the density: w = p

ρ . Its equation of
state parameter w is smaller than −1.

The condition w < −1 corresponds to a dark energy
density that monotonically increases with time t and
scale factor a. There are the some interesting possible
scenarios concerning the fate of the universe, including
Big Rip [3-4], Little Rip [5-12], Pseudo-Rip [13] mod-
els. These models are based on the assumption, that
the dark energy density ρ is a monotonically increasing
function.

In this paper we are interested to study the cosmo-
logical model in which the dark energy density ρ mono-
tonically increases (w < −1) in the �rst stage and then
monotonically decreases (w > −1). At �rst stage it
takes the place the disintegration of bound structures,
but then at the second stage the disintegration process
will stop, and the already disintegrated structures have
the possibility to be recombined. This scenario in the
cosmology was called the Quasi-Rip [14]. Note, that
models for which ρ is not monotonic are physically less
plausible, and it is more di�cult to make any sort of
general statement about such models.

The aim of this article is to examine the in�uence
of dark �uid equation of state explicitly dependent on
scale factor w and Λ to the occurrence of the Quasi-
Rip.

2 Dark �uid with inhomogeneous equation of
state in the Quasi-Rip model

Let us consider an explicit model of the Quasi-Rip.
We choose to the energy density ρ as a function of the
scale factor a. The simplest function ρ can be given
[14]:

ρ = ρ0a
α−β ln a, (1)

where ρ = ρ0 at �xed time t0, α and β are both con-
stants. The derivative of the energy density with re-
spect to cosmic time t is equal:

ρ′ = ρH (α− 2β ln a) (2)

where H = a′

a is the Hubble rate. We assume, that
our universe is �lled with an ideal �uid (dark energy)
obeying an inhomogeneous equation of state [15]:

p = w (a) ρ+ Λ (a) (3)

where w (a) and Λ (a) depend on the scale factor a, p
is the pressure. Let us write down the energy conser-
vation law:

ρ′ + 3H (p+ ρ) = 0 (4)

Taking into account (2-4) we obtain:

ρ (α− 2β ln a) + ρ (1 + w (a)) + Λ (a) = 0 (5)

Let us express from the equation (5) w (a) and sup-
pose, that the cosmological constant Λ is proportional
to the square of the energy density, that is:

Λ (a) = γρ2
0a

2(α−β ln a), (6)

where γ is a some constant. Using (6), one obtains:

w (a) = −1− γρ0a
α−β ln a + 2β ln a− α (7)

� 42 �



I. Brevik, V. V. Obukhov, A. V. Timoshkin. Quasi-Rip universe induced by the �uid...

If we require β > 0, then the extremum of ρ is a maxi-
mum. It is at a = exp α

2β , then the parameter is equal:

w (a) = −1− γρ
α
2
0 (8)

Consequently, if we take an ideal �uid, obeying an
equation of state (3) and (5), then obtain the solution,
which realize the Quasi-Rip (1). Note, that such Quasi-
Rip is caused exceptionally with cosmological constant
Λ. Let us solve the equation (5) about Λ and choose
the parameter w (a) in the view:

w (a) = −1− δ

3ρ0
aβ ln a−α, (9)

where δ is a constant. We obtain the expression:

Λ (a) = −ρ0a
α−β ln a (α− 2β ln a)− δ

3
(10)

In this case the Quasi-Rip is caused in the part w. The
future behaviour of our universe depends on the par-
ticular model parameters α and β. Thus, we explored
the equation of state (3), which gives the Quasi-Rip.

3 Conclusion

The Quasi-Rip model has an unique feature dif-
ferent from Big Rip, Little Rip and Pseudo-Rip. All
these models arise from the assumption, that dark en-
ergy density is monotonically increasing. They lead
to the dissolution of all bound structures. As distinct
from these models in Quasi-Rip model this assumption
is broken. Our universe has a possibility to be rebuilt
after the rip. In present work we have built the Quasi-
Rip universe induced by the dark �uid with inhomoge-
neous equation of state. It is shown, that the Quasi-
Rip cosmology can be caused exceptionally with the
cosmological constant or the parameter . It would be
interesting to understand if Quasi-Rip cosmology may
be mapped with dark energy �uid cosmology mimick-
ing string-landscape features [16]. From another side,
the role of viscosity in Rip cosmology may be also rel-
evant in Quasi-Rip picture [17].
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È. Áðåâèê, Â. Â. Îáóõîâ, À. Â. Òèìîøêèí

Âñåëåííàÿ Quasi-Rip, èíäóöèðîâàííàÿ æèäêîñòüþ ñ íåîäíîðîäíûì óðàâíåíèåì ñîñòîÿíèÿ

Èññëåäîâàíà ñïåöèôè÷åñêàÿ ìîäåëü òåìíîé ýíåðãèè, êîòîðàÿ ïðèâîäèò ê Quasi-Rip êîñìîëîãèè. Â ìîäåëè Quasi-Rip
ïàðàìåòð w íà ïåðâîé ñòàäèè ýâîëþöèè ìåíüøå −1, à çàòåì, íà âòîðîé ñòàäèè ýâîëþöèè, áîëüøå −1. Ïîëó÷åíû
óñëîâèÿ äëÿ âîçíèêíîâåíèÿ Quasi-Rip â òåðìèíàõ ïàðàìåòðîâ óðàâíåíèÿ ñîñòîÿíèÿ.

Êëþ÷åâûå ñëîâà: òåìíàÿ ýíåðãèÿ, êîñìîëîãè÷åñêàÿ ïîñòîÿííàÿ, óðàâíåíèå ñîñòîÿíèÿ, ãðàíè÷íûå ñòðóêòóðû.
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We review the background �eld method for three-dimensional Yang-Mills and Chern-Simons models in N = 2 superspace.
The background �eld method and heat kernel techniques are applied for evaluating the low-energy e�ective actions in
N = 2 supersymmetric Yang-Mills and Chern-Simons models as well as in N = 4 and N = 8 SYM theories.

Keywords: superspace, e�ective action, super Yang-Mills, super Chern-Simons models.

1 Introduction

The e�ective �eld theory of the ten-dimensional su-
perstring is type IIA and type IIB supergravity. This
fact, together with considerable evidence that string
theory is ultraviolet �nite, encourages us to think of su-
perstring theory as the ultraviolet completion of type
II supergravity. The full underlying theory includes
not just the massless modes of supergravity but also
extended objects, speci�cally strings. Subsequently it
was understood that the spectrum also importantly in-
cludes extended Dp-branes for any p = 0, 1, 2, . . . , 9. It
has long been appreciated that this �eld theories is also
the e�ective massless theories for eleven-dimensional
supergravity [1] compacti�ed on S1.

This relation between superstring theory and 10d
supergravity provides a basis to conjecture the exis-
tence of a theory that similarly completes 11d super-
gravity in the ultraviolet. Indeed, it was long expected
that fundamental supersymmetric membranes and 5-
branes would play the role in this ultraviolet comple-
tion that strings play in completing ten-dimensional su-
pergravities (see for example Refs. [2]). This idea was
further stimulated by the discovery that when com-
pactifying 11d supergravity, wrapped membranes nat-
urally turned into the fundamental strings of type IIA
superstring theory [3]. While it has not actually proved
possible to quantise fundamental membranes and de-
rive 11d supergravity from them, it was argued via du-
ality [4] that there is a consistent UV completion of
11d supergravity and that stable M2-branes and M5-
branes are an important part of this theory (for a recent
review and complete list of references see e.g. [5] ).

A key feature of modern string theory is the dy-
namics of multiple D-branes [6], which are described
by the end points of open strings. This description
provides a great deal of insight into the worldvolume
dynamics of the branes, which is described by familiar
classes of gauge theories augmented by higher deriva-

tive corrections. It should not come as a surprise
that the dynamics of multiple membranes and also of
multiple 5-branes is more complex than that of mul-
tiple D-branes [7]. In parallel with our limited un-
derstanding of everything else about M-theory, rela-
tively little has been known about the degrees of free-
dom localised on membranes and 5-branes that `live'
on these branes and govern their low energy dynamics,
in the limit that gravity is decoupled. Furthermore
these theories must satisfy certain physical require-
ments due to the geometrical interpretation of branes
in a higher dimensional spacetime. In the last few
years, however, considerable progress has been made
in understanding certain strongly coupled, maximally
supersymmetric, conformal �eld theories in three and
six dimensions on multiple membranes in M-theory
[8], [9]. Such models are referred to as the Bagger-
Lambert-Gustavsson (BLG) and Aharony-Bergman-
Ja�eris-Maldacena (ABJM) theories. ABJM models
de�ned as three-dimensional N = 6 superconformal
U(N)× U(N) Chern-Simons-matter theory with level
(k,−k). It is conjectured to describe N M2-branes lo-
cated at the �xed point of the C4/Zk orbifold in the
static gauge. It is also argued that the ABJM model
is dual to M-theory on AdS4 × S7/Zk at large N . For
SU(2)×SU(2) gauge group, theN = 6 supersymmetry
is enhanced to N = 8 and the ABJM model coincides
with the BLG model. All these new superconformal
�eld theories involve a non-dynamical gauge �eld, de-
scribed by a Chern-Simons like term in the Lagrangian,
which is coupled to matter �elds, parameterizing the
degrees of freedom transverse to the worldvolume of
the M2-branes. Supersymmetrising this action is most
e�ectively done in superspace.

During the last few years, quantum aspects of d3 su-
persymmetric theories at perturbative level attracted
a considerable attention. On the �eld theory side of
the AdS/CFT correspondence, major attention is paid
to the correlation functions of gauge invariant oper-
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ators (see [10] for a review). Another important ob-
ject containing much information about quantum as-
pects of a �eld model is the low-energy e�ective ac-
tion. For instance, the low-energy e�ective action of
N = 4, d = 4 SYM model is perfectly matched with
the e�ective action of a probe D3 brane moving on the
AdS5×S5 background. It would be very interesting to
observe similar matching between the e�ective action
of an M2 brane on the AdS4×S7 background and the
low-energy e�ective actions of ABJM-like models. It is
known for a long time that the quantization of a mem-
brane worldvolume theory is very challenging and one
of di�culty is the nonlocality associated with the defor-
mation of membrane without changing its volume. A
quantum supermembrane theory faces a serious prob-
lem of quantum mechanical instability [11]. As a result,
a single (quantum mechanical) super - membrane does
not make sense and we get a multi-body problem in
its nature, which can be regarded as the origin of the
continuous spectrum. Therefore, from the �eld theory
side, the action of M2-brane should go away from the
infra-red �xed point to a nonperturbative Yang-Mills-
Chern-Simons system. Unfortunately, our current un-
derstanding of the latter is very insigni�cant in com-
parison with the four-dimensional case. To �ll this gap
we need to develop the methods of quantum �eld the-
ory for studying low-energy e�ective actions for various
three-dimensional gauge theories.

Classical conformal invariance is of course gener-
ically violated by quantum corrections. Importantly,
whenever the associated gauge group is compact, the
�Chern-Simons level� k assumes discrete values for the
path integral to remain invariant under global gauge
transformations in the quantum theory. Next, it is
well known (with or without supersymmetry) that the
Chern-Simons level k cannot be renormalised other
than by a �nite 1-loop shift [12]. But here we encounter
a miracle of 2+1 dimensions: the lagrangian with van-
ishing superpotential is exactly conformal even at the
quantum level. This only leaves the possibility of cor-
rections to the K�ahler potential of the theory. How-
ever it can be argued that these are irrelevant in the
infrared. More generally, one can raise the issue of �nd-
ing UV �nite three-dimensional Chern-Simons-matter
models which might be as interesting as the famous
N = 4, d = 4 SYM model.

As it is known, the most powerful approach to study
the quantum supersymmetric �eld theories is to make
use of an unconstrained super�eld formulation. Unfor-
tunately, such a formulation for the N = 6, 8 super
Chern-Simons-matter theory is not known. The best
what we know up to now is only N = 3 o�-shell formu-
lation on N = 3, d3 harmonic superspace [13]. In such
a formulation three out of six or eight supersymme-
tries are realized o�-shell while the other three or �ve
are hidden and the supersymmetry algebra is closed

only on shell. The corresponding super�eld actions
involve two hypermultiplet super�elds in the bifunda-
mental representations of the gauge groups and two
Chern-Simons gauge super�elds corresponding to the
left and right gauge groups. The N = 3 superconfor-
mal invariance allows only a minimal gauge interaction
of the hypermultiplets. Therefore, the N = 3, d3 har-
monic superspace methods should be helpful for these
considerations. Alternatively, one can study the e�ec-
tive action in the N = 2 superspace [14]. From the
point of view of N = 2, d3 supersymmetry [15], the
N = 4, 6, 8 Chern-Simons and super Yang-Mills the-
ory describe coupling of the N = 2 vector multiplet to
the hypermultiplet Φ, Φ̄ in the adjoint representation
as well as one or another set of matter hypermultiplets
Q, Q̄ in the bifundamental representation.

The aim of this paper is to discuss the background
�eld method for N = 2 super Chern-Simons theories,
study the e�ective action in terms of unconstrained
N = 2, d3 super�elds and calculate of the leading low-
energy contributions to the e�ective action. Although
the various classical and quantum aspects of N = 2, d3
supersymmetric theories were extensively studied, the
super�eld background �eld method, allowing to de-
velop manifestly gauge invariant and N = 2 supersym-
metric perturbation theory has not been formulated
up to now. Just this problem is solved in the our pa-
pers [14].

2 Supersymmetric Yang-Mills-Chern-Simons
models

The non-Abelian N = 2 supersymmetric Chern-
Simons action was constructed in [15],

SN=2
CS =

ik

8π
tr

∫ 1

0

dt× (1)

×
∫
d7z D̄α(e−2tVDαe

2tV )e−2tV ∂te
2tV .

Here t is an auxiliary real parameter and k is an integer
(Chern-Simons level). In the Wess-Zumino gauge the
component �eld decomposition for V is given by

V = θαθ̄βAαβ + iθαθ̄αφ+ iθ2θ̄αλ̄α − (2)

−iθ̄2θαλα + θ2θ̄2D .

Here Aαβ is a gauge vector �eld, φ is a real scalar, λα
is a complex spinor and D is a real auxiliary �eld. In
the Abelian case the integration over the parameter t
can be explicitly done,

SN=2
CS = (3)

=
k

2π

∫
d3x(

1

2
εmnpAm∂nAp + iλαλ̄α − 2φD) .

The action (2) allows for the N = 4 supersymmet-
ric extension with a chiral super�eld Φ in the adjoint
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representation,

SN=4
CS = SN=2

CS − ik

4π
tr

∫
d5zΦ2 − ik

4π
tr

∫
d5z̄ Φ̄2 . (4)

The transformations of hidden N = 2 supersymmetry
with complex spinor parameter εα read

∆εV = εαθ̄αΦc − εαθαΦ̄c , (5)

δεΦc = −iε̄α∇̄αG , δεΦ̄c = −iεα∇αG .

It is well known that the sum of Chern-Simons (2)
and Yang-Mills (6) actions

SN=2
SYM =

1

g2
tr

∫
d7z G2 = − 1

2g2
tr

∫
d5zWαWα , (6)

where g is the dimensionfull coupling constant, [g] =
1/2 describes topologically massive gauge theory. Sim-
ilarly (4), the N = 8 supersymmetric extension of (6)
reads

SN=8
SYM =

1

g2
tr

∫
d7z

(
G2 − 1

2
e−2V Φ̄ie2V Φi

)
(7)

+
1

12g2

(
tr

∫
d5z εijkΦi[Φj ,Φk] + c.c.

)
.

Here Φi, i = 1, 2, 3, is a triplet of chiral super�elds.
As is well known, quantization procedure of gauge

theories requires imposing a gauge which explicitly
breaks the invariance of the e�ective action under clas-
sical gauge transformations. To keep track of the
gauge invariance one is to employ the background �eld
method which was originally introduced by DeWitt
and developed in many subsequent papers. The central
idea of the background �eld method is a decomposition
of the gauge �elds into classical background and quan-
tum �elds (background-quantum splitting) and impos-
ing the gauge conditions only on the quantum ones.
After integrating out quantum �elds, the path integral
results in the gauge invariant e�ective action depending
on the background �elds. However, the background-
quantum splitting can be very non-trivial for some
gauge theories and, hence, the formulation of the back-
ground �eld method in any concrete theory demands a
special study [14].

3 Super�eld e�ective action

We will be interested in the low-energy e�ective
action which is a functional for the massless �elds
obtained by integrating out all massive ones in the
functional integral. In gauge theories the separation
between massless and massive �elds appears usually
through the Higgs mechanism. Physically interest-
ing to consider minimal gauge symmetry breaking,
SU(N) → SU(N − 1) × U(1) because, from the point

of view of D-branes, the corresponding e�ective action
contains the potential which appears when one sepa-
rates one D-brane from the stack.

As a result, we get the following representation for
the one-loop e�ective action

eiΓ[V ] = eiS[V ] × (8)

×
∫
DvDbDcDϕeitr

∫
d7z v(−�v+H)v+iSgh+iSNK .

Schematically, it can be written as

Γ = Γv + Γgh , Γv =
i

2
Trv ln(�v −H) , (9)

Γgh = −3i

2
Tr+ ln�+ .

The contribution Γv to the one-loop e�ective action
comes from the quantum gauge super�eld while Γgh is
due to ghosts. Here Trv and Tr+ are the functional
traces of the operators acting in the spaces of real and
chiral super�elds, respectively. The operator �+ is the
covariant d'Alembertian operator acting in the space
of covariantly chiral super�elds which was introduced
in [14],

�+ =
1

16
D̄2D2 = (10)

= DmDm +G2 +
i

2
(DαWα) + iWαDα .

The explicit expressions for the traces of these opera-
tors can be found after one speci�es the gauge group
and the background gauge super�eld. The correspond-
ing contributions to the e�ective action are given by

Γv = − 1

π

N∑
I<J

∫
d7z

∫ ∞
0

ds

s
√
iπs

W2
IJW̄2

IJ

B3
IJ

eisG
2
IJ (11)

× tanh
sBIJ

2
sinh2 sBIJ

2
,

Γgh = − 3

2π

N∑
I<J

∫
d7z

[
GIJ ln GIJ (12)

+
1

4

∫ ∞
0

ds√
iπs

eisG
2
IJ

W2
IJW̄2

IJ

B2
IJ

(
tanh(sBIJ/2)

sBIJ/2
− 1

)]
.

The sum of the expressions (11) and (12) gives us the
resulting one-loop e�ective action in the pure N = 2
SYM theory for the gauge group SU(N) spontaneously
broken down to U(1)N−1. We point out that only the
leading G ln G term in the N = 2 SYM e�ective action
was obtained in [16] using the duality transformations
while the explicit quantum computations allow us to
�nd all higher-order F 2n terms encoded in the proper-
time integrals (11) and (12).

Next, we examined the N = 8 SYM model with the
classical action (7). For the gauge group SU(N) spon-
taneously broken down to U(1)N−1 the trace of the
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logarithm in ΓN=8 = i
2Trv ln(2v + Φ̄iΦi) is computed

by standard methods,

ΓN=8
SYM = − 1

π

N∑
I<J

∫
d7z

∫ ∞
0

ds

s
√
iπs

W2
IJW̄2

IJ

B3
IJ

(13)

×eis(G
2
IJ+Φ̄i

IJΦi IJ ) tanh
sBIJ

2
sinh2 sBIJ

2
.

In the case when the gauge group SU(N) is sponta-
neously broken down to SU(N − 1)×U(1), the leading
term in the e�ective action (13) is given by

ΓN=8
SYM =

3(N − 1)

32π

∫
d7z

W2W̄2

(G2 + Φ̄iΦi)5/2
+ . . . (14)

∼
∫
d3x

(FmnFmn)2

(f ifi)5/2
+ . . . ,

where f i, i = 1, 2, . . . , 7 are the seven scalar �elds in
the N = 8 SYM theory and dots stand for the higher-
order terms. In [17] it was argued that the F 4 term in
the N = 8 SYM e�ective action (14) is one-loop exact
in the perturbation theory, but it receives instanton
corrections.

Further we had to consider pure N = 2 Chern-
Simons theory with the classical action (2). It is im-
portant to specify the background above which one
computes the quantum corrections. Recall that in the
SYM theory we used the constant �eld background.
Such constraints provided us with a consistent quan-
tum �eld theory as such a background was a solution
of classical equations of motion. However, in the pure
N = 2 Chern-Simons theory the equations of motion
have only trivial solutions with vanishing gauge super-
�eld strengths. Therefore, in quantizing the Chern-
Simons theory we do not impose any constraints on
the background and compute the leading terms in the
derivative expansion of the e�ective action. In other
words, there is no Coulomb branch and we need to
study the e�ective action in the conformal branch when
all �elds are massless and we need to introduce an e�ec-
tive infrared cut-o� m to avoid IR divergences. Then
the e�ective action can be presented and evaluated by
standard methods. The expression with the minimal
number of super�eld strengths reads

ΓCS = − 1

256πm5

∫
d7z(WaαWb

αWcβWd
β

−1

2
WaαWbβWc

αWd
β)fabcd +O(m−6) ,

where Waα ≡ (W aα − W̄ aα)Ta, [Ta, Tb] = fabcTc, and

fa1a2a3a4
= fb1a1b2fb2a2b3fb3a3b4fb4a4b1 .

Note that these terms do not have Abelian analogs.

The leading contribution from the Faddeev-Popov
ghost super�elds has the form of Yang-Mills action in
the N = 2, d = 3 superspace,

Γgh =
1

8π2m
tr

∫
d7z G2 +O(m−2) . (15)

This demonstrates that the Yang-Mills term is gener-
ated in the e�ective action of pure N = 2 supersym-
metric Chern-Simons theory by the ghost super�eld
loop. The appearance of this term in the e�ective ac-
tion is not surprising as we break the conformal in-
variance and topological nature of pure N = 2 Chern-
Simons theory. Clearly, this term vanishes on shell for
Wα = 0.

4 Conclusion

We have reviewed the construction of the back-
ground �eld method for gauge �eld theories in the
N = 2, d = 3 superspace and demonstrated its
power for calculating the low-energy e�ective action
for N = 2, 4, 8, d = 3 super Yang-Mills models and
N = 2 super Chern-Simons model.

The background-�eld-depended operators of
quadratic �uctuations, which represent the key ele-
ments of the background �eld formalism, are exactly
found in the N = 2 super Yang-Mills and Chern-
Simons models for arbitrary gauge super�eld back-
ground.

The structure of one-loop e�ective action for these
models is discussed in details. We have developed the
N = 2, d = 3 super�eld heat kernel technique and
applied it for calculating the low-energy e�ective ac-
tions in a form preserving manifest gauge invariance
and N = 2 supersymmetry.

For constant gauge super�eld background the heat
kernel for the operator of quadratic �uctuations in the
SYM theory was exactly found. This allows us to �nd
the one-loop e�ective action in the N = 2, N = 4
and N = 8 SYM for such a background. However, in
the pure N = 2 Chern-Simons theory only vanishing
gauge super�eld background is allowed as a solution of
classical equations of motion. Therefore we compute
the e�ective action in the N = 2 Chern-Simons the-
ory only in the conformal branch when all the gauge
degrees of freedom are massless. In this case we con-
sider the arbitrary background super�eld and compute
the leading terms in the e�ective action of this model
containing lowest number of gauge super�elds.

We show that such o�-shell e�ective action contains
the Yang-Mills term which appears due to ghost super-
�eld contributions.

The methods developed in [14] and reviewed in
this paper can be applied to a wide class of three-
dimensional extended supersymmetric gauge theories.
For example, it would be interesting to study the higher
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loop low-energy e�ective action in three-dimensional
N = 2 andN = 4 SYM theories with matter and in the
models containing both SYM and Chern-Simons terms
together. More importantly, it is tempting to study the
low-energy e�ective action of ABJM-like models which
could correspond to the e�ective action of the M2 brane
on the AdS4×S7 background. The latter can provide
one more non-trivial evidence of the AdS4/CFT3 cor-
respondence.
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È. Áóõáèíäåð, Í. Ïëåòíåâ

ÝÔÔÅÊÒÈÂÍÎÅ ÄÅÉÑÒÂÈÅ N = 2, d3 ÑÓÏÅÐ ßÍÃ-ÌÈËËÑ-×ÅÐÍ-ÑÀÉÌÎÍÑ
ÒÅÎÐÈÉ

Ìû äåëàåì îáçîð ìåòîäà ôîíîâîãî ïîëÿ äëÿ òðåõìåðíûõ ìîäåëåé ßíãà-Ìèëëñà è ×åðí-Ñàéìîíñà âN = 2 ñóïåðïðîñò-
ðàíñòâå. Ìåòîä ôîíîâîãî ïîëÿ è ìåòîäû òåïëîâîãî ÿäðà ïðèìåíÿþòñÿ äëÿ âû÷èñëåíèÿ íèçêîýíåðãåòè÷åñêîãî ýôôåê-
òèâíîãî äåéñòâèÿ â N = 2 ñóïåðñèììåòðè÷íûõ òåîðèÿõ ßíãà-Ìèëëñà è ×åðíà-Ñàéìîíñà, à òàêæå â N = 4 è N = 8
òåîðèÿõ ñóïåð ßíãà-Ìèëëñà.

Êëþ÷åâûå ñëîâà: ñóïåðïðîñòðàíñòâî, ýôôåêòèâíîå äåéñòâèå, ñóïåðñèììåòðè÷íûå òåîðèè ßíãà-Ìèëëñà; ñóïåð-
ñèììåòðè÷íûå ìîäåëè ×åðí-Ñàéìîíñà .
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The �eld of a rotating inclined magnetic dipole is studied. One �rst integral of motion and some particular solutions of
equations of motion for a charged particle in this �eld are found. The e�ective potential energy of a charge is studied. It
is shown that the e�ective potential energy in the corotating reference system has six stationary points, which correspond
to circular motion of a charge.

Keywords: magnetic dipole, electromagnetic �eld, inclined rotator, charge, equations of motion.

1 Introduction

Magnetic �eld of the planets and stars can be
thought of as a dipole �eld in good approximation. Mo-
tion of a charged particle in the �eld of magnetic dipole
has been investigated in details since 1907. In partic-
ular, the Earth magnetic �eld was studied by Størmer
[1,2]. Solution of equation of motion for charged parti-
cle in a dipolar magnetic �eld gives trapping regions for
particles, with energy of limited range. These regions
of planets are known as radiation belts [3,4]. The �rst
theoretical studies on the properties of the trajecto-
ries of charged particle in a dipolar �eld are presented
in [1, 5, 6].

There are also well known bodies, for which direc-
tion of magnetic moment is di�erent from the direc-
tion of axis of rotation. In this case there is an electric
�eld around the body induced by magnetic �eld. The
neutron stars and pulsars are examples of such bod-
ies. Some models of electric �eld which is generated
in the neighbourhood of neutron stars were developed
in [7]. All these models are based on suggestion that
the neutron star is a conducting body. But there are
also celestial bodies, which consist of non-conducting
matter and their axis of rotation is inclined with re-
spect to the magnetic �eld axis. Magnetic �eld of such
objects can be in good approximation described as the
�eld of inclined rotating magnetic dipole.

In this paper we present calculation of the �eld of
rotating magnetic dipole and we consider also equa-
tions of motion of a charged particle in this �eld. It is
shown that each stationary point of the e�ective poten-
tial energy corresponds to particular solution of equa-
tions of motion for a charged particle.

2 The �eld of precessing magnetic dipole

Let us consider the �eld which is produced by pre-
cessing magnetic dipole. We de�ne the law of motion of

a dipole moment µ in the Cartesian coordinate system
as follows:

µ = µ(sinα cosωt, sinα sinωt, cosα), (1)

where µ > 0 and ω > 0 are the magnitude and angular
velocity of the dipole respectively, 0 ≤ α ≤ π is the
angle between vector µ and the rotational axis. The
general formulae for the �eld of an arbitrary changing
dipole are given, for example, in [8]:

E =
(n× µ̇)

r2c
+

(n× µ̈)

rc2
, (2)

H =
(n× (n× µ̈))

rc2
+

3n(nµ̇)− µ̇
r2c

+
3n(nµ)− µ

r3
, (3)

where c is the speed of light, n = r/r is the unit vector,
r is the radius-vector. Field is calculated at time t, and
all the quantities on the right side of these equations

should be taken at the retarded time t′ = t− r

c
.

In a spherical coordinate system (r, θ, ϕ) the electric
�eld vector has the form:

r3Er = 0, (4)

r3Eθ = µρ sinα (ρ sin τ − cos τ) , (5)

r3Eϕ = −µρ cos θ sinα (ρ cos τ + sin τ) (6)

where

τ = ωt′ − ϕ, ρ =
rω

c
. (7)

Magnetic �eld vector has components:

r3Hr = 2µ [sinα sin θ(cos τ − ρ sin τ)

+ cos θ cosα] , (8)

r3Hθ = −µ [cos θ sinα(cos τ − ρ sin τ

− ρ2 cos τ)− sin θ cosα
]
, (9)

r3Hφ = −µ sinα(sin τ + ρ cos τ

−ρ2 sin τ) . (10)
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One can see that time dependence appears only as
composition ωt′ − ϕ. It means that the electromag-
netic �eld looks like as the �eld rotates with angular
velocity ω around z-axis. At �rst glance it would seem
that we have a paradox: the linear velocity of motion
well away from z-axis is getting more then speed of
light. But motion of the �eld lines does not relate to
transfer of matter or �eld energy. The above equations
state only that the electromagnetic �eld at any point
(r, θ, ϕ) of space is equivalent to the value of �eld at the
point (r, θ, ϕ−δϕ) at the moment t−δϕ/ω. Evidently,
in the far �eld zone only radiation �eld remains, which
moves radially with the speed of light.

3 Equation of motion of a charged particle

Let us �nd the Lagrangian for a charged particle in
the �eld under consideration [9]:

L = −mc2
√

1− v2

c2
+
e

c
(Av) , (11)

where v is the particle velocity vector, A is the vector
potential. It is easy to prove that the vector potential

A = − (n× µ)

r2
− (n× µ̇)

rc

gives the �elds (2) and (3). Substituting spherical com-
ponents of vectors A and v into Lagrangian (11), we
obtain

L = −mc2
√

1− ṙ2 + θ̇r2 + ϕ̇2r2 sin θ2

c2

+
eµ

cr

{
θ̇ sinα(sin τ + ρ cos τ)

+ϕ̇ sin2 θ cosα (12)

−ϕ̇ sin θ cos θ sinα(cos τ − ρ sin τ)} .

Further we consider a charged particle to be a non-
relativistic one. Let us introduce a new set of general-
ized coordinates ρ, θ, ψ with

ρ =
rω

c
, ψ = ϕ− ωt. (13)

Actually, this means that we use a co-rotating refer-
ence system. As the particle is a non-relativistic one,
we restrict our consideration by ωr � c or ρ � 1.
This means that the particle moving around the axis
of precession with an angular velocity of about ω is
non-relativistic. In this approximation τ ≈ −ψ.

Then the nonrelativistic Lagrangian function takes
the form

L =
mc2

2ω2

[
ρ̇2 + ρ2θ̇2 + ρ2(ψ̇ + ω)2 sin2 θ

]
−eµω
c2ρ

sinα
[
(ψ̇ + ω) sin θ cos θ cosψ

+ θ̇ sinψ
]

+
eµω

c2ρ
cosα(ψ̇ + ω) sin2 θ.

Substituting this function into Lagrange's equation

d

dt

∂L

∂q̇
− ∂L

∂q
= 0, (14)

we obtain equations of motion for a charged particle in
the �eld of rotating magnetic dipole

mc2

ω2
[ρ̈− ρθ̇2 − ρ(ψ̇ + ω)2 sin2 θ]

− eµω sinα

ρ2
[θ̇ sinψ +

1

2
(ψ̇ + ω) sin 2θ cosψ]

+
eµω cosα

ρ2
(ψ̇ + ω) sin2 θ = 0, (15)

mc2

ω2
[2ρρ̇θ̇ + ρ2θ̈ − 1

2
ρ2(ψ̇ + ω)2 sin 2θ]

+
eµω sinα

ρ2
[ρ̇ sinψ − 2ψ̇ρ sin2 θ cosψ

+ ρω cos 2θ cosψ]

− eµω cosα

ρ2
(ψ̇ + ω) sin 2θ = 0, (16)

mc2

ω2
[ρ2ψ̈ sin2 θ + ρ(ψ̇ + ω)(ρθ̇ sin 2θ + 2ρ̇ sin2 θ)]

+
eµω sinα

ρ2
[sin θ cos θ(ρ̇ cosψ − ρω sinψ)

+ 2ρθ̇ sin2 θ cosψ]

+
eµω cosα

ρ2
(θ̇ρ sin 2θ − ρ̇ sin2 θ) = 0. (17)

In order to �nd an integral of motion we multiply Eq.
(15) by ρ̇, Eq. (16) by ρθ̇ and Eq. (17) by ρψ̇ and sum
up all the three equations. The left-hand site of result-
ing equation is a full time derivative. After integration
we obtain �rst order equation

mc2

2ω2
(ρ̇2 + ρ2θ̇2 + ρ2ψ̇2 sin2 θ − ω2ρ2 sin2 θ)

+
eµω2 sin 2θ

2c2ρ
sinα cosψ

− eµω2

c2ρ
cosα sin2 θ = E . (18)

Here E is a constant. The �rst term in this expression

K =
mc2

2ω2
(ρ̇2 + ρ2θ̇2 + ρ2 sin2 θψ̇2) is always positive

hence, it can be considered as the kinetic energy of
the particle. The rest terms are usually referred to as
e�ective potential energy. It can be written as follows:

Vef =
mc2

2

{
−ρ2 sin2 θ

+
N⊥ sin 2θ

ρ
cosψ −

2N‖ sin2 θ

ρ

}
, (19)

� 52 �



V. Epp, M. A. Masterova. The �eld of precessing magnetic dipole

where

N⊥ =
eµω2 sinα

mc4
, N‖ =

eµω2 cosα

mc4
.

In this notation Eq. (18) can be represented as:

K = E − Vef . (20)

Inequality E −Vef ≥ 0 imposes restrictions on possible
area of the particle motion.

4 Extremes of the e�ective potential energy

Let us investigate the e�ective potential energy. A
particle can be in a stable, unstable or indi�erent equi-
librium at the stationary points of the e�ective poten-
tial energy. The aim of this investigation is to �nd the
stationary points of the function Vef . In order to do so
we have to solve the set of equations:

∂Vef
∂qi

= 0, (21)

where qi = ρ, θ, ψ. This gives a system of three equa-
tions

−2ρ3 + 2N‖ − 2N⊥ cot θ cosψ = 0, (22)

−ρ3 − 2N‖ + 2N⊥ cot 2θ cosψ = 0, (23)

N⊥ sin 2θ sinψ = 0. (24)

Equation (24) has next solutions:

ψ = 0, π and any θ; (25)

θ =
πn

2
, (n ∈ Z) and anyψ. (26)

4.1 Solution for ψ = 0, π

Using Eq. (25) we can eliminate the variable ψ from
the equations (22) and (23) by substitution cosψ = ε,
where ε = +1 corresponds to ψ = 0 and ε = −1 cor-
responds to ψ = π. This results in a system of two
equations:

−ρ3 +N‖ − εN⊥ cot θ = 0,

−ρ3 cot θ − 2N‖ cot θ + εN⊥(cot2 θ − 1) = 0.

Excluding cot θ from these equations we obtain:

2ρ6 −N‖ρ3 −N2 = 0, (27)

where N =
eµω2

mc4
. This equation has the solution:

ρ3 =
N

4

[
cosα±

√
9− sin2 α

]
.

The sign before the square root is de�ned by the sign of
the charge which is hidden in N , and condition ρ > 0.
Therefore, the last equation takes the form

ρ3 =
N

4

[
cosα+ q

√
9− sin2 α

]
, (28)

where q = e/|e| = ±1 is the sign of the charge. And
for tan θ we �nd:

tan θ = −
ε
(

3 cosα+ q
√

9− sin2 α
)

2 sinα
. (29)

Hence, the solution of equations (22) � (24) for the
case sin 2θ 6= 0 gives two stationary points for a posi-
tive charge and two points for a negative charge.

4.2 Solution for θ =
πn

2

It follows from Eqs (22) � (24) that at the axis of
rotation (θ = 0, π) all the �rst derivatives from e�ec-
tive potential energy are equal to zero only in the plane
ψ = 0, π and for any ρ. Which means that on the axis
θ = 0, π there are not stationary points.

As to the equatorial plane θ =
π

2
, Eqs (22) � (24)

have the next solution:

ρ = N
1
3

‖ , cosψ = 0, N‖ > 0. (30)

This gives two solutions for ψ = π/2 and ψ = 3π/2
According to inequality N‖ > 0 stated in (30) the

sign of the charge and angle α are bound by e cosα > 0,
which means that the two above mentioned stationary
points correspond to a positive charge if α < π/2 and
to a negative charge if α > π/2.

Particle located at a stationary point can be in a
state of equilibrium. Let us verify whether a particle
with initial coordinates (ρi, θi, ψi) de�ned by Eqs (28)
� (30) and initial zero velocity with respect to the ro-
tating reference frame will be in equilibrium position.
Substituting these coordinates and ρ̇ = θ̇ = ψ̇ = 0
in equations of motion (15) � (17) and taking into ac-
count that ϕ = ωt + ψ we obtain identical equalities.
Hence, a particle being at rest at one of the stationary
points in the co-rotating coordinate system will keep
this position. This means that in laboratory reference
frame the particle is moving along a circle with con-
stant velocity vi = ρic. Thus, there are at least six
particular solutions of equations of motion which de-
scribe circuition of the particles in the �eld of inclined
rotating dipole. Positions of the orbits de�ned by an-
gle ψ and their radius are di�erent for the positive and
negative particle. Two of the trajectories are laying in
the equatorial plane z = 0.

5 Conclusions

We have recorded the components of the magnetic
and electric �elds of precessing magnetic dipole mo-
ment and equations of motion of a charged particle
in this �eld. One �rst integral of motion was found.
This made possible to introduce e�ective potential en-
ergy for the �eld of precessing magnetic dipole mo-
ment. All stationary points of the potential energy
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were found and it was shown that the stationary points
correspond to six particular solutions of equations of
motions. These solutions describe circular motion of a
particle with a constant velocity.
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ÏÎËÅ ÏÐÅÖÅÑÑÈÐÓÞÙÅÃÎ ÌÀÃÍÈÒÍÎÃÎ ÄÈÏÎËß

Èññëåäîâàíî ïîëå ïðåöåññèðóþùåãî ìàãíèòíîãî äèïîëÿ. Ïîëó÷åí ïåðâûé èíòåãðàë äâèæåíèÿ è íàéäåíû íåêîòîðûå
÷àñòíûå ðåøåíèÿ óðàâíåíèé äâèæåíèÿ çàðÿæåííîé ÷àñòèöû â ýòîì ïîëå. Ðàññìîòðåíà ýôôåêòèâíàÿ ïîòåíöèàëüíàÿ
ýíåðãèÿ çàðÿæåííîé ÷àñòèöû. Ïîêàçàíî, ÷òî ýôôåêòèâíàÿ ïîòåíöèàëüíàÿ ýíåðãèÿ èìååò øåñòü ñòàöèîíàðíûõ òî÷åê,
ñîîòâåòñòâóþùèõ äâèæåíèþ çàðÿäà ïî îêðóæíîñòè.
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We study composite M-brane solutions in 11-dimensional supergravity. The supersymmetric solutions describing orthogo-
nally intersecting M-branes are de�ned on the product of Ricci-�at manifoldsMi. The amount of preserved supersymmetries
depends upon certain numbers of (chiral) parallel spinors on factor spaces Mi and brane sign factors. Three examples of
triple M-brane con�gurations are considered and the numbers of unbroken SUSY are obtained.

Keywords: M-branes, parallel spinors, supergravity, supersymmetry.

1 Introduction

Solutions to supergravity theories preserving some
amount of supersymmeries play an important role in
studies in non-pertubative M-theory and correspon-
dences between gravity and gauge theory.

We consider intersecting M-brane solutions de�ned
on the manifold of the form

M = M0 ×M1 × . . .×Mn, (1)

where Mi are Ricci-�at manifolds. In what follows we
denote di = dimMi. In [1] the classi�cation of super-
symmetric M-brane con�gurations on product of �at
factor spaces Rdi was presented and the relation for
the amount of preserved supersymmetry was found:

N = 2−k, with k = 1, 2, 3, 4, 5. (2)

It was shown in [2] that for the simplest M5-brane
con�guration to obey the supergravity equations of mo-
tions, the brane world volume should be Ricci-�at and
admit parallel spinors for supersymmetry. The rela-
tion (2) is no more valid if composite M-brane con�g-
urations on the product of Ricci-�at manifolds (1) are
taken into consideration. In this case N depends upon
certain numbers of chiral parallel (i.e. covariantly con-
stant) spinors on Mi and brane sign factors cs = ±1.

In this note we study supersymmetric solutions de-
�ned on the manifold (1) for triple M-brane con�gu-
rations in D = 11 supergravity. The case of two in-
tersecting M -branes (as well as the case of the basic
M2- andM5-brane solutions) de�ned on the product of
Ricci-�at manifolds was considered earlier in [4]. (For
solutions with one brane see also [3].)

2 Generalized Killing spinor equations

The bosonic action in 11-dimensional supergravity
is given by

S =

∫
d11z

√
|g|
{
R[g]− 1

2(4!)
F 2

}
− 1

6

∫
A ∧ F ∧ F,

(3)

where F = dA = 1
4!FNPQRdz

N ∧ dzP ∧ dzQ ∧ dzR
is 4-form. We consider pure bosonic con�gurations in
D = 11 supergravity (with zero fermionic �elds) that
are solutions to the equations of motion correspond-
ing to the action (3). The amount of preserved su-
persymmetries (SUSY) corresponding to the bosonic
background (eAM , AM1M2M3

) is de�ned by the dimen-
sion of the space of solutions to (a set of) linear �rst-
order di�erential equations (generalized Killing spinor
equations) for 32-component spinor �eld ε = ε(z)

(DM +BM )ε = 0. (4)

Here

DM = ∂M +
1

4
wABM Γ̂AΓ̂B (5)

is covariant spinorial derivative, the gamma matrices
satisfy the Cli�ord algebra relation

Γ̂AΓ̂B + Γ̂BΓ̂A = 2ηAB132, (6)

BM is an operator induced by the 4-form �eld strength
F

BM =
1

288

(
ΓMΓNΓPΓQΓR − 12δNMΓPΓRΓR

)
FNPQR

(7)
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and ΓM are world Γ-matrices.
The number of preserved SUSY is N = N/32,

where N is the dimension of the linear space of so-
lutions to di�erential equations (5).

3 Intersecting M-brane solution

The metric of intersecting M-brane solutions of
D = 11 supergravity can be written in the following
form

g = e2γ(x)g0 +

n∑
i=1

e2φi(x)gi, (8)

e2γ = (
∏
s∈Se

Hs)
1/3(

∏
s∈Sm

Hs)
2/3, e2φi = e2γ

∏
s∈S

H
−δiIs
s ,

(9)

i = 1, . . . , n.
Here g0 = g0

µν(x)dxµ⊗dxν is a Ricci-�at metric on

the manifold M0 and gi = gimini(yi)dy
mi
i ⊗ dynii is a

Ricci-�at metric on Mi, 1, . . . , n, δiIs =
∑
j∈Is

δij is the

indicator of i belonging to Is: δiIs = 1 for i ∈ Is and
δiIs = 0 otherwise.

The 4-form �eld strength reads

F =
∑
s∈Se

csdH
−1
s ∧τ(Is)+

∑
s∈Sm

cs(∗0dHs)∧τ(Īs), (10)

where c2s = 1, ∗0 is the Hodge operator on (M0, g
0),

Hs is a harmonic function on (M0, g
0) and Īs =

{1, 2, . . . , n} \ Is is a dual set.
The set of indices Se describes electric branes and

Sm describes magnetic branes.
We put

Γ̂[s] = Γ̂A1 Γ̂A2 Γ̂A3 , for s ∈ Se, (11)

where (Γ̂Ai0 )2 = −132 for some i0 ∈ {1, 2, 3}, (Γ̂Ai) for
i 6= i0, and

Γ̂[s] = Γ̂B1 Γ̂B2 Γ̂B3 Γ̂B4 Γ̂B5 , for s ∈ Sm, (12)

where (Γ̂Bi )2 = 132 for all i.
It follows from the relations (11)-(12)

(Γ̂[s])
2 = 132. (13)

In the recent work [4] it was shown that the rela-
tion (4) is satis�ed identically if the spinor �eld ε can
be represented in the form

ε =

∏
s∈Se

Hs

−1/6( ∏
s∈Sm

Hs

)−1/12

η, (14)

where

D̄(l)
ml
η = 0, (15)

l = 0, . . . , n and

Γ̂[s]η = csη, for all s ∈ S. (16)

Here D̄
(l)
ml = ∂ml +

1
4ω

(l)
alblml

Γ̂al Γ̂bl is the modi�ed oper-
ator of covariant spinorial derivative corresponding to
factor-space Ml with the spin-connection ω(l).

4 Triple M-brane backgrounds

In this section we present three examples of solu-
tions.

4.1 M5 ∩M5 ∩M5

The solution describing three intersecting magnetic
M5-branes is de�ned on the manifold

M0 ×M1 ×M2 ×M3 ×M4, (17)

where d0 = 1, d1 = d3 = d4 = 2, d2 = 4.
The solution reads

g = H
2/3
1 H

2/3
2 H

2/3
3

{
ĝ0 +H−1

2 ĝ1 +

H−1
1 H−1

2 H−1
3 ĝ2 +H−1

1 ĝ3 +H−1
3 ĝ4

}
, (18)

F = c1(∗0dH1) ∧ τ̂1 ∧ τ̂4 +

c2(∗0dH2) ∧ τ̂3 ∧ τ̂4 + c3(∗0dH3) ∧ τ̂1 ∧ τ̂3, (19)

where c21 = c22 = c23 = 1; H1, H2, H3 are harmonic
functions on (M0, g

0). The metrics gi (i = 0, 1, 3, 4)
have Euclidean signatures and the metric g2 has the
signature (−,+,+,+). The branes sets are I1 = {2, 3},
I2 = {1, 2}, I3 = {2, 4}.

Using the rules of decomposition from [5] one can
write Γ-matrices in the following form

(Γ̂A) =


1 ⊗ Γ̂(1) ⊗ Γ̂(2) ⊗ Γ̂(3) ⊗ Γ̂(4)

1 ⊗ iΓ̂a1
(1) ⊗ Γ̂(2) ⊗ Γ̂(3) ⊗ Γ̂(4)

1 ⊗ 12 ⊗ Γ̂a2
(2) ⊗ Γ̂(3) ⊗ Γ̂(4)

1 ⊗ 12 ⊗ 14 ⊗ iΓ̂a3
(3) ⊗ Γ̂(4)

1 ⊗ 12 ⊗ 14 ⊗ 12 ⊗ Γ̂a4
(4)


Here

Γ̂(1) = Γ̂11

(1)Γ̂
21

(1), Γ̂(2) = Γ̂12

(2)Γ̂
22

(2)Γ̂
32

(2)Γ̂
42

(2),

Γ̂(3) = Γ̂13

(3)Γ̂
23

(3), Γ̂(4) = Γ̂14

(4)Γ̂
24

(4) (20)

obey

(Γ̂(2))
2 = −14, (Γ̂(i))

2 = −12 (21)

with i = 1, 3, 4. Γ̂a1

(1),Γ̂
a3

(3),Γ̂
a4

(4) are 2 × 2 Γ-matrices

correspond to M1, M3, M4 respectively.
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The covariant derivatives can be represented as

D̄(1)
m1

= ∂m1
+

1

4
w

(1)
a1b1m1

(
1⊗ Γ̂a1

(1)Γ̂
b1
(1) ⊗ 14 ⊗ 12 ⊗ 12

)
,

D̄(2)
m2

= ∂m2
+

1

4
w

(2)
a2b2m2

(
1⊗ 12 ⊗ Γ̂a2

(2)Γ̂
b2
(2) ⊗ 12 ⊗ 12

)
,

D̄(3)
m3

= ∂m3
+

1

4
w

(3)
a3b3m3

(
1⊗ 12 ⊗ 14 ⊗ Γ̂a3

(3)Γ̂
b3
(3) ⊗ 12

)
,

D̄(4)
m4

= ∂m4 +
1

4
w

(4)
a4b4m4

(
1⊗ 12 ⊗ 14 ⊗ 12 ⊗ Γ̂a4

(4)Γ̂
b4
(4)

)
,

w
(i)
aibici

is a spin connection corresponding to the man-

ifold Mi, i = 1, 2, 3, 4, D
(i)
mi are covariant derivatives

corresponding to Mi, i = 1, 2, 3, 4,, D̄
(0)
m0 = ∂m0

and

D
(0)
m0 = ∂m0

.

Let η = η0⊗η1(y1)⊗η2(y2)⊗η3(y3)⊗η4(y4), where
η0 is a 1-component spinor on M0, η2 = η2(y2) is a 4-
component spinor on M2, ηi = ηi(yi) is a 2-component
spinor on Mi, i = 1, 3, 4.

The following relations for modi�ed covariant
derivatives take place:

D̄(0)
m0
η =

(
D(0)
m0
η0

)
⊗ η1 ⊗ η2 ⊗ η3 ⊗ η4,

D̄(1)
m1
η = η0 ⊗

(
D(1)
m1
η1

)
⊗ η2 ⊗ η3 ⊗ η4,

D̄(2)
m2
η = η0 ⊗ η1 ⊗

(
D(2)
m2
η2

)
⊗ η3 ⊗ η4,

D̄(3)
m3
η = η0 ⊗ η1 ⊗ η2 ⊗

(
D(3)
m3
η3

)
⊗ η4,

D̄(4)
m4
η = η0 ⊗ η1 ⊗ η2 ⊗ η3 ⊗

(
D(4)
m4
η4

)
. (22)

The operators (12) corresponding to M5-branes
read

Γ̂[s] = Γ̂10 Γ̂11 Γ̂21 Γ̂14 Γ̂24 = 1⊗ 12 ⊗ Γ̂(2) ⊗ Γ̂(3) ⊗ 12,

for s = I1,

Γ̂[s] = Γ̂10 Γ̂13 Γ̂23 Γ̂14 Γ̂24 = 1⊗ Γ̂(1) ⊗ Γ̂(2) ⊗ 12 ⊗ 12,

for s = I2 and

Γ̂[s] = Γ̂10 Γ̂11 Γ̂21 Γ̂13 Γ̂23 = 1⊗ 12 ⊗ Γ̂(2) ⊗ 12 ⊗ Γ̂(4),

for s = I3.
Then the chirality restrictions (16) are satis�ed if

Γ̂(j)ηj = c(j)ηj , c2(j) = −1, (23)

j = 1, 2, 3, 4 and

c(2)c(3) = c1, c(1)c(2) = c2, c(2)c(4) = c3. (24)

The solution to the SUSY equations corresponding to
the �eld con�guration from (18), (19) can be repre-
sented in the following form

ε =
3∏
s=1

H
− 1

12
s η0⊗η1(y1)⊗η2(y2)⊗η2(y3)⊗η4(y4). (25)

Here ηi, i = 1, 2, 3, 4 are parallel spinors de�ned onMi,

respectively
(
D

(i)
miηi = 0

)
, obeying (23) and (24).

Eqs. (24) have the following solutions

c(1) = −ic2, c(2) = i, c(3) = −ic1, c(4) = −ic3,

or

c(1) = ic2, c(2) = −i, c(3) = ic1, c(4) = ic3.

The number of linear independent solutions given by
(25), and reads

N = 32N = n1(−ic2)n2(i)n3(−ic1)n4(−ic3) +

n1(ic2)n2(−i)n3(ic1)n4(ic3), (26)

where nj(cj) is the number of chiral parallel spinors on
Mj , j = 1, 2, 3, 4.

4.2 M2 ∩M2 ∩M5

Let us consider the intersection of two electric and
one magnetic branes. M2∩M2∩M5-solution is de�ned
on the manifold

M0 ×M1 ×M2 ×M3 ×M4 ×M5 ×M6, (27)

where d0 = 3, d1 = d2 = d3 = d4 = d5 = 1 and d6 = 3.
The metric and the 4-form �eld strength of two inter-
secting M2-branes and one M5-brane can be repre-
sented in the following form

g = H
1/3
1 H

1/3
2 H

2/3
3

{
ĝ0 +H−1

1 ĝ1 +H−1
2 ĝ2 +

H−1
1 H−1

2 H−1
3 ĝ3 +H−1

1 H−1
3 ĝ4 +

H−1
2 H−1

3 ĝ5 +H−1
3 ĝ6

}
. (28)

The corresponding �eld strength is

F = c1dH
−1
1 ∧ τ̂1 ∧ τ̂3 ∧ τ̂4 +

c2dH
−1
2 ∧ τ̂2 ∧ τ̂3 ∧ τ̂5 + c3(∗0dH3) ∧ τ̂1 ∧ τ̂2, (29)

where c21 = c22 = c23 = 1; H1, H2, H3 are har-
monic functions on (M0, g

0). The metrics gi (i =
0, 1, 2, 4, 5, 6) have Euclidean signatures and we put the
metric g3 = −dt⊗dt. The branes sets are I1 = {1, 3, 4},
I2 = {2, 3, 5}, I3 = {3, 4, 5, 6}. The gamma-matrices
may be chosen in the following form

(Γ̂A) = (Γ̂a0

(0) ⊗ σ3 ⊗ 1⊗ 1⊗ 12 ⊗ 1⊗ 1⊗ 12 ⊗ 1⊗ 12,

12 ⊗ σ1 ⊗ 1⊗ 1⊗ 12 ⊗ 1⊗ 1⊗ 12 ⊗ 1⊗ 12,

12 ⊗ σ2 ⊗ 1⊗ 1⊗ σ3 ⊗ 1⊗ 1⊗ 12 ⊗ 1⊗ 12,

12 ⊗ σ2 ⊗ 1⊗ 1⊗ σ1 ⊗ i⊗ 1⊗ 12 ⊗ 1⊗ 12,

12 ⊗ σ2 ⊗ 1⊗ 1⊗ σ2 ⊗ 1⊗ 1⊗ σ3 ⊗ 1⊗ 12,

12 ⊗ σ2 ⊗ 1⊗ 1⊗ σ2 ⊗ 1⊗ 1⊗ σ1 ⊗ 1⊗ 12,

12 ⊗ σ2 ⊗ 1⊗ 1⊗ σ2 ⊗ 1⊗ 1⊗ σ2 ⊗ 1⊗ Γ̂a6

(6)).
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Here the operators

Γ̂(0) = Γ̂10

(0)Γ̂
20

(0)Γ̂
30

(0), Γ̂(6) = Γ̂16

(6)Γ̂
26

(6)Γ̂
36

(6) (30)

obey

Γ̂(0) = Γ̂(6) = i12, (Γ̂(0))
2 = (Γ̂(6))

2 = −12. (31)

We put (Γ̂ai(i)) = (σ1, σ2, σ3), where i = 0, 6 and hence

Γ̂(i) = i12.
The spinor monomial reads η = η0(x)⊗χ1⊗η1(y1)⊗

η2(y2) ⊗ χ2 ⊗ η3(y3) ⊗ η4(y4) ⊗ χ3 ⊗ η5(y5) ⊗ η6(y6),
where ηi = ηi(yi) is a 1-component spinor on Mi,
i = 1, 2, 3, 4, 5, η0 = η0(x) is a 2-component spinor on
M0 and η6 = η6(y6) is a 2-component spinor on M6,
χ1, χ2, χ3 are "phantom" spinors.

Here the following relations for modi�ed covariant
derivatives take place:

D̄(0)
m0

= ∂m0 +
1

4
w

(0)
a0b0m0

(Γ̂a0

(0)Γ̂
b0
(0) ⊗ 12 ⊗ 1⊗ 1⊗

12 ⊗ 1⊗ 1⊗ 12 ⊗ 1⊗ 12),

D̄(6)
m6

= ∂m6
+

1

4
w

(6)
a6b6m6

(12 ⊗ 12 ⊗ 1⊗ 1⊗ 12 ⊗

1⊗ 1⊗ 12 ⊗ 1⊗ Γ̂a6

(6)Γ̂
b6
(6)), (32)

D̄mi = ∂mi for 1, 2, 3, 4, 5. D
(i)
mi are covariant deriva-

tives corresponding to Mi, i = 0, 6 and D
(i)
mi = ∂mi ,

i = 1, 2, 3, 4, 5.
Here the �factorization� condition

D̄(i)
miη = . . .⊗ ηi−1 ⊗

(
D(i)
miηi

)
⊗ ηi+1 ⊗ . . . (33)

is satis�ed identically.
The operators (11) corresponding to theM2-branes

read

Γ̂[s] = Γ̂11 Γ̂13 Γ̂14 =

−12 ⊗ σ1 ⊗ 1⊗ 1⊗ σ3 ⊗ 1⊗ 1⊗ σ3 ⊗ 1⊗ 12, (34)

for s = I1 and

Γ̂[s] = Γ̂12 Γ̂13 Γ̂15 =

−12 ⊗ σ2 ⊗ 1⊗ 1⊗ 12 ⊗ 1⊗ 1⊗ σ1 ⊗ 1⊗ 12, (35)

for s = I2. The operator (12) for the M5-brane can be
written in the form

Γ̂[s] = Γ̂10 Γ̂20 Γ̂30 Γ̂11 Γ̂12 =

−12 ⊗ 12 ⊗ 1⊗ 1⊗ σ3 ⊗ 1⊗ 1⊗ 12 ⊗ 1⊗ 12, (36)

for s = I3.
After a suitable diagonalization of tensor products

of Pauli matrices in Γ̂[s] we get the following number
of unbroken SUSY

N = n0n6/32, (37)

where n0 is the number of parallel spinors on the 3-
dimensional manifold M0 and n6 is the number of chi-
ral parallel spinors on the 2-dimensional manifold M6.

4.3 M2 ∩M5 ∩M5

Con�gurationM2∩M5∩M5 is de�ned on manifold

M0 ×M1 ×M2 ×M3 ×M4 ×M5, (38)

where d0 = 2, d1 = 1, d2 = d3 = d4 = d5 = 2.
The solution which describes an electricM2-brane and
two magnetic ones is given by

g = H
1/3
1 H

2/3
2 H

2/3
3

{
ĝ0 +H−1

1 ĝ1 +H−1
2 ĝ2 +

H−1
1 H−1

2 H−1
3 ĝ3 +H−1

2 H−1
3 ĝ4 +H−1

3 ĝ5
}
, (39)

F = c1dH
−1
1 ∧ τ̂1 ∧ τ̂3 + c2(∗0dH2) ∧ τ̂1 ∧ τ̂5 +

c3(∗0dH3) ∧ τ̂1 ∧ τ̂2, (40)

where c21 = c22 = c23 = 1; H1, H2, H3 are har-
monic functions de�ned on (M0, g

0). The metrics gi

(i = 0, 1, 2, 4, 5) have Euclidean signatures and the
metric g3 has the signature (−,+). The branes sets
are I1 = {1, 3}, I2 = {2, 3, 4} and I3 = {3, 4, 5}.

We introduce the following set of Γ-matrices

(Γ̂A) = (Γ̂a0

(0) ⊗ 1⊗ 12 ⊗ 12 ⊗ 12 ⊗ 12,

Γ̂(0) ⊗ 1⊗ Γ̂(2) ⊗ Γ̂(3) ⊗ Γ̂(4) ⊗ Γ̂(5)

iΓ̂(0) ⊗ 1⊗ Γ̂a2

(2) ⊗ 12 ⊗ 12 ⊗ 12

Γ̂(0) ⊗ 1⊗ Γ̂(2) ⊗ Γ̂a3

(3) ⊗ 12 ⊗ 12

Γ̂(0) ⊗ 1⊗ Γ̂(2) ⊗ Γ̂(3) ⊗ Γ̂a4

(4) ⊗ 12

iΓ̂(0) ⊗ 1⊗ Γ̂(2) ⊗ Γ̂(3) ⊗ Γ̂(4) ⊗ Γ̂a5

(5)), (41)

where Γ̂ai(i) are 2 × 2 Γ-matrices, ai = 1i, 2i, (i =

0, 2, 3, 4, 5) corresponding to Mi, respectively, and the
operators

Γ̂(3) = Γ̂13

(3)Γ̂
23

(3), Γ̂(i) = Γ̂1i
(i)Γ̂

2i
(i), (42)

obey

(Γ̂(i))
2 = −12, (Γ̂(3))

2 = 12, i = 0, 2, 4, 5. (43)

Consider η in the form η = η0(x) ⊗ η1 ⊗ η2(y2) ⊗
η3(y3) ⊗ η4(y4) ⊗ η5(y5), where ηi = ηi(yi) is a 2-
component spinor on Mi, i = 0, 2, 3, 4, 5, η1 is a 1-
component spinor on M1. Due to (41) and (43) the

operator D̄(i)
mi acts on η as

D̄(i)
miη = . . .⊗ ηi−1 ⊗

(
D(i)
miηi

)
⊗ ηi+1 ⊗ . . . (44)

where D
(i)
mi is the spinorial covariant derivative corre-

sponding to Mi, i = 0, 2, 3, 4, 5 and D
(1)
m1 = ∂m1

.

The operator (11) corresponding M2-brane is

Γ̂[s] = Γ̂11 Γ̂13 Γ̂23 = Γ̂(0) ⊗ 1⊗ Γ̂(2) ⊗ 12 ⊗ Γ̂(4) ⊗ Γ̂(5),
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for s = I1 and the operators (12) corresponding to
M5-branes are

Γ̂[s] = Γ̂10 Γ̂20 Γ̂11 Γ̂15 Γ̂25 =

12 ⊗ 1⊗ Γ̂(2) ⊗ Γ̂(3) ⊗ Γ̂(4) ⊗ 12,

for s = I2 and

Γ̂[s] = Γ̂10 Γ̂20 Γ̂11 Γ̂12 Γ̂22 =

12 ⊗ 1⊗ 12 ⊗ Γ̂(3) ⊗ Γ̂(4) ⊗ Γ̂(5),

for s = I3.
The chirality restrictions (16) are satis�ed if

Γ̂(3)η3 = c(3)η3, c2(3) = 1,

Γ̂(j)ηj = c(j)ηj , c2(j) = −1, (45)

j = 0, 2, 4, 5 and

c(0)c(2)c(4)c(5) = c1,

c(2)c(3)c(4) = c2, c(3)c(4)c(5) = c3. (46)

For the �eld con�guration (39) and (40) we ob-
tain the following solution to SUSY equations ε =

H
−1/6
1 H

−1/12
2 H

−1/12
3 η0(x) ⊗ η1 ⊗ η2(y2) ⊗ η2(y3) ⊗

η4(y4)⊗ η5(y5), where ηi, i = 0, 2, 3, 4, 5 are chiral par-

allel spinors de�ned onMi,
(
D

(i)
miηi = 0

)
, obeying (45)

and (46), η1 is constant.
Equations (46) have the following solutions c(0) =

iε4c1c2c3, c(2) = iε5c2c3, c(3) = −ε4ε5c3, c(4) = iε4,
c(5) = iε4, where ε4 = ±1, ε5 = ±1. Thus, the number
of linear independent solutions is

N = 32N =∑
ε4=±1,ε5=±1

n0(iε4c1c2c3)n2(iε5c2c3)n3(−ε4ε5c3)

×n4(iε4)n5(iε5),

where nj(cj) is the number of chiral parallel spinors on
Mj , j = 0, 2, 3, 4, 5.

5 Conclusions

As was discussed above, the problem of �nding the
solutions to SUSY equations is reduced to the search of
parallel spinors on factor-spaces Mi and to the (tech-
nical) task of �nding suitable sets of Γ-matrices corre-
sponding to the product manifold M .

Here we have presented solutions corresponding to
various intersecting M-brane con�gurations of D = 11
supergravity. Using the approach of [3,4] we have found
the numbers of preserved supersymmetries for three
con�gurations with three intersecting M -branes. For
�at factor spaces Mi = Rdi we get N = 1/8 for any
triple con�guration in agreement with the classi�cation
of [1].

The presented approach may be of interest from the
point of view of possible applications to studies of su-
persymmetric solutions de�ned on product of Ricci-�at
manifolds for IIA, IIB supergravities and to supersym-
mmetric localized branes.
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À. À. Ãîëóáöîâà, Â. Ä. Èâàùóê

ÐÅØÅÍÈß ÄËß ÏÅÐÅÑÅ×ÅÍÈß ÒÐÅÕ ÁÐÀÍ È ÑÓÏÅÐÑÈÌÌÅÒÐÈÈ

Èññëåäîâàíû êîìïîçèòíûå Ì-áðàííûå êîíôèãóðàöèè â 11-ìåðíîé ñóïåðãðàâèòàöèè. Ñóïåðñèììåòðè÷íûå ðåøåíèÿ
îïèñûâàþùèå îðòîãîíàëüíî ïåðåñåêàþùèåñÿM -áðàíû îïðåäåëåíû íà ïðîèçâåäåíèè ðè÷÷è-ïëîñêèõ ïðîñòðàíñòâMi.
×èñëî ñóïåðñèììåòðèé çàâèñèò îò ÷èñåë êîâàðèàíòíî-ïîñòîÿííûõ êèðàëüíûõ ñïèíîðîâ íà ñîîòâåòñòâóþùèõ ôàêòîð-
ïðîñòðàíñòâàõ è çíàêîâûõ ìíîæèòåëåé äëÿ áðàí. Ïðåäñòàâëåíû òî÷íûå ñóïåðñèììåòðè÷íûå ðåøåíèÿ äëÿ òðåõ
Ì-áðàí íà ïðîèçâåäåíèè ðè÷÷è-ïëîñêèõ ìíîãîîáðàçèé ñî ñïèíîðíîé ñòðóêòóðîé. Äëÿ êàæäîé èç êîíôèãóðàöèé
ïîëó÷åíî ÷èñëî ñóïåðñèììåòðèé è ïðèâåäåíû êîíêðåòíûå ïðèìåðû ðåøåíèé ñ ðàçëè÷íûìè ðè÷÷è-ïëîñêèìè ôàêòîð-
ïðîñòðàíñòâàìè.

Êëþ÷åâûå ñëîâà: Ì-áðàíû, ñóïåðñèììåòðèè, ïàðàëëåëüíûå ñïèíîðû, ñóïåðãðàâèòàöèÿ.
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Particle number production and time variation with non-equilibrium quantum

�eld theory
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We study the particle number production and its time variation using non-equilibrium quantum �eld theory. We study the
model proposed by Hotta et.al. [1] for particle number production with a heavy neutral scalar and a light complex scalar.
The interaction Lagrangian contains CP violating phase and particle number violating interaction among the scalars. The
particle number violating mass term is also introduced, which splits a complex scalar into two real scalars with small
non-degenerate mass. Therefore, the term generates particle and anti-particle mixing. We study the long time behavior of
the particle number production rate.

Keywords: particle number production, non-equilibrium quantum �eld theory.

1 Introduction

Study of the mechanism of the particle number pro-
duction is a very important issue in baryogenesis and
leptogensis. In experiments, there are many phenom-
ena which violate the particle number. Such phenom-
ena includes BB̄ mixing and neutrino �avor oscillation.
While they can be treated with time evolution of pure
state, the baryogenesis and leptogenesis occur in the
environment where the statistical treatment is suitable.
This is because they occur when the de�nite particle
number of the universe is unknown. In this study, We
use the non-equilibrium �eld theory with the density
matrix and study the time evolution of the particle
number. This paper is organized as follows. In sec-
tion II, we propose a particle number violating model
which consists of a heavy neutral scalar and one com-
plex scalar. In the next section, the current associated
with the particle number is written in terms of a Green
function of non-equilibrium �eld theory. In section III,
the particle number production rate is computed and
its property is discussed. The �nal section is devoted
to conclusion.

2 Lagrangian for the scalar model and Parti-
cle Number Production

In the previous paper [1], we proposed the following
model for particle number production with the inter-
action.

L =
1

2
∂µN∂

µN − M2
N

2
N2 +

+ ∂µφ
†∂µφ−m2

φφ
†φ+AφNφ

†φ

+ B2φ2 +ANφ2 + h.c., (1)

where N is a real scalar and φ is a complex scalar.
There are two types of the interaction. One is parti-
cle number conserving interaction which coe�cient is
given by Aφ and the other is particle number violat-
ing interaction with the coe�cient A. There are also
two types of mass term. One of them with the coef-
�cient B2 violates the particle number and the other
one is a particle number conserving one given by the
mass term m2

φφ
†φ. One may take a phase convention

that B2 is real and A is complex. We denote the
phase A as φA = arg.A and it is a source of CP vi-
olation. The mass term B2 breaks U(1) symmetry and
it splits one complex scalar �elds into the two mass
eigenstates of real scalars. Introducing two real scalars
as φ = 1√

2
(φ1 + iφ2), the Lagrangian is rewritten as,

L =
1

2
(∂µN∂

µN −M2
NN

2)

+
1

2

2∑
i=1

(∂µφi∂
µφi −m2

iφ
2
i ) +

∑
ij

φiAijφjN, (2)

with m2
1 = m2

φ − B2,m2
2 = m2

φ + B2. Aij is a two by
two matrix and is given by,

A =

(
|A| cosφA +

Aφ
2 −|A| sinφA

−|A| sinφA −|A| cosφA +
Aφ
2

)
. (3)

3 Computing the current for U(1) charge;
particle number

The particle number associated with the complex
�eld φ is a U(1) current.

jµ = i(φ†∂µφ− ∂µφ†φ)

= φ2∂µφ1 − ∂µφ2φ1. (4)
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We compute the divergence of the U(1) current with
some initial condition speci�ed with the density ma-
trix.

〈jµ(X)〉 = Tr (jµ(X)ρ(0)) , (5)

where ρ(0) represents an initial quantum statistical
state;

ρ(0) =
exp[−β(H0 − µL)]

Tr[exp[−β(H0 − µL)]]
. (6)

L is U(1) charge given by L =
∫
d3xj0 and β is 1

T with
the temperature T . µ is chemical potential. We as-
sume that at t = 0 all the interaction terms including
U(1) breaking mass term are zero and t > 0, suddenly
they are switched on. Therefore at t=0, Hamiltonian
H0 and particle number L commute as;

[H0, L] = 0, (7)

and at later time t > 0, the U(1) breaking terms are
switched on and the particle number is not conserved.

[H,L] 6= 0. (8)

In t = 0, Eq.(7), the density matrix can be written by
the following product,

ρ(0) =
exp(−µL) exp(−βH0)

Tr[exp(−µL) exp(−βH0)]
. (9)

With the property Eq.(7), one can write the density
matrix even for non-zero chemical potential case. Us-
ing the density matrix, the initial particle number at
t = 0 is given as,

〈L(0)〉 ≡ TrL(0)ρ(0)

=

∫
V d3k

(2π)3

sinhµβ

coshβωk − coshβµ
. (10)

When chemical potential is zero, the initial particle
number is zero. In the following, we use the density
matrix of µ = 0 and focus on the particle number pro-
duction with the interaction.

4 Green function and U(1) current

U(1) current de�ned in Eq.(5) can be written in
terms of the Green function of non-equilibrium �eld
theory; [2], [3], [4],

G12
12(x, y) = < φ1(x)ρ(0)φ2(y) >

= Tr(φ2(y)φ1(x)ρ(0)). (11)

The lower indices distinguish the species of the light
scalar �elds; φi(i = 1, 2). The upper indices distin-
guish whether the operator is on the time ordered path
1 or on anti-time ordered path 2 in closed time path
formulation [5]. Using the de�nition, the divergence
of the averaged current with the density matrix is the

production rate per unit time and unit volume. This
can be related to the Green function as follows,

∂

∂Xµ
〈Jµ(X)〉 = (2x −2y)G12

12(x, y)
∣∣∣
x=y=X

.

(12)

If the space translation invariance holds, the current
depends on only time. If this is the case, the diver-
gence of the current is equal to time derivative of the
particle number density,

∂

∂Xµ
〈Jµ(X)〉 =

∂

∂X0
〈J0(X0)〉. (13)

With the help of 2 PI (Two Particle Irreducible) formu-
lation of the non-equilibrium quantum �eld theory [6],
we derive Schwinger Dyson equation for the Green
functions in [1]. The Schwinger Dyson equation can
be solved perturbatively and the divergence of U(1)
current obtained in one-loop level. We �nd,

∂

∂Xµ
〈Jµ(X)〉 ' −4|A| sinφAAφ∫
d3p

2ωp(2π)3

∫
d3k

2ωk(2π)3

1

2ωN

{(nk + 1)nN (np + 1)− nk(nN + 1)np}
{I(ω2p + ω2k − ωN , X0)

−I(ω1p + ω1k − ωN , X0)}. (14)

where we have ignored the terms which is proportional
to B2 and ωik =

√
m2
i + k2(i = 1, 2). The time depen-

dent function I is given as,

I(Ω, X0) =
cos ΩX0 − 1

Ω
, (15)

where nN , nk(np) denote the thermal equilibrium dis-
tribution function for N and φ given as,

nN =
1

exp(βωN (k + p))− 1
,

nk =
1

exp(βωk)− 1
. (16)

In the divergence of the current, �rst we study the fac-
tor related to distributions,

(nk + 1)nN (np + 1)− nk(nN + 1)np. (17)

The �rst term implies the decay N to two light scalars
while the second term implies inverse decay. If the en-
ergy conservation in the following sense, holds,

ωk + ωp = ωN (p+ k), (18)

then,

(nN + 1)nknp = nN (nk + 1)(np + 1). (19)

The particle number production is cancelled between
the decay process and inverse decay process. Therefore
the net particle number can not be produced if the en-
ergy conservation of Eq.(18) is satis�ed. Next we study
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the coupling constants in Eq.(14). The production rate
is proportional to CP violating phase φA. In addition
to CP violation, both types of the interactions, one
is CP conserving and particle number conserving one
Aφ and the other is CP violating and particle number
violating one A are required. Finally we study time
dependence. We are interested in the time length for
which coherence of the two amplitudes in Eq.(14) cor-
responding to the N → φi(k)φi(p) (i = 1, 2) is not
lost yet. When the coherence remains, one can use the
approximation,

I(ω2p + ω2k − ωN , X0)− I(ω1p + ω1k − ωN , X0)

' sin Ω0X
0

Ω0
sin{( B

2

2ωk
+
B2

2ωp
)X0}, (20)

where Ω0 = ωN − ωk − ωp. We have used the approxi-
mation,

ω2k =
√
k2 +m2

φ +B2 = ωk +
B2

2ωk
,

ω1k =
√
k2 +m2

φ −B2 = ωk −
B2

2ωk
.

We consider when X0 is large and is proportional to
1
B2 . In the limit of small B2 with �xed B2X0, the time
dependent factor becomes,

I(ω2p + ω2k − ωN , X0)− I(ω1p + ω1k − ωN , X0)

' πδ(Ω0) sin{( B
2

2ωk
+
B2

2ωp
)X0}. (21)

Substituting the time dependent factor, the divergence
of the current is,

∂

∂Xµ
〈Jµ(X)〉 ' −4|A| sinφAAφ∫
d3p

2ωp(2π)3

∫
d3k

2ωk(2π)3

1

2ωN
πδ(ωN − ωk − ωp)

{(nk + 1)nN (np + 1)− nk(nN + 1)np}

× sin{( B
2

2ωk
+
B2

2ωp
)X0}. (22)

The presence of the delta function implies the energy
conservation ωN = ωk +ωp holds. Therefore the decay
contribution and inverse decay contribution are can-
celled each other. Below, we consider only the decay

contribution.

∂

∂Xµ
〈Jµ(X)〉

∣∣∣
Decay

' −4π|A| sinφAAφ∫
d3p

2ωp(2π)3

∫
d3k

2ωk(2π)3

1

2ωN
δ(ωN − ωk − ωp)

eβ(ωk+ωp)

(eβωk − 1)(eβωk − 1)(eβωN − 1)

× sin{( B
2

2ωk
+
B2

2ωp
)X0}

' − 1

64π3
|A|AφT 2 sinφA∫ ∞

βmN

dU

sinh U
2

∫ Vmax(U)

0

dV
sin 2βB2X0U

U2−V 2

cosh U
2 − cosh V

2

,

(23)

where

U = β(ωk + ωp), V = β(ωk − ωp), (24)

and

Vmax =

√
(1−

4m2
φ

m2
N

)(U2 − β2m2
N ). (25)

We introduce the following dimensionless quantities,

β̂ = βmφ, X̂0 = mφX
0, B̂ =

B

mφ
, m̂N =

mN

mφ
. (26)

To study the long time behaviour of the production
rate X̂0 ∼ 1

B̂2
, we de�ne the rescaled time t,

t =
B2X0

mφπ
=
B̂2X̂0

π
. (27)

Using Eq.(27), one may write the time dependent part
as,

F [t, β̂] =
1

β̂2

∫ ∞
β̂m̂N

dU

sinh U
2

×
∫ Vmax(U)

0

dV
sin 2πβ̂Ut

U2−V 2

cosh U
2 − cosh V

2

. (28)

In Fig.1, we show the time dependent factor Eq.(28)
of the production rate as a function of the dimen-
sionless rescaled time t for three inverse temperature
β̂ = 1

10 ,
1
20 ,and

1
30 . We choose m̂N = 20. We can see

the the production rate oscillates and the amplitude
decreases. As temperature grows, the production rate
becomes larger.

5 Conclusion

• We compute the time variation of the particle
number with a scalar model.
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Figure 1: Time dependence of the production rate of the particle number density. The dashed line corresponds to β̂ = 1
10
,

the thick solid line corresponnds to β̂ = 1
20

, and the thin solid line corresponds to β̂ = 1
30
.

• In the model, a neutral scalar and one complex
scalar are included. U(1) charge related to the
complex scalar is the particle number.

• The particle number and CP symmetry are vio-
lated due to the mass term and the interaction.

• Due to U(1) soft-breaking term, one complex
scalar is not a mass eigenstate and mass eigen-
states are two real scalars with non-degenerate
mass.

• We have computed the time dependence of the
production rate of the particle number density.

• The rate oscillates and is damping in their am-
plitude. The oscillation period is larger for the
smaller non-degeneracy.

• Because of the damping, the particle number pro-
duced during the �rst half cycle of the oscillation,

may remain after the integration of the rate with
respect to time.

• We have not included the e�ect of the expand-
ing universe, which e�ect leads to the decay and
inverse decay contribution may not cancel.

• As an extension of our work, one can consider
the case for < L(0) > 6= 0 and how the ini-
tial particle number is washed out. Also we
may apply the method to �avored leptogenesis;
Le(t), Lµ(t), Lτ (t).
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Ð. Õîòòà, Õ. Òàêàòà, T. Ìîðîçóìè.

ÎÏÅÐÀÒÎÐ ×ÈÑËÀ ×ÀÑÒÈÖ È ÂÐÅÌÅÍÍÀß ÝÂÎËÞÖÈß Â ÍÅÐÀÂÍÎÂÅÑÍÎÉ
ÊÂÀÍÒÎÂÎÉ ÒÅÎÐÈÈ ÏÎËß

Ìû èçó÷àåì âðåìåííóþ ýâîëþöèþ îïåðàòîðà ÷èñëà ÷àñòèö â ðàìêàõ íåðàâíîâåñíîé êâàíòîâîé òåîðèè ïîëÿ. Èñïîëüçóåòñÿ
ìîäåëü, ïðåäëîæåííàÿ Õîòòîì è äð. [Hotta R., Morozumi T. and Takata H. AIP Conf. Proc. 1467, 239 (2012)] äëÿ
îïåðàòîðà ÷èñëà ÷àñòèö ñ òÿæåëûì íåéòðàëüíûì ñêàëÿðîì è ëåãêèì êîìïëåêñíûì ñêàëÿðîì.

Ëàãðàíæèàí âçàèìîäåéñòâèÿ ñîäåðæèò CP íàðóøàþùèå ôàçû è ÷èñëî ÷àñòèö, íàðóøàþùèå âçàèìîäåéñòâèå
ìåæäó ñêàëÿðàìè. Ââîäèòñÿ òàêæå ÷èñëî ÷àñòèö, íàðóøàþùåå ìàññîâûé ÷ëåí, êîòîðûé ðàñùåïëÿåò êîìïëåêñíûå
ñêàëÿðû íà äâà âåùåñòâåííûõ ñêàëÿðà ñ ìàëîé íåâûðîæäåííîé ìàññîé. Òàêèì îáðàçîì, âîçíèêàåò ÷ëåí â ëàãðàíæèàíå,
ïîðîæäàþùèé ñìåøèâàíèå ÷àñòèö è àíòè÷àñòèö. Ìû èçó÷àåì ïîâåäåíèå ñêîðîñòè ðîæäåíèÿ ÷àñòèö íà áîëüøèõ
âðåìåíàõ.

Êëþ÷åâûå ñëîâà: particle number production, íåðàâíîâåñíàÿ êâàíòîâàÿ òåîðèÿ ïîëÿ.
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model
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In QCD a non-perturbative e�ect is essential in low energy phenomena. A usual perturbative procedure loses its validity. A
four-fermion interaction model is used to evaluate the low energy phenomena for quarks and gluons. Since the four-fermion
interaction is nonrenormalizable, the results depend on the regularization parameter in four spacetime dimensions. Here
we show the possibility to eliminate the regularization parameter dependence for some of physical observables.

Keywords: four-fermion interaction, dimensional regularization.

1 Introduction

The quantum chromodynamics (QCD) is the fun-
damental theory for color charged particles. Because
of the asymptotic freedom the coupling constant for
the QCD interaction blows up below the QCD scale
∼ 1GeV. The QCD dynamics is essetially nonpertur-
bative at low energy. We need to use the method free
from the usual perturbative expansion in terms of the
coupling constant.

One of the methods is developed under a phe-
nomenological model of QCD. Nambu and Jona-
Lasinio introduce a four-fermion interaction model as a
low energy phenomenological model for hadrons [1, 2].
We can adopt the 1/N expansion method as a non-
perturbative approach. Then the model spontaneously
breaks the chiral symmetry and well describes the low
energy phenomena [3�5].

The four-fermion interaction is described by an op-
erator whose mass dimension is 2D−2 in D space-time
dimensions. The operator is irrelevant and the model
is nonrenormalizable for D > 2 in a sense of the usual
perturbation. The model is renormalizable in three
dimensions in the 1/N expansion scheme [6�8]. The
model is nonrenormalizable in four dimensions. The
result depends on the regularization parameter, after
we apply a normal renormalization procedure [10].

On the other hands, the four-fermion interaction is
known to be trivial in four dimensions [9]. The four-
fermion interaction model reduces to a free fermion the-
ory. All the radiative corrections disappear at the naive
four dimensional limit. At a glance the model seems
to be renormalizable in four-dimensions. However, the
four-fermion interaction vanishes and we lose all the
dynamics.

In this paper a simple scalar type four-fermion in-
teraction is considered. We evaluate the model in 4−2ε
dimension. The regularization dependence can be elim-

inated by taking the limit, ε → 0. We show that the
four-fermion interaction vanishes at the limit but the
results are not always reduces to the free fermion the-
ory.

2 Four-fermion interaction model

Here we consider a simple model with scalar type
four-fermion interactions.

L = ψ̄ (i∂/−mi)ψ +G
[
(ψ̄ψ)2 + (ψ̄iγ5ψj)

2
]
, (1)

where ψ describes a quark �eld. We suppose the order
of the coupling constant G to be GNc ' O(1), where
Nc is the number of colors.

2.1 Vacuum diagram

Here we calculate the chiral condensate 〈ψ̄ψ〉. In
the leading order of 1/Nc expansion, it is given by,

〈ψ̄ψ〉 = M4−D
∫

dDp

i(2π)D
tr

1

p/−m∗
, (2)

where m∗ represents the constituent quark mass, �tr�
denotes the trace with respect to spinor and color in-
dices. We rescale the chiral condensate by multiply-
ing the mass scale M in order to have the mass di-
mension in four-dimension. Evaluating the integral in
D(≡ 4− 2ε) dimensions [11�15], we obtain

〈ψ̄ψ〉 = −NcM
4−D

(2π)D/2
Γ

(
1− D

2

)
m∗(m∗2)D/2−1. (3)

At the four dimensional limit Eq.(3) reduces to

〈ψ̄ψ〉 → Nc
(2π)2

1

ε
m∗3. (4)

Thus the chiral condensate is divergent at the limit,
ε→ 0.
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2.2 Diagram with two external lines

The constituent quark mass, m∗, is given by the
non-trivial solution for the gap equation,

m∗ = m+2G
NcM

4−D

(2π)D/2
Γ

(
1− D

2

)
m∗(m∗2)D/2−1. (5)

Taking the four dimensional limit, we obtain

m∗ → m− 2NcG

(2π)2

1

ε
m∗3. (6)

The parameter of the model can be �xed to repro-
duce some of low energy phenomena. It is know
that the four-fermion coupling, G, behaves as O(ε)
in the dimensional regularization, see, for example,
Refs. [16�18]. Thus the four-fermion coupling vanishes
at the limit, ε → 0, but a �nite correction remains at
the second term of the right-hand side in Eq.(6).

2.3 Diagram with four external lines

We consider the radiative correction of the four-
fermion coupling for the scalar S channel. It is given
by the summation of all bubble-type diagrams in the
leading order of the 1=N expansion [14],

Gs(k
2) =

4G2

2G−Π(k2)
, (7)

where Π(p2) is

Π(k2)

= −4G2M4−D
∫

dDp

i(2π)D
tr

(
1

p/−m∗
1

p/− k/−m∗

)
.

(8)

At the four dimensional limit Eq. (8) simpli�es to

Π(k2)→ G2 2Nc
(2π)2

1

ε
(k2 − 6m∗2). (9)

Thus the four-point function for the scalar S channel
is found to be

Gs(k
2) =

2(2π)2

Nc
ε

1

−k2 + 6m∗2 + (4π)2ε/(NcG)
. (10)

It vanishes at the four dimensional limit, but a scalar
meson pole is found at

k2 = 6m∗2 +
(4π)2ε

NcG
. (11)

Thus we can obtain a �nite scalar meson mass.

3 Order counting of divergence

Finiteness of the radiative corrections can be di-
agrammatically understood by counting the ε depen-
dence. We consider a diagram with #e external, #i
internal lines and #v4 four-fermion interactions. There
is a relationship

#e+ 2#i = 4#v4. (12)

A momentum integral is assigned on each internal lines
and a delta function on each vertices. One of the delta
functions shows the overall momentum conservation
between the external lines. Thus the number of the
loop integrals, #l, is given by

#l = #i−#v4 + 1. (13)

From Eqs. (12) and (13) we obtain

#e = 2(#v4 −#l + 1). (14)

Each loop integrals behave as at most O(1/ε) in the
dimensional regularization. The four-fermion interac-
tion behaves as O(ε). Thus the order of a diagram with
#e external lines is O(ε(#e−2)/2). Any odd number is
not allowed for #e in the NJL model. Hence, only the
vacuum diagram, #e = 0, is divergent at the four di-
mensional limit. The diagram with two external lines
is �nite. If the number of the external lines is greater
than two, #e > 2, the diagram have to be vanish at the
four dimensional limit. As is known, the NJL model is
trivial in four dimensions. It should be noted that the
chiral condensate and the constituent quark mass are
represented by the vacuum diagram and the diagram
with two external lines, respectively.

The order of the each diagram is �xed by only the
number of the external lines. The order cannot be mod-
i�ed by any radiative corrections. It means that all the
radiative corrections, δrad, have to be �nite in four di-
mensions.

I = Itree(1 + δrad), (15)

where I and Itree represent the value for a diagram at
the full and the tree level, respectively. Some of low
energy phenomena can be evaluated from the �nite ra-
diative corrections, δrad [16�18]. The obtained proper-
ties are independent on the regularization parameter,
ε.

4 Further cancellation

In Sec. 2 we assume that the mass scale,M , is con-
stant and take the four-dimensional limit. The mass
scale, M , is introduced to modi�es the mass dimension
by hand. It is one of parameters of the model to be
�xed. If the scale, M , changes as a function of the
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dimension, D, the four dimensional limit may be mod-
i�ed. According to the procedure in Ref. [16, 18], we
�nd that the mass scale behaves asM4−D → O(ε) and
GM4−D → O(ε). Then we �nd

〈ψ̄ψ〉 → NcM
4−D

(2π)2

1

ε
m∗3, (16)

m∗ → m− 2NcGM
4−D

(2π)2

1

ε
m∗3, (17)

and

Gs(k
2) =

2(2π)2

Nc
ε

1

−k2 + 6m∗2 + (4π)2ε/(NcGM4−D)
.

(18)

Eqs.(16) and (17) are convergent and Eq.(18) vanishes
at the four-dimensional limit.

In the dimensional regularization a loop integral is
rescaled in order to have the correct mass dimension.∫

dDp

i(2π)D
→M4−D

∫
dDp

i(2π)D
. (19)

Since the integral behaves as at most O(1/ε) in the
dimensional regularization, all the divergences can be
cancelled by the vanishing factor, M4−D → O(ε), at
the limit, ε → 0. Thus the vacuum diagram is also
convergent at the four dimensional limit.

5 Conclusion

We have studied the regularization parameter
dependences of a four-fermion interaction model.
The four-fermion interaction vanishes at the four-
dimensional limit. Thus the theory reduces to be free
at the limit. All the divergence in n-point functions
can be canceled not only at the leading order but also
at an arbitrary order. If n > 2 the diagram vanishes
at the four dimensional limit. Some meson properties
can be evaluated at this free fermion limit.

In our approach we may drop some part of physics.
Here we regard the model as a low energy e�ective
model of QCD. We may drop some parts of physics
in the four-fermion model. However, the procedure is
useful, if it can describe some QCD phenomena. We
hope that the bubble type diagrams, i.e. meson prop-
agation processes, contribute to the results, and some
quark propagation processes are dropped.

The renormalizability of the scalar type four-
fermion model is not discussed in this paper. It is also
interesting to apply a normal renormalization proce-
dure to subtract the divergence. We will continue the
work in this direction and hope to publish reports on
this problem.
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T. Èíàãàêè

ÍÅÇÀÂÈÑÈÌÛÉ ÎÒ ÏÀÐÀÌÅÒÐÀ ÐÅÃÓËßÐÈÇÀÖÈÈ ÏÎÄÕÎÄ Â
×ÅÒÛÐÅÕÔÅÐÌÈÎÍÍÎÉ ÌÎÄÅËÈ ÂÇÀÈÌÎÄÅÉÑÒÂÈß

Â êâàíòîâîé õðîìîäèíàìèêå íåïåðòóðáàòèâíûé ýôôåêò ÿâëÿåòñÿ íåîòúåìëåìûì ÿâëåíèåì ïðè íèçêèõ ýíåðãèÿõ.
Îáû÷íàÿ ïåðòóðáàòèâíîñòü òåðÿåò ñèëó. ×åòûðåõôåðìèîííàÿ ìîäåëü âçàèìîäåéñòâèÿ èñïîëüçóåòñÿ äëÿ îöåíêè
ÿâëåíèÿ íèçêèõ ýíåðãèé äëÿ êâàðêîâ è ãëþîíîâ. Òàê êàê ÷åòûðåõôåðìèîííîå âçàèìîäåéñòâèå íåïåðåíîðìèðóåìî,
ðåçóëüòàòû çàâèñÿò îò ïàðàìåòðà ðåãóëÿðèçàöèè â ÷åòûðåõìåðíîì ïðîñòðàíñòå-âðåìåíè. Çäåñü ìû ïîêàæåì âîçìîæíîñòü
óñòðàíåíèÿ çàâèñèìîñòè ïàðàìåòðà ðåãóëÿðèçàöèè äëÿ íåêîòîðûõ ôèçè÷åñêèõ íàáëþäåíèé.

Êëþ÷åâûå ñëîâà: ÷åòûðåõôåðìèîííîå âçàèìîäåéñòâèå, ðàçìåðíàÿ ðåãóëÿðèçàöèÿ.
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Õèðîñèìñêèé óíèâåðñèòåò.
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Landau models with both worldline and target

supersymmetries: N = 2 and N = 4 examples

E. Ivanov
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We present a synopsis of superextended Landau models possessing both worldline supersymmetry and graded internal
symmetry acting in the target space. The main focus is on the recently constructed model with the worldline N = 4
supersymmetry and the target ISU(2|2) symmetry.

Keywords: supersymmetry, Landau levels, superspace.

1 Introduction

The original quantum Landau model [1] describes
a charged particle moving on a plane orthogonal to a
constant uniform magnetic �ux. Its generalization is
the spherical Landau-type model [2] which describes a
charged particle on the 2-sphere S2 ∼ SU(2)/U(1) in
the Dirac monopole background.

Superextensions of the Landau and Haldane models
deal with non-relativistic particles moving on super-
group manifolds with S2 or its planar limit as a �body�.
Minimal superextensions of the S2 Haldane model are:

1. Landau problem on the (2 + 2)-dimensional super-
sphere SU(2|1)/U(1|1) [3, 4];
2. Landau problem on the (2+4)-dimensional super�ag
SU(2|1)/[U(1)× U(1)] [4, 5].

Their large S2 radius limits yield planar super Lan-
dau models [6�9]. Most surprising feature of the su-
per planar Landau problems is the hidden world-line
N = 2 supersymmetry. Thus, the super planar Lan-
dau models simultaneously provide a class of super-
symmetric quantum mechanics (SQM) models. SQM
models [10] have a plenty of applications in diverse do-
mains.

A natural approach to constructing super planar
Landau models is as follows. One takes the notion of
the world-line N = 2 SUSY as the primary one and
reproduces the planar Landau model and its most gen-
eral N = 2 supersymmetric version from a worldline
super�eld formalism [9,11]. Recently, this �bottom-up�
approach was applied for constructing the �rst exam-
ple of super Landau model with the worldline N = 4
supersymmetry [12]. We found the target space super-
symmetry ISU(2|2) as a natural generalization of the
ISU(1|1) symmetry of the N = 2 case. The present
talk is devoted to a short account of this construction,
with collecting, as a prerequisite, some salient facts

about the ordinary and N = 2 supersymmetric Lan-
dau models.

Note that sigma models with the supergroup tar-
get spaces received much attention for the last years,
in particular, in connection with superbranes (see, e.g.,
[13�15]).

2 Bosonic Landau models

The Lagrangian and Hamiltonian of the planar
bosonic Landau model are given by the following ex-
pressions

Lb = |ż|2 − iκ (żz̄ − ˙̄zz) = |ż|2 + (Az ż +Az̄ ˙̄z) , (1)

where

Az = −iκz̄, Az̄ = iκz, ∂z̄Az − ∂zAz̄ = −2iκ ,

and

Hb =
1

2

(
a†a+ aa†

)
= a†a+ κ , (2)

where

a = i(∂z̄ + κz), a† = i(∂z − κz̄), [a, a†] = 2κ .

The invariances of the model are the �magnetic
translations� and 2D rotations generated by

Pz = −i(∂z + κz̄), Pz̄ = −i(∂z̄ − κz), Fb = z∂z − z̄∂z̄,

[Pz, Pz̄] = 2κ, [H,Pz] = [H,Pz̄] = [H,Fb] = 0.

The n-th Landau level (LL) wave function is de�ned
as

Ψ(n)(z, z̄) = [i(∂z − κz̄)]ne−κ|z|
2

ψ(n)(z),

HΨ(n) = κ(2n+ 1)Ψ(n) .

Each LL is in�nitely degenerate due to (Pz, Pz̄) invari-
ance.

The S2 generalization of the planar Landau model
is de�ned by the following SU(2) invariant Lagrangian

Lb =
1

(1 + |z|2)2
|ż|2 + is

1

1 + |z|2
(żz̄ − ˙̄zz) , (3)
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where the 2nd term is the d = 1 Wess-Zumino term on
the coset SU(2)/U(1) ∼ S2.

The relevant wave functions are �nite-dimensional
SU(2) irreps, s, s+ 1, s+ 2, . . . s+ ` being their �spins�.
The energy spectrum is determined by the formula

E` = `(2s+ `+ 1) + 2s , ` = 0, 1, 2, . . . . (4)

Each LL is �nitely degenerated since wave functions are
SU(2) irreps. Rede�ning z → r z , H → H r2, sr2 = κ,
where r is the �inverse� radius of S2, in the limit r → 0,
with κ �xed, one recovers the planar Landau model.

3 Planar super Landau models

Planar super Landau models are the large radius
limits of the supersphere and super�ag Landau mod-
els. In this limit, the supersphere SU(2|1)/U(1|1) goes
into an (2 + 2)-dim. superplane.

The Lagrangian and Hamiltonian of the superplane
Landau model read:

L = Lf + Lb = |ż|2 + ζ̇ ˙̄ζ − iκ
(
żz̄ − ˙̄zz + ζ̇ ζ̄ + ˙̄ζζ

)
,

H = a†a− α†α = ∂ζ̄∂ζ − ∂z∂z̄
+κ

(
z̄∂z̄ + ζ̄∂ζ̄ − z∂z − ζ∂ζ

)
+ κ2

(
zz̄ + ζζ̄

)
.

The invariances are generated by Pz, Pz̄,Πζ = ∂ζ +
κζ̄,Πζ̄ = ∂ζ̄ + κζ and the new generators

Q = z∂ζ − ζ̄∂z̄ , Q† = z̄∂ζ̄ + ζ∂z ,

C = z∂z + ζ∂ζ − z̄∂z̄ − ζ̄∂ζ̄ . (5)

They form the algebra of the supergroup ISU(1|1),
contraction of SU(2|1):

{Q,Q†} = C , [Q,P ] = iΠ , {Q†,Π} = iP . (6)

The natural ISU(1|1)-invariant inner product

< φ
∣∣ψ >=

∫
dµ φ

(
z, z̄; ζ, ζ̄

)
ψ
(
z, z̄; ζ, ζ̄

)
, dµ = d2zd2ζ,

leads to negative norms for some component wave func-
tions. All norms can be made positive by introducing
the �metric� operator:

G =
1

κ

[
∂ζ∂ζ̄ + κ2ζ̄ζ + κ

(
ζ∂ζ − ζ̄∂ζ̄

)]
,

<< φ
∣∣ψ >>∼ ∫ dµ (Gφ)ψ .

Note that H commutes with G, so H = H† = H‡.
However, the hermitian conjugation properties of the
operators which do not commute with G, change. Let
O be a symmetry generator, such that [H,O] = 0.
Then

O‡ ≡ GO†G = O† +GO†G , OG ≡ [G,O] ,

and OG is another operator such that [H,OG] = 0. The
symmetry generators that do not commute with G thus
generate, in general, additional �hidden� symmetries.

In our case G commutes with all ISU(1|1) genera-
tors, except Q, Q†, hence

Q‡ = Q† − i

κ
S, S = i

(
∂z∂ζ̄ + κ2z̄ζ − κz̄∂ζ̄ − κζ∂z

)
,

S = a†α , S‡ = aα‡ .

The operators S, S‡, H formN = 2, d = 1 superalgebra

{S, S‡} = 2κH , {S, S} = {S‡, S‡} = 0 ,

[H,S] = [H,S‡] = 0 .

The LLL ground state is annihilated by S and S‡:

Sψ(0) = S‡ψ(0) = 0,

and so it is N = 2 SUSY singlet. Hence N = 2 SUSY
is unbroken and all higher LL form its irreps.

4 N = 2 super�eld formulation

One can recover the planar super Landau model
from another end, just taking the manifest N = 2
worldline supersymmetry as an input [9].

The starting point is N=2, d=1 superspace in the
left-chiral basis, (θ, θ̄, τ ≡ t + iθθ̄) . The basic objects
are N=2, d=1 chiral bosonic and fermionic super�elds
Φ = z(τ) + θχ(τ), Ψ = ζ̄(τ) + θh(τ), with χ(τ) and
h(τ) being auxiliary �elds. The super�eld action yield-
ing the superplane model action is:

S = −κ
∫
dtd2θ

{
ΦΦ̄ + ΨΨ̄ + ρ

[
ΦDΨ− Φ̄D̄Ψ̄

]}
,

where ρ = 1/(2
√
κ), κ 6= 0. On shell, the �elds h and χ

are expressed as χ = i/
√
κ ζ̇ , h = i/

√
κ ˙̄z. In terms

of physical �elds:

S ⇒
∫
dt
[
iκ
(
z ˙̄z − z̄ż + ζ ˙̄ζ − ζ̇ ζ̄

)
+
(
ż ˙̄z + ζ̇ ˙̄ζ

) ]
.

This approach triggered the idea [11] to construct
generalized N = 2 Landau models by passing to the
most general N = 2 super�eld action:

Sgen =

∫
dtd2θ

[
K(Φ, Φ̄) + V (Φ, Φ̄)ΨΨ̄

+ ρ
(
ΦDΨ− Φ̄D̄Ψ̄

) ]
=

∫
dtL . (7)

This action involves two independent super�eld poten-
tials, K(Φ, Φ̄), V (Φ, Φ̄) . Eliminating auxiliary �elds in
Φ = z + . . . ,Ψ = ψ + . . . , one gets

Lcomp = V −1 ż ˙̄z + i (żKz − ˙̄zKz̄) + (ψ − terms) . (8)

The superpotential V de�nes a target metric, while K
produces a background super gauge �eld.
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5 N = 4 super�eld action

N = 4 counterpart of the N = 2 Landau model ac-
tion is written in bi-harmonic superspace (bi-HSS) [16]:

SN=4 = − iκ
2

(∫
µ−2,0q(1,0)Aq(1,0)BCAB

− i
∫
µ0,−2ψ(0,1)Aψ(0,1)BεAB

+
1√
κ

∫
µ−2,0q(1,0)AD1,−1ψ(0,1)BεAB

)
. (9)

It involves two bi-harmonic super�elds, q(1,0)A and
ψ(0,1)B , which live on two di�erent analytic subspaces
of the N = 4, d = 1 bi-HSS. Without entering into
details, the super�elds q(1,0)A, ψ(0,1)B amount to the
following sets of the o�-shell components:

q(1,0)A ⇒ (f iA, ψaA(t)) , ψ0,1A ⇒ (χaA(t), hiA(t)) .

The �elds (f iA, χaA) are physical, while (ψaA, hiA) are
auxiliary. The o�-shell component lagrangian reads:

L ∝ (2iḟ iAfBi − ψaAψBa )CAB

+ (2χ̇aAχBa − ihiAhBi )εAB

− 2i√
κ

(ḟ iAhBi + ψaAχ̇Ba )εAB . (10)

After eliminating auxiliary �elds as hiA = − 1√
κ
ḟiA,

ψaA = i√
κ
CABχ̇

B
a , one obtains

L = κCAB ḟ
iAfBi − iκχ̇aAχaA

+
1

2

(
ḟ iAḟiA + iCABχ̇

aAχ̇Ba

)
. (11)

The Lagrangian (11) involves the Lorentz force-type
coupling to the external gauge �eld:

AiB ḟ iB , AiB = −κC D
B fiD .

This �eld is self-dual:

FiA jB := ∂iAAjB − ∂jBAiA = −2κCABεij .

The bosonic sector of (11) corresponds to the model
used in [17] to describe U(1) quantum Hall e�ect on
R4.

6 Symmetries of N = 4 model

The action (11) respects N = 4 supersymmetry:

δf iA = − i√
κ
εiaCABχ̇aB , δχaA = − 1√

κ
εiaḟAi ,

where εia are four Grassmann parameters. The corre-
sponding conserved Noether supercharge is

Sia = − i√
κ
CABχ̇aAḟiB

After quantization it becomes the generator of N = 4
supersymmetry

Besides the worldline supersymmetry the action
respects �internal� supersymmetry which is realized by
di�erential operators in the target (4 + 4) superspace
(f iA, χaB). Their set involves:

A. �Magnetic� supertranslations:

PiA = −i∂fiA + κCABf
B
i , ΠaA = ∂χaA + κχaA ,

[PiA, PjB ] = 2κεijCAB , {ΠaA,ΠbB} = 2κεabεAB .

B. Superrotations:

Qia =
1

2
(iCAB − δAB)χaB∂fAi +

1

2
(iCAB + δAB)f iB∂χAa ,

{Qia, Q̄jb} = δabT
(i
j) − δ

i
jT

(a
b) +

1

2
iδijδ

a
b Z,

{Qia, Qjb} = 0 .

Here, Z = CAB (f iB∂fiA + χaB∂χaA) is U(1) gener-
ator, T i k, T

a
b are generators of two automorphism

SU(2) groups acting on the doublet indices i and a.
The �fteen generators Qia, Q̄jb, T i k, T

a
b, Z form

the superalgebra su(2|2), a graded version of su(4).
The full target space superalgebra is

(PiA,ΠaA) o SU(2|2) = ISU(2|2) .

It is a natural generalization of the target ISU(1|1)
symmetry of the N = 2 super Landau model.

7 Quantization

We use the complex �elds:

z = f11, u = f21, ζ = χ11, ξ = χ21, and c.c.,

L = |ż|2 + |u̇|2 − iκ(żz̄ − ˙̄zz + u̇ū− ˙̄uu)

+ ζ̇ ˙̄ζ + ξ̇ ˙̄ξ − iκ(ζ̇ ζ̄ + ˙̄ζζ + ξ̇ξ̄ + ˙̄ξξ).

The quantum Hamiltonian reads

Hq = a†zaz + a†uau − α
†
ζαζ − α

†
ξαξ .

az = i(
∂

∂z̄
+ κz) , au = i(

∂

∂ū
+ κu) ,

αζ =
∂

∂ζ̄
− κζ, αξ =

∂

∂ξ̄
− κξ

[az, a
†
z] = [au, a

†
u] = 2κ,

{αζ , α†ζ} = {αξ, α†ξ} = −2κ.

The N = 4 supercharges read:

S11 := S2 =
i√
κ

(α†ξaz − a
†
uαζ),

S21 := S1 =
i√
κ

(α†ξau + a†zαζ),

{S1, S
†
1} = {S2, S

†
2} = −2Hq
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(the sign will change after rede�ning the inner prod-
uct). In the covariant notation:

{Sia, Sjb} = 2εijεabHq.

For Sia and Hq there exists a Sugawara representation

Sia = 2
√
κ(Qia + Q̄ia)− i√

κ
P iAΠaA,

H =
1

2
P iAPiA +

i

2
CAB Πa

BΠaA + 2κiZ

One can also de�ne one more N = 4 supersymmetry

Ŝia = 2i
√
κ(Qia − Q̄ia) +

i√
κ
P iAΠa

BC
AB ,

{Ŝia, Ŝjb} = 2εijεabHq.

The closure of the two N = 4 superalgebras is the
worldline su(2|2):

{Sia, Ŝjb} = 8iκ
(
εabT̂ ij − εij T̂ ab

)
, (12)

T̂ ij and T̂ ab being the R-symmetry SU(2) generators.
The wave functions are de�ned as follows:

A. The lowest Landau level (LLL), HΨ0 = 0:

Ψ0 = e−κKψ0, K = |z|2 + |u|2 + ζζ̄ + ξξ̄ ,

ψ0(z, u, ζ, ξ) = A0(z, u) + ζB0(z, u)

+ ξC0(z, u) + ζξD0(z, u) .

The LLL wave function has a four-fold degeneracy:
A0, B0, C0, D0 are closed under ISU(2|2). It is a sin-
glet of N = 4 supersymmetry.

B. Next LLs, HΨ(N) = 2κNΨ(N) , with N > 0.

Introducing the SU(2) covariant notation ai ≡
(az au) , ;αa ≡ (αζ αξ) ,, [a†i , a

j ] = 2κδji , {α†a, αb} =
2κδba , the wave function Ψ(N) can be constructed as

Ψ(N) = a†(i1a
†
i2
...a†iN )e

−κKφ(i1i2...iN )(z, u, ζ, ξ)

+α†aa
†
(i1
a†i2 ...a

†
iN−1)

e−κKψa(i1i2...iN−1)(z, u, ζ, ξ)

+ (α†)2a†(i1a
†
i2
...a†iN−2)

e−κKφ(i1i2...iN−2).(z, u, ζ, ξ)

The component wave functions form irreps of the
worldline N = 4. The N = 4 supermultiplet for N -th
level collects the SU(2) spins(
s1 =

N

2
, s2 =

N − 1

2
, s3 =

N − 2

2

)
. (13)

The degeneracy of the N -th level is

4[(2s1 + 1) + 2(2s2 + 1) + (2s3 + 1)] = 16N . (14)

Like in other super Landau models, with the stan-
dard de�nition of the inner product

〈φ|ψ〉 =

∫
dµφ(f, χ)ψ(f, χ), dµ = d4fd4χ

there are negative norms. Let Ψ(l,m), l,m = 0, 1 be

a wave function with one or two fermionic quanta α†ζ
and α†ξ . Then

〈Ψ(l,m)|Ψ(l,m)〉 ∼ (−1)l+m(||D(l,m)||2 + 2κ||B(l,m)||2

+ 2κ||C(l,m)||2 + 2κ2||A(l,m)||2),

||f ||2 :=

∫
dzdz̄dudūe−2κ|z|2−2κ|u|2f(z, u)f(z, u) .

The states with Ψ(1,0) and Ψ(0,1) have negative norm.
To cure this, one rede�nes the inner product as in

the N = 2 case

〈〈ψ|φ〉〉 := 〈Gψ|φ〉,

G = (1− 2nζ)(1− 2nξ), nζ,ξ :=
α†ζ,ξ αζ,ξ

2κ
.

The metric operator G possesses the standard proper-
ties

[Hq, G] = 0 , G2 = 1 .

With the new de�nition of the hermitian conjugation,
Hq becomes manifestly positive-de�nite:

H = a†zaz + a†uau + α‡ζαζ + α‡ξαξ .

8 Generalized N = 4 models

Most general N = 4 supersymmetric action of the
super�elds q(1,0)A and ψ(0,1)A is

Sgen =
κ

2i

(∫
µ−2,0L2,0(q(1,0)A, u, v)

− i

∫
µ0,−2ψ(0,1)Aψ(0,1)BεAB

+
1√
κ

∫
µ−2,0q(1,0)AD1,−1ψ(0,1)BεAB

)
,

where L2,0 is an arbitrary function of its arguments.
After going to components and eliminating auxiliary
�elds one obtains the on-shell Lagrangian

L = ḟ iAAiA − iκχ̇aAχaA +
1

2
ḟ iAḟiA

+ i
κ

2
(G−1)ABχ̇

aAχ̇Ba .

Here

AiA(f) = −κ
∫
dudv u−1

i

∂L2,0

∂f (1,0)A
,

GAB(f) =
κ

2

∫
dudv

∂2L2,0

∂f (1,0)A∂f (1,0)B
.

The external gauge �eld AiA(f) by construction is self-
dual on R4,

FiBjA := ∂iBAjA − ∂jAAiB = −2GABεij .
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In the bosonic sector we obtain some generalization
of the Elvang, Polchinski U(1) model in R4, with an ar-
bitrary self-dual external gauge �eld. All other terms
in the Lagrangian can be brought to the same form as
in the original N = 4 super Landau model. How to ob-
tain non-trivial target metric as in the general N = 2
Landau model? This is an open question. Perhaps
one should make use of some nonlinear versions of the
o�-shell N = 4 multiplets involved [18].

9 Outlook

Among possible physical applications of the super
Landau models outlined here (including the newN = 4
model), as well as the problems for the further study,
we would like to distinguish the following ones.

These models might constitute a basis of possible
supersymmetric versions of the Quantum Hall E�ect
(QHE) in diverse dimensions. For instance, as follows
from our consideration, QHE on R4 [17] could have a
natural N = 4 superextension described by the N = 4
Landau model. Also, we expect a close relation of the
models considered to integrable structures in the pla-
nar N = 4, d = 4 SYM theory and string theory. In-
deed, the integrable su(2|2) and su(3|2) spin chains
play an important role in these theories [19, 20], and
it would be hardly accidental that the supergroups of

similar type appear as the target space symmetries in
the quantum-mechanical super Landau models. In this
context, it is of clear interest to construct and study
curved analogs of the N = 4 Landau model based, e.g.,
on the supercoset SU(3|2)/U(2|2) ∼ C(2|2). Our pla-
nar model should be reproduced from such a curved
system in the contraction limit R → ∞. The SU(3|2)
system can be treated as a superextension of one of the
SU(3)/U(2) models studied in [21] in connection with
the four-dimensional QHE.

It is interesting to generalize our consideration to
higher N worldline supersymmetries (e.g. N = 8) and
to construct alternative N = 4 super Landau models
based on other known o�-shell N = 4, d = 1 multi-
plets, e.g. (3,4,1) and (2,4,2). The supersymmetric
Landau-type models with couplings to external non-
abelian gauge �elds (introduced by methods of ref. [22])
also present an ambitious subject for the future inves-
tigations.
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Å. Èâàíîâ

ÌÎÄÅËÈ ËÀÍÄÀÓ Ñ ÑÓÏÅÐÑÈÌÌÅÒÐÈßÌÈ ÍÀ ÌÈÐÎÂÎÉ ËÈÍÈÈ È Â
ÏÐÎÑÒÐÀÍÑÒÂÅ ÎÒÎÁÐÀÆÅÍÈß: N = 2 È N = 4 ÏÐÈÌÅÐÛ

Ïðåäñòàâëåí ñèíîïñèñ ñóïåððàñøèðåííûõ ìîäåëåé Ëàíäàó, îáëàäàþùèõ êàê ñóïåðñèììåòðèåé íà ìèðîâîé ëèíèè, òàê
è ãðàäóèðîâàííîé âíóòðåííåé ñèììåòðèåé, ðåàëèçîâàííîé â ïðîñòðàíñòâå îòîáðàæåíèÿ. Îñíîâíîå âíèìàíèå óäåëåíî
íåäàâíî ïîñòðîåííîé ìîäåëè ñ ìèðîâîé N = 4 ñóïåðñèììåòðèåé è ISU(2|2) ñèììåòðèåé ïðîñòðàíñòâà îòîáðàæåíèÿ.

Êëþ÷åâûå ñëîâà: ñóïåðñèììåòðèÿ, ìîäåëü Ëàíäàó, ñóïåðïðîñòðàíñòâî.
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In the Faddeev formulation of gravity, the metric is regarded as composite �eld, bilinear of d = 10 4-vector �elds. A unique
feature is that this formulation admits the discontinuous �elds. On the discrete level, when spacetime is decomposed into
the elementary 4-simplices, this means that the 4-simplices may not coincide on their common faces, that is, be independent.

We apply this to the particular problem of quantization of the surface regarded as that composed of virtually indepen-
dent elementary pieces (2-simplices). We �nd the area spectrum being proportional to the Barbero-Immirzi parameter γ
in the Faddeev gravity and described as a sum of spectra of separate areas.

According to the known in the literature approach, we �nd that γ exists ensuring Bekenstein-Hawking relation for the
statistical black hole entropy for arbitrary d, in particular, γ = 0.39... for genuine d = 10.

Keywords: Faddeev gravity, piecewise �at spacetime, connection, area spectrum.

1 Introduction

Here we brie�y describe Faddeev formulation of
gravity [1]. Let the metric be composed of d = 10
4-vector �elds,

gλµ = fAλ fµA. (1)

The Greek indices λ, µ, . . . = 1, 2, 3, 4, Latin capitals
A,B, . . . = 1, . . . , d. Simple example: locally, 4D Rie-
mannian space can be considered as a hyper-surface in
the 10D Euclidean space. If fA(x) were its coordinates,
then we would have

fAλ = ∂fA/∂xλ. (2)

But now fAλ (x) are a priori independent variables.
Now, in addition to the Christo�el connection, we

can write an alternative a�ne connection

Ωλ,µν = fAλ fµA,ν , Ωλµν = gλρΩρ,µν , (3)

with torsion

Tλ,[µν] = Ωλ,µν − Ωλ,νµ, Tλ[µν] = gλρTρ,[µν] (4)

and curvature, whose �nal expression is simple

Sλµ,νρ = Ωλµρ,ν − Ωλµν,ρ + ΩλσνΩσµρ − ΩλσρΩ
σ
µν = ΠAB

·(fλA,νfµB,ρ − fλA,ρfµB,ν), ΠAB = δAB − fλAfλB . (5)

The action is

∫
Ld4x =

∫
gλνgµρSλµ,νρ

√
gd4x

=

∫
ΠAB(fλA,λf

µ
B,µ − f

λ
A,µf

µ
B,λ)
√
gd4x, (6)

ΠAB = δAB − fλAfλB is projector onto the directions
orthogonal to the four 10-vectors fλA (the "vertical" di-
rections). Varying w. r. t. fλA and projecting onto the
vertical directions we �nd

bµµAT
ν
[λν] + bµλAT

ν
[νµ] + bµνAT

ν
[µλ] = 0,

bAλµ = ΠABfλB,µ. (7)

This gives

Tλ[µν] = 0 (8)

almost everywhere. Then Ωλµν = Γλµν , and the action
is the Einstein's one.

2 The piecewise constant �elds

The action does not contain any of the squared
derivatives (fAλ,µ)2 and therefore it is �nite on the

discontinuous fAλ and gλµ. Consider a piecewise �at
(composed of the �at 4-simplices) manifold. It can
approximate (in the sense of curvature averaged over
regions) general smooth manifold. Allowing disconti-
nuities of the (induced on the 3D faces) metric gλµ
means that the 4-simplices may not coincide on their
common faces, that is, be independent. Also we can
approximate general smooth manifold by independent
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hypercubes (were these hypercubes coinciding on their
3D faces, the metric would be strongly restricted).

To evaluate the action for this system, we con-
sider [2] the neighborhood of a triangle σ2

0 where the
4-simplices σ4

1 , . . . , σ
4
i , . . . , σ

4
n and their 3D faces σ3

i =
σ4
i ∩ σ4

i+1 (σ3
n = σ4

n ∩ σ4
1) are meeting, and fAλ are

independent in these 4-simplices.
In
∫
Ld4x =

∫
(fλA,λf

µ
B,µ−fλA,µf

µ
B,λ)ΠAB√gd4x the

Eq. (fλA,λf
µ
B,µ−fλA,µf

µ
B,λ) is ∝ δ-function with support

on σ2
0 and the Eq. ΠAB√g is ∝ Heaviside θ-function

in the neighborhood of σ2
0 with discontinuities on σ3

i ,
i = 1, . . . , n. The product of δ and θ-functions is not
well-de�ned. However, the action is unambiguous in
the leading order over variation of fAλ from 4-simplex
to 4-simplex. Vice versa, the action obtained correctly
reproduces the continuum one in the continuum limit,
when this variation of fAλ tends to zero.

3 Connection representation of the Faddeev
action

Write down Cartan-Weyl action for SO(10),

S =

∫
fλAf

µ
BR

AB
λµ

√
gd4x,

RABλµ = ∂λω
AB
µ − ∂µωABλ + (ωλωµ − ωµωλ)AB . (9)

Excluding ωABλ via Eqs. of motion yields the Einstein
action [3]. Performing this operation with the following
condition ful�lled,

ωABν fλAf
µ
B = 0, (10)

we get the Faddeev action.
We can generalize the above connection represen-

tation by adding the 1/γ-term to the action so that

S =

∫ (
fλAf

µ
B +

ελµνρ

2γ
√
g
fνAfρB

)
RABλµ (ω)

√
gd4x

+

∫
Λν[λµ]ω

AB
ν fλAf

µ
B

√
gd4x, (11)

where Λν[λµ] are Lagrange multipliers at the local gauge

violating condition. Excluding ωABλ via Eqs. of motion
yields the generalized Faddeev action,

S =

∫
ΠAB

[
(fλA,λf

µ
B,µ − f

λ
A,µf

µ
B,λ)
√
g

− 1

γ
ελµνρfλA,µfµB,ρ

]
d4x. (12)

Using vertical components of the Eqs. of motion we
get the Einstein action. It is remarkable that param-
eter γ, the analog of the Barbero-Immirzi parameter

for the Cartan-Weyl form of the Einstein general rel-
ativity, provides nonzero contribution to the Faddeev
action (in contrast to the case of Einstein gravity).

4 Discrete connection representation for the
Faddeev action

To get this representation, we take 1) discrete con-
nection representation for the Einstein action (that is,
for Regge calculus), now with SO(10) connection, +
2) discrete form of the local gauge violating condition
(10). The 1) is the sum over triangles σ2,

Sdiscr =
∑
σ2

A(σ2) arcsin

[
vσ2AB

2A(σ2)
RABσ2 (Ω)

]
. (13)

Here vσ2AB is (dual) bi-vector of the triangle σ2, A(σ2)
is the module of vσ2AB (the area), RABσ2 (Ω) is holon-
omy of the discrete connection, the product of SO(10)-
matrices ΩABσ3 over tetrahedra σ3 sharing σ2. Exclud-
ing Ω via Eqs. of motion we get Einstein (Regge) ac-
tion [2].

The form of 2) is straightforward,

Ωσ3ABv
AB
σ2 = 0. (14)

Here σ2 is the face of the one of two 4-simplices σ4

containing σ3 and in which vσ2AB is de�ned.

To summarize, the versions of the Faddeev formal-
ism considered can be continuum or discrete. Besides
that, these can include connection (be of the I order)
or be purely in terms of the tetrad or edge vectors (be
of the II order). We have the following correspondence
between the versions of the Faddeev gravity,

ii) continuum → iii) discrete
I order I order
↑ ↓

i) continuum → iv) discrete
II order II order

(15)

Above we have constructed the discrete connection rep-
resentation considering logical transitions i) → ii) →
iii) from genuine Faddeev formulation i), and then we
can exclude connections via Eqs. of motion, iii)→ iv).
Then it turns out that we can reproduce the well-
de�ned (leading over variation of fAλ from 4-simplex to
4-simplex) part of the Faddeev action obtained by di-
rect evaluation on the piecewise �at manifold, i)→ iv).
That is, the diagram (15) is commutative.
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5 Discrete connection action on hypercubes

As mentioned in Section 2, possibility of discon-
tinuous metrics allows to operate with the hypercube
minisuperspace decomposition of spacetime instead of
the more complex and inconvenient simplicial decom-
position. Summation over hypercubes is equivalent to
summation over vertices (sites). The action is

Sdiscr =
1

8πG

∑
sites

∑
λ,µ

√
(fλ)2(fµ)2 − (fλfµ)2

2
√
−det ‖fλfµ‖

arcsin

[
fλAf

µ
B − f

µ
Af

λ
B

2
√

(fλ)2(fµ)2 − (fλfµ)2
RABλµ (Ω)

]

+
1

8πGγ

∑
sites

∑
λ,µ

√
(ελµνρfνAfρB)2

2
arcsin [

ελµνρfνAfρB

2
√

(ελµνρfνAfρB)2
RABλµ (Ω)

]
+
∑
sites

∑
λ,µ,ν

Λλ[µν]Ω
AB
λ

·(fµAf
ν
B − fνAf

µ
B) (16)

[4], Rλµ(Ω) = Ω†λ(TT
λ Ω†µ)(TT

µ Ωλ)Ωµ, λ, µ, . . . label co-
ordinate (hypercube) directions, Tλ is translation op-
erator along the edge xλ to the neighboring site. Now
we assume Minkowsky metric signature (+, +, +, �)
and Ωλ ∈ SO(d-1,1).

6 Continuous time limit

The manifold is viewed as constructed of a set of
3D leaves of similar (here cubic) structure labeled by
a parameter t. The di�erence dt for the neighboring
leaves is assumed in�nitesimal, and di�erent variables
are assumed to have certain orders of magnitude in dt,

fA0 = O(dt), Ω0 = 1 +O(dt),

T0 = 1 + dt
d

dt
+O((dt)2). (17)

In particular, we can �nd the kinetic term pq̇ in the
resulting Lagrangian [4],

Sdiscr =

∫
dt

16πG

∑
sites

∑
λ

[√
−det ‖gλµ‖(f0

Af
λ
B − fλAf0

B)

+
1

γ
ε0λµνfµAfνB

]
(Ω†λΩ̇λ)AB + . . . . (18)

7 Area quantization

The quantization of the surface area was �rst
discussed in the continuum general relativity theory,
namely, using Ashtekar variables as early as in the

work [5]. There expression for the operator of the sur-
face area requires point splitting regularization, and
in order to preserve gauge invariance, this expression
should be modi�ed by introducing the path ordered
exponents of the connection �eld operator. Then eval-
uation of the area operator on certain set of states in
the Hilbert space of states (loop states) gives a discrete
set of values.

The surface area operators in terms of the discrete
Ashtekar type variables were considered in Ref. [6].

Now in the discrete framework, we simply need to
quantize elementary area, or the area of the 2-simplex
(triangle). Area bivectors are canonically conjugate to
the orthogonal connection matrices. This fact leads
to quantization of the elementary area in qualitative
analogy with the quantization of angular momentum
that is canonically conjugate to an orthogonal matrix
of rotation in three-dimensional space. Now we are
faced with the (d− 2)-dimensional angular momentum
whose spectrum is well-known (see, e.g., Ref. [7]). We
�nd that the elementary area spectrum is proportional
to the Barbero-Immirzi parameter γ in the Faddeev
gravity [4],

A ≡ 8πl2pγa(j), a(j) =
1

2

√
j(j + d− 4), l2p = G,

(19)

with multiplicity

g(j) =
(j + d− 5)!(2j + d− 4)

j!(d− 4)!
. (20)

8 Requirements from black hole physics

The spectrum of horizon area in the loop quan-
tum gravity (di�erent from the spectrum of the generic
surface area in that theory) was �rst used to calcu-
late the black hole entropy in Ref [8]. The require-
ment that it be (4l2p)

−1Abh where Abh is the horizon
area (Bekenstein-Hawking relation) means an Eq. for
γ. In order to take into account the so-called holo-
graphic bound principle for the entropy of any spheri-
cal nonrotating system including black hole [9�11], in
Refs [12�15] the formula for the spectrum of the hori-
zon area was chosen to coincide with the general for-
mula for the spectrum of the surface area, and corre-
sponding value of γ found.

Now the elementary area spectrum obtained can
be used to evaluate statistical black hole entropy [14].
This gives Eq. for γ for the di�erent d's,

∑
j

g(j)e−2πγa(j) = 1. (21)

Calculation for, e. g., genuine d = 10 gives
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γ = 0.393487933.... (22)

If one considers global embedding into external space,
it may require as much as d = 230 dimensions [16] and
then

γ = 0.359772297.... (23)

The dependence on d is rather weak.

9 Conclusion

Faddeev formulation allows for discontinuous met-
rics. Thus, spacetime can be virtually composed of
independent microblocks.

It can be recast to the connection representation
both in the continuum and discrete (piecewise �at min-
isuperspace) case.

Physically reasonable area spectrum is possible
which is consistent with black hole physics.
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Â. Ì. Õàöèìîâñêèé

ÍÅÊÎÒÎÐÎÅ ÑÂÎÉÑÒÂÎ È ÏÐÈÌÅÍÅÍÈÅ ÃÐÀÂÈÒÀÖÈÈ Â ÔÎÐÌÓËÈÐÎÂÊÅ
ÔÀÄÄÅÅÂÀ

Â ôîðìóëèðîâêå Ôàääååâà ãðàâèòàöèè ìåòðèêà ðàññìàòðèâàåòñÿ êàê êîìïîçèòíîå ïîëå, áèëèíåéíîå ïî d = 10 4-
âåêòîðíûì ïîëÿì. Óíèêàëüíîå ñâîéñòâî ñîñòîèò â òîì, ÷òî ýòà ôîðìóëèðîâêà äîïóñêàåò ðàçðûâíûå ïîëÿ. Íà
äèñêðåòíîì óðîâíå, êîãäà ïðîñòðàíñòâî-âðåìÿ ðàçëàãàåòñÿ íà ýëåìåíòàðíûå 4-ñèìïëåêñû, ýòî îçíà÷àåò, ÷òî 4-ñèìïëåêñû
ìîãóò íå ñîâïàäàòü íà èõ îáùèõ ãðàíÿõ, òî åñòü, áûòü íåçàâèñèìûìè.

Ìû ïðèìåíÿåì ýòî ê ÷àñòíîé ïðîáëåìå êâàíòîâàíèÿ ïîâåðõíîñòè, ðàññìàòðèâàåìîé êàê ïîâåðõíîñòü, ñîñòàâëåííàÿ
èç âèðòóàëüíî íåçàâèñèìûõ ýëåìåíòàðíûõ ïëîùàäîê (2-ñèìïëåêñîâ). Ìû íàõîäèì, ÷òî ñïåêòð ïëîùàäè ïðîïîðöèîíàëåí
ïàðàìåòðó Áàðáåðî-Èììèðöè γ â ãðàâèòàöèè Ôàääååâà è îïèñûâàåòñÿ êàê ñóììà ñïåêòðîâ îòäåëüíûõ ïëîùàäîê.

Â ñîîòâåòñòâèè ñ èçâåñòíûì â ëèòåðàòóðå ïîäõîäîì, ìû íàõîäèì, ÷òî ñóùåñòâóåò γ, ãàðàíòèðóþùåå ñîîòíîøåíèå
Áåêåíøòåéíà-Õîêèíãà äëÿ ñòàòèñòè÷åñêîé ýíòðîïèè ÷¼ðíîé äûðû äëÿ ïðèçâîëüíîãî d, â ÷àñòíîñòè, γ = 0.39... äëÿ
èçíà÷àëüíîãî d = 10.

Êëþ÷åâûå ñëîâà: ãðàâèòàöèÿ Ôàääååâà, êóñî÷íî-ïëîñêîå ïðîñòðàíñòâî-âðåìÿ, ñâÿçíîñòü, ñïåêòð ïëîùàäè.

Õàöèìîâñêèé Âëàäèìèð Ìèõàéëîâè÷, äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê.
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If the torsion exists (i.e. if the Christo�el symbols are not symmetric), it induces the four-fermion gravitational interaction.
This interaction is dominating below the Planck scale. Its regular, axial-axial part by itself does not stop the gravitational
compression. However, the anomalous, vector-vector interaction results in a natural way both in big bounce and in in�ation.

Keywords: Planck scale, gravitational four-fermion interaction, big bounce, in�ation.

1. The observation that, in the presence of torsion,
the interaction of fermions with gravity results in the
four-fermion interaction of axial currents, goes back at
least to [1, 2].

We start our discussion of the four-fermion gravita-
tional interaction with the analysis of its most general
form.

As has been demonstrated in [3], the common ac-
tion for the gravitational �eld can be generalized as
follows:

Sg = − 1

16πG

∫
d4x (−e) eµI e

ν
J

(
RIJµν −

1

γ
R̃IJµν

)
; (1)

here and below G is the Newton gravitational constant,
I, J = 0, 1, 2, 3 (and M,N below) are internal Lorentz
indices, µ, ν = 0, 1, 2, 3 are space-time indices, eIµ is the
tetrad �eld, e is its determinant, and eµI is the object
inverse to eIµ. The curvature tensor is

RIJµν = −∂µωIJν+∂νω
IJ
µ+ωIKµ ωK

J
ν−ωIKν ωKJµ,

here ωIJµ is the connection. The �rst term in equation
(1) is in fact the common action of the gravitational
�eld written in tetrad components.

The second term in equation (1), that with the dual
curvature tensor

R̃IJµν =
1

2
εIJKLR

KL
µν ,

does not vanish in the presence of spinning particles
generating torsion.

As to the so-called Barbero-Immirzi parameter γ,
its numerical value

γ = 0.274 (2)

was obtained for the �rst time in [4], as the solution of
the "secular" equation

∞∑
j=1/2

(2j + 1)e−2πγ
√
j(j+1) = 1. (3)

Interaction of fermions with gravity results, in
the presence of non-propagating torsion, in the four-
fermion action which looks as follows:

Sff =
3

2
πG

γ2

γ2 + 1

∫
d4x
√
−g[ ηIJA

IAJ

+
α

γ
ηIJ(V IAJ +AIV J)− α2 ηIJV

IV J ]; (4)

here and below g is the determinant of the metric ten-
sor, AI and V I are the total axial and vector neutral
currents, respectively:

AI =
∑
a

AIa =
∑
a

ψ̄a γ
5 γI ψa ;

V I =
∑
a

V Ia =
∑
a

ψ̄a γ
I ψa ; (5)

the sums over a in (5) extend over all sorts of elemen-
tary fermions with spin 1/2.

The AA contribution to expression (4) corresponds
(up to a factor) to the action derived long ago in
[1,2]. Then, this contribution was obtained in the limit
γ → ∞ in [5] (when comparing the corresponding re-
sult from [5] with (4), one should note that our conven-
tion ηIJ = diag(1,−1,−1,−1) di�ers in sign from that
used in [5]). The present form of the AA interaction,
given in (4), was derived in [6].

As to V A and V V terms in (4), they were derived
in [7] as follows. The common action for fermions in
gravitational �eld

Sf =

∫
d4x
√
−g 1

2
[ ψ̄ γI eµI i∇µψ− i∇µψ γ

IeµIψ] (6)

can be generalized to:

Sf =

∫
d4x
√
−g 1

2
[(1− iα) ψ̄ γI eµI i∇µψ

−(1 + iα) i∇µψ γ
IeµIψ]; (7)
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here ∇µ = ∂µ− 1
4 ω

IJ
µ γIγJ ; ωIJµ is the connection.

The real constant α introduced in (7) is of no conse-
quence, generating only a total derivative, if the theory
is torsion free. However, in the presence of torsion this
constant gets operative. In particular, as demonstrated
in [7], it generates the V A and V V terms in the grav-
itational four-fermion interaction (4).

Simple dimensional arguments demonstrate that in-
teraction (4), being proportional to the Newton con-
stant G and to the particle number density squared,
gets essential and dominates over the common inter-
actions only at very high densities, i.e. on the Planck
scale and below it.

The list of papers where the gravitational four-
fermion interaction is discussed in connection with cos-
mology, is too lengthy for this short note. Therefore, I
refer here only to the most recent one [8], with a quite
extensive list of references. However, in all those pa-
pers the discussion is con�ned to the analysis of the
axial-axial interaction.

One might expect that V A and V V terms in for-
mula (4) are small as compared to the AA one. The
argument could be as follows. Under these extreme
conditions, the number densities of both fermions and
antifermions increase, due to the pair creation, but the
total vector current density V I remains intact.

By itself, this is correct. However, the analogous
line of reasoning applies to the axial current density
AI . It is in fact the di�erence of the left-handed and
right-handed axial currents: AI = AIL − AIR. There is
no reason to expect that this di�erence changes with
temperature and/ or pressure.

So, we work below with both currents, A and V .

2. Let us consider the energy-momentum tensor
(EMT) Tµν generated by action (4). Therein, the ex-
pression in square brackets has no explicit dependence
at all either on the metric tensor, or on its derivatives.
The metric tensor enters action Sff via

√
−g only, so

that the corresponding EMT is given by relation

1

2

√
−g Tµν =

δ

δgµν
Sff . (8)

Thus, with identity

1√
−g

∂
√
−g

∂gµν
= −1

2
gµν , (9)

we arrive at the following expression for the EMT:

Tµν = −3π

2
G

γ2

γ2 + 1
gµν [ηIJA

IAJ

+
α

γ
ηIJ (V IAJ +AIV J)− α2 ηIJV

IV J ]. (10)

The nonvanishing components of this expression, writ-
ten in the locally inertial frame, are energy density

T00 = ε and pressure T11 = T22 = T33 = p (for the cor-
respondence between ε, p and EMT components see [9],
�35).

Thus, the equation of state is here

ε = −p

= − π

48
G

γ2

γ2 + 1
ρ2 [(3− 11 ζ)− α2(60− 28 ζ)] . (11)

In this expression, ρ is the total density of fermions
and antifermions, and ζ =< σaσb > is the average
value of the product of corresponding σ-matrices, pre-
sumably universal for any a and b. Since the number
of sorts of fermions and antifermions is large, one can
neglect here for numerical reasons the contributions
of exchange and annihilation contributions, as well as
the fact that if σa and σb refer to the same particle,
< σaσb >= 3. The parameter ζ , just by its physical
meaning, in principle can vary in the interval from 0
(which corresponds to the complete thermal incoher-
ence or to the antiferromagnetic ordering) to 1 (which
corresponds to the complete ferromagnetic ordering).

It is only natural that after the performed averaging
over all momenta orientations, the P -odd contributions
of V A to ε and p vanish.

3. Though for α ∼ 1 the V V interaction dominates
numerically the result (11), it is instructive to start
the analysis with the discussion of the case α = 0, at
least, for the comparison with the previous investiga-
tions. We note in particular that, according to (11),
the contribution of the gravitational spin-spin interac-
tion to energy density is positive, i.e. the discussed
interaction is repulsive for fermions with aligned spins.
This our conclusion agrees with that made long ago
in [5].

To simplify the discussion, we con�ne from now on
to the region below the Planck scale, so that one can ne-
glect e�ects due to the common fermionic EMT, which
originates from the Dirac Lagrangian.

A reasonable dimensional estimate for the temper-
ature τ of the discussed medium is

τ ∼ mPl (12)

(here and below mPl is the Planck mass). This tem-
perature is roughly on the same order of magnitude as
the energy scale ω of the discussed interaction

ω ∼ Gρ ∼ mPl . (13)

Numerically, however, τ and ω can di�er essentially.
Both options, τ > ω and τ < ω, are conceivable.

If the temperature is su�ciently high, τ � ω, it de-
stroys the spin-spin correlations in formula (11). In the
opposite limit, when τ � ω, the energy density (11)
is minimized by the antiferromagnetic spin ordering.
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Thus, in both these limiting cases the energy density
and pressure simplify to

ε = − π

16

γ2

γ2 + 1
Gρ2; p =

π

16

γ2

γ2 + 1
Gρ2 . (14)

The energy density ε, being negative and proportional
to ρ2, decreases with the growth of ρ. On the other
hand, the common positive pressure p grows together
with ρ. Both these e�ects result in the compression
of the fermionic matter, and thus make the discussed
system unstable.

A curious phenomenon could be possible if initially
the temperature is su�ciently small, τ < ω, so that
equations (14) hold. Then the matter starts com-
pressing, its temperature increases, and the correlator
ζ =< σaσb > could arise. When (and if!) ζ exceeds
its critical value ζcr = 3/11, the compression changes
to expansion. Thus, we would arrive in this case at the
big bounce situation.

However, I am not aware of any physical mecha-
nism which could result here in the transition from the
initial antiferromagnetic ordering to the ferromagnetic
one with positive ζ =< σaσb >.

Here one should mention also quite popular idea
according to which the gravitational collapse can be
stopped by a positive spin-spin contribution to the en-
ergy. However, how such spin-spin correlation could
survive under the discussed extremal conditions? The
na��ve classical arguments do not look appropriate in
this case.

4. Let us come back now to equation (11). In this
general case, with nonvanishing anomalous V V inter-
action, the big bounce takes place if the energy density
(11) is positive (and correspondingly, the pressure is
negative). In other words, the anomalous, VV interac-
tion results in big bounce under the condition

α2 ≥ 3− 11ζ

4 (15− 7ζ)
. (15)

For vanishing spin-spin correlation ζ, this condition
simpli�es to

α2 ≥ 1

20
. (16)

The next remark refers to the spin-spin contribu-
tion to energy density (11)

εζ = − π

48

γ2

γ2 + 1
Gρ2 (28α2 − 11) ζ . (17)

It could result in the ferromagnetic ordering of spins if
α2 > 11/28 . Whether or not this ordering takes place,
depends on the exact relation between Gρ and temper-
ature, both of which are on the order of magnitude of
mPl.

5. Equation (11) could have serious cosmological
implications. It is rather well-known that this equation
of state ε = −p results in the exponential expansion of
the Universe. Let us consider in this connection our
problem.

We assume that the Universe is homogeneous and
isotropic, and thus is described by the well-known
Friedmann-Robertson-Walker (FRW) metric

ds2 = dt2 − a(t)2[dr2 + f(r)(dθ2 + sin2 θ dφ2)]; (18)

here f(r) depends on the topology of the Universe as
a whole:

f(r) = r2, sin2 r, sinh2 r

for the spatial �at, closed, and open Universe, respec-
tively. As to the function a(t), it depends on the equa-
tion of state of the matter.

The Einstein equations for the FRW metric (18)
reduce to

H2 ≡
(
ȧ

a

)2

=
8πGε

3
− k

a2
, (19)

ä

a
= −4πG

3
(ε+ 3p ). (20)

They are supplemented by the covariant continuity
equation, which can be written as follows:

ε̇+ 3H(ε+ p ) = 0; H =
ȧ

a
. (21)

The energy-momentum tensor (11) dominates below
the Planck scale. Since it results in ε = −p, equation
(21) reduces to

ε̇ = 0, or ε = const. (22)

It complies with EMT (10), which can be rewritten
as

Tµν = gµνε , (23)

with

ε = − π

48
G

γ2

γ2 + 1
ρ2[3− 11ζ − α2(60− 28ζ)]. (24)

As long as this contribution to the total EMT domi-
nates below the Planck scale, it should be conserved.
Then, with gµν;µ = 0, we arrive at

∂νε = 0. (25)

Thus, the energy density and pressure, ε = −p, are here
both time-independent and coordinate-independent.

As to equation (20), it simpli�es now to

ä

a
=

8πGε

3
= const. (26)
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In this way, for ε > 0, we arrive at the following ex-
pansion law:

a ∼ exp(Ht), where H =

√
8πGε

3
= const (27)

(as usual, the second, exponentially small, solution of
eq. (26) is neglected here).

Thus, the discussed gravitational four-fermion in-
teraction, induced by torsion, results in the in�ation
starting below the Planck scale.

Somewhat more detailed discussion of the problem
can be found in [10].
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È. Á. Õðèïëîâè÷

ÁÎËÜØÎÉ ÑÊÀ×ÎÊ È ÈÍÔËßÖÈß ÂÑËÅÄÑÒÂÈÅ ÃÐÀÂÈÒÀÖÈÎÍÍÎÃÎ
×ÅÒÛÐÅÕ-ÔÅÐÌÈÎÍÍÎÃÎ ÂÇÀÈÌÎÄÅÉÑÒÂÈß

Åñëè ñóùåñòâóþò òîðñèîííûå ïîëÿ (ò.å. ñèìâîëû Êðèñòîôôåëÿ íåñèììåòðè÷íû), òî âîçíèêàåò ãðàâèòàöèîííîå
÷åòûðåõ-ôåðìèîííîå âçàèìîäåéñòâèå. Ýòî âçàèìîäåéñòâèå ÿâëÿåòñÿ äîìèíèðóþùèì íèæå ïëàíêîâñêîãî óðîâíÿ.
Åãî íîðìàëüíàÿ àêñèàëüíî-àêñèàëüíàÿ ÷àñòü ñàìà íå ìîæåò îñòàíîâèòü ãðàâèòàöèîííîå ñæàòèå. Îäíàêî àíîìàëüíîå
âåêòîð-âåêòîðíîå âçàèìîäåéñòâèå åñòåñòâåííûì îáðàçîì ïðèâîäèò ê áîëüøîìó ñêà÷êó è èíôëÿöèè.

Êëþ÷åâûå ñëîâà: ïëàíêîâñêèé óðîâåíü, ãðàâèòàöèîííîå ÷åòûðåõ-ôåðìèîííîå âçàèìîäåéñòâèå, áîëüøîé ñêà÷îê,
èíôëÿöèÿ.
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We consider massive and massless p-forms in arbitrary D-dimensional curved space-time. Quantization of these models and
evaluation of e�ective actions have been performed. Results are presented in terms of d`Alembertians acting on p-forms.
The massive theories of p-forms do not possess gauge invariance, in contrary of massless theories. The gauge invariance
is restored with help of multi-step St�uckelberg procedure. Comparising e�ective actions of classically equivalent theories
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1 Introduction

Totally antisymmetric tensor �elds (ATFs, p-forms)
have been investigated since the sixties ( [1] etc.). ATFs
have applications in string, supersymmetry and super-
gravity models, in quantum chromodynamics. ATGFs
are considered in context of quantum equivalence of
di�erent �eld representations by [2], [3] and so on.

At present p-forms arouse interest for the most part
in connexion with supergravity, M or string theory ( [4]
etc.). Some behavior of massive ATFs has been inves-
tigated by [5], [6] and others.

In this paper, we consider massive and massless p-
form theories in arbitrary D-dimensional curved space-
time. Sections 2 and 3 are devoted to describing
and quantization of massive and massless p-form mod-
els. In section 4, we study the questions of quantum
equivalence of classically equivalent massive and mass-
less p-form theories with investigation of EAs struc-
ture in terms of a generalized zeta-functions associ-
ated with corresponding d'Alembertians. In conclu-
sion, presented results are dicussed brie�y.

2 Models

We consider p-form
(p)

B , p < D, in arbitrary D-
dimensional curved space:

(p)

B =
1

p!

∑
µ1...µp

Bµ1...µp(x) dxµ1 ∧ ... ∧ dxµp ,

with an exterior derivative d,

d
(p)

B =
1

(p+ 1)!

∑
µ1...µp+1

(dB)µ1...µp+1(x) dxµ1∧...∧dxµp+1 ,

and a co-derivative δ, (δB)µ1...µp−1 = −B;ν
νµ1...µp−1

.
Combination of d with δ yields de Rham Laplasian

∆ = dδ + δd = −2, 2 being the usual d'Alembertian.
Generalizing Maxwell action to p-forms, one has a

classical action for ATGFs, massless p-forms, in arbi-
trary D-dimensional curved space:

S[
(p)

B ] = −1

2
(d

(p)

B , d
(p)

B ). (1)

This action is invariant under the gauge transfor-
mations (GTs), because of d2 = 0,

(k)

B →
(k)

B′ =
(k)

B −d
(k−1)

B , 1 ≤ k ≤ p, p ≤ D. (2)

Adding to the action (1) a massive term, we get a
generalized Proca action, which is not invariant under
GTs (2) now:

Sm[
(p)

B ] = −1

2
(

(p)

dB,
(p)

dB) +
m2

2
(
(p)

B ,
(p)

B ).

To quantize this theory it is convenient to restore the
gauge invariance with help of St�uckelberg procedure

[7]. Introducing an extra �eld
(p−1)

C , we get new action

Sm[
(p)

B ,
(p−1)

C ] ≡ Sm[
(p)

B +
1

m
d

(p−1)

C ], (3)

which is invariant under the interrelated GTs of the

p-forms
(p)

B and of the St�uckelberg �elds
(p−1)

C :

(k)

B →
(k)

B′ =
(k)

B −d
(k−1)

B ,
(k−1)

C →
(k−1)

C ′ =
(k−1)

C +m
(k−1)

B , 1 ≤ k ≤ p.
(4)

Now we proceed to quantization of models (1) and (3).
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3 Quantization of massive and massless p-
form models in curved D-dimensional space

To quantize theories (1) and (3) we use Faddeev-
Popov multistep procedure in a form adapted for
Abelian theories with linearly dependent generators
[3, 8].

Formal path integrals over the p-forms
(p)

B and
(p−1)

C ,
corresponding to the classical action (1),

I[
(p)

B ] ≡ Ip =

∫
D

(p)

B exp i(S[
(p)

B ]), (5)

and to the classical action (3),

Im[
(p)

B ,
(p−1)

C ] =

∫
D

(p)

B D
(p−1)

C exp(iS[
(p)

B ,
(p−1)

C ]), (6)

contain in�nite gauge volumes, related to the GTs (2)
and (4) correspondingly.

A gauge �xing function in massless case has usual

form:
(p−1)

K = δ
(p)

B . Separating a gauge group volume
from path integral (5), one should input to this integral

D-dimensional delta-function of
(p−1)

K :

Ip = ∆p−1

∫
D

(p)

B δ̃[
(p−1)

K ] exp i(S[
(p)

B ]),

here δ̃[... ] being delta- function (tilde distinguishes it

from co-derivative δ). However, it appears that δ̃[
(p−1)

K ]
is ill de�ned, because of co-derivative obeys δ2 = 0.

We rede�ne D-dimensional delta-function of
(p−1)

K ,
generalizing method presented in [3, 8]. Denoting new

generalized delta- function as
_

δ [...], we obtain:

_

δ [δ
(k)

V ] =

k−2∏
i=0

∆i

(k−3+k0)/2∏
s=0

∫
D

(2s+1−k0)

V ×

×δ̃[δ
(2s+3−k0)

V +d
(2s+1−k0)

V ] · (k0 + (1− k0) · δ̃[δ
(1)

V ]),

where ∆k =
k∏
s=0

(Det2 s)
(k−s+1)·(−1) (k−s)

, and

k0(k) = (1 + (−1)k)/2. (7)

Using this new generalized delta-function, we elimi-
nate from path integral (5) in�nite gauge volumes, tied
with GTs (2) of all levels k, 1 ≤ k ≤ p. Then we obtain
an expression for p-order generating functional

Zp =

p∏
k=0

(Det2k)
p+1−k

2 (−1)p+1−k, p ≤ D,

and, in view of a relation Z[
(p)

B ] = exp(iΓ[
(p)

B ]), an ef-
fective action

Γp = − i
2

p+1∑
k=0

(−1)p+1−k(p+ 1− k)Tr ln 2 k. (8)

In massive theory (6), we choose the gauge �xing

function as
(p−1)

Km = δ
(p)

B +m(
(p−1)

C +d
(p−2)

C ), last term
is absent if (p− 2) < 0, at lower quantization level.

Constructing a �senior� Faddeev-Popov determi-
nant

∆
−1
p−1 =

∫
D

(p−1)

B D
(p−2)

C δ̃[
(p−1)

K ′ ],

we �nd out that ∆p−1 contains in�nite gauge volumes
related to the lower GTs levels: p−2, p−3, p−4, ..., up

to the ∆0 = Det(2 0+m2) and
(0)

K ′ =
(0)

K +(2 0+m2)
(0)

B .
After extracting from (6) in�nite gauge volumes, re-
lated to all levels GTs (4), we obtain p-order generating
functional in massive theory (with k0(p) from (7)):

Zmp =

+1/2∏
n=−1/2

(p−1)/2−n·k0(p)∏
s=0

Detn(2p−2s−n−1/2 +m2).

So, the e�ective action be

Γmp = −i
+1/2∑

n=−1/2

(p−1)/2−n·k0(p)∑
s=0

nTr ln (2p−2s−n−1/2 +m2). (9)

4 Quantum equivalence

It is known that massless p-form in D-dimensional

space has

(
D − 2
p

)
physical degrees of freedom, and

massive p-form has

(
D − 1
p

)
degrees. It occurs that

quantum theories of p-forms reserve the properties of
equivalence of classically equivalent theories.

Deriving a di�erence between EAs of massless p-
forms and of (D-p-2)-forms, M Γp ≡ Γp − ΓD−p−2, we
obtain with the help of (8):

M Γp =
i

2

D∑
k=0

(−1)p+k(−k + p+ 1)Tr ln 2 k. (10)

Further we use in (10) a relation between opera-
tors (−2 k) (in Euclidian formulation) and generalized
zeta-functions, Tr ln(−2k) = −(ζ ′k(0) + ln(µ2)ζk(0)),
similar relation is hold for massive case. Zeta-function
is de�ned by a formula, which excludes zero modes [9]:

ζk(s) =
1

Γ(s)
=

∫ ∞
0

dt ts−1Tr(et2k − Pk),
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Pk is a projector onto the space of the zero modes of
the operator 2 k.

Using some properties of zeta-functions [9], we can
demonstrate that M Γp (10) is equal to zero, that im-
plies quantum equivalence of massless theories of p-
forms and of (D-p-2)-forms.

Under the usual de�nition of the zeta-function that
includes zero modes this di�erence gives the Gauss-
Bonnet topological invariant. Corresponding energy-
momentum tensors coincide.

In massive case, a di�erence between EAs (9) of
massive p-forms and of (D-p-1)-forms, M Γmp ≡ Γmp −
ΓmD−p−1, be

M Γmp =
i

2
(−1)p

D∑
k=0

(−1)kTr ln (2 k +m2). (11)

Using an expansion of zeta-function at non-zero
mass in power series in massless zeta-function, one gets
a relation between operators (−2 p +m2) and general-
ized zeta-functions. Then we obtain for (11):

M Γmp = − i
2

(−1)p
D∑
k=0

(−1)k[ζ ′k(0,m) + ln(µ2)ζk(0,m)].

With relations for zeta-functions [9] we arrive to a con-
clusion that M Γmp = 0, consequently the EAs of mas-

sive p-form models and of (D-p-1)-form models are co-
incides, and these theories are quantum equivalent.

5 Conclusion

Quantization scheme of massive and massless p-
form models in arbitrary D-dimensional curved space
has been presented. Gauge invariance in massive the-
ories is restored with the help of the St�uckelberg mul-
tistep procedure. E�ective actions are evaluated in
terms of d`Alembertians acting on a p-forms.

We demonstrate a quantum equivalence of classi-
cally equivalent theories by means of comparison of
EAs of corresponding models. A zeta-function exclud-
ing zero modes has been used. It was proven in D-
dimensional curved space that massless quantum the-
ory of p-forms is equivalent to theory of (D-p-2)-forms
and massive quantum theory of p-forms is equivalent
to theory of (D-p-1)-forms.
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Å.Í. Êèðèëëîâà

ÊÂÀÍÒÎÂÀß ÝÊÂÈÂÀËÅÍÒÍÎÑÒÜ ÌÀÑÑÈÂÍÛÕ È ÁÅÇÌÀÑÑÎÂÛÕ ÌÎÄÅËÅÉ
P-ÔÎÐÌ Â ÈÑÊÐÈÂËÅÍÍÎÌ D-ÌÅÐÍÎÌ ÏÐÎÑÒÐÀÍÑÒÂÅ

Ðàññìàòðèâàþòñÿ ìàññèâíûå è áåçìàññîâûå p-ôîðìû â ïðîèçâîëüíîì D-ìåðíîì èñêðèâëåííîì ïðîñòðàíñòâå-âðåìåíè.
Âûïîëíåíî êâàíòîâàíèå äàííûõ ìîäåëåé, ïðîèçâåäåíà îöåíêà ýôôåêòèâíîãî äåéñòâèÿ. Ðåçóëüòàòû ïðåäñòàâëåíû
â òåðìèíàõ Äàëàìáåðòèàíîâ, äåéñòâóþùèõ íà p-ôîðìû. Ìàññèâíûå òåîðèè p-ôîðì íå îáëàäàþò êàëèáðîâî÷íîé
èíâàðèàíòíîñòüþ, â îòëè÷èå îò áåçìàññîâûõ òåîðèé. Êàëèáðîâî÷íàÿ èíâàðèàíòíîñòü âîññòàíàâëèâàåòñÿ ñ ïîìîùüþ
ìíîãîñòóïåí÷àòîé ïðîöåäóðûØòþêåëüáåðãà. Ñðàâíåíèå ýôôåêòèâíîãî äåéñòâèÿ êëàññè÷åñêè ýêâèâàëåíòíûõ òåîðèé
(áåçìàññîâûå êâàíòîâûå òåîðèè p-ôîðì è (D-p-2)-ôîðì, ìàññèâíûå êâàíòîâûå òåîðèè p-ôîðì è (D-p-1)-ôîðì)
äîêàçûâàåò êâàíòîâóþ ýêâèâàëåíòíîñòü ñîîòâåòñòâóþùèõ ìîäåëåé. Äëÿ äîêàçàòåëüñòâà èñïîëüçóåòñÿ äçåòà-ôóíêöèÿ
ñ èñêëþ÷åííûìè íóëåâûìè ìîäàìè.

Êëþ÷åâûå ñëîâà: êâàíòîâûå ïîëÿ â èñêðèâëåííîì ïðîñòðàíñòâå-âðåìåíè, p-ôîðìû, êàëèáðîâî÷íûå ïîëåâûå
òåîðèè, ýôôåêòèâíîå äåéñòâèå, êâàíòîâàÿ ýêâèâàëåíòíîñòü.
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For modern theoretical physics there is tendency to review methods of describing quantum-mechanical systems in terms of
relationship with classical analogues. We attempted to calculate the anomalous magnetic moment from a semiclassical view
(with consideration for Zitterbewegung) on the basis of electromagnetic �elds generated by the electron in the immediate
vicinity of the charge point. Derived value of anomalous magnetic moment is in full agreement with the Schwinger's
calculations.

Keywords: radiation, anomalous magnetic moment, Zitterbewegung, semi-classical theory.

1 Introduction

In 1941 W. Pauli [1] showed that it's possible to
add a relative invariant an additional to Bohr magne-
ton µ0 = e~/2m0c magnetic moment part µa describ-
ing interaction with external electromagnetic �eld. At
�rst it seemed to be purely abstract theoretical con-
struct. In 1947 G. Breit [2], analyzing experimental
data for measuring the hyper�ne structure of the hy-
drogen atom spectrum, suggested that the magnetic
moment of the electron has the intrinsic anomalous
part:

µ = µ0 + µa.

The �rst theoretical calculations of the anomalous
magnetic moment of the electron were provided by J.
Schwinger [3] in 1948. These calculations were excel-
lent application of the developing quantum electrody-
namics. The result obtained by Schwinger:

µa = µ0(1 +
α

2π
),

where α = e2/~c � �ne structure constant, which was
in good agreement with experiment [4]. Further cal-
culations and measurements, which took into account
higher approximations of the �ne structure constant
[5], depending on the presence of a strong external
�elds and the number of electron energy level [6] re-
sulted only with a re�nement of the obtained expres-
sions for the Schwinger's anomalous magnetic moment
(see review works [7, 8] and others).

The discovery of the anomalous magnetic moment
was a milestone in the construction of modern quan-
tum �eld theory. Attempts of better visibility of the
semi-classical presentation goes back to the Welton and
Koba works [9,10] (see also [8]). Of course, the Welton-
Koba method still represents only a qualitative interest
for the interpretation of the anomalous magnetic mo-
ment. And it can not claim to be serious quantitative
results.

In our work to obtain the theoretical value of the
anomalous magnetic moment used exact methods of
purely relativistic classical electrodynamics [11]. Only
at the last stage of calculations the electron's self-�eld
is determined by semi-classically introducing Compton
wavelength. This allows to de�ne more precisely the
e�ective electromagnetic mass of an electron, and with
it the anomalous magnetic moment. But the classical
goal is not important in itself. The quantum mechani-
cal picture when expressed in terms of invariance prin-
ciples will show the relationship between the classical
variables. This is our main motivation for the classi-
cal analysis of spinning particles: to �nally obtain a
thorough quantum scheme [12].

2 Electomagnetic self-action of an electron in
classical electrodynamics

In the classical �eld theory interaction of a charged
particle with an external and its own electromagnetic
�eld can be formulated using a di�erential conservation
law of momentum density [13]:

DνPµνe +DνPµνext+DνP̄µν +Dν
˜̄Pµν +DνP̃µν = 0, (1)

here

Pµνe = M0

∫
vµ(τ)vν(τ)δ(Rρ − rρe(τ))dτ

� momentum density tensor of particle with e�ective
mass M0,

Pµνext = − 1

4πc
(HµρH ν

ρ +
1

4
gµνHαβH

αβ)

� momentum density tensor of external �eld with stress
Hµν
ext. The last three members in the eq. 1 take into ac-

count the �eld produced by the charged particle. It is
composed of the convective �eld H̃ ∼ 1

r̃2 and the radi-
ation �eld H̄ ∼ 1

r̃ . Therefore, the momentum density
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tensor of the self-�eld of the charge consists of three
parts

Pµνself = P̄µν + ˜̄Pµν + P̃µν ,

where

P̄µν =
1

4π

e2c3

(r̃ρvρ)4
(
1

2
gµν − r̃µvν + r̃νvµ

r̃ρvρ
− c2 r̃µr̃ν

(r̃ρvρ)2
)

∼ 1

r̃4

� corresponds to the convective �eld,

P̃µν = − 1

4πc

e2

(r̃ρvρ)2
(c2

(r̃ρw
ρ)2

(r̃ρvρ)4
− wρw

ρ

(r̃ρvρ)2
)r̃µr̃ν ∼ 1

r̃2

� describes radiation �eld,

˜̄Pµν = − 1

4π

e2c2

(r̃ρvρ)3
(
r̃µwν − r̃νwµ

r̃ρvρ
− r̃µvν + r̃νvµ

(r̃ρvρ)2
r̃ρw

ρ

−2c2r̃µr̃ν r̃ρw
ρ

(r̃ρcρ)3
) ∼ 1

r̃3

� corresponds to part of mutual interference. In Pµνself
�eld are de�ned in the retarded time and therefore for

them D̃µ = ∂̃µ + r̃µ

r̃ρvρ
d
dτ . To obtain the equations of

motion of a charged particle the eq. 1 should be inte-
grated throughout the four-dimensional space around
the world line of the segment of length cdτ . In the �rst
two members integration is carried out using a four-δ-
function and a second pair of Maxwell equations in the
second term. The result of these procedure is the usual
Lorentz force. The remaining three members are inte-
grated with the theorem of Gauss-Ostrogradsky in the
volume enclosed between the two light cones and the
time-like hyper band (see �g. ). It is called Bha-bha
tube with elements of the hypersurface:

dσ = ε2((1 +
ε

c2
wρe

ρ)eν +
ε

c3
wρe

ρvν)dΩcdτ,

where dΩ - element of solid angle in the rest frame of
the particle, eν � Rorlich's vector and

eνe
ν = 1, eν = −c r̃ν

r̃ρvρ
− 1

c
vν , vνe

ν = 0.

Invariant quantity ε = r̃ρe
ρ plays the role of a spherical

radius.

Figure 1: Bha-Bha tube.

As a result of integration over the four-dimensional
volume, taking into account the delay of the radiation
we get

M0w
µ(τ) =

e

c
Hµν
extvν(τ)− 2e2

3c5
(wαw

αvµ+
3c3

4ε
wµ)τ∗→τ .

The last term on the right side in the radiation friction
force is a divergent expression, since ε = c(τ∗− τ)→ 0
then, to be excluded from the de�nition of force, let
taking into account the delay of the radiation

wµ(τ∗) = wµ(τ)− κẇµ(τ)∆τ,

where κ � constant factor, which can be determined
from the condition of the space-like radiation friction

force. Putting κ = 4/3, we obtain

(M0+
e2

2εc2
)wµ(τ) =

e

c
Hµν
extvν(τ)+

2e2

3c5
(wµ− 1

c2
wνw

νvµ).

Thus on the right side we get the Lorentz force and the
standard expression of the radiative friction force, on
the left - the de�nition of four-dimensional force vec-
tor with a massive multiplier that allows for self-action
of the electromagnetic �eld. Interesting that the delay
parameter of the radiation

4

3
∆τ =

4ε

3c
=

2e2

m̃0c3
= τ0

coincides with the quantum of time that proposed by

� 90 �



A. V. Kozlov, E. A. Nemchenko. On the semi-classical origin of the electron anomalous magnetic moment

P. Caldirola [14], if under m̃0 is understood electro-
magnetic mass of an electron:

m̃0 =
e2

2εc2
.

To obtain the standard expression for the Lorentz force,
taking into account the radiative friction force should
take

M0 + m̃0 = m0.

3 Semi-classical self-action and the anoma-
lous magnetic moment

Thus, we have a well-known equation

m0w
µ =

e

c
Hµνvν + F̃µ

which is satis�ed if in the original equation the e�ective
mass equals to

M0 = m0(1− e2

2εm0c2
).

In fact, that it is mass of "naked" particle in the ab-
sence of the self-interaction with the electromagnetic
�eld. It is obvious that the magnetic moment of an
electron with an anomalous addition is determined by
this mass:

µ =
e~

2M0c
∼= µ0(1 +

e2

2εm0c2
).

The idea, that the anomalous magnetic moment of the
electron is directly related to the e�ective mass of the
particle, found its con�rmation in quantum electrody-
namics [15]. This idea has been actively developed in
classical electrodynamics by MacGregor [16], but his
calculations have essentially approximate nature.

Until now we have been using only the methods of
relativistic electrodynamics. Our further calculations
will be associated with the re�nement of the concept
of radius of the spherical electromagnetic �eld around

the electron. Clearly, this is the minimum distance at
which the electromagnetic �eld, leaving the electron
leaves it "naked". Compton wavelength of an electron
is known to be an indicator of the distance at which
quantum e�ects become important, considering

ε =
1

2
λC =

π~
m0c

we get

M0 = m0(1− α

2π
),

then according to the de�nition

µ = µ0(1 +
α

2π
).

It is Schwinger's result for the anomalous magnetic mo-
ment. It's very interesting that the value of ε can be
associated with the Schrodinger's Zitterbewegung, con-
sidering

~ωZb = 2moc
2.

Then we get the same value ε, if we take

ε = cTZb =
2πc

ωZb
=

π~
m0c

.

4 Conclusion

Feature of our work is that the derivating of
the anomalous magnetic moment of the electron, we
started from a purely classical theory - exact relativis-
tic radiation. Only at the last stage of calculations we
attracted semiclassical postulates to describe the inter-
action of an electron with a quantized electromagnetic
�eld.

Our result con�rms the correctness of our assump-
tions and the validity of the principle of correspondence
of classical and quantum �eld theory. It opens up new
possibilities in the study of the e�ects of phenomena
such as electromagnetic mass of an electron, Zitterbe-
wegung and quantization of time and etc.
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À. Â. Êîçëîâ, Å. À. Íåì÷åíêî

Î ÏÎËÓÊËÀÑÑÈ×ÅÑÊÎÌ ÏÐÎÈÑÕÎÆÄÅÍÈÈ ÀÍÎÌÀËÜÍÎÃÎ ÌÀÃÍÈÒÍÎÃÎ
ÌÎÌÅÍÒÀ ÝËÅÊÒÐÎÍÀ

Â äàííîé ðàáîòå ïðåäïðèíÿòà ïîïûòêà ðàññ÷èòàòü àíîìàëüíûé ìàãíèòíûé ìîìåíò ýëåêòðîíà ñ ïîëóêëàññè÷åñêîé
òî÷êè çðåíèÿ ñ ó÷¼òîì ÿâëåíèÿ Zitterbewegung è íà îñíîâàíèè ýëåêòðîìàãíèòíûõ ïîëåé, ñîçäàâàåìûõ ýëåêòðîíîì â
íåïîñðåäñòâåííîé áëèçîñòè îò çàðÿäà. Ïîëó÷åííîå çíà÷åíèå àíîìàëüíîãî ìàãíèòíîãî ìîìåíòà íàõîäèòñÿ â ïîëíîì
ñîãëàñèè ñ ïåðâîíà÷àëüíûìè ðàñ÷åòàìè Øâèíãåðà.

Êëþ÷åâûå ñëîâà: êîíâåêòèâíîå ýëåêòðîìàãíèòíîå ïîëå, àíîìàëüíûé ìàãíèòíûé ìîìåíò, Zitterbewegung, ïîëóêëàññè÷åñêàÿ
òåîðèÿ.
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We review the method which allows to construct Lagrangians for di�erent type of �elds: massive and massless, bosonic
and fermionic with di�erent index symmetry.

Keywords: higher spin �elds, gauge theory.

1 Introduction

The method reviewed here allows to construct La-
grangians for di�erent kind of �eld: in Minkowski and
AdS spacetime both for bosonic and fermionic �elds
(massive and massless) with any index symmetry, see
e.g. [1�10], in Einstein space for massive and massless
spin 2 and 3/2 �elds [11, 12] and for antisymmetric
bosonic �elds in arbitraty curved spacetime [13].

The plan of the review is as follows. First we
consider basic steps of the Lagrangian construction
method using the example of bosonic massive spin-s
�eld. Next we comment on some peculiar features of
Lagrangian construction for other kind of �elds: the
�elds corresponding to arbitrary k-row Young tableau,
the �elds in AdS space and the fermionic �elds. Finally
we consider generalization of the method to the case of
spin-2 and spin-3/2 in Einstein manifold.

2 Basic steps of the Lagrangian construction

Let us review the basic steps of the Lagrangian con-
struction using example of the massive bosonic spin-s
�eld in Minkowski spacetime.

As is known the totally symmetric tensor �eld
ϕµ1...µs(x), describing irreducible spin-s massive rep-
resentation of the Pioncare group must satisfy the fol-
lowing constraints

(∂2 −m2)ϕµ1...µs = 0 (1)

∂µ1ϕµ1...µs = 0 ηµ1µ2ϕµ1...µs = 0. (2)

Our purpose is to construct Lagrangian which re-
produce these equations of motion.

The �rst step of the Lagrangian construction
method is to rewrite these equations in the form of op-
erator constraints

For this purpose we introduce Fock space generated
by creation and annihilation operators a+

µ , aµ satisfy-
ing the commutation relations[
aµ, a

+
ν

]
= ηµν ηµν = (−,+, . . . ,+)

Then we de�ne operators

l0 = ∂2 −m2, l1 = iaµ∂µ, l2 = 1
2a
µaµ

These operators act on states in the Fock space

|ϕ〉 =

∞∑
s=0

|ϕs〉 |ϕs〉 = ϕµ1···µs(x)aµ1+ · · · aµs+|0〉

Each component ϕµ1···µs(x) will satisfy the equa-
tions of motion (1), (2) if the following constraints on
the states are ful�lled

l0|ϕ〉 = 0, l1|ϕ〉 = 0, l2|ϕ〉 = 0.

Thus the equations de�ning the irreducible represen-
tation are treated as the operators of �rst class con-
straints in some auxiliary Fock space.

Note that the operators l0, l1, l2 commute each
other.

To construct real Lagrangian we must construct
Hermitian BRST operator. Since opertors l1 and l2
are not Hermitian

(l1)+ 6= l1 (l2)+ 6= l2

we can't construct such operator on the base of opera-
tors l0, l1, l2. To construct Hermitian BRST operatror
the underlying set of operators must be invariant under
Hermitian conjugation.

The second step is to add more operators in order
to provide such invariance.

Thus we add two more operators

l+1 = iaµ+∂µ l+2 = 1
2a
µ+a+

µ

As a result, the set of operators l0, l1, l2, l
+
1 , l

+
2 is

invariant under Hermitian conjugation.
Algebra of the operators l0, l1, l2, l

+
1 , l

+
2 is open in

terms of commutators of these operators. To use the
BRST construction in the simplest (minimal) form the
underlying algebra must be closed.

Third step is to get such an algebra. For this pur-
pose we add to the above set of operators, all operators
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generated by the commutators of l0, l1, l2, l
+
1 , l

+
2 . Do-

ing such a way we obtain two new operators

gm = m2 and g0 = a+
µ a

µ + d/2.

Thus we have set of operators

l0 l1 l2 l+1 l+2 g0 gm

which is invariant under Hermitian conjugation and
form an algebra.

Let us note that operators l0, l1, l2 are constraints
in the ket-vector space

l0|ϕ〉 = l1|ϕ〉 = l2|ϕ〉 = 0,

operators l0, l
+
1 , l

+
2 are constraints in the bra-vector

space

〈ϕ|l0 = 〈ϕ|l+1 = 〈ϕ|l+2 = 0

Operators gm and g0 are obtained from commutators

[l+1 , l1] = l0 + gm [l2, l
+
2 ] = g0

and they are not constraints neither in the bra-vector
space nor in the ket-vector space

Now if we construct BRST operator we �nd that
one of the equation on the physical state |ϕs〉 will have
the form

gm|ϕs〉 = 0 ⇒ |ϕs〉 = 0

Thus we will not reproduce the proper equations of mo-
tion. This happens due to the presence of the operators
which are not constraints gm and g0.

Forth step. We enlarge the representation space of
the operator algebra by introducing additional (new)
creation and annihilation operators and enlarge expres-
sions for the operators

oi −→ Oi = oi + o′i,

oi ∈ {l0, l1, l+1 , l2, l
+
2 , g0, gm}

The enlarged operators must satisfy two conditions:

1. They must form an algebra [Oi, Oj ] ∼ Ok;

2. The operators which can't be regarded as con-
straints must be zero or contain linearly an arbi-
trary parameter.

For our case the enlarged expressions for the
opareators can be taken in the form

L0 = ∂2 −m2

L1 = iaµ∂µ +mb1

L+
1 = ia+µ∂µ +mb+1
L2 = 1

2aµa
µ + 1

2b
2
1 + (b+2 b2 + h)b2

L+
2 = 1

2a
+
µ a

+µ + 1
2b

+2
1 + b+2

G0 = a+
µ a

µ + d+1
2 + b+1 b1 + 2b+2 b2 + h

Gm = 0

[b1, b
+
1 ] = [b2, b

+
2 ] = 1

It is easy to see that the operators L2 and L+
2 are not

Hermitian conjugate to each other if we use the usual
rules for Hermitian conjugation of the additional cre-
ation and annihilation operators.

Fifth step. We change the de�nition of scalar prod-
uct of vectors in the new representation as follows

〈Φ1|Φ2〉new = 〈Φ1|K|Φ2〉,

with some operator K. This operator K can be found
in the form

K =

∞∑
n=0

|n〉C(n, h)

n!
〈n|, |n〉 = (b+2 )n|0〉,

C(n, h) = h(h+ 1)(h+ 2) . . . (h+ n− 1),

C(0, h) = 1.

Now we are ready to construct BRST operator.
Sixth step is construction of the BRST operator

Q̃ = η0L0 + η+
1 L1 + η1L

+
1 + η+

2 L2 + η2L
+
2 + ηgG0

+ η+
1 η1P0 − η+

2 η2PG
+ (ηGη

+
1 − η

+
2 η1)P1 + (η1ηG − η+

1 η2)P+
1

+ 2ηGη
+
2 P2 + 2η2ηGP+

2

The ghost operators satisfy the usual commutation re-
lations

{η0,P0} = {ηG,PG} = {η1,P+
1 } =

= {η+
1 ,P1} = {η2,P+

2 } = {η+
2 ,P2} = 1

and act on the vacuum state as follows

P0|0〉 = PG|0〉 = η1|0〉 = P1|0〉 = η2|0〉 = P2|0〉 = 0.

The introduced operators act in the enlarged space
of state vectors depending on a+µ, b+1 , b

+
2 and on the

ghost operators η0, η
+
1 , P

+
1 , η

+
2 , P

+
2 , but one assumes

that the state vectors must be independent of the ghost
ηG corresponding to the operator G0. The general
structure of such state is

|χ〉 =
∑
ki

(b+1 )k1(b+2 )k2(η0)k3(η+
1 )k4(P+

1 )k5 ×

× (η+
2 )k6(P+

2 )k7a+µ1 · · · a+µk0χk1···k7
µ1···µk0

(x)|0〉.

The sum is taken over k0, k1, k2, running from 0 to
in�nity and over k3, k4, k5, k6, k7 running from 0 to 1.
Besides for the 'physical' states we must leave in the
sum only those terms which have ghost number is zero.

The last step is Lagrangian construction.
We extract the dependence of the BRST operator

on the ghosts ηG, PG

Q̃ = Q+ ηG(σ + h)− η+
2 η2PG,

Q2 = η+
2 η2(σ + h), [Q, σ] = 0,

σ = a+µa+
µ + b+1 b1 + 2b+2 b2 + η+

1 P1 + P+
1 η1

+ 2η+
2 P2 + 2P+

2 η2 + d−5
2
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After this, the equation on the 'physical' states in
the BRST approach Q̃|χ〉 = 0 yields two equations

Q|χ〉 = 0,

(σ + h)|χ〉 = 0.

The last equation is the eigenvalue equation for the
operator σ with the corresponding eigenvalues −h

−h = s+ d−5
2 , s = 0, 1, 2, . . . .

Let us denote the eigenvectors of the operator σ
corresponding to the eigenvalues s+ d−5

2 as |χs〉

σ|χs〉 =
(
s+ d−5

2

)
|χs〉 |χ〉 =

∞∑
s=0

|χs〉

and

Qs = Q|−h→s+ d−5
2

Ks = K|−h→s+ d−5
2

After this we will have equation of motion for spin-s

Qs|χs〉 = 0 Q2
s|χs〉 ≡ 0

and this equation of motion can be obtained from La-
grangian

Ls =

∫
dη0 〈χs|KsQs|χs〉

The integral is taken over Grassmann odd variable η0.

The equations of motion and Lagrangian are invari-
ant ander the gauge transformations

δ|χs〉 = Qs|Λs〉, Q2
s|Λs〉 ≡ 0, gh(|Λs〉) = −1,

δ|Λs〉 = Qs|Ωs〉, Q2
s|Ωs〉 ≡ 0, gh(|Ωs〉) = −2.

Thus the Lagrangian is constructed.

Let us repeat the basic steps of the Lagrangian con-
struction procedure. At the starting point Lagrangian
is unknown, but we know the equations of motion.
Schematically the procedure looks like as follows

Equations of motion are known⇒
⇒ we rewrite the EoM in the form

of operator constraints

⇒ we add Hermitian conjugated constraints

⇒ we add operators to form an algebra

⇒ we construct enlarged expressions

for the operators

⇒ we change scalar product

⇒ we construct BRST charge

⇒ we �nd Lagrangian

3 Fields corresponding to an arbitrary Young
tableau

Let us consider the Lagrangian construction for the
�elds with index symmetry corresponding to Young
tableau with 2 rows (s1 ≥ s2)

Φµ1···µs1 , ν1···νs2 (x)←→

←→ µ1 µ2 · · · · · · · · · µs1
ν1 ν2 · · · νs2

The tensor �eld is symmetric with respect
to permutation of each type of the indices
Φµ1···µs1 , ν1···νs2 (x) = Φ(µ1···µs1 ), (ν1···νs2 )(x) and in ad-
dition must satisfy the following equations

(∂2 −m2)Φµ1···µs1 , ν1···νs2 (x) = 0,

∂µ1Φµ1···µs1 , ν1···νs2 (x) = ∂ν1Φµ1···µs1 , ν1···νs2 (x) = 0,

ηµ1µ2Φµ1µ2···µs1 , ν1···νs2 = ην1ν2Φµ1···µs1 , ν1ν2···νs2 =

= ηµ1ν2Φµ1···µs1 , ν1···νs2 = 0,

Φ(µ1···µs1 , ν1)···νs2 (x) = 0.

Then we de�ne Fock space generated by creation
and annihilation operators

[aµi , a
+ν
j ] = ηµνδij ,

ηµν = diag(−,+,+, · · · ,+) i, j = 1, 2.

The number of pairs of creation and annihilation
operators one should introduce is determined by the
number of rows in the Young tableau corresponding to
the symmetry of the tensor �eld. Thus we introduce
two pairs of such operators. An arbitrary state vector
in this Fock space has the form

|Φ〉 =

∞∑
s1=0

∞∑
s2=0

Φµ1···µs1 , ν1···νs2 (x) ×

× a+µ1

1 · · · a+µs1
1 a+ν1

2 · · · a+νs2
2 |0〉.

To get the equations on the coe�cient functions we
introduce the following operators

l0 = ∂µpµ −m2, li = iaµi ∂µ,

lij =
1

2
aµi ajµ g12 = a+µ

1 a2µ

One can check that the EoM are equivalent to

l0|Φ〉 = 0 , li|Φ〉 = 0 , lij |Φ〉 = 0 , g12|Φ〉 = 0

Now we can generalize this construction to the �elds
corresponding to k-row Young tableau. For this pur-
pose one should introduce Fock space generated by
k pairs of creation and annihilation operators, where
i, j = 1, 2, . . . , k, and then introduce operators l0, li,
lij , gij but now with i, j = 1, 2, . . . , k. Operator g12 is
generalized to operator gij = a+µ

i ajµ where i > j.
After this the Lagrangian construction can be car-

ried out as usual.
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4 Fields in AdS

The di�erence of the Lagrangian construction in
AdS space is that the algebra generated by the con-
straints is nonlinear, but it has a special structure

[ li, lj ] = fkij lk + fkmij lklm, fkmij ∼ R

where fkij , f
km
ij are constants. The constants fkmij are

proportional to the scalar curvature and disappear in
the �at limit. This has two consequences.

1) The algebra of the enlaged operators is changed
in comparison with the algebra of the initial operators

[Li, Lj ] = fkijLk − (fkmij + fmkij )l′mLk + fkmij LkLm,

with the additional parts satisfying the algebra addi-
tional parts

[ l′i, l
′
j ] = fkij l

′
k − fkmij l′ml

′
k.

2) Due to the algebra is nonlinear the BRST-BFV
operator is de�ned unambiguously.

There exist di�erent possibilities to order operators
in the right hand sides of the commutators. All possible
ways to order the operators can be described by some
arbitrary parameters ξi [6, 7]. As a result the BRST
operator is de�ned unambiguously. The arbitrariness
in the BRST operator stipulated by the parameters ξi
is resulted in arbitrariness of introducing the auxiliary
�elds in the Lagrangians and hence does not a�ect the
dynamics of the basic �eld.

5 Fermionic �elds

The Lagrangian construction for the fermionic
higher spin theories have speci�c di�erence compared
to the bosonic ones and demands some comments.

As before the equations of motion are reproduced
from

Qs|Ψs〉 = 0, Q2
s|Ψs〉 ≡ 0,

δ|Ψs〉 = Qs|Λs〉

Speci�c features is that in the fermionic theory we must
obtain Lagrangian which is linear in derivatives. But if
we try to construct Lagrangian similar to the bosonic
case

L ∼ 〈Ψ|Q|Ψ〉

we obtain Lagrangian which has second order in deriva-
tives. To overcome this problem one �rst partially �xes
the gauge and partially solves some �eld equations.
Then the obtained equations are Lagrangian ones and
thus we can derive the correct Lagrangian.

6 Fields in Einstein space

Usually the Lagrangian construction in the BRST
approach is carried out for �elds of all spins simulta-
neously. The equations of motion and gauge transfor-
mations

Q|Ψs〉 = 0 δ|Ψs〉 = Q|Λs〉

with the BRST operator Q being the same for all spins.
Nilpotency of the BRST operator provides us the gauge
transformations and �elds |Ψs〉 and |Ψs〉 + Q|Λs〉 are
both physical. Since we consider all spins simultane-
ously

Q2|Λs〉 = 0 ⇒ Q2 = 0

. But if we want to construct Lagrangian for the �eld
with a given value s of spin, then it is su�cient to
require a weaker condition.

The BRST operator for given spin Qs may be not
nilpotent in operator sense but will be nilpotent only
on the speci�c Fock vector parameter |Λs〉 correspond-
ing to a given spin s

Q2
s|Λs〉 = 0 but Q2

s 6= 0

on states of general form. Just this point allows us to
construct Lagrangians for spin-2 and spin-3/2 �elds in
Einstein background [11,12].

7 Summary

• We have considered the basic principles of gauge
invariant Lagrangian construction for higher spin
�elds.

• This method can be applied to

� any bosonic and fermionic �elds in
Minkowski and (A)dS spaces with any index
symmetry

� antisymmetric bosonic �elds in arbitrary
curved space-time

� spin-2 and spin-3/2 �elds in Einstein space

• No o�-shell constraints on the �elds and gauge
parameters are imposed.

• The obtained Lagrangians possess a reducible
gauge invariance.
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ÁÐÑÒ ÏÎÄÕÎÄ Ê ÒÅÎÐÈÈ ÏÎËÅÉ ÂÛÑØÈÕ ÑÏÈÍÎÂ. ÎÁÇÎÐ

Äà¼òñÿ îáçîð ÁÐÑÒ ïîäõîäà ê ïîñòðîåíèþ ëàãðàíæèàíîâ äëÿ ïîëåé âûñøèõ ñïèíîâ. Íà ïðèìåðå ìàññèâíûõ áîçîííûõ
ïîëåé âûñøèõ ñïèíîâ â ïðîñòðàíñòâå Ìèíêîâñêîãî ïîêàçàíû âñå ýòàïû ïîñòðîåíèÿ ëàãðàíæèíîâ ñ ïîìîùüþ äàííîãî
ïîäõîäà. Ðàññêàçàíî òàêæå î ñïåöèôèêå ïîñòðîåíèÿ ëàãðàíæèàíîâ äëÿ ôåðìèîííûõ ïîëåé âûñøèõ ñïèíîâ, ïîëåé
âûñøèõ ñïèíîâ â ïðîñòðàíñòâå ïîñòîÿííîé êðèâèçíû è ïîëåé ñïèíà 2 è 3/2 â ïðîñòðàíñòâå Ýéíøòåéíà.

Êëþ÷åâûå ñëîâà: ïîëÿ âûñøèõ ñïèíîâ, êàëèáðîâî÷íàÿ ñèììåòðèÿ.
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The renormalization of general gauge theories curved space-time backgrounds is considered within the Sp(2)-covariant
quantization method. It is proven that gauge invariant and di�eomorphism invariant renormalizability to all orders in the
loop expansion and the extended BRST symmetry after renormalization is preserved.

Keywords: Extended BRST symmetry, Sp(2) quantization, general covariance, renormalization.

1 Introduction

In Quantum Field Theory Green's functions con-
tain divergences [1, 2]. Renormalization is one of im-
portant means to construct a suitable quantum version
for formulating fundamental interactions exiting in the
Nature.

Renormalization of general gauge theories within
the Batalin-Vilkovisky formalism [3,4] has been proved
in papers [5, 6].

Renormalizations in curved space-time using the
Dyson criterion [7] are under intense investigations
beginning with paper [8] (see [9�13] and references
therein). We are going to continue our investigation of
gauge invariant renormalizability in curved space-time
with the help of new concept of renormalizability [5].
In [14] it was done in the BV formalism [3,4]. We have
extended these considerations to the case when a the-
ory is de�ned in the presence of external backgrounds,
in particular in curved space-time and proved that in
this case the gauge invariant renormalizability is com-
patible with preserving general covariance.

In the present paper we consider the problem of
gauge invariant renormalizability of general gauge the-
ories in the Sp(2)-method [15�17] in the presence of
a gravitational background �eld and to prove general
covariance of renormalization.

The paper is organized as follows. In Section 2 the
Sp(2) formalism the general gauge theories in the pres-
ence of an external gravitational �eld is considered. In
Section 3 general covariance of renormalization in the
Sp(2) method is proved. In Section 4 concluding re-
marks are given.

We use the condensed notations as given by De-
Witt [18]. Derivatives with respect to sources and an-
ti�elds are taken from the left, and those with respect
to �elds, from the right. Left derivatives with respect
to �elds are labeled by the subscript �l�. The Grass-
mann parity of any quantity A is denoted by ε(A).

2 General gauge theories in curved space
within Sp(2) formalism

Let us consider a theory of gauge �elds Ai in an
external gravitational �eld gµν . The classical theory
is described by the action which depends on both dy-
namical �elds and external metric,

S0 = S0(A, g) . (1)

Here and below we use the condensed notation
g ≡ gµν for the metric, when it is an argument of some
functional or function. The action (1) is assumed to be
gauge invariant,

S0,iR
i
a = 0, δAi = Ria(A, g)λa,

λa = λa(x) (a = 1, 2, ..., n) , (2)

as well as covariant,

δgS0 =
δS0

δAi
δgA

i +
δS0

δgµν
δggµν = 0 , (3)

where λa are independent parameters of the gauge
transformation, corresponding to the symmetry group
of the theory. The di�eomorphism transformation of
the metric in Eq. (3) has the form

δggµν = −gµα∂νξα − gνα∂µξα − ∂αgµνξα

= −gµα∇νξα − gνα∇µξα

= −∇µξν −∇νξµ . (4)

Here ξα are the parameters of the coordinates trans-
formation,

ξα = ξα(x) (α = 1, 2, ..., d) . (5)

The generating functional Z(J,Φ∗, Φ̄, g) of the
Green functions can be constructed in the form of the
functional integral

Z(J,Φ∗, Φ̄, g) =

∫
dΦ exp

{ i
~

[
Sext(Φ,Φ

∗, Φ̄, g)

+JAΦA
]}
. (6)

Here ΦA represents the full set of �elds of the
complete con�guration space of the theory under
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consideration and Φ∗Aa, Φ̄A are anti�elds. Finally,
Sext(Φ,Φ

∗, Φ̄A, g) is the quantum action constructed
with the help of the solution S = S(Φ,Φ∗, Φ̄A, g) to
the master equations

1

2
(S, S)a + V aS = i~∆aS,

S(Φ,Φ∗, Φ̄, g)|Φ∗=Φ̄=~=0 = S0(A, g). (7)

Here on the space of �elds ΦA and anti�elds Φ∗Aa the
extended antibrackets are de�ned

(F,G)a ≡ δF

δΦA
δG

δΦ∗Aa
− (8)

−(F ↔ G) (−1)(ε(F )+1)(ε(G)+1).

In particular the extended antibrackets (8) obey the
Jacobi identities

((F,G){a, H)b}(−1)(ε(F )+1)(ε(H)+1) +

+cycl.perm.(F,G,H) ≡ 0, (9)

where curly brackets denote symmetrization with re-
spect to the indices a, b of the Sp(2) group:

A{aBb} ≡ AaBb +BbAa.

In addition the operators V a, ∆a are introduced

V a = εab Φ∗Ab
δ

δΦ̄A
, ∆a = (−1)εA

δl
δΦA

δ

δΦ∗Aa
, (10)

where εab is the antisymmetric tensor for raising and
lowering Sp(2)-indices

εab = −εba, ε12 = 1 εab = −εab.

One can �nd the algebra of the operators (10)

∆{a∆b} = 0, ∆{aV b} + V {a∆b} = 0, V {aV b} = 0.

The action of the operators (10) on a product of func-
tionals F and G gives

∆a(F ·G) = (∆aF ) ·G+ F · (∆aG)(−1)ε(F ) +

+(F, G)a(−1)ε(F ),

V {a(F,G)b} = (V {aF,G)b} − (−1)ε(F )(F, V {aG)b}.

Note that Sext satis�es the master equations

1

2
(Sext, Sext)

a + V aSext = i~∆aSext. (11)

From gauge invariance of initial action (2) in
usual manner one can derive the BRST symmetry
and the Ward identities for generating functionals
Z = Z(Φ,Φ∗, Φ̄, g),W = W (Φ,Φ∗, Φ̄, g) and ,Γ =
Γ(Φ,Φ∗, Φ̄, g) in the following form

ω̂aZ(J,Φ∗, Φ̄) = 0, (12)

where

ω̂a =

(
JA

δ

δΦ∗Aa
− εabΦ∗Ab

δ

δΦ̄A

)
, ω̂{aω̂b} = 0, (13)

ω̂aW (J,Φ∗, Φ̄) = 0, (14)

and

1

2
(Γ,Γ)a + V aΓ = 0. (15)

In what follows we assume the general covariance
of S = S(Φ,Φ∗, Φ̄, g),

δgS =
δS

δΦA
δgΦ

A + δgΦ
∗
Aa

δS

δΦ∗Aa
+

δS

δgµν
δggµν = 0. (16)

Let us choose the gauge �xing functional F =
F (Φ, g) in a covariant form

δgF = 0 , (17)

then the quantum action Sext = Sext(Φ,Φ
∗, Φ̄, g) obeys

the general covariance too

δgSext = 0 . (18)

From the Eq. (18) and the assumption that the
term with the sources JA in (6) is covariant

δg(JAΦA) = (δgJA)ΦA + JA(δgΦ
A) = 0 , (19)

it follows the general covariance of Z = Z(J,Φ∗, Φ̄, g).
Indeed,

δgZ =
i

~

∫
dΦ
[
δgΦ

∗
Aa

δSext
δΦ∗Aa

+
δSext
δgµν

δggµν +

+δgΦ̄A
δSext(

δΦ̄A
+ (δgJA)ΦA

]
×

exp
{ i
~

[
Sext + JAΦA

]}
. (20)

Making change of integration variables in the func-
tional integral, (20),

ΦA → ΦA + δgΦ
A , (21)

we arrive at the relation

δgZ =
i

~

∫
dΦ
[δSext
δΦA

δgΦ
A + δgΦ

∗
A

δSext
δΦ∗A

+

+δgΦ̄A
δSext
δΦ̄A

+
δSext
δgµν

δggµν +

+(δgJA)ΦA + JA(δgΦ
A)
]
×

exp
{ i
~

[
Sext + JAΦA

]}
=

=
i

~

∫
dΦ
[
δgSext + δg(JAΦA)

]
×

exp
{ i
~

[
Sext + JAΦA

]}
= 0 . (22)

From (22) it follows that the generating functional of
connected Green functions W (J,Φ∗, Φ̄, g))

W (J,Φ∗, Φ̄, g) =
i

~
lnZ(J,Φ∗, Φ̄, g) (23)
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obeys the property of the general covariance as well

δgW (J,Φ∗, Φ̄, g) = 0 . (24)

Consider now the generating functional of vertex
functions Γ = Γ(Φ,Φ∗, Φ̄, g)

Γ(Φ,Φ∗, Φ̄, g) = W (J,Φ∗, Φ̄, g)− JAΦA , (25)

where

ΦA =
δW (J,Φ∗, Φ̄, g)

δJA
, JA = −δΓ(Φ,Φ∗, Φ̄, g)

δΦA
. (26)

From de�nition of ΦA (26) and the general covariance
of W (J,Φ∗, Φ̄, g) we can conclude the general covari-
ance of JAΦA. Therefore,

δgΓ(Φ,Φ∗, Φ̄, g) = δgW (J,Φ∗, Φ̄, g) = 0, (27)

the generating functional of vertex functions obyes the
property of the general covariance too. So, in this Sec-
tion it is proved that if an external gravitational back-
ground gµν does not destroy the gauge invariance of
an initial action S0 = S0(A, g). then the generating
functional of Green functions can be constructed with
the help of solution to the Sp(2)-master equations in
an usual way. Moreover, if we assume the general co-
variance of the initial action then we prove the general
covariance of non-renormalized generating functional
of Green functions as well as both the generating func-
tional of connected Green functions and of vertex func-
tions.

3 Covariant renormalization in curved space-
time

Up to now we consider non-renormalized generat-
ing functionals of Green functions. We are going to
prove the general covariance for renormalized generat-
ing functionals. For this end, let us �rst consider the
one-loop approximation for Γ = Γ(Φ,Φ∗, Φ̄, g),

Γ = S + ~
[
Γ

(1)
div + Γ

(1)
fin

]
+O(~2) , (28)

where Γ̄
(1)
div and Γ̄

(1)
fin denote the divergent and �nite

parts of the one-loop approximation for Γ. The di-

vergent local term Γ
(1)
div gives the �rst counterpart in

one-loop renormalized action S1R

S → S1R = S − ~Γ
(1)
div. (29)

From (18) and (27) it follows that in one-loop approx-
imation we have

δg
[
Γ

(1)
div + Γ

(1)
fin

]
= 0 (30)

and therefore Γ
(1)
div and Γ

(1)
fin obey the general covari-

ance independently

δgΓ
(1)
div = 0 , δgΓ

(1)
fin = 0 . (31)

In its turn the one-loop renormalized action S1R is
covariant

δgS1R = 0 . (32)

Constructing the generating functional of one-loop
renormalized Green functions Z1(J,Φ∗, Φ̄, g), with the
action S1R = S1R(Φ,Φ∗, Φ̄, g), and repeating argu-
ments given above, we arrive at the relation

δgZ1 = 0 , δgW1 = 0 , δgΓ1 = 0 . (33)

The generating functional of vertex functions Γ1 =
Γ1(Φ,Φ∗, Φ̄, g) which is �nite in one-loop approxima-
tion

Γ1 = S + ~Γ
(1)
fin + ~2

[
Γ

(2)
1,div + Γ

(2)
1,fin

]
+O(~3) , (34)

contains the divergent part Γ
(2)
1,div and de�nes renormal-

ization of the action S in the two-loop approximation

S → S2R = S1R − ~2Γ
(2)
1,div . (35)

Starting from (31), (32) and (33) we derive

δgΓ
(2)
1,div = 0 , δgΓ

(2)
1,fin = 0 , (36)

that means general covariance of the divergent
and �nite parts of Γ1 in two-loop approximation.
Therefore the two-loop renormalized action S2R =
S2R(Φ,Φ∗, Φ̄, g) is covariant

δgS2R = 0. (37)

Applying the induction method we can repeat the
procedure to an arbitrary order of the loop expansion.
In this way we prove that the full renormalized action,
SR = SR(Φ,Φ∗, Φ̄, g),

SR = S −
∞∑
n=1

~nΓ
(n)
n−1,div , (38)

which is local in each �nite order in ~, obeys the general
covariance

δgSR = 0 ; (39)

and the renormalized generating functional of vertex
functions, ΓR = ΓR(Φ,Φ∗, Φ̄, g)),

ΓR = S +

∞∑
n=1

~nΓ
(n)
n−1,fin , (40)

which is �nite in each �nite order in ~, is covariant

δgΓR = 0 . (41)

Therefore, taking into account results of Section 4
we can state that in presence of an external gravita-
tional �eld the gauge invariant renormalizability can
be arrived with preserving general covariance of func-
tional Γ (41).
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4 Conclusions

We have considered the general scheme of gauge-
invariant and covariant renormalization of the quan-
tum gauge theories of matter �elds in �at and curved
space-time. Using the Sp(2) formalism we have
proved that in the theory which admits gauge invari-
ant and di�eomorphism invariant regularization, these
two symmetries hold in the counterterms to all orders
of the loops expansion together with extended BRST
symmetry. Indeed let us de�ne the renormalized ex-
tended BRST operators ŝa

ŝa• = (ΓR, •)a + V a • .

Then we �nd that ŝa satisfy the extended BRST alge-
bra

ŝ{aŝb} = 0

due to the equations for ΓR and identities for extended
antibrackets and operators V a existing in the Sp(2) for-
malism [15�17]. De�ning the extended BRST transfor-

mations in the form

δBΦA = ŝaΦAµa

where µa form of the Sp(2) doublet of constant Grass-
mann parameters we �nd invariance of renormalized
e�ective action ΓR under these transformations on the
hypersurface Φ∗Aa = 0

δBΓR
∣∣
Φ∗=0

= 0.

Note once more that to obtain these results we have
used the gauge invariant renormalizability of general
gauge theories in the Sp(2) formalism without assum-
ing the use of regularization for which acting by ∆a on
a local functional gives zero [17].
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Ï. Ì. Ëàâðîâ

ÐÀÑØÈÐÅÍÍÀß ÁÐÑÒ ÏÅÐÅÍÎÐÌÈÐÓÅÌÎÑÒÜ

Ïåðåíîðìèðóåìîñòü êàëèáðîâî÷íûõ òåîðèé îáùåãî âèäà íà èñêðèâëåííîì ïðîñòðàíñòâå-âðåìåíè èçó÷àåòñÿ â ðàìêàõ
Sp(2)-êîâàðèàíòíîãî ìåòîäà êâàíòîâàíèÿ. Äîêàçûâàåòñÿ, ÷òî êàëèáðîâî÷íàÿ èíâàðèàíòíîñòü, îáùàÿ êîâàðèàíòíîñòü
è ðàñøèðåííàÿ ÁÐÑÒ ñèììåòðèÿ ñîõðàíÿþòñÿ âî âñåõ ïîðÿäêàõ ðàçëîæåíèÿ ïî ïåòëÿì.

Êëþ÷åâûå ñëîâà: Ðàñøèðåííàÿ ÁÐÑÒ ñèììåòðèÿ, Sp(2)êâàíòîâàíèå, îáùàÿ êîâàðèàíòíîñòü, ïåðåíîðìèðîâêà.

Ëàâðîâ Ï. Ì., äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîð.
Òîìñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò.
Óë. Êèåâñêàÿ, 60, Òîìñê, Ðîññèÿ, 634061.
E-mail: lavrov@tspu.edu.ru

� 102 �



O. Lechtenfeld. Instantons and Chern-Simons �ows in six and seven dimensions

UDC 530.1; 539.1

Instantons and Chern-Simons �ows in six and seven dimensions

O. Lechtenfeld

Institut f�ur Theoretische Physik and Riemann Center for Geometry and Physics, Leibniz Universit�at Hannover

E-mail: lechtenf@itp.uni-hannover.de

The existence of K-instantons on a cylinder M7 = Rτ × K
H

over a homogeneous nearly K�ahler 6-manifold K
H

requires a

conformally parallel or a cocalibrated G2-structure onM7. The generalized anti-self-duality onM7 implies a Chern-Simons
�ow on K

H
which runs between instantons on the coset. For K-equivariant connections, the torsionful Yang-Mills equation

reduces to a particular quartic dynamics for a Newtonian particle on C. We obtain kink- or bounce-type solutions for
generic values of the torsion. When the latter corresponds to the conformally parallel or cocalibrated G2-structure on M7,
the dynamics follows from a gradient or hamiltonian �ow, respectively, and we encounter Yang-Mills instantons.

Keywords: instantons, Chern-Simons �ow, special geometry, G-structures, nearly-K�ahler manifolds.

1 Introduction

Yang-Mills instantons exist dimensions d larger
than four only when there is additional geometric struc-
ture on the manifoldMd (besides the Riemannian one).
In order to formulate generalized �rst-order anti-self-
duality conditions which imply the second-order Yang-
Mills equations (possibly with torsion), Md must be
equipped with a so called G-structure, which is a glob-
ally de�ned but not necessarily closed (d−4)-form Σ,
so that the weak holonomy group of Md gets reduced.

Instanton solutions in higher dimensions are rare in
the literature. In the mid-eighties, Fairlie and Nuyts
and also Fubini and Nicolai discovered the Spin(7)-
instanton on R8. Eight years later, a similar G2-
instanton on R7 was found by Ivanova and Popov and
also by G�unaydin and Nicolai. Our recent work shows
that these so called octonionic instantons are not iso-
lated but embedded into a whole family living on a
class of conical non-compact manifolds [1].

The string vacua in heterotic �ux compacti�cations
contain non-abelian gauge �elds which in the super-
gravity limit are subject to Yang-Mills equations with
torsion H determined by the three-form �ux. Promi-
nent cases admitting instantons are AdS10−d × Md,
where Md is equipped with a G-structure, with G be-
ing SU(3), G2 or Spin(7) for d = 6, 7 or 8, respectively.
Homogeneous nearly K�ahler 6-manifolds K

H and (iter-
ated) cylinders and (sine-)cones over them provide sim-
ple examples, for which all K-equivariant Yang-Mills
connections can be constructed [2, 3]. Natural choices
for the gauge group are K or G.

Clearly, the Yang-Mills instantons discussed here
serve to construct heterotic string solitons, as was �rst
done in 1990 by Strominger for the gauge �ve-brane.
It is therefore of interest to extend our new instantons
to solutions of (string-corrected) heterotic supergravity

and obtain novel string/brane vacua [4�6].
In this talk, I present the construction for the sim-

plest case of a cylinder over a compact homogeneous
nearly K�ahler coset K

H , which allows for a conformally
parallel or a cocalibrated G2-structure. I display a fam-
ily of non-BPS Yang-Mills connections, which contain
two instantons at distinguished parameter values cor-
responding to those G2-structures. In these two cases,
anti-self-duality implies a Chern-Simons �ow on K

H .
Finally, I must apologize for the omission � due to

page limitation � of all relevant literature besides my
own papers on which this talk is based. The reader can
�nd all references therein.

2 Self-duality in higher dimensions

The familiar four-dimensional anti-self-duality con-
dition for Yang-Mills �elds F may be generalized to
suitable d-dimensional Riemannian manifolds M ,

∗F = −Σ ∧ F with Σ ∈ Λd−4(M)

for F = dA+A ∧A ∈ Λ2(M) ,
(1)

if there exists a geometrically natural (d−4)-form Σ
on M . Applying the gauge-covariant derivative D =
d + [A, ·] it follows that

D∗F + dΣ ∧ F = 0 ⇔
Yang-Mills with torsion H = ∗dΣ ∈ Λ3(M) .

(2)

This torsionful Yang-Mills equation extremizes the ac-
tion

SYM + SCS =

∫
M

tr
{
F ∧ ∗F + (−)d−3Σ ∧ F ∧ F

}
=

∫
M

tr
{
F ∧ ∗F + 1

2dΣ ∧
(
AdA+ 2

3A
3
)}

.

(3)

� 103 �



TSPU Bulletin. 2012. 13 (128)

d G Σ cases example structure

6 SU(3) ω K�ahler CP 3 dω = 0

6 SU(3) ω nearly K�ahler S6 = G2

SU(3) dω ∼ ImΩ , dReΩ ∼ ω2

7 G2 ψ conf. parallel G2 Rτ× nearly K�ahler dψ ∼ ψ∧dτ , d∗ψ ∼ −∗ψ∧dτ

7 G2 ψ nearly parallel G2 Xk,` = SU(3)
U(1)k,`

dψ ∼ ∗ψ ⇒ d∗ψ = 0

7 G2 ψ parallel G2 cone(nearly K�ahler) dψ = 0 = d∗ψ

8 Spin(7) Σ parallel Spin(7) Rτ× parallelG2 dΣ = 0 , ∗Σ = Σ

Table 1: Examples of G-structure manifolds at d = 6, 7, 8.

Related to this generalized anti-self-duality is the gra-
dient Chern-Simons �ow on M ,

dA

dτ
=

δ

δA
SCS = ∗

(
dΣ ∧ F

)
∼ ∗dΣ yF . (4)

In fact, this equation follows from generalized anti-self-
duality on the cylinder M̃ = Rτ×M over M (in the
Aτ=0 gauge).

The question is therefore: Which manifolds admit
a global (d−4)-form? And the answer is: G-structure
manifolds, i.e. manifolds with a weak special holonomy.
Some of the key cases we shall encounter are listed in
Table 1. For this talk I shall consider (reductive non-
symmetric) coset spacesM=K

H in d=6 as well as cylin-
ders and cones over them. In all these cases, the gauge
group is chosen to be K.

3 Six dimensions: nearly K�ahler coset spaces

All known compact nearly K�ahler 6-manifolds M6

are nonsymmetric coset spaces K/H:

S6 = G2

SU(3) ,
Sp(2)

Sp(1)×U(1) ,
SU(3)

U(1)×U(1) , SU(2)×SU(2) .

(5)

The coset structure H �K implies the decomposition

Lie(K) ≡ k = h⊕m , h ≡ Lie(H) , [h,m] ⊂ m . (6)

Interestingly, the re�ection automorphism of symmet-
ric spaces gets generalized to a so called tri-symmetry
automorphism S : K → K with S3 = id implying
s : k→ k with

s|h = 1 and s|m = − 1
2 +

√
3

2 J = exp{ 2π
3 J} , (7)

e�ecting a 2π
3 rotation on TM6. I pick a Lie-algebra

basis

{Ia=1,...,6 , Ii=7,...,dimG} , [Ia, Ib] = f iabIi+f cabIc , (8)

involving the structure constants f•ab. The Cartan-
Killing form then reads

〈·, ·〉k = −trk(ad(·) ◦ ad(·)) = 3 〈·, ·〉h = 3 〈·, ·〉m = 1 .

(9)

Expanding all structures in a basis of canonical one-
forms ea framing T ∗(G/H),

g = δab e
aeb , ω = 1

2Jab e
a ∧ eb ,

Ω = − 1√
3
(f + iJf)abc e

a ∧ eb ∧ ec ,
(10)

we see that the almost complex structure (Jab) and the
structure constants fabc rule everything.

Nearly K�ahler 6-manifolds are special in that the
torsion term in (2) vanishes by itself ! What is more,
this property is actually equivalent to the generalized
anti-self-duality condition (1):

∗F = −ω ∧ F ⇔ 0 = dω ∧ F ∼ ImΩ ∧ F
⇔ DUY equations ,

(11)

where the Donaldson-Uhlenbeck-Yau (DUY) equa-
tions 1 state that

F 2,0 = F 0,2 = 0 and ωyF = 0 . (12)

Another interpretation of this anti-self-duality con-
dition is that is projects F to the 8-dimensional
eigenspace of the endomorphism ∗(ω ∧ ·) with eigen-
value −1, which contains the part of F 1,1 orthogonal
to ω. The equations (11) imply also ReΩ ∧ F = 0
and the (torsion-free) Yang-Mills equations D∗F = 0.
Clearly, they seperately extremize both SYM and SCS
in (3), but of course yield only BPS-type classical so-
lutions. In components the above relations take the
form

1
2εabcdefFef = −J[abFcd] ⇔ 0 = fabcFbc (13)

⇒ ωabFab = 0 , (Jf)abcFbc = 0 , DaFab = 0 . (14)

I notice that each Chern-Simons �ow Ȧa ∼ fabcFbc on
M6 ends in an instanton.

Let me look for K-equivariant connections A
on M6. If I restrict their value to h, the answer is

1also known as `hermitian Yang-Mills equations'
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unique: the only `H-instanton' is the so called canoni-
cal connection

Acan = ei Ii ⇒ F can = − 1
2f

i
ab e

a∧eb Ii , (15)

where ei = eiae
a. Generalizing to `K-instantons', I ex-

tend to the ansatz

A = ei Ii + ea Φab Ib with
(
Φab
)

=: Φ = φ11+φ2J ,

(16)

with one complex parameter φ = φ1 + iφ2. This is in
fact general for G2 invariance on S6. Its curvature is
readily computed to

Fab = F 1,1
ab + F 2,0⊕0,2

ab

= (|Φ|2−1) f iab Ii + [(Φ̄2−Φ) f ]abc Ic
(17)

and displays the tri-symmetry under Φ→ exp{ 2π
3 J}Φ.

The solutions to the BPS conditions (11) are

Φ̄2 = Φ ⇒ Φ = 0 or Φ = exp{ 2πk
3 J} (18)

for k = 0, 1, 2, which yields three �at K-instanton con-
nections besides the canonical curved one,

A(k) = ei Ii + ea (skI)a and Acan = ei Ii . (19)

4 Seven dimensions: cylinder over nearly
K�ahler

Let me step up one dimension and consider 7-
manifoldsM7 with weak G2 holonomy associated with
a G2-structure three-form ψ. Here, the 7 gener-
alized anti-self-duality equations project F onto the
−1 eigenspace of ∗(ψ ∧ ·), which is 14-dimensional and
isomorphic to the Lie algebra of G2,

∗F = −ψ ∧ F ⇔ ∗ψ ∧ F = 0 ⇔ ψyF = 0 ,

(20)

providing an alternative form of the condition. In com-
ponents, it reads

1
2εabcdefgFfg = −ψ[abcFde] ⇔ 0 = ψabcFbc .

(21)

For the parallel and nearly parallel G2 cases, the pre-
vious accident (11) recurs,

dψ ∼ ∗ψ ⇒ dψ∧F = 0 ⇒ D∗F = 0 ,

(22)

and the torsion decouples. Note that on a general weak
G2-manifold there are two di�erent �ows (σ ∈ R),

dA(σ)

dσ
= ∗dψ yF (σ) and

dA(σ)

dσ
= ψ yF (σ) , (23)

which coincide in the nearly parallel case. The second
�ow ends in an instanton on M7.

In this talk I focus on cylinders M7 = Rτ × K
H

over nearly K�ahler cosets, with a metric g = (dτ)2 +
δab e

aeb. Note that these do not carry a parallel or
nearly parallel G2 structure but admit a conformally
parallel one. I will study the Yang-Mills equation with
a torsion given by

∗H = 1
3κdω ∧ dτ ⇔ Tabc = κ fabc (24)

with a real parameter κ. We shall see that for special
values of κ my torsionful Yang-Mills equation

D∗F + 1
3κdω ∧ dτ ∧ F = 0 (25)

descends from an anti-self-duality condition (20).

Taking the A0=0 gauge and borrowing the
ansatz (16) from the nearly K�ahler base, I write

Aa = eiaIi + [Φ(τ) I]a ⇒ F0a = [Φ̇ I]a

and Fab = (|Φ|2−1) f iab Ii + [(Φ̄2−Φ) f ]abc Ic
(26)

which depends on a function φ(τ) = φ1(τ)+iφ2(τ) ∈ C.
Sticking this into (25) and computing for a while, one
arrives at

φ̈ = (κ−1)φ − (κ+3)φ̄2 + 4φ̄φ2 =: 1
3
∂V
∂φ̄

. (27)

Nicely enough, I have obtained a φ4 model with an
action

S[φ] ∼
∫
R

dτ
{

3|φ̇|2 + V (φ)
}

for

V (φ) = (3−κ) + 3(κ−1)|φ|2 − (3+κ)(φ3+φ̄3) + 6|φ|4

(28)

devoid of rotational symmetry (for κ6=−3) but enjoy-
ing tri-symmetry in the complex plane. It leads me to
a mechanical analog problem of a Newtonian particle
on C in a potential −V . I obtain the same action by
plugging (26) directly into (3) with dΣ = ∗H from (24).

For the case of KH = S6 = G2

SU(3) , equation (27) pro-

duces in fact all G-equivariant Yang-Mills connections

on Rτ × K
H . On Sp(2)

Sp(1)×U(1) and
SU(3)

U(1)×U(1) , however, the

most general G-equivariant connections involves two
respective three complex functions of τ . The corre-
sponding Newtonian dynamics on C2 respective C3 is
of similar type but constrained by the conservation of
Noether charges related to relative phase rotations of
the complex functions [3].
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Figure 1: Contour plots of the potential and straight kink trajectories.

5 Seven dimensions: solutions

Finite-action solutions require Newtonian trajecto-
ries between zero-potential critical points φ̂. With two
exotic exceptions, dV (φ̂) = 0 = V (φ̂) yields precisely
the BPS con�gurations on K

H :

• φ̂ = e2πik/3 with V (φ̂) = 0
for all values of κ and k = 0, 1, 2

• φ̂ = 0 with V (φ̂) = 3−κ
vanishing only at κ=3

Kink solutions will interpolate between two di�erent
critical points, while bounces will return to the criti-
cal starting point. Thus for generic κ values one may
have kinks of `transversal' type, connecting two third
roots of unity, as well as bounces. For κ=3 `radial'
kinks, reaching such a root from the origin, may oc-
cur as well. Numerical analysis reveals the domains of
existence in κ:

κ interval (−∞,−3] (−3,+3) +3 (+3,+5)
types of radial transversal radial radial
trajectory bounce kink kink bounce

Magic happens at three special values of κ: At
κ=−3 rotational symmetry emerges; this is a degen-
erate situation. At κ=−1 and at κ=+3, displayed in
Figure 1 above, the kink trajectories are straight lines,
indicating integrability. Indeed, behind each of these
two cases lurks a �rst-order �ow equation, which origi-
nates from anti-self-duality and hence a particular G2-
structure ψ.

Let me �rst discuss κ=+3. For this value I �nd
that

3φ̈ = ∂V
∂φ̄

⇐
√

2φ̇ = ±∂W
∂φ̄

with W = 1
3 (φ3+φ̄3)− |φ|2 ,

(29)

which is a gradient �ow with a real superpotential W ,
as

V = 6
∣∣∂W
∂φ̄

∣∣2 for κ = +3 . (30)

It admits the obvious analytic radial kink solution,

φ(τ) = e
2πik

3

(
1
2 ±

1
2 tanh τ

2
√

3

)
. (31)

What is the interpretation of this gradient �ow in
terms of the original Yang-Mills theory? Demanding
that the torsion in (24) comes from a G2-structure,
∗H = dψ, I am led to

ψ = κ
3ω∧dτ+α ImΩ ⇒ dψ ∼ κ ImΩ∧dτ ∼ ψ∧dτ

(32)

where α is undetermined. This is a conformally paral-
lel G2-structure, and (20) quantizes the coe�cients to
α=1 and κ=3, �xing (with eτ = r)

ψ = ω∧dτ + ImΩ = 1
r3

(
r2ω∧dr+ r3ImΩ

)
= 1

r3ψcone ,

(33)

where I displayed the conformal relation to the parallel
G2-structure on the cone over K

H .
Alternatively, with this G2-structure the 7 anti-self-

duality equations (20) turn into

ωyF ∼ Jab Fab = 0 and Ȧ ∼ dωyF ∼ eafabcFbc .
(34)
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With the ansatz (26), the �rst relation is automatic,
and the second one indeed reduces to (29). As a con-
sistency check, one may verify that∫
K
H

tr {ω ∧ F ∧ F} ∝ W (φ) + 1
3 . (35)

I now come to the other instance of straight trajec-
tories, κ=−1. For this value I �nd that

3φ̈ = ∂V
∂φ̄

⇐
√

2φ̇ = ±i ∂H
∂φ̄

with H = 1
3 (φ3+φ̄3)− |φ|2 ,

(36)

which is a hamiltonian �ow (note the imaginary multi-
plier!), running along the level curves of the functionH,
that is identical to W . It has the obvious analytic
transverse kink solution,

φ(τ) = − 1
2 ±

√
3

2 i (tanh τ
2 ) (37)

and its images under the tri-symmetry action.
Have I discovered another hidden G2-structure

here? Let me try the other obvious choice,

ψ̃ = κ̃
3ω∧dτ+α̃ReΩ ⇒ dψ̃ ∼ κ̃ ImΩ∧dτ+2α̃ ω∧ω ,

(38)

with coe�cients κ̃ and α̃ to be determined. It has not
appeared in my table in Section 2, but obeys d∗ ψ̃ = 0,
which is known as a cocalibrated G2-structure. But can
it produce the proper torsion,

dψ̃∧F ∼
(
κ̃ ImΩ∧dτ+2α̃ ω∧ω

)
∧F !

= −ImΩ∧dτ∧F ?

(39)

Employing the anti-self-duality with respect to ψ̃,

∗ψ̃ ∧ F = 0 ⇒ ω ∧ ω ∧ F = 2 ImΩ ∧ dτ ∧ F , (40)

it works out, adjusting the coe�cients to κ̃=3 and
α̃=−1. Hence, the cocalibrated G2-structure

ψ̃ = ω ∧ dτ − ReΩ (41)

is responsible for the hamiltonian �ow.

To see this directly, I import (41) into (20) and get

Jab Fab = 0 and Ȧa ∼ [J f ]abc Fbc . (42)

Again, the ansatz (26) ful�ls the �rst relation, and the
second one nicely turns into (36).

6 Partial summary

Let me schematically sum up the construction.

ψ ∧ F = − ∗ F on R × K
H ψ̃ ∧F = − ∗ F

Ȧa ∼ fabc Fbc Ȧa ∼ [Jf ]abc Fbcy ansatz A = eiIi + ea[Φ I]a
y

√
2φ̇ = ±∂W

∂φ̄

√
2φ̇ = ±i ∂H

∂φ̄y W = 1
3 (φ3 + φ̄3)− |φ|2 = H

y
F (τ) = dτ∧ea [Φ̇ I]a + 1

2e
a∧eb

{
(|Φ|2−1) f iab Ii + [(Φ̄2−Φ) f ]abc Ic

}
are G2-instantons for Yang-Mills with torsion D ∗F + (∗H) ∧ F = 0

from S[A] =
∫
R×KH

tr
{
F ∧ ∗F + 1

3κω ∧ dτ ∧ F ∧ F
}

with κ = +3 or −1

and obey gradient or hamiltonian �ow equations for
∫
K
H

tr {ω ∧ F ∧ F} ∝ W (φ) + 1
3 .
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O. Ëåõòåíôåëüä

ÈÍÑÒÀÍÒÎÍÛ È ÏÎÒÎÊÈ ×ÅÐÍÀ-ÑÀÉÌÎÍÑÀ Â ØÅÑÒÈ È ÑÅÌÈ
ÐÀÇÌÅÐÍÎÑÒßÕ

Ñóùåñòâîâàíèå K-èíñòàíòîíîâ íà öèëèíäðåM7 = Rτ×σKH ïî îäíîðîäíîìó ïî÷òè Êýëåðîâó G-ìíîãîîáðàçèþ K
H
òðå-

áóåò êîíôîðìíî ïàðàëëåëüíîé èëè êîãðàäóèðóåìîé G2-ñòðóêòóðû íà M7. Îáîáùåííàÿ àíòèàâòîäóàëüíîñòü íà M7

ïðåäïîëàãàåò ïîòîê ×åðíà-Ñàéìîíñà íà K
H
, êîòîðûé ïðîõîäèò ìåæäó èíñòàíòîíàìè íà ñìåæíîì êëàññå. Äëÿ K-

ýêâèâàðèàíòíûõ ñâÿçíîñòåé, òîðñèîííûå óðàâíåíèÿ ßíãà-Ìèëëñà ñâîäÿòñÿ ê óðàâíåíèÿì äâèæåíèÿ íüþòîíîâñêîé
÷àñòèöû â ÷åòâåðòè÷íîì ïîòåíöèàëå íà C. Ìû ïîëó÷àåì ðåøåíèÿ äëÿ îáùèõ çíà÷åíèé êðó÷åíèÿ. Êîãäà ïîñëåäíèé
ñîîòâåòñòâóåò êîíôîðìíî ïàðàëëåëüíîé èëè êîãðàäóèðóåìîé G2-ñòðóêòóðå íà M7, äèíàìèêà ñëåäóåò èç ãðàäèåíòà
èëè ãàìèëüòîíîâà ïîòîêà, ñîîòâåòñòâåííî, è ìû ñòàëêèâàåìñÿ ñ èíñòàíòîíàìè ßíãà-Ìèëëñà.

Êëþ÷åâûå ñëîâà: èíñòàíòîíû, ïîòîê ×åðíà-Ñàéìîíñà, ñïåöèàëüíàÿ ãåîìåòðèÿ, G-ñòðóêòóðû, ïî÷òè Êýëåðîâû
ìíîãîîáðàçèÿ.
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Wormholes in 5D models
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We consider our world as a brane embedded in the 5D space-time which is a solution of the 5D Einstein equations with
Λ-term. We do not solve the modi�ed Einstein equations on the brane, instead of this we use exact solution of 5D Einstein
equations. The energy-momentum tensor appears as the Israel jump condition on the brane. This tensor at the in�nity
gives positive tension in one side of the wormhole and negative tension in the second part of the wormhole space-time. In
the case of the AdS5 model without Randall-Sundrum asymptotic we found the wormhole metric which satis�es the energy
conditions.

Keywords: wormhole, Randall-Sundrum model, multidimensional theory, energy conditions.

1 Introduction

The central problem of wormhole physics is the fact
that the wormhole's source violates the energy con-
ditions. The exotic matter is a necessary condition
for the existence of wormholes [1]. In multidimen-
sional models the 4D space-time is understood as a sur-
face embedded in space-time of large dimensions. The
Randall-Sundrum showed [2,3] that the Minkowski 4D
spacetime maybe embedded in the 5D anti de Sitter
space-time (AdS5). As was shown in Ref. [4] the grav-
itational �eld equations on the 4D hypersurface are
di�erent from Einstein's equations. Additional terms
contain terms quadratic in the stress-energy tensor of
matter, as well as a speci�c term that depends on the
bulk. This term is the projection on the brane the 5D
Weyl tensor and the sign of this term maybe arbitrary.
From this point of view, we can expect that wormholes
can be the solution of the modi�ed Einstein equations
and the exotic matter appears due to the 5D Weyl
tensor. In this paper we use the exact solutions of 5-
dimensional Einstein equations and consider di�erent
hypersurfaces with wormhole's metric. In framework
of this approach the modi�ed Einstein equations are
satis�ed automatically and the main problem is the
choice of the hypersurface. We consider the simplest
embedding in the 5D Randall-Sundrum metric [2, 3]
and black string model metric [5]. We also consider the
general case of a static spherically symmetric metric.
In all these cases the condition, that the wormhole's
hypersurface goes into Randall-Sundrum model's hy-
persurface far from the wormhole's throat, leads to a
violation of the energy conditions. However, if we as-
sume that this condition is violated, in the case of �ve-
dimensional space-time of the Randall-Sundrum model
the wormhole's metric can be presented without viola-
tion the energy conditions.

2 Randall-Sundrum model

In framework of the Randall-Sundrum model [2, 3]
the matter is localized in 4D hypersurface in AdS5.
The metric,

ds2
RS = e−2|y|/l(dρ2 + ρ2dΩ2

(2) − dt
2) + dy2, (1)

is a solution of a 5D vacuum Einstein equations

GAB = κ5TAB = κ5(−Λ5gAB + SABδ(y)) (2)

(Λ5 = − 6
l2 ) with stress-energy tensor of brane

Sµν = −λgµν (3)

and positive tension λ: κ5λ = +6/l > 0.

3 E�ective 4D Einstein equations

Following the approach suggested in the work [4]
the e�ective 4D gravitational �eld equations in the vac-
uum Randall-Sundrum brane read

Gµν = −Λ4qµν + κ2
4τµν + κ2

5πµν − Eµν , (4)

where

πµν = −1

4
τµατ

α
ν +

1

12
ττµν+

1

8
qµνταβτ

αβ− 1

24
qµντ

2, (5)

τµν is the stress-energy tensor of brane, Eµν is the
projection of the 5D Weyl tensor on the brane and
Λ4 = 1

2κ5

(
Λ5 + 1

6κ5λ
2
)
, κ2

4 = 1
6κ

2
5λ are constants.

The sign of projection of the Weyl tensor projection
maybe arbitrary and we can assume that wormhole is
the solution of modi�ed Einstein equations without vi-
olation the energy conditions.

� 109 �



TSPU Bulletin. 2012. 13 (128)

Figure 1: The stress-energy tensor components Sxx , S
θ
θ , S

t
t

(thick, medium, thin) for embedding functions of the form

u =
√
x2 + a2, v = l

2
(1 + tanh2 x−b

c
) (l = 4, a = 0.5, b =

0.6, c = 0.8) as function of the radial coordinate x.

Figure 2: The stress-energy tensor components Sxx , S
θ
θ , S

t
t

(thick, medium, thin) for embedding functions of the form

u =

√
x2+a2

1+e−x/b
, v = l

1+e−x/b
(l = 10, a = 1, b = 0.51) as

function of the radial coordinate x.

4 Stress-energy tensor of the brane

The brane is delta-like distribution of matter and
tension in the bulk. The Israel matching conditions

[Kµν − gµνK] = 8πG5S
µν , (6)

connect the jump of the extrinsic curvature of the hy-
persurface with stress-energy tensor of the brane mat-
ter: Sµν = −λgµν+τµν , where τµν is the stress-energy
tensor. Thus the geometry of the brane produces the
stress-energy tensor of the matter.

We consider a metric in the form of Randall-
Sundrum solution:

ds2
5 =

l2

z2
(dρ2 + ρ2dΩ2

(2) − dt
2 + dz2), (7)

where z > 0, ρ > 0, and choose the simplest section
z = v(x), ρ = u(x) with x ≶ 0. In this case the metric
of the section is

ds2
4 =

l2

v2

{
(u′2 + v′2)dx2 + u2dΩ2

(2) − dt
2
}
. (8)

Stress-energy tensor of the brane reads

Sµν = −2(Kµ
ν − δµνK), (9)

or in manifest form

Sxx = −2 3uu′+2vv′

lu
√
u′2+v′2

,

Sθθ = −2 vv
′(u′2+v′2)+u(3u′(u′2+v′2)+v(u′v′′−v′u′′))

lu(u′2+v′2)3/2 ,

Stt = −2 2vv′(u′2+v′2)+u(3u′(u′2+v′2)+v(u′v′′−v′u′′))
lu(u′2+v′2)3/2 .

(10)

We impose the asymptotic conditions:
1) RS brane at in�nity: limx→±∞ v(x) = c± 6= 0,
2) Flatness at in�nity: limx→±∞ sgn(u′) = ±1.
Then we have the asymptotic value of the stress-

energy tensor

Sµν = −6

l
δµν sgn(u′). (11)

The signs of components of the stress-energy tensor are
di�erent on each side of the wormhole's throat in the
asymptotic region (Fig. 1). Therefore, if on one side
of the wormhole space-time the energy conditions are
satis�ed then on other side they are violated.

Similarly, we consider section r = u(x), z = v(x) of
the Black string space-time [5]

ds2 =
l2

z2
(−U(r)dt2 +U(r)−1dr2 +r2dΩ2

(2) +dz2), (12)

where U(r) = 1− 2M
r , and spherically symmetric met-

ric of the general form

ds2 =
l2

z2
(efdr2 + r2ehdΩ2

(2) − e
pdt2 + eqdz2), (13)

where f = f(r, z), h = h(r, z), p = p(r, z), q = q(r, z).
In both cases requirements in the asymptotic region
limx→±∞ v(x) = c± 6= 0, limx→±∞ sgn(u′) = ±1 lead
to violation of energy conditions, as in the case of the
RS metric, limx→±∞ Sµν = ∓ 6

l δ
µ
ν .

In the case of the RS model, the components of the
stress-energy tensor of the brane can have the same
signs when x → +∞ and x → −∞, if we allow the
violation of condition limx→±∞ v(x) = c± 6= 0. For
example this is the case (see Fig. 2) for

u =

√
x2 + a2

1 + e−x/b
, v =

l

1 + e−x/b
. (14)

Simple analysis of the geodesics gives some general
conclusion. Without loss of generality we choose the
plain of motion θ = π/2. When φ = const the �rst in-

tegral of geodesic equations is ṫ = c4
v2

l2 . For a massless
particle from geodesic equations we obtain the square
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Figure 3: The trajectory of the massive particle in the plain θ = π/2. Thick line shows the trajectory in region, where

x(s) > 0, thin line shows the trajectory in region, where x(s) < 0, point indicates the location of the throat, x0 is the initial

location of the particle.

of velocity

ẋ2 =
v4c24u

2

l4u2(u′2 + v′2)
, (15)

V 2 =

(
dx

dt

)2

=
1

u′2 + v′2
. (16)

For a massive particle these equations read

ẋ2 =
−v2(−v

2

l2 c
2
4 + 1)

l2(u′2 + v′2)
, (17)

V 2 =

(
dx

dt

)2

=
−l2(− v

2

l2 c
2
4 + 1)

c24v
2(u′2 + v′2)

. (18)

Because the square of the velocity should be positive
we obtain the condition

x ≥ −b ln(|c4| − 1). (19)

This means, that the particle can not penetrate into
speci�c region of space-time, corresponding to nega-
tive values of the x coordinate. When φ 6= const, the
trajectory of motion for massive particle is represented
on Fig. 3.

5 Conclusion

In this paper we studied the section of the 5D Ein-
stein spacetime with the geometry of a 4D wormhole. It
is shown, that the considered sections can not simulta-
neously satisfy the energy conditions and at the same
time coincide with the brane metric in the Randall-
Sundrum model in the asymptotic region. We have
presented the space-time of the wormhole which corre-
sponds to a brane embedded in the Randall-Sundrum
space-time. In this case the matter of the wormhole
preserves the energy conditions but the metric asymp-
totically does not coincide with the brane metric in the
Randall-Sundrum model.
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Ë. Í. Ëèïàòîâà, Í. Ð. Õóñíóòäèíîâ

ÊÐÎÒÎÂÛÅ ÍÎÐÛ Â 5D ÌÎÄÅËßÕ

Ìû ðàññìàòðèâàåì íàøó Âñåëåííóþ êàê áðàíó, ïîãðóæåííóþ â ïÿòèìåðíîå ïðîñòðàíñòâî-âðåìÿ, êîòîðîå ÿâëÿåòñÿ
ðåøåíèåì 5D óðàâíåíèé Ýéíøòåéíà ñ Λ ÷ëåíîì. Ìû íå ðåøàåì ìîäèôèöèðîâàííûõ óðàâíåíèé Ýéíøòåéíà íà áðàíå,
âìåñòî ýòîãî ìû èñïîëüçóåì èçâåñòíûå ðåøåíèÿ 5D óðàâíåíèé Ýéíøòåéíà. Òåíçîð ýíåðãèè-èìïóëüñà âû÷èñëÿåì ñ
ïîìîùüþ óñëîâèé ñøèâêè Èçðàýëÿ. Ýòîò òåíçîð íà áåñêîíå÷íîñòè äàåò ïîëîæèòåëüíîå íàòÿæåíèå ñ îäíîé ñòîðîíû îò
ãîðëîâèíû è îòðèöàòåëüíîå íàòÿæåíèå âî âòîðîé ÷àñòè ïðîñòðàíñòâà-âðåìåíè êðîòîâîé íîðû. Â ñëó÷àå ìîäåëà AdS5

(áåç àñèìïòîòèêè Ðàíäàëë-Ñóíäðóìà) ìû íàøëè ìåòðèêó êðîòîâîé íîðû, êîòîðàÿ óäîâëåòâîðÿåò ýíåðãåòè÷åñêèì
óñëîâèÿì.

Êëþ÷åâûå ñëîâà: êðîòîâûå íîðû, ìíîãîìåðíûå òåîðèè, ìîäåëü Ðàíäàëë-Ñóíäðóìà, áðàíû, ýíåðãåòè÷åñêèå
óñëîâèÿ.
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The problem of �nding consistent cubic AdS interactions of massless mixed-symmetry higher-spin �elds is recast into a
system of partial di�erential equations that can be solved for given spins of the particles entering the cubic vertices. For
simplicity, we consider �elds with two families of indices for which some examples of interactions are explicitly discussed.

Keywords: Gauge Symmetry, Field Theories in Higher Dimensions, Space-Time Symmetries.

1 Introduction

Understanding the relation between String Theory
(ST) and higher-spin (HS) �eld theories is currently
regarded as a key step in order to gain new insights
into both.1 One of the main obstacles in pursuing this
goal is our limited knowledge of the behavior of mixed-
symmetry �elds2 in AdS background. These types of
�elds naturally appear in ST and are believed to un-
derlie most of its extraordinary features. Although a
consistent theory of interacting massless symmetric HS
�elds has been known for a long time [4], when it comes
to mixed-symmetry �elds the situation is completely
di�erent. So much so that an understanding of the
free theory has been attained only very recently [5�14],
while the interactions problem have been little investi-
gated so far [10,15�18].

The key di�erences between �at and AdS back-
grounds show up as soon as massless mixed-symmetry
�elds are considered. Indeed, while unitary gauge �elds
in �at space possess one gauge parameter for each
rectangular block present in the corresponding Young
tableaux (YT), their AdS counterparts only possess the
gauge parameter whose diagram lacks one box in the
upper rectangular block [19]. As result, in general an
AdS massless �eld propagates more degrees of freedom
than the corresponding �at-space one. The exact pat-
tern of �at-space gauge �elds associated to a single
AdS one was �rst conjectured by Brink, Metsaev and
Vasiliev (BMV) in [20] and was then proved in [12,21]

These notes are aimed at setting the stage for a
systematic study of the cubic interactions of massless
mixed-symmetry �elds in AdS. For simplicity, we re-
strict our attention to �elds with two families of indices
which describe the most general representations of the
AdS isometry group SO(d− 1, 2) up to d = 6 . More-
over, we focus on those portions of the couplings that

do not contain divergences, traces or auxiliary �elds
(here denoted by TT parts for brevity). The reason is
that, besides being simpler to determine, they su�ce
to encode the on-shell content of the theory. Relying
on the Noether procedure in the ambient-space formal-
ism, we show that this problem is equivalent to �nding
polynomial solutions of a set of linear partial di�eren-
tial equations (PDEs), along the lines of [22�24]. Al-
though rather complicated, the latter can be explicitly
solved for given spins of the particles entering the cubic
vertices and we describe in some detail the interactions
between the simplest hook gauge �eld and two spin-1
gauge �elds as an example. The resulting AdS inter-
actions present a highest-derivative part dressed by a
chain of lower-derivative vertices size by corresponding
powers of the cosmological constant. This structure is
very similar to the one found by Fradkin and Vasiliev
(FV) [25] for the gravitational interactions of totally-
symmetric HS �elds in AdS. In the FV system, the
highest-derivative part has exactly the same form as
the �at-space vertices which can be singled out consid-
ering a proper (non-singular) �at limit [26]. However,
as far as mixed-symmetry �elds are concerned, the situ-
ation is in principle subtler due to the non-conservation
of degrees of freedom. A correct analysis requires the
introduction of appropriate St�uckelberg �elds accord-
ing to the BMV pattern in order to guarantee that the
same amount of gauge symmetry be present on both
sides. We postpone this issue for a future work.

The organization of this paper is the following: Sec-
tion 2 is devoted to the formulation of the free theory
of massless mixed-symmetry HS �elds in the ambient-
space formalism. In Section 3 we show how to recast
the consistency condition for the TT parts of the inter-
actions into a system of PDEs. The entire discussion
focuses on the two-family case. Finally, we solve the
system describing the interactions between the simplest

1See [1, 2] for recent reviews on HS �elds.
2See [3] and references therein for mixed-symmetry �elds in �at space.
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hook gauge �eld and two spin-1 gauge �elds.

2 Ambient-space formalism for HS �elds

The ambient-space formalism [27, 28] regards the

d-dimensional AdS space as the codimension-one
hypersurface X2 = −L2 embedded into a (d+ 1)-
dimensional �at-space. In our convention the ambient
metric is η = (−,+, . . . ,+), so that AdS is actually
Euclidean.

Focusing on the region X2 < 0 , there exists an
isomorphism between multi-symmetric tensor �elds in
AdS, ϕµ1···µs1 ;··· ; ρ1···ρsκ , and corresponding ambient-
space �elds, ΦM1···Ms1 ;··· ;P1···Psκ , that satisfy the ho-
mogeneity and tangentiality (HT) conditions

Homogeneity : (X · ∂X −∆) Φ(X,U) = 0 , (1)

Tangentiality : X · ∂Um Φ(X,U) = 0 . (2)

Here, m = 1, . . . , κ runs over the number of indepen-
dent families of symmetrized indices, while the de-
gree of homogeneity ∆ parametrizes the value of the
quadratic Casimir, i.e. the AdS mass. As it will
prove very convenient in describing the interactions,
we have introduced the auxiliary-variable notation for
the ambient-space �elds

Φ(X,U) =
1

s1! · · · sκ!
ΦM1···Ms1 ;··· ;P1···Psκ (X)

× (U 1)M1 · · · (U 1)Ms1 · · · (Uκ)P1 · · · (Uκ)Psκ , (3)

where s1 ≥ · · · ≥ sκ . Since no de�nite symmetry prop-
erties between di�erent families of indices are enforced,
these �elds de�ne reducible tensors.

In the following we restrict the attention to mass-
less �elds, namely to short representations associated
with gauge symmetries3 [19]

δ(0) Φ(X,U) = Um · ∂X Em(X,U) , (4)

X · ∂Um En(X,U) = 0 . (5)

However, as we have anticipated not all these reducible
gauge symmetries can be preserved in AdS. Indeed, the
compatibility with the HT conditions (1 , 2) restricts
both the possible values of ∆ and the irreducible com-
ponents of Em. More precisely, it translates into the
following set of equations

(X · ∂X −∆− 1)Em(X,U) = 0 , (6)

(∆ + 1)Em(X,U)− U l · ∂Um El(X,U) = 0 . (7)

Henceforth we focus on the the two-family case, for
which the system (7) becomes

(∆ + 2− s1)E1 = U2 · ∂U1 E2 , (8)

(∆ + 2− s2)E2 = U1 · ∂U2 E1 . (9)

Let us analyze separately two cases:
1) ∆ 6= s1 − 2 . In this case, one can substitute eq. (8)
into eq. (9), ending up with

(∆+2−s1) (∆+2−s2)E2 = U1·∂U2 U2·∂U1 E2 . (10)

At this point, one can decompose the reducible gauge
parameter E2 in terms of its irreducible components as

E2 =

s2−1∑
n=0

(
U2 · ∂U1

)s2−1−n
Ê2
{s1+s2−1−n,n} , (11)

U1 · ∂U2 Ê2
{s1+s2−1−n,n} = 0 , (12)

where the labels {s1, s2} identify the structure of the
corresponding YT

s1︷ ︸︸ ︷
︸ ︷︷ ︸

s2

. (13)

Plugging the expansion (11) into eq. (10), all the irre-
ducible components, except the ones with n satisfying

(∆ + 2− s1) (∆ + 2− s2) = (s1 − n) (s2 − n) , (14)

identically vanish. If ∆ is not an integer, this equa-
tion does not admit any solution for n . As a conse-
quence, no gauge symmetry is allowed and the corre-
sponding �elds are massive.4 On the other hand, as-
suming ∆ ∈ Z , the solutions to eq. (14) together with
the corresponding gauge parameters are given by

• n = ∆ + 2

E2 =
(
U2 · ∂U1

)s2−3−∆
Ê2
{s1+s2−∆−3,∆+2} , (15)

where −2 ≤ ∆ ≤ s2 − 3 .

• n = s1 + s2 −∆− 2

E2 =
(
U2 · ∂U1

)∆+1−s1
Ê2
{∆+1,s1+s2−∆−2} , (16)

where s1 − 1 ≤ ∆ ≤ s1 + s2 − 2 .

Moreover, the gauge parameter E1 is completely de-
termined in terms of E2 via eq. (8).
2) ∆ = s1 − 2 . In this case, eqs. (8 , 9) imply

E1 = Ê1
{s1−1,s2} , E2 = 0 . (17)

Notice that, if s1 = s2 = s , the YT associated to
Ê1
{s−1,s} is no longer admissible and therefore no gauge

symmetry survives.
All in all, the number of possible values of ∆ allow-

ing for gauge symmetries is 2 s2+1 , for s1 6= s2 and

3Requiring constraints on the gauge parameter that are less stringent than (5) other symmetries would be allowed [12,24]. These
are associated to (non-unitary) partially-massless �elds [29�32] that we will not consider in this paper.

4Here by massive �elds we mean the ones that do not possess any gauge symmetry. Partially-massless symmetries that we have
mentioned above can only appear for integer values of ∆ .
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2 s , for s1 = s2 = s . For each of these values, only
one irreducible gauge parameter, associated to one of
the irreducible components of Φ , can be preserved.5

As a consequence, if one �xes the degree of homogene-
ity ∆ , the corresponding reducible �eld will contain
only one massless (unitary or non-unitary) irreducible
component, while the remaining s2 components will
be massive or partially-massless. However, as already
mentioned, due to the tangentiality constraint (5) these
partially-massless �elds do not have the corresponding
gauge symmetries and we will not consider them in the
following. In order that the massless component be the
one described by the YT {s1, s2} (13), one can choose
either ∆ = s1 − 2 or ∆ = s2 − 3 . In the former case,
the corresponding gauge parameters are given by (17) ,
while in the latter case eqs. (8 , 15) lead to

∆ = s2 − 3 , E1 = 1
s2−s1−1 U

2 · ∂U1 Ê2
{s1,s2−1} ,

E2 = Ê2
{s1,s2−1} . (18)

However, only the value ∆ = s1 − 2 corresponds to uni-
tary AdS massless �elds [12]. On the other hand, as
explained right after eq. (17) , if s1 = s2 = s this value
of ∆ preserves no gauge symmetry and the only possi-
ble choice is ∆ = s− 3 .

3 Two-familiy HS cubic interactions

In this section we describe how to translate the con-
sistency condition for the TT parts of the interactions
into a system of PDEs. For simplicity, we focus on cou-
plings involving one mixed-symmetry gauge �eld (de-
noted by Φ1) and two totally-symmetric gauge �elds
(denoted by Φ2 and Φ3). Moreover, we also assume
that Φ1 have s1 > s2 and ∆ = s1 − 2 , so that its irre-
ducible component {s1, s2} is a unitary massless �eld
with gauge transformations given by (17)

δ(0) Φ1(X,U) = U1 · ∂X Ê1
{s1−1,s2}(X,U) . (19)

The corresponding homogeneity conditions (1) and (6),
written in operatorial form, read

(X · ∂X − U1 · ∂U1 + 2) Φ1(X,U) = 0 ,

(X · ∂X − U1 · ∂U1) Ê1
{s1−1,s2}(X,U) = 0 . (20)

Neglecting divergences, traces, on-shell vanishing
terms and auxiliary �elds, the most general expression
for the TT parts of the cubic vertices reads [23,24]

S(3) =

∫
dd+1X δ

(√
−X2 − L

)
C(Y,Z)

×Φ1(X1, U1) Φ2(X2, U2) Φ3(X3, U3)
∣∣∣Xi=X
Ui=0

, (21)

where C is an arbitrary function of nine variables

Y 1
1 = ∂U1

1
· ∂X2

, Y 2
1 = ∂U2

1
· ∂X2

, Y2 = ∂U2
· ∂X3

,

Y3 = ∂U3 · ∂X1 , Z1 = ∂U2· ∂U3 , Z
11
2 = ∂U1

3
· ∂U1

1
,

Z12
2 = ∂U1

3
· ∂U2

1
, Z11

3 = ∂U1
1
· ∂U1

2
, Z21

3 = ∂U2
1
· ∂U1

2
. (22)

For instance, a vertex of the form

ΦM1M2 ;N ∂
M1 ∂N ΦP ∂P ΦM2 , (23)

corresponds to the choice

C = Y 1
1 Y

2
1 Y2 Z

11
2 . (24)

The insertion of the delta function in (21) is aimed at
removing the ambiguities related to the divergent ra-
dial integral. As a consequence, total-derivative terms
arising in the gauge variation no longer vanish, but give
a contribution that can be cast in the form

δ
(√
−X2 − L

)
∂XM = − δ

(√
−X2 − L

)
δ̂
L XM . (25)

Here, the auxiliary variable δ̂ encodes the derivatives
of the delta function according to the rule

δ[n](R− L) =
(

1
R

d
dR

)n
δ(R− L)

≡ δ(R− L)
(
− δ̂
L

)n
. (26)

In order to compensate these terms, the cubic ver-
tices are to be amended by additional total-derivative
contributions. These terms contain a lower number
of derivatives compared to the initial vertices and are
weighted by proper powers of L−2, or equivalently, of
δ̂/L . This is the ambient-space counterpart of what
happens in the intrinsic formulation: the replacement
of ordinary derivatives by covariant ones requires the
inclusion of additional lower-(covariant)derivative ver-
tices in the Lagrangian.

Whenever a massless �eld takes part in the inter-
actions, the corresponding vertices must be compati-
ble with its gauge symmetries. Following the Noether
procedure, gauge consistency can be studied order by
order in the number of �elds, and at the cubic level it
translates into the condition

δ(0) S(3) ≈ 0 , (27)

where ≈ means equivalence modulo the free �eld equa-
tions, divergences and traces. In our notation, the re-
quirement (27) is equivalent to imposing[
C (Y,Z) , U1

1 · ∂X1

] ∣∣∣
U1=0

≈ f(Y,Z)U1
1 · ∂U2

1

∣∣∣
U1=0

,

[C (Y,Z) , U2 · ∂X2
]
∣∣∣
U2=0

≈ 0 ,

[C (Y,Z) , U3 · ∂X3 ]
∣∣∣
U3=0

≈ 0 , (28)

5In general, the number of irreducible gauge parameters associated to the s2 + 1 (or s+ 1) components of a reducible �eld with
s1 > s2 (or s1 = s2 = s) is 2 s2 + 1 (or 2 s) . The reason is that, except for the totally-symmetric component (and also for the
rectangular one when s1 = s2) that possesses only one gauge parameter, all the others have two gauge parameters. However, only
one of the two is associated to unitary AdS massless �elds [19].
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where the right-hand side of the �rst equation appears
due to the irreducibility of the gauge parameter. Us-
ing the Leibniz rule together with the HT conditions
(2 , 5 , 20) and the identity (25), one can recast eqs. (28)
into a system of three PDEs

1)
[
Y3∂Z11

2
− Y2∂Z11

3
+ δ̂

2L

(
Y 2

1 ∂Y 2
1
− 2Y2∂Y2

+2Y3∂Y3
+ Z12

2 ∂Z12
2
− Z21

3 ∂Z21
3

)
∂Y 1

1

+ δ̂ Z21
3 ∂Z11

3
∂Y 2

1

]
C(Y,Z)

=
(
Y 2

1 ∂Y 1
1

+ Z12
2 ∂Z12

2
+ Z21

3 ∂Z21
3

)
f(Y,Z) ,

2)
[
Y 1

1 ∂Z11
3

+ Y 2
1 ∂Z21

3
− Y3∂Z1

+ δ̂
2L

(
2Y 1

1 ∂Y 1
1
− 2Y3∂Y3

+ Y 2
1 ∂Y 2

1

−Z12
2 ∂Z12

2
− Z21

3 ∂Z21
3

)
∂Y2

]
C(Y, Z) = 0 ,

3)
[
Y2∂Z1

− Y 1
1 ∂Z11

2
− Y 2

1 ∂Z12
2

+ δ̂
2L

(
2Y2∂Y2

− 2Y 1
1 ∂Y 1

1
− Y 2

1 ∂Y 2
1

+Z21
3 ∂Z21

3
+ Z12

2 ∂Z12
2

)
∂Y3

]
C(Y, Z) = 0 . (29)

Finding the general solutions to such a system is a non-
trivial task and we leave this issue for a forthcoming
paper [33]. However, for given spins of the �elds, all
possible C and f can be written as polynomials in
the variables (22) with arbitrary coe�cients. In this
way, eqs. (29) reduce to a system of linear equations
for the coe�cients, which can be easily solved, for in-
stance, with Mathematica. Besides the interactions of
the massless irreducible component {s1, s2} , these so-
lutions contain also the vertices associated to the re-
maining s2 ones {s1+s2−n, n} , n = 0, . . . , s2−1 . In
order to single the former types of interactions, one has
to further project the solutions onto the corresponding
YT {s1, s2} .

Example: {2, 1}−1−1

As an example, let us consider the interactions be-
tween the simplest hook gauge �eld and two spin-1
gauge �elds, i.e. the triple {2, 1}−1−1 . In this case,
the polynomial ansatz for C involves nine arbitrary co-
e�cients

C = a1 (Y 1
1 )2 Y 2

1 Y2 Y3 + a2 Y
1
1 Y

2
1 Y3 Z

11
3

+ a3 Y
1
1 Y

2
1 Y2 Z

11
2 + a4 (Y 1

1 )2 Y3 Z
21
3

+ a5 (Y 1
1 )2 Y2 Z

12
2 + a6 (Y 1

1 )2 Y 2
1 Z1

+ a7 Y
2
1 Z

11
2 Z11

3 + a8 Y
1
1 Z

11
2 Z21

3

+ a9 Y
1
1 Z

12
2 Z11

3 , (30)

associated to the nine possible Lorentz-invariant TT
couplings one can start with. Similarly, one can ex-
pand f as

f = b1 (Y 1
1 )2 Y2 Y3 + b2 Y

1
1 Y2 Z

11
2 + b3 (Y 1

1 )2 Z1

+ b4 Y
1
1 Y3 Z

11
3 + b5 Z

11
2 Z11

3 . (31)

Plugging the ansatze (30 , 31) into eqs. (29) and solving
the resulting linear system, one can express all the un-
known coe�cients ai and bi in terms of three indepen-
dent ones ã1 , ã2 and ã3 . Plugging these solutions back
into (30), one ends up with C = ã1 C1 + ã2 C2 + ã3 C3 ,
where

C1 = (Y 1
1 )2 Y 2

1 Y2 Y3 + 3
2
δ̂
L (Y 1

1 )2 Y 2
1 Z1

C2 = (Y 1
1 )2 Y 2

1 Y2 Y3 − δ̂
2L

(
2 (Y 1

1 )2 Y3 Z
21
3

+ 3Y 1
1 Y

2
1 Y2 Z

11
2 + Y 1

1 Y
2
1 Y3 Z

11
3

)
+ 3

4

(
δ̂
L

)2 (
Y 2

1 Z
11
2 Z11

3 + 2Y 1
1 Z

11
2 Z21

3

)
C3 = (Y 1

1 )2 Y3 Z
21
3 − (Y 1

1 )2 Y2 Z
12
2

+ Y 1
1 Y

2
1

(
Y2 Z

11
2 − Y3 Z

11
3

)
+ 3

2
δ̂
L Y

1
1

(
Z12

2 Z11
3 − Z11

2 Z21
3

)
. (32)

Finally, acting on the solutions (32) with the projector
onto the hook YT {2, 1}

Y{2,1} = 1− 1
3 U

2 · ∂U1U1 · ∂U2 , (33)

one can select the 3-massless {2, 1}−1−1 couplings.
As a result, the coupling C1 vanishes, while the re-
maining C2 and C3 both give

C{2,1}−1−1 = (Y 1
1 )2 (Y2 Z

12
2 − Y3 Z

21
3 )

+ Y 1
1 Y

2
1 (Y3 Z

11
3 − Y2 Z

11
2 )

+ 3
2
δ̂
L Y

1
1 (Z11

2 Z21
3 − Z12

2 Z11
3 ) . (34)

Hence in the end one is left with only one consis-
tent coupling involving a three-derivative part which
is dressed by a one-derivative AdS tail.
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Ë. Ëîïåñ

ÊÓÁÈ×ÍÛÅ ÂÇÀÈÌÎÄÅÉÒÑÂÈß ÏÎËÅÉ ÂÛÑØÈÕ ÑÏÈÍÎÂ ÑÎ ÑÌÅØÀÍÍÛÌ
ÒÈÏÎÌ ÑÈÌÌÅÒÐÈÈ Â ÏÐÎÑÒÐÀÍÑÒÂÅ ÀÄÑ

Ïðîáëåìà íàõîæäåíèÿ ñîãëàñîâàííîãî êóáè÷íîãî âçàèìîäåéñòâèÿ áåçìàññîâûõ ïîëåé âûñøèõ ñïèíîâ ñî ñìåøàííûì
òèïîì ñèììåòðèè â ïðîñòðàíñòâå ÀäÑ ñâîäèòñÿ ê ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ,
êîòîðûå ìîãóò áûòü ðåøåíû äëÿ ÷àñòèö ñ çàäàííûìè çíà÷åíèÿìè ñïèíà, âõîäÿùèõ â êóáè÷íóþ âåðøèíó. Äëÿ
ïðîñòîòû ðàññìàòðèâàþòñÿ ïîëÿ ñ äâóìÿ ñåìåéñòâàìè èíäåêñîâ, äëÿ êîòîðûõ îáñóæäàþòñÿ â ÿâíîì âèäå íåêîòîðûå
ïðèìåðû âçàèìîäåéñòâèÿ.

Êëþ÷åâûå ñëîâà: êàëèáðîâî÷íàÿ ñèììåòðèÿ, òåîðèÿ ïîëÿ â âûñøèõ èçìåðåíèÿõ, ïðîñòðàíñòâåííî-âðåìåííûå
ñèììåòðèè.

Ëîïåñ, Ë.
Scuola Normale Superiore and INFN.
Piazza dei Cavalieri 7, 56126 Pisa, Italy.
E-mail: luca.lopez@sns.it
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l-conformal Galilei algebra is considered. N = 2 supersymmetric extension of this algebra is constructed. A relation
between its representations in �at spacetime and in Newton-Hooke spacetime is discussed.

Keywords: conformal Galilei algebra, supersymmetry.

1 Introduction

The non-relativistic version of the Anti-de Sit-
ter/Conformal Field Theory (AdS/CFT) correspon-
dence [1] stimulates extensive investigation of non-
relativistic conformal algebras [2]- [4]. Algebras rel-
evant for physical applications in �at non-relativistic
spacetime as well as in Newton-Hooke spacetime (i.e.
spacetime with cosmological repulsion/attraction [5])
belong to the family of the l-conformal Galilei alge-
bras [7, 16] l being a positive integer or half-integer.

Supersymmetric extension of the l-conformal
Galilei algebras and their dynamical realizations have
been studied in detail for l = 1

2 (the Schr�odinger alge-
bra) and l = 1 (the conformal Galilei algebra). In [8] an
N = 1 supersymmetric extension of the Schr�odinger al-
gebra was identi�ed with the symmetry algebra of the
non�relativistic spin- 1

2 particle. In [9] it was shown
that the non�relativistic limit of the Chern-Simons
matter system in (2 + 1) dimensions is invariant under
N = 2 Schr�odinger supersymmetry. Many-body quan-
tum mechanics invariant under N = 2 Schr�odinger su-
persymmetry was studied in [10]. Relations between
the Schr�odinger superalgebra and relativistic super-
conformal algebras were discussed in [11]� [12]. More
recently, supersymmetric extensions of the conformal
Galilei algebra were extensively investigated by apply-
ing various non-relativistic contractions [13]� [14].

The purpose of this work is to construct an N = 2
supersymmetric extension of the l-conformal Galilei al-
gebra for the case of arbitrary l [15]. We do this in sec-
tion 2. Representations of this superalgebra in �at and
Newton-Hooke spacetimes are considered in section 3.
We also give a coordinate transformation, which relates
the representations.

2 N=2 supersymmetric extension of the l-
conformal Galilei algebra

First let us recall the structure of the l-conformal
Galilei algebra. It involves the generator of time trans-

lations H, the generator of dilatations D, the generator
of special conformal transformations K, the generators
of space rotations Mij , and a chain of vector genera-

tors C
(n)
i , n = 0, 1, .., 2l. In particular, for n = 0 one

obtains the generator of space translations, n = 1 gives
the generator of Galilei boosts, while higher n describe
accelerations. The non-vanishing structure relations
read [7]

[H,D] = H, [H,C
(n)
i ] = nC

(n−1)
i ,

[H,K] = 2D, [D,C
(n)
i ] = (n− l)C(n)

i ,

[D,K] = K, [K,C
(n)
i ] = (n− 2l)C

(n+1)
i , (1)

[Mij , C
(n)
k ] = −δikC(n)

j + δjkC
(n)
i ,

[Mij ,Mkl] = −δikMjl − δjlMik + δilMjk + δjkMil.

Note that H, D and K form the conformal algebra in
one dimension so(2, 1).

In order to construct an N = 2 supersymmet-
ric extension of this algebra, we introduce a pair of
supersymmetry generators Q+ and Q−, the super-
conformal generators S+ and S−, fermionic partners

of the vector generators L
(n)+
i and L

(n)−
i with n =

0, 1, .., 2l−1, extra bosonic vector generators P
(n)
i with

n = 0, 1, .., 2l − 2, and the bosonic generator J which
corresponds to u(1)�R�symmetry. It is assumed that
the odd generators are antihermitian conjugates of each
other

(
Q+
)†

= −Q−,
(
S+
)†

= −S−,(
L

(n)+
i

)†
= −L(n)−

i . (2)

The bosonic operators J and P
(n)
i are taken to be an-

tihermitian as well.

In addition to (5) we impose the following structure
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relations [15]

{Q+, Q−} = 2iH, {Q±, S∓} = 2iD ± J,

{S+, S−} = 2iK, [Q±, C
(n)
i ] = nL

(n−1)±
i ,

[H,S±] = Q±, [Q±, P
(n)
i ] = iL

(n)±
i ,

[K,Q±] = −S±, [S±, C
(n)
i ] = (n− 2l)L

(n)±
i ,

[D,Q±] = −1

2
Q±, [S±, P

(n)
i ] = iL

(n+1)±
i ,

[D,S±] =
1

2
S±, [H,L

(n)±
i ] = nL

(n−1)±
i ,

[J,Q±] = ±iQ±, [H,P
(n)
i ] = nP

(n−1)
i ,

[J, S±] = ±iS±, [J, L
(n)±
i ] = ±iL(n)±

i ,

{Q±, L(n)∓
i } = iC

(n)
i ∓ nP (n−1)

i ,

{S±, L(n)∓
i } = iC

(n+1)
i ∓ (n− 2l + 1)P

(n)
i ,

[D,L
(n)±
i ] = (n− l + 1/2)L

(n)±
i ,

[D,P
(n)
i ] = (n− l + 1)P

(n)
i ,

[K,L
(n)±
i ] = (n− 2l + 1)L

(n+1)±
i ,

[K,P
(n)
i ] = (n− 2l + 2)P

(n+1)
i ,

[Mij , L
(n)±
k ] = −δikL(n)±

j + δjkL
(n)±
i ,

[Mij , P
(n)
k ] = −δikP (n)

j + δjkP
(n)
i . (3)

Note that l = 1/2 reproduces the well known N = 2
Schr�odinger superalgebra [10].

3 Realizations in superspace

First let us construct a realization of the superalge-
bra (3) in �at superspace. Introducing two Grassmann
variables θ+ and θ−, which are complex conjugates of

each other (θ+)
†

= θ−, one �nds [15] (see also a related
work [16])

D = t∂t + lxi∂i +
1

2
θ−∂θ− +

1

2
θ+∂θ+ ,

K = t2∂t + 2ltxi∂i + tθ−∂θ− + tθ+∂θ+ ,

S± = tθ±∂t + it∂θ∓ + 2lθ±xi∂i + θ±θ∓∂θ∓ ,

Q± = i∂θ∓ + θ±∂t,

H = ∂t, J = iθ+∂θ+ − iθ−∂θ− ,

C
(n)
i = tn∂i n = 0, .., 2l,

P
(n)
i = θ−θ+tn∂i n = 0, .., 2l − 2,

L
(n)±
i = θ±tn∂i, n = 0, .., 2l − 1,

Mij = xi∂j − xj∂i. (4)

Discarding the fermions one reproduces a realiza-
tion of the l-conformal Galilei algebra in [7].

In order to construct a realization of the su-
peralgebra (3) in Newton-Hooke spacetime extended
by fermionic variables, we introduce an analogue of
Niederer's transformation. Guided by the analysis in
[10], we �rst consider a coordinate transformation [15]

t′ = R tan (t/R), t′ = R tanh (t/R),

x′i = (cos (t/R))−2lxi, x′i = (cosh (t/R))−2lxi,(
θ±
)′

= (cos (t/R))−1θ±,(
θ±
)′

= (cosh (t/R))−1θ±, (5)

where the prime denotes coordinates parameteriz-
ing �at superspace. Here the left/right column
corresponds to Newton�Hooke spacetime with nega-
tive/positive cosmological constant. Then we consider
a linear change of the basis in the l-conformal Galilei
algebra

H → H ± 1

R2
K ∓ 1

R
J, Q± → Q± ± i

R
S±, (6)

where the upper/lower sign in the generator of time
translations corresponds to negative/positive cosmo-
logical constant. The operators of realization (3) in
Newton-Hooke superspacetime are constructed by us-
ing (5) in paper [15].

4 Conclusion

To summarize, in this paper we have constructed
an N = 2 supersymmetric extension of the l-conformal
Galilei algebra and its realizations in �at spacetime
and in Newton-Hooke spacetime. A coordinate trans-
formation which links the realizations was given. An
in�nite�dimensional extension was proposed.
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È. Â. Ìàñòåðîâ

ÇÀÌÅÒÊÀ ÎÁ N=2 ÑÓÏÅÐÑÈÌÌÅÒÐÈ×ÍÎÌ ÐÀÑØÈÐÅÍÈÈ l-ÊÎÍÔÎÐÌÍÎÉ
ÀËÃÅÁÐÛ ÃÀËÈËÅß

Ïîñòðîåíî N=2 ñóïåðñèììåòðè÷íîå ðàñøèðåíèå l-êîíôîðìíîé àëãåáðû Ãàëèëåÿ è åå ïðåäñòàâëåíèÿ â ïëîñêîì ñóïåðïðîñòðàíñòâå
è ñóïåðïðîñòðàíñòâå Íüþòîíà-Ãóêà. Óñòàíîâëåíû êîîðäèíàòíûå ïðåîáðàçîâàíèÿ, ñâÿçûâàþùèå ïîñòðîåííûå ïðåäñòàâëåíèÿ.

Êëþ÷åâûå ñëîâà: àëãåáðà Ãàëèëåÿ, êîíôîðìíàÿ ñèììåòðèÿ, N=2 ñóïåðñèììåòðèÿ.
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We introduce a metric in a 4-dimensional spacetime which describes creation of baby-universe from initially �at spacetime.
Such metric may be used for construction of a transient intra-universe wormhole.
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1 Introduction

The problem of creation and existence of worm-
holes has attracted the attention of researchers for
many years. A wormhole is a compact region of space-
time with nontrivial topology. According to Visser
[1] there are permanent (or quasipermanent) and
transient wormholes. The (quasi-)permanent intra-
universe wormhole is a compact region which topo-
logically equivalent to R × Σ, where Σ is a spacelike
hypersurface of nontrivial topology. Such wormholes
are essentially three-dimensional objects. The tran-
sient wormhole is created and destructed without hav-
ing R × Σ topological structure. These wormholes are
intrinsically four-dimensional objects. In this case if we
consider spacelike hypersurface x0 = const then worm-
hole is absent. Such hypersurface is either simply con-
nected or consist of two disconnected regions. Creation
of transient intra-universe wormhole may be thought of
as the creation of baby-universe, it's separation from
parent-universe at some point of spacetime and pasting
both universe at the another point of spacetime.At the
interval from separation to pasting, both universes are
moving in their own time trajectories. Such construc-
tion was considered in [2] and the energy of transient
wormhole creation was estimated (see also [3]). How-
ever above mentioned transient wormhole metrics are
not obtained.

The aim of the present paper is to construct the
metric tensor of spacetime such that there is a creation
of baby-universe.

2 Set of Ω-like curves

In Ref. [4] a three-parametric set of Ω-like curves
Ω(x, u;λ, µ, ν) = 0 was received. It describes as the
sphere S1 separates from initially �at one-dimensional
space R. In other words, this set can be thought as
one-dimensional model of baby-universe creation. Let
us rewrite the set of Ω-like curves to one parametric

form. It is a simple performed procedure, if we assume
that λ, µ and ν are su�ciently smooth functions of
t. We accept that these dependencies have forms pre-
sented in the table 1. Here λ0, µ1 and k are positive
constants such that µ1 > λ0 and k > 1. Moreover,
�rst and second derivatives of functions µ(t), ν(t) and
λ(t) are equal to zero at the points t1, t2, t3 and t = 0.
The functions µ̃(t) and ν̃(t) increase, and λ̃(t) is a de-
creasing function. Herewith µ̃(0) = 0, µ̃(t1) = µ1,
ν̃(t1) = λ2

0/
√
λ2

0 + µ2
1, ν̃(t2) = λ2

0/
√
µ2

1 − λ2
0, λ̃(t2) =

λ0, λ̃(t3) = 0.
So we receive that above mentioned set of curves is

determined by equation Ω(x, u; t) = 0, where

Ω =

 G(x, u; t), if 0 ≤ u ≤ ν, x ≥ 0,
S1(x, u; t), if u > ν,
G(−x, u; t), if 0 ≤ u ≤ ν, x < 0,

(1)

S1(x, u; t) =

= x2 +

(
u− (µ2 + λ2)

2
ν4 − λ8

4µ2λ2ν3

)2

−R2

and G(x, u; t) = (λ2−µ2)u2 + 2λµxu−λ4. Here radius
R(t) is de�ned by

R2 =
(λ4 + (µ2 − λ2)ν2)

2

4µ2λ2ν2
+

((µ2 − λ2)
2
ν4 − λ8)

2

16µ4λ4ν6
. (2)

The sphere S1(x, u; t) = 0 tangents to the hyperbola
G(x, u; t) = 0 in a point Mν = (xλµ(ν), ν), where
xλµ(ν) = λ4 − (λ2 − µ2)ν2/2µλν. This point may be
also described by condition u = ν. Functions λ(t),
µ(t), ν(t) evolve according to table 1.

If we change parameter t with respect to table 1 and
assume that t is a time, than we receive time-dependent
curve. It will be denoted by Ω. While t ∈ [0, t1] a pro-
tuberant spherical region S is formed from line u = λ0.
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t t < 0 t ∈ [0, t1] t ∈ (t1, t2) t ∈ [t2, t3] t > t3

µ(t) 0 µ̃(t) µ1 µ1 µ1

ν(t) λ0
λ2

0√
λ2

0+µ2
ν̃(t) kλ2√

µ2
1−λ2

0

λ(t) λ0 λ0 λ0 λ̃(t) 0

Table 1: Parameters λ, µ and ν dependent from t.

As soon as t ∈ (t1, t2) a throat is created on formed
protuberant region. When t ∈ [t2, t3] the throat is
constricted to a point. At the completion of process
the sphere will separate after the throat will have con-
stricted to a point.

3 3-dimensional surface

If we have rotated Ω(t) at every �xed point t,
then we obtain a non-stationary three-dimensional sur-
face Σ(t). At every point t, it is described by sur-
faces H(x, y, z, u; t) = 0, if 0 ≤ u ≤ ν(t), and
S3(x, y, z, u; t) = 0, if u > ν(t), joined together on
some 2-dimensional surface u = ν(t). Let us introduce
two three-dimensional non-stationary metrics on sur-
faces H and S3 at every moment t.

A �rst metric tensor is determined on the spherical
part S3 of surface Σ. We have

ds2 = R2 cos2 η
(
cos2 ψdϕ2 + dψ2

)
+R2dη2, (3)

ϕ ∈ [0, 2π], ψ ∈
[
−π

2
,
π

2

]
, η ∈

(
arcsinα,

π

2

]
, (4)

where

α =
λ8 − (µ2 − λ2)2ν4

4Rµ2λ2ν3
,

R was de�ned by (2). The boundary of the surface S3

is given by formula η = arcsinα.
A second metric tensor γαβ(H) is determined on

the hyperbolic part H of the surface Σ. Let

u±(r; t) =
λµ

µ2 − λ2

(
r ±

√
r2 − r2

0

)
, (5)

u0(t) =
λ2√
µ2 − λ2

, r0(t) =
λ

µ

√
µ2 − λ2 (6)

and

rb(t) =
λ4 − (λ2 − µ2)ν2

2µλν
. (7)

Then u(r) is determined by equations

u =
λ2

2r
, if

{
r ∈ [rb, +∞) ,
t = t′,

(8)

u = u−(r; t), if

{
r ∈ [rb, +∞) ,
t ∈ [0, t′) ∪ (t′, t∗],

(9)

u = u−(r; t), if

{
r ∈ [r0, +∞) ,
t ∈ (t∗, t3],

(10)

u = u+(r; t), if

{
r ∈ (r0, rb] ,
t ∈ (t∗, t3],

(11)

Thus, we receive that in moment t ∈ [0, t∗] a three-
dimensional metric tensor on H(t) corresponds to

ds2 = r2 cos2 ψdϕ2 + r2dψ2 +
(

1 +
(
(u−)′r

)2)
dr2,

ϕ ∈ [0, 2π], ψ ∈
[
−π

2
,
π

2

]
, r ∈ [rb, +∞) .

And in every point t ∈ (t∗, t3] a three-dimensional
metric tensor on H(t) is two three-dimensional metrics
pasted together on the two-dimensional surface r = r0.
One of them is

ds2 = r2 cos2 ψdϕ2 + r2dψ2 +
(

1 +
(
(u−)′r

)2)
dr2,

ϕ ∈ [0, 2π], ψ ∈
[
−π

2
,
π

2

]
, r ∈ [r0,+∞)

and another is

ds2 = r2 cos2 ψdϕ2 + r2dψ2 +
(

1 +
(
(u+)′r

)2)
dr2,

ϕ ∈ [0, 2π], ψ ∈
[
−π

2
,
π

2

]
, r ∈ (r0, rb) .

Without any restrictions we can introduce an
united note for every considering metric:

ds2 = r2 cos2 ψdϕ2 + r2dψ2 +
(

1 + (u′r)
2
)
dr2, (12)

ϕ ∈ [0, 2π], ψ ∈
[
−π

2
,
π

2

]
. (13)

The variable r is changed with respect to equations (8
� 11). Herewith u′r is a derivative of u(r; t) with re-
spect to r. The boundary of the surface H is given by
formula r = rb.

At the �xed parametric point t a metric tensor on
the surface Σ(t) may be receive by pasting together the
metric on S3(t) and the metric on H(t). These metrics
is identi�ed on the two-dimensional surface.
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4 Four-dimensional metric tensor

Now we can construct a four-dimensional metric
tensor gik on the surface Σ by using Gaussian normal
coordinates. There are two expression

ds2 = dt2 − r2dΩ2 −
(

1 + (u′r)
2
)
dr2, (14)

ds2 = dt2 −R2 cos2 ηdΩ2 −R2dη2. (15)

We used denote dΩ2 = cos2 ψdϕ2 − dψ2.
If t ∈ [0, t∗] then we paste together (15) and (14),

where u = u− and r ∈ [rb,+∞). If t ∈ (t∗, t3] then
three four-dimensional metric tensors are pasted to-
gether. The �st metric is (14) with u = u− and
r ∈ [r0,+∞), the second metric is (14) with u = u+

and r ∈ (r0, rb), and the third metric is (15). The
metric tensor (15) describes created baby-universe. If

we �nd the energy-momentum tensor of whole space-
time, then we receive the violation of energy condi-
tion in some points. This violation exist in the region
t ∈ (t∗, t3] and corresponds to negative extrinsic cur-
vature of the hyperbolic part of the surface Σ.

5 Conclusion

We construct metric tensor of spacetime at which
the baby-universe is created. Further we can construct
a transient intra-universe wormhole with closed time-
like curve and without it. The energy conditions are
violated in the receiving spacetime. At �rst moment
we have a �at spacetime ds2 = dt2 − r2dΩ2 − dr2, at
the end there are a baby-universe and a parent-universe
pasted together in some point. At the end the parent-
universe becomes �at again.
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Å. Â. Ïàëåøåâà

ÑÎÇÄÀÍÈÅ ÄÎ×ÅÐÍÅÉ ÂÑÅËÅÍÍÎÉ

Ðàññìàòðèâàåòñÿ ìåòðèêà 4-ìåðíîãî ïðîñòðàíñòâà-âðåìåíè, êîòîðàÿ îïèñûâàåò ñîçäàíèå è îòðûâ ñôåðû S3 èç èçíà÷àëüíî
ïëîñêîãî ïðîñòðàíñòâà-âðåìåíè. Äàííûé îòðûâ ÷àñòè 3-ìåðíîãî ïðîñòðàíñòâà ìîæíî ðàññìàòðèâàòü êàê ñîçäàíèå
äî÷åðíåé âñåëåííîé. Ïðèâåäåííàÿ ìåòðèêà ìîæåò áûòü èñïîëüçîâàíà äëÿ ïîñòðîåíèÿ 4-ìåðíîé êðîòîâîé íîðû,
òîïîëîãè÷åñêàÿ ñòðóêòóðà êîòîðîé íå ýêâèâàëåíòíà R × Σ, ãäå Σ � ïðîñòðàíñòâåííî-ïîäîáíàÿ ãèïåðïîâåðõíîñòü
íåòðèâèàëüíîé òîïîëîãèè.
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A method is presented which allows for the renormalization of the self-potential of a scalar point charge at rest in static
curved spacetime. The method is based on the local expansion of the self-potential for a scalar point charge at rest in
general static spacetimes.
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1 Introduction

It is known that a charged particle interacts with
the �eld, the source of which is this particle [1�6]. A
discussion of the self-force in detail may be found in
reviews [7�9].

Calculating the self-force one must evaluate the
�eld that the point charge induces at the position of
the charge. This �eld diverges and must be renor-
malized. There are di�erent methods of such type of
renormalization. Some of them are reviewed in recent
papers [10,11].

Note also the zeta function method [12] and �the
massive �eld approach� for the calculation of the self-
force [13, 14]. In the ultrastatic spacetimes the renor-
malization of the �eld of static charge can be realize
by the subtraction of the �rst terms from DeWitt-
Schwinger asymptotic expansion of a three dimensional
Euclidean Green's function [15�18].

In this paper similar approach expands to the case
of static spacetimes. In framework of suggested pro-
cedure one subtracts some terms of expansion of the
corresponding Green function of a massive scalar �eld
with arbitrary coupling to the scalar curvature from
the divergent expression obtained. The quantities of
the terms to be subtracted are de�ned by simple rule
� they no longer vanish as the �eld's mass goes to the
in�nity.

Such approach is similar to renormalization intro-
duced in the context of the quantum �eld theory in
curved spacetime [19, 20]. The Bunch and Parker
method [21] is used for expansion of the correspond-
ing Green's function of a scalar �eld.

Our conventions are those of Misner, Thorne, and
Wheeler [22]. Throughout this paper, we use units
c = G = 1.

2 Renormalization

Let us consider equation for scalar massive �eld
with source

φm
;µ
;µ−
(
m2 + ξR

)
φm = −4πq

∫
δ(4)(x−x0(τ))

dτ√
−g(4)

,

(1)

where ξ is a coupling of the scalar �eld with mass m to
the scalar curvature R, g(4) is the determinant of the
metric gµν , q is the scalar charge and τ is its proper
time. The world line of the charge is given by xµ0 (τ).
The metric of static spacetime can be presented as fol-
lows

ds2 = −gtt(xi)dt2 + gjk(xi)dxjdxk, (2)

where i, j, k = 1, 2, 3. This means that one can write
the �eld equation in the following way

1
√
gtt
√
g(3)

∂

∂xj

(
√
gtt
√
g(3)gjk

∂φm(xi;xi0)

∂xk

)
−
(
m2 + ξR(x)

)
φm(xi;xi0) = −4πqδ(3)(xi, xi0)√

g(3)
, (3)

where m is the mass of scalar �eld, g(3) = det gij and
we take into account that dτ/dt =

√
gtt for the particle

at rest. In the case

m� 1/L, (4)

where L is the characteristic curvature scale of the
background geometry, it is possible to construct the it-
erative procedure of the solution of Eq. (3) with small
parameter 1/(mL) [19�21]. This expansion can be used
in the regularization procedure of Rosenthal [13]

fselfµ (x0) = q lim
m→∞

{
lim
δ→0

∂
(
φ(x;x0)− φm(x;x0)

)
∂xµ

+
qm2nµ(x0)

2
+
qmaµ(x0)

2

}
, (5)
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because this procedure demands the calculation of the
expansion of φm(x;x0) in terms of xµ − xµ0 and 1/m
accurate to order O

(
(x− x0)2

)
+O (1/m) only. In the

expression (5) φ(x;x0) is the massless �eld induced by
scalar charge q, and x is a point near the charge's word
line x0(τ), de�ned as follows. At x0 we construct a unit
spatial vector nµ, which is perpendicular to the object's
world line but is otherwise arbitrary (i.e. at x0 we have
nµnµ = 1, nµuµ = 0). In the direction of this vector
we construct a geodesic, which extends out an invari-
ant length δ to the point x(x0, n

µ, δ); throughout this
manuscript uµ and aµ denote the object's four-velocity
and four-acceleration, at x0, respectively.

To construct the expansion of φm(x;x0), let us con-
sider the equation for the three-dimensional Green's
function GE(xi, xi0)

1√
g(3)

∂

∂xj

(√
g(3)gjk

∂GE(xi, xi0)

∂xk

)
+
gjk

2gtt

∂gtt
∂xj

∂GE(xi, xi0)

∂xk

−
(
m2 + ξR(x)

)
GE(xi, xi0) = −δ

(3)(xi, xi0)√
g(3)

(6)

and introduce the Riemann normal coordinates yi in
3D space with origin at the point xi0 [23]. In these
coordinates one has

gij(y
i) = δij −

1

3
R̃ikjl|y=0 y

kyl +O

(
y3

L3

)
, (7)

g(3)(yi) = 1− 1

3
R̃ij |y=0y

iyj +O

(
y3

L3

)
, (8)

where the coe�cients here and below are evaluated at
yi = 0 (i.e. at the point xi0), δij denotes the metric

of a �at three-dimensional Euclidean spacetime. R̃ikjl
and R̃ij denote the components of Riemann and Ricci
tensors of the three-dimensional spacetime with metric
gij

Rij = R̃ij −
gtt,i;j
2gtt

+
gtt,i gtt,j

4gtt2
,

R = R̃−
gtt,i

;i

gtt
+
gtt,i gtt

,i

2gtt2
, (9)

where gtt,i denotes the covariant derivative of a scalar

function gtt(y
j) with respect to yi in 3D space with

metric gij(y
k) (gtt,i;j is the covariant derivative of a

vector gtt,i at point yk = 0 in 3D space, which co-

incides with partial derivative as Γkij = 0 at yk = 0
in the Riemann normal coordinates). All indices are
raised and lowered with δij . De�ning G(yi) by

G(yi) =
√
g(3)GE(yi) (10)

and retaining in (6) only the terms with coe�cients in-
volving two derivatives of the metric or fewer one �nds

that G(yi) satis�es the equation

δij
∂2G

∂yi∂yj
−m2G+ δij

gtt,i
2gtt

∂G

∂yj
+ δij

(
gtt,ik
2gtt

−
gtt,i gtt,k

2gtt2

)
yk
∂G

∂yj
+ R̃

i

k

j

l

ykyl

3

∂2G

∂yi∂yj

+

(
R̃

3
− ξR

)
G = −δ(3)(y). (11)

Let us present

G(yi) = G0(yi) +G1(yi) +G2(yi) + . . . , (12)

where Ga(yi) has a geometrical coe�cient involving a
derivatives of the metric at point yi = 0. Then these
functions satisfy the equations

δij
∂2G0

∂yi∂yj
−m2G0 = −δ(3)(y), (13)

δij
∂2G1

∂yi∂yj
−m2G1 + δij

gtt,i
2gtt

∂G0

∂yj
= 0, (14)

δij
∂2G2

∂yi∂yj
−m2G2 + δij

gtt,i
2gtt

∂G1

∂yj

+δij
(
gtt,ik
2gtt

−
gtt,i gtt,k

2gtt2

)
yk
∂G0

∂yj

+R̃
i

k

j

l

ykyl

3

∂2G0

∂yi∂yj
+

(
R̃

3
− ξR

)
G0 = 0. (15)

The function G0(yi) satis�es the condition

R̃
i

k

j

l y
kyl

∂2G0

∂yi∂yj
− R̃

i

jy
j ∂G0

∂yi
= 0, (16)

since G0(yi) can be the function only of δijy
iyj . There-

fore Eq. (15) may be rewritten

δij
∂2G2(yi)

∂yi∂yj
−m2G2(yi) + δij

gtt,i
2gtt

∂G1

∂yj

+

[
1

3
R̃ik + δij

(
gtt,jk
2gtt

−
gtt,jgtt,k

2gtt2

)]
yk
∂G0

∂yi

+

(
R̃

3
− ξR

)
G0 = 0. (17)

Let us introduce the local momentum space associated
with the point yi = 0 by making the 3-dimensional
Fourier transformation

Ga(yi) =

∫+∞∫
−∞

∫
dk1dk2dk3

(2π)3
exp(ikiy

i)Ga(ki). (18)

It is not di�cult to see that

G0(ki) =
1

k2 +m2
, (19)

� 126 �



A. A. Popov. Renormalization of static self-potential

G1(ki) = i
δijgtt,ikj

2gtt(k2 +m2)2
, (20)

G2(ki) =

−
δijgtt,ij

2gtt
+
δijgtt,i gtt,j

2gtt2
− ξR

(k2 +m2)2

+

kikjδ
ikδjl

(
2

3
R̃j l +

gtt,j l
gtt
−

5gtt,j gtt,l
4gtt2

)
(k2 +m2)3

, (21)

where k2 = δijkikj . Substituting (18), (19), (20), (21)
in (12) and integrating leads to

G0(yi) +G1(yi) +G2(yi) =
exp(−my)

8π

[
2

y

−
gtt,i
2gtt

yi

y
+

1

m

(
−
δijgtt,ij

4gtt
+

3δijgtt,i gtt,j
16gtt2

− ξR

+
R̃

6

)
+

(
−
gtt,ij
4gtt

+
5gtt,i gtt,j

16gtt2
− R̃ij

6

)
yiyj

y

]
, (22)

where

y =
√
δijyiyj . (23)

Using the de�nition of G(yi) (10), expansion (8), and
expressions (9) one �nds

GE(xi;xi0) =
1

8π

{
2√
2σ

+
gtt,iσ

i

2gtt
√

2σ
− 2m

+
1

m

[
−
gtt,i

;i

12gtt
+

5gtt,igtt
,i

48gtt2
−
(
ξ − 1

6

)
R(x0)

]

−m
gtt,iσ

i

2gtt
+m2

√
2σ +

[
gtt,i

;i

12gtt
−

5gtt,i gtt
,i

48gtt2

+

(
ξ − 1

6

)
R(x0)

]√
2σ +

(
+

13gtt,i gtt,j
48gtt2

−
gtt,i;j
6gtt

+
Rij(x0)

6

)
σiσj√

2σ
+O

(
1

m2L3

)
+O

( √
σ

mL3

)
+O

( σ
L3

)
+O

(
mσ3/2

L3

)}
, (24)

where we take into account that in the arbitrary coor-
dinates of 3D space

yi → ui(x0)∆s ≡ −σi, (25)

ui(x0) is the unit tangent vector to the shortest
geodesic connecting points x0 and x which is calcu-
lated at points x0 and directed from x0 to x, ∆s is
the distance between these points along the consid-
ered geodesic, gtt,i denotes the covariant derivative of

a scalar function gtt(x0) with respect to xi0 in 3D space

with metric gij(x0) (gtt,i;j is the covariant derivative of
a vector gtt,i at point x0 in 3D space),

σ =
gij(x0)

2
σiσj (26)

is one half the square of the distance between the points
xi0 and xi along the shortest geodesic connecting them
and (see, e.g., [24, 25])

σi = −
(
xi − xi0

)
− 1

2
Γijk

(
xj − xj0

) (
xk − xk0

)
−1

6

(
ΓijmΓmkl +

∂Γijk
∂xl0

)(
xj − xj0

) (
xk − xk0

)
(
xl − xl0

)
+O

(
(x− x0)

4
)
, (27)

where the Christo�el symbols Γijk are calculated at the
point x0.

Now we can use the expansion of

φm(xi;xi0) = 4πqGE(xi;xi0) (28)

in the regularization procedure (5). But if we take the
limits before the partial di�erentiation in (5), then the
last two terms do not to appear in the expression for
fselfµ (x0). And in the considered case of a charge at rest
in a static spacetime we can renormalize self-potential
as

φren(x) = lim
x0→x

(φ(x;x0)− φDS(x;x0)) , (29)

where

φDS = q

(
1√
2σ

+
∂gtt(x0)

∂xi0

σi

4gtt(x0)
√

2σ
−m

)
, (30)

and φ(x;x0) is the solution of (1) in the case of ar-
bitrary mass m (even m = 0). Finally the self-force
acting on a static scalar charge is

fselfµ (x) = −q
2

∂φren(x)

∂xµ
. (31)

3 Conclusion

The considered approach gives the possibility to
renormalize (29) the self-potential of scalar point
charge q at rest in static spacetime (2) and to calculate
the self-force (31) acting on this charge. Note that in
the case the Compton wave length 1/m of the massive
scalar �eld is much smaller than the characteristic scale
L of curvature of the background gravitational �eld at
the considered point x we can to obtained the approx-
imated expression for the renormalized self-potential

φren(x) = lim
x0→x

(φm(x;x0)− φDS(x;x0))

=
q

2m

[
−
gtt,i

;i

12gtt
+

5gtt,igtt
,i

48gtt2
−
(
ξ − 1

6

)
R

]
+O

( q

m2L3

)
. (32)
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Of course the order of this expression in 1/(mL) is less
than the correspondent order of φren for the massless
�eld (or �eld with massm<∼ 1/L). However the expres-
sion (32) can be used for the veri�cation of asymptotic
behavior of φren in the limit m→∞.
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We consider the �eld of spin 3 on the de Sitter background in two dimensions and calculate the the divergent part of the
one-loop e�ective action in a nonminimal gauge. For this purpose we construct a simple formula for the b2 coe�cient of
an arbitrary second order di�erential operator with small nonminimal terms. Using this formula we �nd that the divergent
part of one-loop e�ective action for the considered theory is gauge independent.

Keywords: higher spins, Minakshisundaram-De Witt-Seeley coe�cients, (anti)-de Sitter space.

1 Introduction

Higher spins are described by the �elds φµ1µ2...µs

which are totally symmetric and satisfy the condition

φα
α
β
β
µ5...µs = 0. (1)

The action for these �elds on the �at background was
obtained in [1] for bosons and in [2] for fermions. It is
also possible to describe the higher spin �elds on the
(anti)-de Sitter background:

Rµναβ =
1

D(D − 1)
(gµαgνβ − gµβgνα)R, (2)

where R = const. Then the action for bosons has the
form:

S =
(−1)s

2

∫
dDx
√
−g
[
(∇αφµ1...µs)

2 − 1

2
s(s− 1)

×(∇αφββµ3...µs)
2 − s(∇αφαµ2...µs)

2 + s(s− 1)

×∇αφαβµ3...µs∇βφγγµ3...µs −
1

4
s(s− 1)(s− 2)

×(∇αφαββµ4...µs)
2

+c1R(φµ1...µs)
2 + c2R(φγγµ3...µs)

2
]
, (3)

where the coe�cients c1 and c2 are de�ned by the in-
variance of the action under the transformations

δφµ1...µs =
1

s
(∇µ1

αµ2...µs +∇µ2
αµ1µ3...µs + . . .). (4)

The parameter αµ1µ2...µs−1
is totally symmetric and

traceless αββµ3...µs−1 = 0.
In [3] it was shown that under certain assumptions

the consistent Lagrangian formulation for free bosonic
totally symmetric higher spin �elds is possible only in
constant curvature Riemann space.

In order to calculate quantum corrections for the
considered theory (as for all gauge theories), it is nec-
essary to �x a gauge. It is well-known that the e�ective

action is gauge independent on shell. However, explicit
calculations show that o� shell the e�ective action de-
pends on the gauge choice, see e.g. [4]. The choice of
the minimal gauge considerably simpli�es the calcula-
tions, especially on the curved background.

We will investigate the gauge dependence of the ef-
fective action for higher spin �elds on the (A)dS back-
ground. For this purpose it is convenient to choose the
λ, β gauge

Sgf =
(−1)s

2

∫
dDx
√
−g s(1 + λ)[∇αφαµ2...µs

−1

2
(s− 1)(1 + β)∇(µ2

φααµ3...µs)]
2. (5)

In this paper we calculate the divergent part of the
one-loop e�ective action in this gauge and show that
the result does not depend on the parameters λ and β.

2 Algorithm for calculating the one-loop di-
vergences

In the one-loop approximation the e�ective action
is given by

Γ[φ] = S[φ] +
i

2
~ Tr ln D̂ +O(~2), (6)

where Tr includes
∫
dDx and the di�erential operator

D̂ is de�ned by

D̂ =
δ2S

δϕiδϕj
. (7)

Gauge (5) is called nonminimal, because the corre-
sponding second variation of the classical action (with
the gauge �xing terms) is given by a nonminimal op-
erator

D̂ ∼ ∇2
µ +Kµν∇µ∇ν + Sµ∇µ +W (8)
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in which terms with the largest number of derivatives
di�er from the Laplace operator.

From the mathematical point of view, calculation of
the divergent part of the one-loop e�ective action cor-
responds to obtaining the Minakshisundaram-De Witt-
Seeley coe�cients [5]- [10]. For the second order oper-
ator D̂ these coe�cients are de�ned by

tr〈x| exp(isD̂)|x〉 =

√
−g

(4πis)D/2

(
b0 + b2(is)

+b4(is)2 +O(s3)
)
. (9)

Using the dimensional regularization one-loop diver-
gences can be related with certain Minakshisundaram-
DeWitt-Seeley coe�cients. Really, taking into account
that

ln D̂ = −i
∞∫

0

ds

s
exp(is(D̂ + i0)), (10)

it is easy to see, that, for example, for D ≈ 2 the diver-
gent part of the one-loop e�ective action can be written
as

Γ
(∞)
1−loop =

1

4π(D − 2)

∫
dDx
√
−g b2, (11)

Similar formulas can be also written for other
dimensions. For various di�erential operators
Minakshisundaram-De Witt-Seeley coe�cients can be
found using the Schwinger�De Witt technique and
its generalizations [11]- [14]. For a minimal opera-
tor heat kernel coe�cients on the (A)dS background
can be found using harmonic analysis on homogeneous
spaces [15]. Using this method the one-loop e�ective
potential for �elds of arbitrary spin on the (A)dS back-
ground in four dimensions was calculated in [16] in the
minimal gauge.

Here we use the generalization of the method pro-
posed by G.t'Hooft and M.Veltman [17]. Using this
technique b4 coe�cient (without terms which are in-
tegrals of total derivatives) has been calculated for
an arbitrary di�erential operator [18]. However, on
the (A)dS background this algorithm does not work,
because terms containing total derivatives are essen-
tial. In order to take into account terms with total
derivatives we consider the simplest case: b2 coe�cient,
which gives the divergences in two dimensions. More-
over, the nonminimal terms are considered to be small.
Namely, we consider the operator

D̂ = ∇2
µ + εKµν∇µ∇ν + Sµ∇µ +W, (12)

assuming ε→ 0.

The divergent diagrams are constructed using the

expansion

ln(D̂)

= ln(∂2
µ + εKµν

0 ∂µ∂ν) + ln
(

1 +
1

∂2
µ + εKµν

0 ∂µ∂ν
V̂
)

+
1

2

[
ln(∂2

µ + εKµν
0 ∂µ∂ν), ln

(
1 +

1

∂2
µ + εKµν

0 ∂µ∂ν
V̂
)]

+
1

12

[
ln(∂2

µ + εKµν
0 ∂µ∂ν),

[
ln(∂2

µ + εKµν
0 ∂µ∂ν),

ln
(

1 +
1

∂2
µ + εKµν

0 ∂µ∂ν
V̂
)]]

+ . . . . (13)

After constructing the divergent diagrams we extract
the logarithmically divergent terms and replace them
according to the prescription∫

dDk

(2π)2k2
→ 1

2π(D − 2)
. (14)

In the curved space we use the expansion with respect
to

hµν ≡ gµν − ηµν (15)

and after the calculation of the divergent part restore
the covariant result, using the equations:

Rµν =
1

2

(
∂µ∂αhνα + ∂ν∂αhµα − ∂µ∂νh− ∂2hµν

)
+O(h2);

R = ∂µ∂νhµν − ∂2h+O(h2). (16)

The result is

b2 = tr
(
W − 1

2
∇µSµ −

1

4
SµS

µ +
1

6
R

−1

2
εKααW − 1

2
ε∇µSµ +

1

4
ε(Kαα∇µSµ

+2Kµν∇µSν) +
1

8
ε(KααS2

µ + 2KµνSµSν)

− 1

12
εKααR+

1

6
εKµνRµν

)
. (17)

For ε = 0 this formula gives the result for the minimal
operator.

3 One-loop divergences for the spin 3 �eld in
nonminimal gauge

In order to understand if the one-loop divergences
for higher spin �elds are gauge dependent, we investi-
gate the simplest case D = 2, s = 3, considering the
parameters β and λ to be small. Then the classical
action with the gauge �xing terms in the lowest order
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in β and λ is written as

S + Sgf = −1

2

∫
d2x
√
−g
(

(∇αφµ1µ2µ3
)2

−3
[
1− 1

2
(1 + λ+ 2β)

]
(∇αφββµ3

)2

+3λ(∇αφαµ1µ2
)2 − 6(λ+ β)∇αφαβµ3

∇βφγγµ3

+
3

2
(λ+ 2β)(∇αφαββ)2 +

R

2
(φµ1µ2µ3

)2

+
[
3− 3

4
(1 + λ+ 2β)

]
R(φααµ3

)2
)
. (18)

The second variation of this expression with respect
to the �eld φα1α2α3

is the di�erential operator, corre-
sponding to one-loop diagrams with a loop of the spin 3
�eld. From this operator we construct matrixes εKµν ,
Sµ, and W and substitute them into Eq. (17). Then
we obtain the main part of the result

b2(main) =
1

3

(
20 + 36β − o(λ, β)

)
R. (19)

However, it is also necessary to take into account
diagrams with a ghost loop. For the considered gauge
the ghost Lagrangian is

Lgh = cµν(∇2
αcµν −

β

2
(∇µ∇ν +∇α∇µ)cαν

−β
2

(∇ν∇α +∇α∇ν)cαµ + (2 + β)Rcµν). (20)

Substituting the corresponding matrixes in formula
(17) for the b2 coe�cient we obtain the result for the
ghost contribution:

b2(ghost) =
1

3

(
13 + 18β + o(β)

)
R. (21)

Combining the results for b2(ghost) and b2(main) one ob-
tain the one-loop divergences

Γ
(∞)
1−loop

=
1

4π(D − 2)

∫
d2x
√
−g
(
b2(main) − 2b2(ghost)

)
=

1

4π(D − 2)

∫
d2x
√
−g
(
− 2R+ o(λ, β)

)
. (22)

This expression does not contain terms of the �rst order
in λ and β. Therefore, in the considered approximation
the result is gauge invariant.

4 Conclusion

We present a simple formula for the b2 coe�cient
of an arbitrary second order di�erential operator with
small nonminimal terms. In particular, this formula al-
lows to calculate terms with total derivatives. By the
same method it is possible to �nd a coe�cient b4. Now
this work is in progress. Using the constructed formula
in two dimensions we calculated a divergent part of the
one-loop e�ective action for the �eld of spin 3 on the
(anti)- de Sitter background in a nonminimal gauge.
The result appeared to be gauge independent in the
considered approximation (�rst order in the small pa-
rameters λ and β).
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Å. Ïîïîâà, Ê. Ñòåïàíüÿíö

ÎÄÍÎÏÅÒËÅÂÛÅ ÐÀÑÕÎÄÈÌÎÑÒÈ ÄËß ÏÎËß ÑÎ ÑÏÈÍÎÌ 3 Â ÏÐÎÑÒÐÀÍÑÒÂÅ
ÄÅ-ÑÈÒÒÅÐÀ Â ÍÅÌÈÍÈÌÀËÜÍÎÉ ÊÀËÈÁÐÎÂÊÅ

Ìû ðàññìàòðèâàåì ïîëå ñî ñïèíîì 3 â 2-ìåðíîì ïðîñòðàíñòâå äå-Ñèòòåðà è âû÷èñëÿåì ðàñõîäÿùóþñÿ ÷àñòü îäíîïåòëåâîãî
ýôôåêòèâíîãî äåéñòâèÿ. Ñ ýòîé öåëüþ ìû êîíñòðóèðóåì ïðîñòóþ ôîðìóëó äëÿ êîýôôèöèåíòà b2 ïðè ïðîèçâîëüíîì
äèôôåðåíöèàëüíîì îïåðàòîðå âòîðîãî ïîðÿäêà. Èñïîëüçóÿ ýòó ôîðìóëó, ìû ïîêàçàëè, ÷òî ðàñõîäÿùàÿñÿ ÷àñòü
îäíîïåòëåâîãî ýôôåêòèâíîãî äåéñòâèÿ äëÿ ðàññìàòðèâàåìîé òåîðèè íå çàâèñèò îò êàëèáðîâêè.

Êëþ÷åâûå ñëîâà: âûñøèå ñïèíû, ýôôåêòèâíîå äåéñòâèå, ïðîñòðàíñòâî (àíòè)-äå-Ñèòòåðà.
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We show that superconformal N = 2 transformation could be applied to the construction of the supersymmetric analogon
of the reciprocal transformation. Due to it we present the connections between three di�erent N = 2 supersymmetric
extensions of the Korteweg de Vries equations with the three di�erent N = 2 supersymmetric extension of the Harry Dym
equation.

Keywords: superconformal transformation, Lax representation, supersymmetric Korteweg de Vries and Harry Dym
equation.

1 Introduction

The reciprocal transformation, also known as hodo-
graph transformation, plays an important role when
we investigate relations among some nonlinear evolu-
tion equations [1] . For instance, the Harry Dym (HD)
equation (or hierarchy), which is invariant under a kind
of reciprocal transformation, is also reciprocally linked
to the Korteweg-de Vries (KdV) equation (or hierar-
chy).

Very recently, the reciprocal transformation was
generalized to N = 1 supersymmetric equations, where
a general procedure to construct supersymmetric re-
ciprocal transformation was presented [2] . It appeared
that this transformation is connected with the super-
conforaml transformation [3] .

As applications, one of the supersymmetric HD
equations was shown to be reciprocally linked to the
supersymmetric modi�ed KdV equation. This super-
symmetric modi�ed KdV equation is connected via the
Miura transformation with the supersymmetric KdV
equation.

As in the classical case, the supersymmetric recip-
rocal transformation could be employed to explore inte-
grable properties of supersymmetric equations, which
was illustrated by constructing the recursion operators
and bi-Hamiltonian structures of the supersymmetric
Harry Dym equation.

Besides N = 1 supersymmetric generalizations, the
integrable systems also admit N = 2 extended super-
symmetric generalizations [4�10]. The idea could al-
most be traced back to the usage of the supersymme-
try in the quantum �eld theory. As a striking feature,
N=2 extended case distinguishes itself from N = 1 non-
extended case by the possibility to supply new classical
integrable systems. The N = 2 supersymmetric KdV
equations were proposed more than twenty years ago
and have been studied extensively since then. Various

results for these equations have been obtained, includ-
ing Lax representations, bi-Hamiltonian structures, bi-
linear formalism, and so on.

Very recently three di�erent supersymmetric N = 2
of the Harry Dym equation have been also proposed.
In this paper we show how these supersymmetric equa-
tions are connected each other by teh superconformal
transformation.

The paper is organised as follow. In the second sec-
tion we brie�y recapitulate basic facts on the n = 1, 2
superconformal transformation. In the third section
we disccuss the properties of the classical Harry Dym
equation and explain how this equation is connected
with the KdV equation. Fourth section constains the
descriptions of the supersymmetrical N = 2 kdV and
HD equations. In the �fth sections the connection of
the N = 2 supersymmetric Harry Dym equations with
the N = 2 KdV equation is presented. The last section
contains concluding remarks.

2 N=1,2 superconformal transformation

The conformal map means a function which pre-
serves angles. It is a general de�nition of conformal
transformation.

The supersymmetric analogon of the conformal
map could be constructed using the superconformnal
transformations. From the technical reasons we distin-
guish two cases of the supersymmetry: the N = 1and
N = 2 independently

A.) N = 1 superconformal transformation.
In order to construct the super covariant operators

let us consider the super di�eomorphism N = 1 in
which we change [3]

X = (x, θ)⇒ Z = (z, γ) = (z(x, θ, γ(x, θ)) (1)

D = θ∂x + ∂θ D̂ = γ∂z + ∂γ

Due to it one �nds
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D = (Dγ)D̂ + [(Dz)− γ(Dγ)]∂z (2)

We assume that D should transforms covariantly. It
means that

D ⇒ D̂ = (Dγ)−1D ⇒ (Dz) = γ(Dγ) (3)

It is a superconformal transformation.
Example: Super Hill operator

D3 + Φ(X)⇒ D̂3 + Φ(Dγ)−2(D3 + Φ̂)(Dγ)−1 (4)

Assuming the in�nitesimal form of this transforma-
tion as

z(x, θ) = x+ e(x, θ), (5)

γ(x, θ) = θ + λ(x, θ)

we obtain that

Φ(Z) = Φ(X) + λ(DΦ) + (E := e+ θλ)Φx + ....

δEΦ(X) =
1

2

(
D5 + 3Φ∂ + (DΦ)D + 2Φx

)
E(X) (6)

From the last equation we obtain the following repre-
sentation of the N=1 Virasoro algebra

{Φ(Z),Φ(Ẑ)} = (D5+3Φ∂+(DΦ)D+2Φx)δ(x−x̂)(θ−θ̂)
(7)

B.) N = 2 superconformal transformation [3]
The super di�eomorphism between (x, θ1, θ2) and

(y, %1, %2).

y ⇒ x = x(y, %1, %2), %i ⇒ θi = θi(y, %1, %2), (8)

where i = 1, 2. The superderivatives are

Dk = ∂%k +%k∂y, Dk = ∂θk +θk∂x, (k = 1, 2) (9)

Computing Dk we have

Dk =
(

(Dkx)− θi(Dkθi)
)
∂x + (Dkθi)Di (10)

where the summation on the repeated index i is as-
sumed.

To ensure that the superderivatives transform co-
variantly i.e. Dk = (Dkθi)Di we have to assume the
constraints

(Dkx) = θi(Dkθi) (11)

Moreover to ensure that D2
k = ∂x, (k = 1, 2) we

have assume also

(D1θ2) = −(D2θ1), (D2θ2) = (D1θ1) (12)

Hence we have

D1 = K−1
(

(D1θ1)D1 + (D2θ1)D2

)
(13)

D2 = K−1
(
− (D2θ1)D1 + (D2θ1)D2

)
where K = (D1θ1)2 + (D2θ1)2. In fact we obtain

D1D2 = K−1
[
1 + 2Γ − DiΓ∂−1

y Di
]
D1D2 (14)

∂x = K−1
[
1 + 2Γ − DiΓ∂−1

y Di
]
∂y

where Γ = log(K)/2. Based on them we can prove

∂−1
x D1D2 = ∂−1

y D1D2 (15)

The two last formulas we will use extensively in the
next sections.

3 Harry Dym Equation

The Harry Dym equation usually is written in three
di�erent but equivalent forms

wt = (
1√
w

)xxx, vt =
1

4
v3vxxx, ut = (

1
√
uxx

)x (16)

where

v = −21/3 1√
w
, w = uxx (17)

This equation is integrable and possesses the following
Bi-Hamiltonian structure

wt = J1
δH−1

δw
= J2

δH−2

δw
(18)

where

H−1 = 2

∫
dx
√
w, H−2 =

1

8

∫
dx w−1/5w2

x (19)

J1 = ∂xxx, J2 = ∂w + w∂ (20)

The Harry Dym equation could be obtained from the
so called standard or nonstandard Lax representation
in a similar manner as for the KdV equation. The Lax
representation plays an important role in the theory of
integrable systems, because a lot of informations on the
properties of the equations follows from these represen-
tations. In order to construct such representations for
HD equation let us consider �rst the standard and non-
standard Lax representation of the Korteweg de Vries
equation

wt = wxxx + 6wwx (21)

The Standard representation of KdV equation is

Ls = w + ∂xx, Ls,t = [(L3/2
s )≥0, Ls], (22)

while the nonstandard representation

Lns = ∂ + ∂−1w, Lns,t = [(L3
ns)≥1, Lns], (23)
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Now let us establish the reciprocal link between KdV
⇔ HD. This link could be formulated in three steps:
�rst is to use a gauge transformation of the Lax op-
erator, in the second step we apply the Miura trans-
formation and in the last step we apply the reciprocal
transformation

A.) Standard Lax operator:

I.) Gauge transformation

L̂s = e
∫
vLse

−
∫
v = ∂xx − 2v∂x + u− vx + v2 (24)

II.) Miura transformation

u = vx − v2, L̂s = ∂xx − 2v∂x (25)

III.) Reciprocal

y = ω(x, t), t
′

= t, ∂x = ωx∂y (26)

L̂s = ω2∂yy + (ωx − 2vω)∂y (27)

where v = ωx
2ω

B.) Nonstandard Lax operator:

I.) Gauge transformation

L̂ns = φ−1Lnsφ = φ−1∂−1
x φ (∂xx + (28)

2φxφ
−1∂x + φxxφ

−1 + u)

II.) Analogon of Miura transformation

φ =
1√
ω
, u =

1

2
ωxxω

−1 − 3

4
ω2
xω
−1 (29)

L̂ns =
√
ω∂−1 1√

ω
(∂xx − ωxω−1∂x)

III.) Reciprocal Transformation

Let us notice

∂

∂τ
L̂ns =

[
B , L̂ns

]
, (30)

B = ∂xxx −
3

2
ωxω

−1∂xx,

ωτ = ∂x(ωxx −
3

2
ω2
xω
−1)

Therefore

dy = ωdx+ (ωxx −
3

2
ω2
xω
−1)dτ, dτ = dt (31)

∂

∂y
= ω

∂

∂y
,
∂

∂τ
=

∂

∂t
+ (ωxx −

3

2
ω2
xω
−1)

∂

∂y

We obtain

ωt = ω3ωyyy, L̂ns =
√
ω∂−1

√
ω∂yy (32)

4 Supersymmetric N=2 extensions of KdV
and HD equations

A.) Supersymmetric N = 2extensions of KdV
equation [3, 10,11]

We meet three di�erent N = 2 supersymmetric ex-
tensions of the KdV equation which could be written
in compact for as

Ut = (−Uxx + 3UD1D2U +
(a− 1)

2
D1D2U + aU3)x.

where a = 4,−2, 1 and

D1 =
∂

∂θ1
= θ1∂x, D2 =

∂

∂θ2
+ θ2∂x (33)

The bosonic part in which we assume that U = w +
θ1θ2u gives us

wt = (−wxx + aw3 + (a+ 2)uw)x (34)

ut = (−uxx + 3u2 − (a− 1)w2
x −

(a+ 2)wwxx + 3auw2)x

the system of interacted equations. From that reasons
the applications of the extended supersymmetry to in-
tegrable systems could be considered as the method of
the extensions of new integrable systems.

Let us now consider the Lax representations for
these three supersymmetric extensions.

1.) a = 4

L4 = −(D1D2 + U)2, L4,t = 4 [L
3/2
4,≥0 , L4] (35)

Ut = (−Uxx − 3(D1U)(D2U) +

6(D1D2U)U + 4U3)x (36)

2.) a = −2

L−2 = L4,≥1, L−2,t = 4 [L
3/2
−2,≥0 , L−2] (37)

Ut = (−Uxx − 3(D1U)(D2U)− 2U3)x (38)

3.) a = 1

L1 = ∂ + ∂−1D1D2U, L1,t = [L,L3
1,≥1] (39)

Ut = (−Uxx − 3U(D1D2U) + U3)x (40)

B.) Supersymmetric N=2 Harry Dym equation and
its Lax operators a = 4, −2, 1 [5, 12,13].

In a similar manner to supersymmetric KdV equa-
tion we have three di�erent supersymmetric N = 2
extensions of the Harry Dym equation. We enumer-
ate these equations using the same free parameter a as
in the supersymmetric KdV cases. This enumerating
system will be explained in the next section.

1.) a = 4

L4 = −(ωD1D2)2, L4,t = [L
3/2
4,≥2 , L4] (41)

ωt =
1

8
(2ωxxxω

3 − 6(D1D2ωx)(D1D2ω)ω2

−3(D1ωxx)(D1ω)ω2 − 3(D2ωxx)(D2ω)ω2)
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2.) a = −2

L−2 =
1

2
(D1ω

2D1 +D2ω
2D2)∂x (42)

ωt =
1

8
(2ωxxxω

3 − 3(D1D2ωx)(D1D2ω)ω2

−3(D1ωxx)(D1ω)ω2 + 3(D2ωxx)(D2ω)ω2

3.) a = 1

L1 =
√
ω∂−1D1D2

√
ωD1D2 (43)

ωt =
1

4
(4ω3ωxxx − 6(D1D2ωx)(D1D2ω)ω2

−6(D1ωxx)(D2ω)ω2 − 6(D1ωxx)(D1ω)ω2

+3(D2ω)(D1ω)(D1D2ωx)ω)

5 Supersymmetricl reciprocal link between
supersymmetric HD and supersymmetric
KdV

[2, 13]
I.) a=4.
Let us rewrite the Lax operator

L4 = −(ωD1D2)2 (44)

in the new variables 13 we obtain

L̂4 = −
[
D1D2 + (D2Γ )D1 − (D1Γ )D2

]2
(45)

Γ = log(K)/2, K = ω

Applying the gauge transformation

L̂4 = e−Γ L̂4e
Γ = −

[
D1D2 + (D1D2Γ ) + (D2Γ )(D1Γ )

]2
(46)

we obtained the Lax operator which gives us the su-
persymmetrical MKdV4 equation via

L̂4,t = [(L̂4)
3/2
≥1 , L̂4] (47)

The obtained equation is connected with the supersym-
metric KdV4 by the following supersymmetric Miura
transformation

Φ = (D1D2Γ ) + (D2Γ )(D1Γ )

II.) a=-2.
If we rewrite the Lax operator

L−2 =
1

2

(
D1ω

2D1 +D2ω
2D2

)
∂x (48)

in the new variables 13 and using the gauge transfor-
mation we obtain

L̂−2 = e−Γ L̂4e
Γ = (49)

∂yy − Γy −
1

2
(D2Γy)(D1Γ )D1D2 +

1

4

(
− 2(D2Γy) + (D2Γy)− (D1Γ )(D1D2Γ )

)
D2 +

1

4

(
− 2(D1Γy) + (D1Γy)− (D2Γ )(D1D2Γ )

)
D1 (50)

where ω = eΓ , that L̂−2 operator generates the super-
symmetric MKdV−2 equation via

L̂−2,t =
[
L̂

3/2
−2,≥1 , L̂−2

]
(51)

and produces the supersymmetric KdV−2 equation af-
ter the applications of the following supersymmetric
Miura transformation

Φ =
1

2
(D1D2Γ ) +

1

4
(D2Γ )(D1Γ ) (52)

III.) a=1.
If we rewrite the Lax operator

L1 =
√
ω∂−1

x D1D2

√
ωD1D2 (53)

in the new variables 13 we obtain

L̂1 =
√
ω∂−1

y D1D2

√
1

ω

[
D1D2 + (54)

1

2ω
(D2ω)D1 −

1

2ω
(D1ω)D2

]
(55)

After application of the gauge transformation

L1 =
1√
ω
L̂1

√
ω = ∂−1

y D1D2

[
D1D2 +

1

2

(D1D2ω)

ω
+

3

4

(D2ω)(D1ω)

ω2

]
(56)

After the identi�cation e.g using the supersymmetrical
Miura transformation

Φ =
1

2

(D1D2ω)

ω
+

3

4

(D2ω)(D1ω)

ω2

L1 is a Lax operator for the supersymmetrical KdV1

equation.

6 Conclusion

In this paper we showed how one can adopt the su-
perconformal transformation to the supersymmetrical
integrable models. We presented it on the connections
between the supersymmetrical Harry Dym equations
and the supersymmetrical KdV equation. This link
appeared very usefull because it simpli�es the investi-
gations of the properties of the new integrable equa-
tions.
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Ç. Ïîïîâè÷

ÏÐÈÌÅÍÅÍÈÅ ÑÓÏÅÐÊÎÍÔÎÐÌÍÛÕ ÏÐÅÎÁÐÀÇÎÂÀÍÈÉ Â ÈÍÒÅÃÐÈÐÓÅÌÛÕ
ÌÎÄÅËßÕ

Ïîêàçàíî, ÷òî N=2 ñóïåðêîíôîðìíûå ïðåîáðàçîâàíèÿ ìîãóò áûòü ïðèìåíèìû äëÿ ïîñòðîåíèÿ ñóïåðñèììåòðè÷íîãî
àíàëîãà îáðàòíûõ ïðåîáðàçîâàíèé. Ñ èõ ïîìîùüþ óñòàíàâëèâàåòñÿ ñâÿçü ìåæäó òðåìÿ ðàçëè÷íûìè N=2 ñóïåðñèììåòðè÷íûìè
ðàñøèðåíèÿìè óðàâíåíèé Êîðòåâåãà- äå Ôðèçà è òðåìÿ ðàçëè÷íûìè N = 2 ñóïåðñèììåòðè÷íûìè ðàñøèðåíèÿìè
óðàâíåíèé Ãàððè - Äûìà.

Êëþ÷åâûå ñëîâà: ñóïåðêîíôîðìíûå ïðåîáðàçîâàíèÿ, ïðåäñòàâëåíèå Ëàêñà, ñóïåðñèììåòðè÷íûå óðàâíåíèÿ Êîðòåâåãà
- äå Ôðèçà è Ãàððè - Äûìà.
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The details of unconstrained Lagrangian formulations (being continuation of earlier developed research for Bose particles
in NPB 862 (2012) 270, [arXiv:1110.5044[hep-th]], Phys. of Part. and Nucl. 43 (2012) 689, [arXiv:1202.4710 [hep-th]]) are
reviewed for Fermi particles propagated on an arbitrary dimensional Minkowski space-time and described by the unitary
irreducible half-integer higher-spin representations of the Poincare group subject to Young tableaux Y (s1, ..., sk) with
k rows. The procedure is based on the construction of the Verma modules and �nding auxiliary oscillator realizations
for the orthosymplectic osp(k|2k) superalgebra which encodes the second-class operator constraints subsystem in the HS
symmetry superalgebra. Applying of an universal BRST-BFV approach permit to reproduce gauge-invariant Lagrangians
with reducible gauge symmetries describing the free dynamics of both massless and massive fermionic �elds of any spin
with appropriate number of gauge and Stukelberg �elds. The general construction possesses by the obvious possibility to
derive Lagrangians with only holonomic constraints.

Keywords: higher spins, BRST symmetry, Lagrangian formulation, Verma module, gauge invariance.

1 Introduction

The interest to higher-spin (HS) �eld theory is
based on the hopes to reconsider the problems of an
unique description of variety of elementary particles
and all known interactions, in particular, due to re-
cent success with relating to �nding of Higgs boson
on LHC [1]. One should remind, that it waits, in ad-
dition, both the proof of supersymmetry display, and
probably a new insight on origin of Dark Matter ( [2]).
Due to close interrelation of HS �eld theory to super-
string theory, which operates with an in�nite tower
of HS �elds with integer and half-integer spins it can
be viewed as an method to study a superstring the-
ory structure. On current state of HS �eld theory one
may know from the reviews [3�6]. The paper consid-
ers the results of constructing Lagrangian formulations
(LFs) for free half-integer both massless and massive
mixed-symmetry spin-tensor HS �elds on �at R1,d−1-
space-time subject to arbitrary Young tableaux (YT)
Y (n1, ..., nk) for s1 = n1 + 1

2 , . . . , sk = nk + 1
2 in Frons-

dal metric-like formalism on a base of BFV-BRST ap-
proach [7], and precesses the results which appear soon
in [9] (as continuation of the research for arbitrary HS
�elds with integer spin made in [8]).

We know that for higher then d = 4 space-time di-
mensions, there appear, in addition to totally symmet-
ric irreducible representations of Poincare or (Anti)-de-
Sitter ((A)dS) algebras the mixed-symmetry represen-
tations determined by more than one spin-like param-
eters [10], [11]. Whereas for the former ones the LFs
both for massless and massive free higher-spin �elds is
well enough developed [12�16], as well as on base of

BFV-BRST approach, e.g. in [17]� [19], for the latter
the problem of their �eld-theoretic description has not
yet solved. So, the main result within the problem of
constrained LF for arbitrary massless mixed-symmetry
spin-tensor HS �elds on a Minkowski space-time was
obtained in [20] in so-called "frame-like" formulation
(in AdS space in [21]), whereas in the "metric-like"
formulation corresponding Lagrangians were derived
in closed manner for only reducible Poincare group
ISO(1, d− 1) representations in [22].

We use, �rst, the conventions for the metric tensor
ηµν = diag(+,−, ...,−), with Lorentz indices µ, ν =
0, 1, ..., d−1, second, the relations {γµ, γν} = 2ηµν , for
Dirac matrices γµ, third, the notation ε(A), gh(A) for
the respective values of Grassmann parity and ghost
number of a quantity A, and denote by [A, B} the
supercommutator of quantities A,B, which for theirs
de�nite values of Grassmann parities is given by [A ,B}
= AB − (−1)ε(A)ε(B)BA.

2 Half-Integer HS Symmetry Algebra for
Fermionic �elds

A massless half-integer spin Poincare group ir-
rep in R1,d−1 is described by rank

∑k
i≥1 ni spin-

tensor �eld Ψ(µ1)n1
,(µ2)n2

,...,(µk)nk
≡Ψµ1

1...µ
1
n1
,µ2

1...µ
2
n2
,...,

µk1 ...µ
k
nk
A(x) with generalized spin s = (n1 + 1

2 , n2 +
1
2 , ..., nk + 1

2 ), (n1 ≥ n2 ≥ ... ≥ nk > 0, k ≤ [(d− 1)/2])
subject to a YT with k rows of lengths n1, n2, ..., nk
and suppressed Dirac index A,
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Ψ(µ1)n1
,(µ2)n2

,...,(µk)nk
↔

µ1
1 · · · · · µ1

n1

µ2
1 · · · µ2

n2

· · · · · ·
µk1 · · µknk

.

(1)

The spin-tensor is symmetric with respect to the per-
mutations of each type of indices µi and obeys to the
Dirac (2), gamma-traceless (3) and mixed-symmetry
equations (4) [for i, j = 1, ..., k; li,mi = 1, ..., ni]:

ıγµ∂µΨ(µ1)n1 ,(µ
2)n2 ,...,(µ

k)nk
= 0, (2)

γµ
i
liΨ(µ1)n1

,(µ2)n2
,...,(µk)nk

= 0, (3)

Ψ
(µ1)n1 ,...,{(µi)ni , ..., µ

j
1...︸ ︷︷ ︸µjlj }...µjnj ,...(µk)nk

= 0, (4)

for i < j, 1 ≤ lj ≤ nj and where the bracket below
denote that the indices in it do not include in sym-
metrization.

Joint description of all half-integer spin ISO(1, d−
1) group irreps can be standardly reformulated with an
auxiliary Fock space H, generated by k pairs of bosonic
creation aiµi(x) and annihilation aj+νj (x) operators (in

symmetric basis), i, j = 1, ..., k, µi, νj = 0, 1..., d − 1:
[aiµi , a

j+
νj ] = −ηµiνjδij and a set of constraints for an

arbitrary string-like (so called basic) vector |Ψ〉 ∈ H,
being as well Dirac spinor,

|Ψ〉 =

∞∑
n1=0

n1∑
n2=0

· · ·
nk−1∑
nk=0

Ψ(µ1)n1 ,(µ
2)n2 ,...,(µ

k)nk

×
k∏
i=1

ni∏
li=1

a
+µili
i |0〉, (5)

(
t̃0, t̃

i, ti1j1
)
|Ψ〉 = 0, for i ≤ j; i1 < j1, (6)

where
(
t̃0, t̃

i, ti1j1
)

=
(
−iγµ∂µ, γµaiµ, ai1+

µ aj1µ
)
.

The set of ( 1
2k(k + 1) + 1) primary constraints

(6), {oα} =
{
t̃0, t̃

i, ti1j1
}
, with additional condition,

gi0|Ψ〉 = (ni + d
2 )|Ψ〉 for number particles operators,

gi0 = −ai+µ aµi + d
2 , are equivalent to Eqs. (2)�(4) for

given spin s.
The fermionic nature of equations (2), (3) and the

bosonic one of the primary constraint operators t̃0, t̃
i

with respect to the standard Lorentz-like Grassmann
parity, ε(t̃0) = ε(t̃i) = 0 are in contradiction and re-
solve the problem of, (t̃i)2 = 1

2γ
µγνaiµa

i
ν + aiνa

i
µ =

aiµa
i
µ = 2lii, with new "traceless" operator, we equiv-

alently transform above operators into fermionic ones.
Following to Ref. [18], [19] we introduce a set of (d+1)
Grassmann-odd gamma-matrix-like objects γ̃µ, γ̃,

{γ̃µ, γ̃ν} = 2ηµν , {γ̃µ, γ̃} = 0, γ̃2 = −1, (7)

which are related to the conventional gamma-matrices
as: γµ = γ̃µγ̃.

Therefore, the odd constraints,

t0 = −ıγ̃µ∂µ , ti = γ̃µaiµ, (8)

related to the operators (6) as:
(
t0, t

i
)

= γ̃
(
t̃0, t̃

i
)
,

solve the problem above.
Finding of Lagrangian as, L ∼ 〈Ψ|Q|Ψ〉, implies the

Hermiticity of BFV-BRST operatorQ, Q = Cαoα+. . .,
that means the extension of the set {oα} up to one
of {oI} = {oα, li, lij ; o+

α , l
+
i , l

+
ij ; g

i
0}, for divergent and

gradient operators (li, l
+
i ) = −ı(aµi ∂µ, a

µ+
i ∂µ) and for

l+ij = 1
2a
µ+
i aµ+

j , i ≤ j, which is closed with respect
to supercommutator multiplication [ , } and hermitian
conjugation related to odd scalar product on H,

〈Φ̃|Ψ〉 =

∫
ddx

∞,(n)k−1∑
(n)k=0

∞,(p)k−1∑
(p)k=0

〈0|
k;pj∏

j=1;mj=1

a
νjmj
j

×Φ+
(ν1)p1

,(ν2)p2
,...,(νk)pk

γ̃0Ψ(µ1)n1
,(µ2)n2

,...,(µk)nk

×
k;ni∏

i=1;li=1

a
+µili
i |0〉, (9)

for
∑∞,(n)k−1

(n)k=0 ≡
∑∞
n1=0

∑n1

n2=0 ...
∑nk−1

nk=0, ni, pj ∈ N0.

Operators oI satisfy to the Lie-superalgebra commu-
tation relations, [oI , oJ} = fKIJoK , for structure con-
stants fKIJ = −(−1)ε(oI)ε(oJ )fKJI , to be determined by
anticommutators,

{t0, t0} = −2l0, {t0, ti} = 2li, {ti, tj} = 4lij ,

{ti, t+j } = 2
(
−gi0δij + tjiθ

ij + t+ijθ
ji
)
, (10)

(with Heaviside θ-symbol θij) and from the multiplica-
tion table 1 with only commutators.

The products Bi2j2i1j1
, Ai2j2,i1j1 , F i1j1,i, Li2j2,i1j1 in

the table 1 are given by the relations,

Bi2j2 i1j1 = (gi20 − g
j2
0 )δi2i1 δ

j2
j1

+ (tj1
j2θj2 j1 (11)

+tj2+
j1
θj1

j2)δi2i1 − (t+i1
i2θi2 i1 + ti2 i1θi1

i2)δj2j1 ,

Ai2j2,i1j1 = ti1j2δi2j1 − ti2j1δi1j2 , F i2j2,i = t[i2j2δj2]i,

Li2j2,i1j1 = 1
4

{
δi2i1δj2j1

[
2gi20 δ

i2j2 +gi20 +gj20

]
−
(
δj2{i1

[
tj1}i2θi2j1}+ti2j1}+θj1}i2

]
+(j2 ↔ i2)

)}
.

We call the superalgebra of the operators oI as half-
integer higher-spin symmetry algebra in Minkowski
space with a YT having k rows and denote it as
Af (Y (k),R1,d−1). It appears as the superextension of
integer higher-spin symmetry algebra A(Y (k),R1,d−1)
introduced in [8] for bosonic �elds.

Hamiltonian analysis of the topological dynami-
cal system of the operators {oI} permits to classify
2k(k+ 1) operators {oa} = {ti, lij , ti1j1 , t+i , l

+
ij , t

+
i1j1
} as

second-class and 2(k + 1) ones {t0, l0, li, l+j } as �rst-
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[ ↓,→] ti1j1 t+i1j1 l0 li li+ li1j1 li1j1+ gi0

t0 0 0 0 0 0 0 0 0

ti2 −tj1δi2i1 −ti1δi2 j1 0 0 −t0δi2i 0 − 1
2
t{i1+δj1}i2 ti2δi2i

ti2+ ti1+δi2j1 t+j1δi1
i2 0 t0δi2i 0 1

2
t{i1δj1}i2 0 −ti2+δi2i

ti2j2 Ai2j2,i1j1 Bi2j2 i1j1 0 lj2δi2i −li2+δj2i l{j1j2δi1}i2 −li2{i1+δj1}j2 F i2j2,i

t+i2j2 −Bi1j1 i2j2 A+
i1j1,i2j2

0 li2δ
i
j2

−l+j2δ
i
i2

li2
{j1δ

i1}
j2

−lj2{j1+δ
i1}
i2

−Fi2j2 i+

l0 0 0 0 0 0 0 0 0

lj −lj1δi1j −li1δ
j
j1

0 0 l0δji 0 − 1
2
l{i1+δj1}j ljδij

lj+ li1+δj1j l+j1δ
j
i1

0 −l0δji 0 1
2
l{i1δj1}j 0 −lj+δij

li2j2 −lj1{j2δi2}i1 −li1{i2+δ
j2}
j1

0 0 − 1
2
l{i2δj2}i 0 Li2j2,i1j1 li{i2δj2}i

li2j2+ li1{i2+δj2}j1 lj1
{j2+δ

i2}
i1

0 1
2
l{i2+δij2} 0 −Li1j1,i2j2 0 −li{i2+δj2}i

gj0 −F i1j1,j Fi1j1
j+ 0 −liδij li+δij −lj{i1δj1}j lj{i1+δj1}j 0

Table 1: Even-even and odd-even parts of HS symmetry superalgebra Af (Y (k),R1,d−1).

class constraints subsystems whereas k elements gi0
form supermatrix ∆ab(g

i
0) in [oa, ob} ∼ ∆ab.

The subsystem of the second-class constraints
{oa} together with {gi0} forms the subalgebra in
A(Y (k),R1,d−1) to be isomorphic, due to Howe duality,
to orthosymplectic osp(k|2k) algebra (the details, see in
[9]). The HS symmetry superalgebra Af (Y (k),R1,d−1)
itself can not permit to construct BRST operator with
respect to oI due to second-class constraints {oa} pres-
ence in it. Therefore we should to convert orthosym-
plectic algebra osp(k|2k) of {oa, gi0} into enlarged set
of operators OI with only �rst-class constraints.

3 Scalar Oscillator realization for osp(k|2k)

We consider an additive conversion procedure de-
veloped within BRST method, (see e.g. [17]), implying
the enlarging of oI to OI = oI + o′I , with additional
parts o′I supercommuting with all oI and determined on
a new Fock space H′. Now, the elements OI are given
on H⊗H′ so that a condition for OI , [OI , OJ ] ∼ OK ,
leads to the same algebraic relations for OI and o′I as
those for oI .

Not going into details of Verma module construc-
tion for the superalgebra osp(k|2k) of new operators o′I
considered in [9] and for the case of its sp(k|2k) sub-
algebra in [8], we present here theirs explicit oscillator
form in terms of new 2k(k + 1) creation and annihi-
lation operators (B+

d , B
d; ) = (f+

i , b
+
ij , d

+
rs; fi, bij , drs),

i, j, r, s = 1, . . . , k; i ≤ j; r < s as follows (for k0 ≡ l)

g′i0 = f+
i fi +

∑
l≤m

b+lmblm(δil + δim)

+
∑
r<s

d+
rsdrs(δ

is − δir) + hi , (12)

l′+ij = b+ij , t′+i = f+
i + 2b+iifi + 4

i−1∑
l=1

b+lifl , (13)

t′+lm = d+
lm −

l−1∑
n=1

dnld
+
nm −

k∑
n=1

(1 + δnl)b
+
nmbln , (14)

t′lm = −
l−1∑
n=1

d+
nldnm −

k∑
n=1

(1 + δnm)b+nlbnm

+

m−l−1∑
p=0

m−1∑
k1=l+1

...

m−1∑
kp=l+p

Ckpm(d+, d)

p∏
j=1

dkj−1kj

+
[
4

s−1∑
n=r+1

b+rnfn + (2b+rrfr − f+
r )
]
fs. (15)

Note, �rst, that Bc, B
+
d satisfy to the standard com-

mutation relations, [Bc, B
+
d } = δcd, for instance,

{fi, f+
j } = δij , for odd fi, f

+
j . Second, the arbitrary

parameters hi in (12) need to reproduce correct LF for
HS �eld with given spin s, whereas the form of the rest
elements t′i, l

′
ij , for i ≤ j, to be expressed by means of

the operators Clm(d+, d), l < m, as well as the prop-
erty of Hermiticity for them may be found in [8], [9]1.

4 BRST-BFV operator and Lagrangian for-
mulations

Due to algebra of OI under consideration is a Lie
superalgebra Af (Y (k),R1,d−1) the BFV-BRST opera-
tor Q′ may be constructed in the standard way as

Q′ = OICI + 1
2C

ICJfKJIPK(−1)ε(OK)+ε(OI) (16)

with the constants fKJI from the table 1, constraints
OI = (T0, T

+
i , Ti; L0, L

+
i , Li, Lij , L

+
ij , Trs, T

+
rs, G

i
0),

fermionic [bosonic] ghost �elds and conjugated to them
momenta (CI ,PI) =

(
(η0,P0); (ηi,P+

i ); (η+
i , Pj);

1The case of massive HS �elds whose system of 2nd-class constraints contains additionally to elements of osp(k|2k) superalgebra
the constraints of isometry subalgebra of Minkowski space t0, li, l

+
i , l0 may be treated by dimensional reduction of the algebra

Af (Y (k),R1,d) for massless HS �elds to one Af (Y (k),R1,d−1) for massive HS �elds, (see [9]). Now, the Dirac equation in (2) is
changed on massive equation corresponding to the constraint t0 (t0 = −ıγ̃µ∂µ + γ̃m) acting on the same basic vector |Ψ〉 (5).
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(ηij ,P+
ij); (η+

ij ,Pij); (ϑrs, λ
+
rs); (ϑ+

rs, λrs); (ηiG,PG)
)
,

[(q0, p0), (q+
i , pi), (qi, p

+
i )] with the properties

(ηij , ϑrs) = (ηji, ϑrsθ
sr), {ϑrs, λ+

tu} = δrtδsu,

{ηlm,P+
ij} = δliδjm, {Pj , η+

i } = [qi, p
+
j ] = δij (17)

and non-vanishing (anti)commutators {η0,P0} =
[q0, p0] = ı, {ηiG ,P

j
G} = ıδij for zero-mode ghosts2.

To construct LF for fermionic HS �elds in a R1,d−1

we partially follow the algorithm of [23], being a par-
ticular case of our construction for n3 = 0. First, we
extract the dependence ofQ′ (16) on the ghosts ηiG,P

i
G,

to obtain generalized spin operator σi and the BRST
operator Q only for the system of converted �rst-class
constraints {OI} \ {Gi0} on appropriate Hilbert sub-
spaces:

Q′ = Q+ ηiG(σi + hi) + BiPiG, with some Bi, (18)

Q =
(

1
2q0T0 + 1

2η0L0 + q+
i T

iη+
i L

i +
∑
l≤m η

+
lmL

lm

+
∑
l<m ϑ

+
lmT

lm + h.c.
)

+ 1
2 Ĉ

I ĈJfKJI P̂K , (19)

σi = Gi0 − hi − ηiP+
i + η+

i Pi + qip
+
i + q+

i pi

+
∑
m

(1 + δim)(η+
imP

im − ηimP+
im)

+
∑
l<i[ϑ

+
liλ

li − ϑliλ+
li ]−

∑
i<l[ϑ

+
ilλ

il − ϑilλ+
il ] , (20)

where {ĈI , P̂I} ≡ {CI ,PI} \ {ηiG,PiG}. Next, we
choose a representation of Htot: (qi, pi, ηi, ηij , ϑrs,P0,
p0,Pi,Pij , λrs,PiG)|0〉 = 0, and suppose that the �eld
vectors |χ〉 as well as the gauge parameters |Λ〉 do not
depend on ghosts ηiG:

|χ〉 =
∑
n

k∏
l,i≤j,r<s

(f+
l )n

0
l (b+ij)

nij (d+
rs)

prsqnb00 η
nf0

0∏
e,g,i,j,l≤m,n≤o

(q+
e )nae(p+

g )nbg (η+
i )nfi(P+

j )npj (η+
lm)nflm

(P+
no)

npno
∏

r<s,t<u
(ϑ+
rs)

nfrs(λ+
tu)nλtu × (21)

|Ψ(a+
i )
nb0nf0;(n)ae(n)bg(n)fi(n)pj(n)flm(n)pno(n)frs(n)λtu
(n)0

l (n)ij(p)rs
〉3.

We denote by |χk〉 the state (21) satisfying to
gh(|χk〉) = −k. Thus, the physical state having the
ghost number zero is |χ0〉, the gauge parameters |Λ〉
having the ghost number −1 is |Λ0〉 and so on. The
vector |χ0〉 must contain physical string-like vector
|Ψ〉 = |Ψ(a+

i )(0)fo...(0)rs〉:
|χ0〉 = |Ψ〉+ |ΨA〉 : |ΨA〉∣∣ [B+

a =CI=PI=0]
= 0. (22)

Independence of the vectors (21) on ηiG transforms
the equation for the physical state Q′|χ0〉 = 0 and
the BRST complex of the reducible gauge transforma-
tions, δ|χ〉 = Q′|Λ0〉, δ|Λ0〉 = Q′|Λ1〉, . . ., δ|Λ(r−1)〉 =
Q′|Λ(r)〉, to the relations:

(
Q|χ0〉, δ|χ0〉, ..., δ|Λ(r−1)〉

)
=
(
0, Q|Λ0〉, ..., Q|Λ(r)〉

)
,

[σi + hi]
(
|χ0〉, |Λ0〉, . . . , |Λ(r)〉

)
= 0, (23)

with r =
∑k
l=1 nl + k(k − 1)/2 − 1 being the stage

of reducibility both for massless and for the massive
fermionic HS �eld. Resolution the spectral problem
from the Eqs.(23) yields the eigenvectors of the oper-
ators σi: |χ0〉(n)k , |Λ0〉(n)k , . . ., |Λr〉(n)k , n1 ≥ n2 ≥
. . . nk ≥ 0 and corresponding eigenvalues of the pa-
rameters hi (for massless HS �elds and i = 1, .., k),

−hi = mi + d−4i
2 , m1, ...,mk−1 ∈ Z,mk ∈ N0 . (24)

One can show, �rst, the operator Q is nilpotent on
the subspaces determined by the solution for the Eq.
(23), second, to construct Lagrangian for the �eld cor-
responding to a de�nite YT (1) we must put mi = ni,
and, third, one should substitute hi corresponding to
the chosen ni (24) into Q (18) and relations (23).

To get the Lagrangian formulation with only �rst
order derivatives, we, because of the functional de-
pendence of the operator L0 on fermionic one T0,
L0 = −T 2

0 , may to gauge away a dependence on L0, η0

from the BRST operator Q (19) and from the whole set
of the vectors |χ0〉(n)k , |Λ(s)〉(n)k . To do so, we extract
the zero-mode ghosts from the operator Q as:

Q = q0T̃0 + η0L0 + ı(η+
i qi − ηiq

+
i )p0

−ı(q2
0 − η+

i ηi)P0 + ∆Q, (25)

where the explicit form of ∆Q is easily restored from
Eqs. (18), (25) and

T̃0 = T0 − 2q+
i Pi − 2qiP+

i : T̃ 2
0 = −L0. (26)

We also expand the state vector and gauge param-
eters in powers of the zero-mode ghosts, for s =
0, . . . ,

∑k
o=1 no + k(k − 1)/2− 1, m = 0, 1:

|χ〉 =
∑
l≥0

ql0(|χl0〉+ η0|χl1〉), gh(|χlm〉) =−(m+ l), (27)

|Λ(s)〉 =
∑
l=0

qk0 (|Λ(s)l
0〉+ η0|Λ(s)l

1〉). (28)

Now, we may gauge away of all the �elds and gauge pa-
rameters by means of the equations of motion and set
of the gauge transformations (23) except two, |χ0

0〉, |χ1
0〉

for the �elds and |Λ(s)l
0〉, for l = 0, 1 and s = 0, . . . , r,

for the gauge parameters. To do so, we use in part the
procedure described in [18], [23].

As the result, the �rst-order equations of mo-
tion corresponding to the �eld with given spin (n1 +
1
2 , ..., nk + 1

2 ) have the form in terms of the matrix no-
tations,(
T̃0 ∆Q

∆Q 1
2

{
T̃0, η

+
i ηi
})(|χ0

0〉(n)k
|χ1

0〉(n)k

)
=

(
0
0

)
. (29)

2The ghosts possess the standard ghost number distribution, gh(CI) = −gh(PI) = 1 =⇒ gh(Q′) = 1.
3The brackets (n)fi, (n)pj , (n)ij in (21) means, e.g., for (n)ij the set of indices (n11, ..., n1k, ..., nk1, ..., nkk). The sum above is

taken over nb0, nae, nbg , nij , prs and running from 0 to in�nity, and over the rest n's from 0 to 1.
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They are Lagrangian ones and can be deduced from
the Lagrangian action for �xed spin (m)k = (n)k, (be-
ing standardly de�ned up to an overall factor and with
omitting the subscript (n)k)

S(n)k =
(
〈χ̃0

0|, 〈χ̃1
0|
)
K

(
T̃0 ∆Q

∆Q 1
2

{
T̃0, η

+
i ηi
})(|χ0

0〉
|χ1

0〉

)
, (30)

where the standard odd scalar product for the creation
and annihilation operators in Htot = H ⊗ H′ ⊗ Hgh
is assumed and non-degenerate operator K = K(n)k

provides reality of the action following from modify-
ing Hermiticity for o′I in Section 3. The action (30)
is invariant with respect to the gauge transformations,
following from the tower of the Eqs. (23) with omitting
(n)k,

δ

(
|Λ(s)0

0 〉
|Λ(s)1

0 〉

)
=

(
T̃0 ∆Q

∆Q 1
2

{
T̃0, η

+
i ηi
})(|Λ(s+1)0

0 〉
|Λ(s+1)1

0 〉

)
, (31)

for s = −1, 0, . . . ,
∑k
o=1 no + k(k − 1)/2 − 1, and

|Λ(−1)l
0 〉 ≡ |χl0〉.
Concluding, one can prove the action (30) indeed

reproduces the basic conditions (2)�(4) for massless

(massive) HS �elds. General action (30) gives, in prin-
ciple, a straight recept to obtain the Lagrangian for
any component �eld from general vectors |χl0〉(n)k .

5 Conclusion

Thus, we have constructed a gauge-invariant uncon-
strained Lagrangian description of free half-integer HS
�elds belonging to an irreducible representation of the
Poincare group with the arbitrary YT having k rows in
the �metric-like" formulation. The results of this study
are the general and obtained on the base of universal
method which is applied by the unique way to both
massive and massless bosonic HS �elds with a mixed
symmetry in a Minkowski space of any dimension.
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À. À. Ðåøåòíÿê

ÎÁ ÎÁÙÈÕ ËÀÃÐÀÍÆÅÂÛÕ ÔÎÐÌÓËÈÐÎÂÊÀÕ ÄËß ÏÐÎÈÇÂÎËÜÍÛÕ
ÑÌÅØÀÍÍÎ-ÑÈÌÌÅÒÐÈ×ÍÛÕ ÔÅÐÌÈÎÍÍÛÕ ÏÎËÅÉ ÂÛÑØÈÕ ÑÏÈÍÎÂ ÍÀ

ÔÎÍÅ ÏÐÎÑÒÐÀÍÑÒÂ ÌÈÍÊÎÂÑÊÎÃÎ

Âûïîëíåíî îáîçðåíèå äåòàëåé ëàãðàíæåâûõ ôîðìóëèðîâîê áåç ñâÿçåé äëÿ Ôåðìè ÷àñòèö, ðàñïðîñòðàíÿþùèõñÿ
íà ïðîñòðàíñòâå-âðåìåíè Ìèíêîâñêîãî ïðîèçâîëüíîé ðàçìåðíîñòè è îïèñûâàþùèìèñÿ óíèòàðíûìè íåïðèâîäèìû-
ìè ïðåäñòàâëåíèÿìè ãðóïïû Ïóàíêàðå ñ ïîëóöåëûì âûñøèì ñïèíîì ïîä÷èíåííûìè äèàãðàììàì Þíãà Y (s1, ..., sk)
ñ k ñòðîêàìè (ÿâëÿþùååñÿ ïðîäîëæåíèåì èññëåäîâàíèÿ ðàíåå ïðîâåäåííîãî äëÿ Áîçå ÷àñòèö â [NPB 862 (2012)
270, [arXiv:1110.5044[hep-th]], Phys. of Part. and Nucl. 43 (2012) 689, arXiv:1202.4710 [hep-th]]). Ïðîöåäóðà îñíîâàíà
íà ïîñòðîåíèè ìîäóëåé Âåðìà è íàõîæäåíèè âñïîìîãàòåëüíûõ îñöèëëÿòîðíûõ ðåàëèçàöèé äëÿ îðòîñèìïëåêòè÷å-
ñêîé osp(k|2k) ñóïåðàëãåáðû, êîäèðóþùåé ïîäñèñòåìó îïåðàòîðíûõ ñâÿçåé âòîðîãî ðîäà â ñóïåðàëãåáðå ñèììåòðèè
ïîëåé âûñøèõ ñïèíîâ. Ïðèìåíåíèå óíèâåðñàëüíîãî ÁÐÑÒ-ÁÔÂ ïîäõîäà ïîçâîëÿåò âîñïðîèçâåñòè êàëèáðîâî÷íî-
èíâàðèàíòíûå ëàãðàíæèàíû ñ ïðèâîäèìûìè êàëèáðîâî÷íûìè ñèììåòðèÿìè, êîòîðûå îïèñûâàþò ñâîáîäíóþ äèíà-
ìèêó êàê áåçìàññîâûõ, òàê è ìàññèâíûõ ôåðìèîííûõ ïîëåé ëþáîãî ñïèíà ñ ïîäõîäÿùèì ÷èñëîì âñïîìîãàòåëüíûõ
êàëèáðîâî÷íûõ è øòþêåëüáåðãîâûõ ïîëåé. Îáùàÿ êîíñòðóêöèÿ îáëàäàåò î÷åâèäíîé âîçìîæíîñòüþ âûâåñòè ëàãðàí-
æèàíû ñ òîëüêî ãîëîíîìíûìè ñâÿçÿìè.

Êëþ÷åâûå ñëîâà: âûñøèå ñïèíû, ÁÐÑÒ ñèììåòðèÿ, ëàãðàíæåâà ôîðìóëèðîâêà, ìîäóëü Âåðìà, êàëèáðîâî÷íàÿ
èíâàðèàíòíîñòü.
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Open in�ation is a cosmological scenario in which the universe is a vacuum bubble nucleated from false vacuum decay and
a period of in�ationary expansion followed in the nucleated bubble. This scenario is currently receiving renewed interest
in the context of the string theory landscape. Since there are a large number of metastable de Sitter vacua in the string
landscape, tunneling from one vacuum to another occurs frequently through the bubble nucleation and open in�ation is
naturally realized. We argue that though the universe appears to be very �at, a small deviation of Ω0 from unity can
make the e�ect of tensor-type perturbations on the large angle CMB anisotropy signi�cant. Thus we are already testing
the string landscape against observations.

Keywords: string landscape, false vacuum decay, open in�ation.

1 Introduction

Open in�ation is attracting a renewed interest in
the context of the string theory landscape [1�4]. Since
there are a large number of metastable de Sitter vacua
in the string landscape, tunneling transitions between
metastable vacua through the bubble nucleation occur
frequently, and one of those transitions from a high
energy false vacuum to a lower energy vacuum might
have lead to our universe. If we assume our universe
has been born out of bubble nucleation, then our uni-
verse must have gone through an era of in�ation after
that transition. Since the geometry inside the bubble
is a spatially homogeneous and isotropic universe with
negative spatial curvature, that is, an open universe,
this gives a natural realization of open in�ation [5�7].

Although the deviation of Ω0 from unity is small
by the observational bound [8], we argue that the ef-
fect of this small deviation on the large angle CMB
anisotropies can be signi�cant for tensor-type pertur-
bation in open in�ation scenario [9].

We consider the situation in which there is a large
hierarchy between the energy scale of the quantum tun-
neling and that of the slow-roll in�ation in the nu-
cleated bubble. If the potential just after tunneling
is steep enough, a rapid-roll phase appears before the
slow-roll in�ation. Then the power spectrum is basi-
cally determined by the Hubble rate during the slow-
roll in�ation. Nevertheless, depending on the model
parameters, the power spectrum can keep the mem-
ory of the previous high energy density false vacuum
in the infrared region, and this e�ect can a�ect the
large angular components of CMB signi�cantly. In
other words, though the deivation of Ω0 is small, say
1− Ω0 = 10−2 ∼ 10−3, there are models in which this
small deviation is large enough to produce measurable
e�ects.

2 Open in�ation

We consider false vacuum decay in a system consist-
ing of a minimally coupled scalar �eld, φ with Einstein
gravity. The action is given by

S =

∫ √
−gd4x

[
1

2κ
R− 1

2
gµν∂µφ∂νφ− V (φ)

]
, (1)

where κ = 8πGN , or the inverse of the Planck mass
squared; κ = M−2

pl . An O(4)-symmetric bubble nucle-
ation is described by the Euclidean solution (instan-
ton) [10,11]. The metric is given by

ds2 = a2
E

(
dη2

E + dχ2
E + sin2 χEdΩ2

)
, (2)

and the background scalar �eld is denoted by φ =
φ(ηE). The Euclidean equations are given by(

a′E
aE

)2

− 1 =
κ

3

(
1

2
φ′2 − V (φ)a2

E

)
, (3)

aE

(
ȧE

aE

)·
+ 1 = −κ

2
φ′

2
, (4)

φ̈+ 2
ȧE

aE
φ̇− V ′(φ)a2

E = 0 , (5)

where the prime represents di�erentiation with respect
to ηE.

The background geometry and the �eld con�gura-
tion in the Lorentzian regime are obtained by the ana-
lytic continuation of the instanton. The coordinates in
the Lorentzian regime are given by

ηE = ηC = −ηR −
π

2
i = ηL +

π

2
i , (6)

χE = −iχC +
π

2
= −iχR = −iχL , (7)

aE = aC = iaR = iaL . (8)

The Penrose diagram for this open universe is pre-
sented in Fig. 1.
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Figure 1: The Penrose diagram of a universe with bubble nucleation. The region R is an open universe inside the bubble,

which corresponds to our universe.

Figure 2: The evolution inside the bubble for an exponential type potential model.

After tunneling, the scalar �eld starts to roll down
the potential. If the vacuum energy of the false vac-
uum is high, as expected in the string theory land-
scape, there will be a phase during which the scalar
�eld rolls down rapidly. This rapid roll phase will end
when the energy scale becomes su�ciently low and a
slow-roll phase commences which should last just about
50 to 60 e-folds, to make our universe slightly open,
1− Ω0 = 10−2 ∼ 10−3.

To study the �eld dynamics inside the bubble, it is
useful to recall the identity,

d ln ρφ
d ln aR

= −3 (1 + wφ) , (9)

where ρφ = φ̇2/2 +V , pφ = φ̇2/2−V and wφ ≡ pφ/ρφ.
The asymptotic boundary conditions at the nucleation
point are given by

aR(t) = t , φ̇(t) = −V
′(φ∗)

4
t . (10)

Thus, we have

1 + wφ = O
(
φ̇2

V

)
= O

(
ε∗H

2
∗ t

2
)
. (11)

where we have introduced the `slow-roll parameter,'

ε ≡ 1

2κ

(
V ′

V

)2

, (12)

and ε∗ = ε(φ∗) and H
2
∗ ≡ κV (φ∗)/3.

As an example, the evolution of various quantities
inside the bubble for a potential of the form,

κ

3
V (φ) =

(
H2
∗ −H2

R

)
exp
[√

2κε∗ (φ− φ∗)
]

+H2
R , (13)

whereH∗ � HR, is shown in Fig. 2, where the constant
term H2

R is added to realize slow-roll in�ation after the
rapid-roll phase. Namely, ε(φ) ∼ ε∗ for φ � φ∗ and
ε(φ)� ε∗ for φ� φ∗.

As seen from this �gure, during the rapid-roll phase
there is a tracking behavior for ε∗ & 1. In particular,
for ε∗ = O(1), the scalar �eld energy dominates over
the curvature term during the rapid-roll phase. As dis-
cussed later, this makes all the perturbations existed
at the time of nucleation to be e�ectively frozon until
the subsequent slow-roll phase. In short, the memory
of the previous false vacuum remains in the spectrum
of perturbations inside the bubble if ε∗ = O(1).
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3 Tensor spectrum in the landscape

The tensor spectrum in the bubble universe may be
calculated following the method developed in [12, 13].
The important point is that it re�ects both the proper-

ties of the tunneling and the evolution inside the bub-
ble. More speci�cally there are e�ects from the �uctu-
ations of the bubble wall and the evolution during the
rapid-roll phase inside the bubble.

Figure 3: The tensor-type power spectrum for the

exponential-type potential, Eq. (13). For comparison, we also

plot the plain de Sitter vacuum spectrum by the thin gray line.

Figure 4: The CMB angular power spectrum from the tensor

type perturbations for the exponential-type potential, Eq. (13).

The e�ect of the bubble wall �uctuations was dis-
cussed more than a decade ago [14], where it was found
that the infrared part of the spectrum is dominated by
the wall �uctuations if the wall is su�ciently soft, that
is, if the wall tension is small, ∆s = κS1/2H∗ � 1,
where S1 is the wall tension. In other words, models
that would yield too soft tension of the wall are already
excluded from the current observational data.

Here we focus on the e�ect of the evolution in-
side the bubble. The resulting spectrum for the po-
tential (13) is shown in Fig. 3. The solid curves are,
from top to bottom, the spectrum with ε∗ = 0.5, 0.8,
1, 10, 102 and 104. The contribution from the wall
�uctuation mode is assumed to be negligible. As seen
from this �gure, it is clear that the infrared part of
the spectrum is enhanced substantially for ε∗ = O(1).
This means that the memory of the large vacuum �uc-
tuations associated with the high vacuum energy right
after the tunneling is preserved if ε∗ = O(1) and can

a�ect the observable part of the spectrum unless 1−Ω0

is extremely small.

4 CMB temperature anisotropy

We translate the spectrum for tensor-type per-
turbation obtained in the preceding subsection into
CMB temperature anisotropies, following the method
given in Ref. [14]. The large-angle CMB temperature
anisotropies due to tensor-type perturbation can be
simply evaluated by the Sachs-Wolfe formula [15],

∆T

T
(n̂) = −1

2

∫ η0

ηLSS

dη δg′ij
(
η, xi(η)

)
n̂in̂j , (14)

where η0 and ηLSS, respectively, denote the conformal
time at the present epoch and that at the last scatter-
ing surface, n̂i is the unit vector along the observer's
line-of-sight and xi(η) = (η0−η) n̂i represents the pho-
ton trajectory.

The CMB multipole moments for the tensor type
perturbations for the exponential-type potential (13)
are shown in Fig. 4. The parameters are ε∗ = 0.5,
0.8, 1, 10 and 102. Again for simplicity, the e�ect of
the wall �uctuations is neglected. We see that the ten-
sor CMB angular power spectrum for small ` behaves
like (1 − Ω0)`, while it agrees with the scale invariant
in�ationary tensor spectrum for large `. Comparing
it with the amplitude of the tensor perturbation for
the standard slow-roll in�ation, there is signi�cant en-
hancement for small ` if ε∗ ∼ 1. Hence, we conclude

that, if ε is of order unity right after tunneling, the
rapid roll phase a�ects the CMB spectrum at low `
signi�cantly.

5 Summary

We studied an open in�ation in the context of the
string theory landscape. We assumed that our universe
is an open universe with a moderately small 1 − Ω0,
born as a bubble nucleated through false vacuum decay.
We then discussed that the infrared part of the ten-
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sor perturbation can contain the memory of the string
landscape, and hence can constrain the landscape con-
siderabley. In fact, we argued that the current obser-
vational data already constain the string theory land-

scape, and near-future data may be able to make yet
more strong statements on the string theory landscape.
Apparently this is a very exciting topic which should
be studied further.
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Ì. Ñàñàêè

ÑÈÃÍÀÒÓÐÀ ËÀÍÄØÀÔÒÀ Â ÒÅÎÐÈÈ ÑÒÐÓÍ
ÈÇ ÈÍÔËßÖÈÎÍÍÎÃÎ ÏÅÐÈÎÄÀ

Îòêðûòàÿ èíôëÿöèÿ ÿâëÿåòñÿ êîñìîëîãè÷åñêèì ñöåíàðèåì, â êîòîðîì Âñåëåííàÿ ïðåäñòàâëÿåò ñîáîé âàêóóìíûé
ïóçûðü, ïîðîæäàåìûé ðàñïàäîì ôàëüøèâîãî âàêóóìà è çàòåì ïåðèîäà èíôëÿöèîííîãî ðàñøèðåíèÿ â ýòîì ïóçûðå.
Ýòîò ñöåíàðèé â íàñòîÿùåå âðåìÿ ïðèâëåêàåò ïîâûøåííûé èíòåðåñ â êîíòåêñòå ëàíäøàôòà òåîðèè ñòðóí. Ïîñêîëüêó
ñóùåñòâóåò áîëüøîå êîëè÷åñòâî ìåòàñòàáèëüíûõ âàêóóìîâ äå Ñèòòåðà â ñòðóííîì ëàíäøàôòå, ÷àñòî òóííåëèðîâàíèå
èç îäíîãî âàêóóìà â äðóãîé ïðîèñõîäèò ÷åðåç çàðîæäåíèå ïóçûðÿ è, åñòåñòâåííûì îáðàçîì, ðåàëèçóåòñÿ îòêðûòàÿ
èíôëÿöèÿ. Â ðàáîòå ïðèâîäÿòñÿ äîâîäû â ïîëüçó òîãî, ÷òî, õîòÿ Âñåëåííàÿ è ïðåäñòàâëÿåòñÿ ïëîñêîé, ìàëîå
îòêëîíåíèå Ω0 îò åäèíèöû ìîæåò ïîðîäèòü âîçìóùåíèÿ òåíçîðíîãî òèïà íà áîëüøîé óãîë àíèçîòðîïèè ÊÌÔ. Òàê
â íàñòîÿùèé ìîìåíò ïðîèçâîäèòñÿ òåñòèðîâàíèå ñòðóííîãî ëàíäøàôòà ñ íàáëþäàòåëüíûìè äàííûìè.

Êëþ÷åâûå ñëîâà: ñòðóííûé ëàíäøàôò, ðàñïàä ëîæíîãî âàêóóìà, îòêðûòàÿ èíôëÿöèÿ.

Ñàñàêè, Ì.
Yukawa Institute for Theoretical Physics, Kyoto University.
Kyoto 606-8502, Japan.
E-mail: misao@yukawa.kyoto-u.ac.jp

� 148 �



K. Stepanyantz. Derivation of the exact NSVZ β-function using e�ective diagrams

UDC 530.1; 539.1

Derivation of the exact NSVZ β-function using e�ective diagrams

K. Stepanyantz

Moscow State University, Physical Faculty,
Department of Theoretical Physics, 119991, Moscow, Russia.

E-mail: stepan@phys.msu.ru

Using Scwinger�Dyson equation we prove that the β-function for N = 1 supersymmetric electrodynamics is given by
integrals of double total derivatives. This allows to calculate one of the loop integrals and obtain the exact NSVZ β-
function, which relates the β-function and the anomalous dimension of the matter super�eld.
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1 Introduction

It is well-known that in N = 1 supersymmetric the-
ories a β-function is related with anomalous dimensions
of the matter super�elds [1]. This relation is called
the exact Novikov, Shifman, Vainshtein, and Zakharov
(NSVZ) β-function. It was originally obtain using ar-
guments based on the structure of instanton contribu-
tions or anomalies. In the lowest orders of the per-
turbation theory this β-function was veri�ed by ex-
plicit calculations [2�5]. Most calculations were made
using the dimensional reduction in the MS-scheme.
The exact NSVZ β-function agrees with the explicit
calculations only in the one- and two-loop approxima-
tions. In higher orders for obtaining the exact NSVZ
β-function, it is necessary to perform a special rede�ni-
tion of the coupling constant [6]. This means that there
is a so-called NSVZ scheme in which this β-function
is obtained. For N = 1 supersymmetric electrody-
namics (SQED) such a scheme can be naturally con-
structed using the higher derivative regularization [7].
The higher covariant derivative regularization (unlike
the dimensional reduction [8]) is mathematically con-
sistent. It can be generalized to the supersymmetric
case [9, 10] so that the supersymmetry is an explicit
symmetry of the regularized theory. With the higher
derivative regularization integrals de�ning a β-function
can be calculated by di�erentiating a two-point Green
function of the gauge super�eld in the limit of vanishing
external momentum. It was noted that this integrals
are integrals of total derivatives [11] and even integrals
of double total derivatives [12]. This features were ver-
i�ed for the general renormalizable N = 1 SYM theory
in the two-loop approximation by explicit calculations
of supergraphs [13,14]. The factorization of integrands
into total derivatives allows to calculate one of the loop
integrals analytically and relate a β-function with an
anomalous dimension of the matter super�elds γ(α).
The result can be obtained exactly in all orders of the

perturbation theory [15] and coincides with the exact
NSVZ β-function, which for N = 1 SQED [16] has the
form

β(α) =
α2

π

(
1− γ(α)

)
. (1)

However, in order to generalize the results to non-
Abelian case it is more convenient to use a di�erent
method based on the Schwinger�Dyson equations [17].
In this paper we use this method in order to prove that
a β-function is given by integrals of double total deriva-
tives and coincides with the exact NSVZ β-function.

2 N = 1 SQED, regularized by higher deriva-
tives

N = 1 SQED is described by the action

S =
1

4e2
Re

∫
d4x d2θW aWa

+
1

4

∫
d4x d4θ

(
φ∗e2V φ+ φ̃e−2V φ̃

)
. (2)

In order to regularize the theory by higher derivatives,
we add to the action a term with the higher deriva-
tives. Then the kinetic term for the gauge super�eld
will have the form

1

4e2
Re

∫
d4x d2θW aR(∂2/Λ2)Wa, (3)

where R(0) = 1 and R(∞) = ∞, for example, R =
1 + ∂2n/Λ2n. After introducing the higher derivative
term divergences remain only in the one-loop approx-
imation. In order to cancel them, it is necessary to
insert the Pauli�Villars determinants into the generat-
ing functional [18]:

Z =

∫
DV DφDφ̃

∏
I

(det(V,MI))
cI

× exp
(
iSreg + iSsource

)
, (4)
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where Sreg is the regularized action and Ssource denotes
terms with sources. The masses of the Pauli�Villars
�elds ΦI are proportional to the parameter Λ, so that
there is the only dimensionful parameter in the reg-
ularized theory: MI = aIΛ, where aI are numerical
constants, which do not depend on the coupling con-
stant. The coe�cients cI satisfy the conditions∑
I

cI = 1;
∑
I

cIM
2
I = 0. (5)

It is convenient to introduce the auxiliary sources φ0

and φ̃0, modifying the action for the matter super�elds:

1

4

∫
d8x

(
(φ∗+φ∗0)e2V (φ+φ0)+(φ̃∗+φ̃∗0)e−2V (φ̃+φ̃0)

)
,

(6)

where the �elds φ0 and φ̃0 are not chiral.
The e�ective action Γ is de�ned by the standard

way. We will also use the Routhian

γ(J, φi) = W − ji · φi, (7)

where J is a source for the gauge super�eld.
With the higher derivative regularization a β-

function can be calculated by di�erentiating the two-
point Green function for the gauge super�eld with re-
spect to ln Λ in the limit of vanishing external momen-
tum:

d

d ln Λ

(
d−1(α0,Λ/p)− α−1

0

)∣∣∣
p=0

= − dα
−1
0

d ln Λ
=
β(α0)

α2
0

,

(8)

where Λ and α are considered as independent variables.
This expression is well de�ned if the RHS is expressed
in terms of the bare coupling constant α0. In order
to extract the function d−1 it is possible to make the
substitution

V → θ̄aθ̄aθ
bθb ≡ θ4. (9)

The expression in the RHS does not depend on the
space-time coordinates xµ. Therefore, this substitu-
tion automatically lead to the condition p = 0:

(2π)3δ4(p)
d

d ln Λ

(
d−1(α0,Λ/p)− α−1

0

)∣∣∣
p=0

=
d

d ln Λ

(
Γ

(2)
V − S − Sgf

)∣∣∣
V (x,θ)=θ4

. (10)

3 Schwinger�Dyson equations for N = 1
SQED

The Schwinger�Dyson equations obtained in [17]
can be written as

δ(∆Γ)

δVx
=
〈δSI
δVx

〉
=

1

2

〈
(φ∗ + φ∗0)e2V (φ+ φ0)

−(φ̃∗ + φ̃∗0)e−2V (φ̃+ φ̃0)
〉

+ (PV ), (11)

where (PV ) denotes contribution of the Pauli�Villars
�elds and

∆Γ ≡ Γ− 1

4e2
0

Re

∫
d4x d2θW aWa − Sgf. (12)

Di�erentiating equation (11) with respect to Vy we
obtain the Schwinger�Dyson equation for the two-point
Green function of the gauge super�eld. In a graphi-
cal form the result is presented in Fig. 1. Vertexes in
these diagrams contain derivatives with respect to aux-
iliary sources φ0 and φ̃0. In [17] these diagrams were
calculated substituting solutions of the Ward identi-
ties. This method allows to extract terms which give
the exact NSVZ β-function. Explicit calculations (see
e.g. [19]) show that the other terms vanish. However,
in order to prove this, it is necessary to use some new
ideas. Let us brie�y describe them here.

1. First, it is necessary to use the Schwinger�Dyson
equation one more time for vertexes which contain the
derivative δΓ/δVy. This is made using equation (11).
Note that in order to simplify the result, it is conve-
nient to write it in terms of the Routhian γ, because
in this case the number of e�ective diagrams is less.
A simple graphical interpretation of this procedure is
presented in Fig. 2. (Here we do not present expres-
sions for the e�ective lines.) As a result, the two-point
Green function can be written as a sum of two-loop
e�ective diagrams, see Fig. 3.

2. An attempt to present the two-loop e�ective di-
agram as an integral of a total derivative encounters
considerable problems. The reason can be understood
from the results of Ref. [15]. The matter is that the to-
tal derivative in this case nontrivially depends on the
number of vertexes in a diagram. Therefore, it seems
that it is impossible to present the total derivative as an
e�ective diagram. However, the solution can be found.
For this purpose we introduce the parameter g accord-
ing to the following prescription: in the kinetic terms
for the matter super�elds we make the substitution

e2V → 1 + g(e2V − 1); e−2V → 1 + g(e−2V − 1). (13)

(It is important that we introduce the parameter g af-
ter replacing the argument of the e�ective action V by
θ4. Therefore, by de�nition the parameter g will be
present only in vertexes containing the internal lines of
the gauge super�eld.) If g = 1, then the action in the
generating functional coincides with the N = 1 SQED
action.

We di�erentiate the two-point Green function of
the gauge super�eld with respect to the parameter g.
Graphically, the result can be written as a sum of some
three-loop e�ective diagrams (we do not present them
here). Our purpose is to present them as an integral of
a total derivative. In the coordinate representation an
integral of a total derivative can be written as

Tr[xµ, Something], (14)
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∆Γ
(2)
V =

1

2

∫
d8x d8y VxVy

δ2(∆Γ)

δVxδVy
= +

�
�
��� 6

@
@

@@I

A
A
AAK

δ2Γ

δφ∗0xδφz

δ3Γ

δVyδφ∗wδφv

δ3Γ

δVyδφ∗0xδφz

( δ2Γ

δφzδφ∗w

)−1

Figure 1: The Schwinger�Dyson equation for the two-point function of the gauge super�eld. Below we present Feynman

rules (for simplicity, in the massless case). In the massive case the e�ective diagrams are the same.

where Tr ≡
∫
d8x.

4 Factorization of integrals for β-function into
integrals of double total derivatives

The derivative of the two-point Green function of
the gauge super�eld with respect to ln g can be written
as an integral of a double total derivative. The result
can be written in the following form:

d

d ln Λ

∂

∂ ln g

(1

2

∫
d8x d8y (θ4)x(θ4)y

δ2Γ

δVxδVy

)
=

d

d ln Λ

( i
4
Tr (θ4)x

[
y∗µ,
[
y∗µ,
( δ2γ

δ(φ∗i)xδ(φi)x

)−1]]
− i

4

n∑
I=1

cITr (θ4)x

[
y∗µ,
[
y∗µ,
( δ2γ

δ(Φ∗i)xδ(Φi)x

)−1

+M ik
(D2

8∂2

)
x

( δ2γ

δ(Φi)xδ(Φk)y

)−1

x=y

+M∗ik

( D̄2

8∂2

)
x

( δ2γ

δ(Φ∗i)xδ(Φ∗k)y

)−1

x=y

]]
I

−singularities
)
, (15)

where φ1 ≡ φ; φ2 ≡ φ̃, Φi denotes the Pauli�Villars
�elds, and (yµ)∗ ≡ xµ − iθ̄a(γµ)a

bθb. In the graphical
form the right hand side of identity (15) is presented
in Fig. 4. According to Eq. (15) the β-function of
the N = 1 SQED, regularized by higher derivatives, in
the momentum representation is given by integrals of
double total derivatives.

5 Exact NSVZ β-function

In order to obtain a β-function it is necessary to
note that

Tr[y∗µ, A] = 0. (16)

In the momentum representation this equation corre-
sponds to vanishing substitution at the upper limit
(q → ∞) in the integral of a total derivative. How-
ever, the integral does not vanish due to a non-trivial
substitution at the lower limit (q = 0). In the coordi-
nate representation this follows from the existence of
singularities [12], which appear in the commutator

[xµ,
∂µ
∂4

] = [−i ∂

∂pµ
,− ip

µ

p4
] = −2π2δ4(pE)

= −2π2iδ4(p) = −2π2iδ4(∂). (17)

Here we take into account that the calculation of loop
integrals is made in the Euclidian space after the Wick
rotation. A contribution of these singularities with an
opposite sign is equal to the sum of diagrams de�ning
the β-function.

Calculating commutators in Eq. (15) it is also pos-
sible to �nd singular contributions. The result can be
written as a derivative with respect to ln g. This is a
nontrivial test of the calculation. Substituting explicit

Figure 2: Applying the Schwinger�Dyson equation to the e�ective vertex it is possible to see "the inner structure" of the

e�ective diagram.
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Figure 3: Using the Schwinger�Dyson equations twice we obtain two-loop e�ective diagrams.

d

d ln Λ

y∗µ
y∗µ

θ4

Figure 4: A graphical presentation of double total derivatives given by Eq. (15).

expressions for the Green functions, e.g.

δ2γ

δ(φ0)xδ(φ∗)y
= −1

8
GD2

xδ
8
xy;

δ2γ

δ(φ0)xδ(φ)y
= − 1

32
MJD2

xD̄
2
xδ

8
xy, (18)

and calculating the integrals over d4θ, after the Wick
rotation in the Euclidean space the �nal expression can
be presented in the following form:

∂

∂ ln g

d

d ln Λ

(1

2

∫
d8x d8y (θ4)x(θ4)y

δ2Γ

δVxδVy

)
= −4π2δ4(p = 0)

∂

∂ ln g

d

d ln Λ

(
ln(q2G2)−

n∑
I=1

cI

×
(

ln(q2G2
I +M2

I J
2
I ) +

M2
I JI

(q2G2
I +M2

I J
2
I )

))
q=0

.

(19)

This result agrees with the calculation made in [17]
made by another method. It is easy to see that the
contributions of the massive Pauli�Villars �elds vanish
beyond the one-loop approximation after di�erentia-
tion with respect to ln Λ. Therefore, we obtain

∂

∂ ln g

d

d ln Λ

(1

2

∫
d8x d8y (θ4)x(θ4)y

δ2Γ

δVxδVy

)
= −8π2δ4(p = 0)

∂

∂ ln g

d lnG

d ln Λ
. (20)

Integrating this equation with respect to ln g from
g = 0 to g = 1 and taking into account that g = 0
corresponds to a theory without quantum gauge su-
per�eld, we obtain

β(α0)

α2
0

− β(α0)1−loop

α2
0

= − 1

π
γ(α0). (21)

Substituting an explicit expression for the one-loop β-
function we obtain NSVZ β-function (1). Note that

deriving this result it is not necessary to perform a
rede�nition of the coupling constant, which is needed
if the calculations are made with the dimensional re-
duction. Therefore the NSVZ-scheme can be naturally
constructed using the higher derivative regularization.

6 Conclusion

Using the Schwinger�Dyson equations it is possible
to prove that the β-function in the N = 1 supersym-
metric electrodynamics regularized by higher deriva-
tives is given by integrals of double total derivatives
in all orders of the perturbation theory. For this pur-
pose we consider the derivative of the two-point Green
function of the gauge super�eld with respect to the
ln Λ in the limit of vanishing external momentum. The
Schwinger�Dyson equation for this Green function can
be written in terms of two-loop e�ective diagrams. In
order to present the result as a double total derivative
it is necessary to di�erentiate the considered expression
with respect to the auxiliary parameter g. The result
is given by the e�ective three-loop diagrams, which can
be written as a trace of a double commutator with y∗µ
minus contribution of δ-singularities. In the momen-
tum representation it corresponds to the integrals of
double total derivatives. The contribution of the sin-
gularities can be related with the anomalous dimen-
sion of the matter super�eld exactly in all orders of
the perturbation theory. This contribution gives the
exact NSVZ β-function.

Let us note that the NSVZ β-function with the
higher derivative regularization in the considered
scheme is obtained without any rede�nition of the cou-
pling constant, which is needed if the calculations are
made with the dimensional reduction in MS-scheme.
In our case �nite counterterms corresponding to the
renormalization of α can be arbitrary. Both the
β-function and the anomalous dimension depend on
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them, but the combination β/α2 + γ/π is invariant.
With the higher derivative regularization the �nite
counterterms corresponding to the renormalization of
the matter super�eld are �xed by the condition that
ratios MI/Λ are numerical constants and do not de-
pend on the coupling constant. Therefore, using the
procedure described in this paper we implicitly �x the
subtraction scheme. However, the NSVZ scheme with

the higher derivative regularization is obtained in the
most natural way.
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Ê. Ñòåïàíüÿíö

ÂÛÂÎÄ ÒÎ×ÍÎÉ NSVZ β-ÔÓÍÊÖÈÈ Ñ ÏÎÌÎÙÜÞ ÝÔÔÅÊÒÈÂÍÛÕ ÄÈÀÃÐÀÌÌ

Ñ ïîìîùüþ óðàâíåíèÿØâèíãåðà�Äàéñîíà ìû äîêàçûâàåì, ÷òî β-ôóíêöèÿN = 1 ñóïåðñèììåòðè÷íîé ýëåêòðîäèíàìèêè
îïðåäåëÿåòñÿ èíòåãðàëàìè îò äâîéíûõõ ïîëíûõ ïðîèçâîäíûõ. Ýòî ïîçâîëÿåò âû÷èñëèòü îäèí èç ïåòåëâûõ èíòåãðàëîâ
è ïîëó÷èòü òî÷íóþ NSVZ β-ôóíêöèþ, êîòîðàÿ ñâÿçûâàåò β-ôóíêöèþ è àíîìàëüíóþ ðàçìåðíîñòü ñóïåðïîëÿ ìàòåðèè.

Êëþ÷åâûå ñëîâà: ñóïåðñèììåòðèÿ, ñóïåðãðàôû, NSVZ β-ôóíêöèÿ.
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We propose a closed higher-spin algebra and its representation that reproduces conformal invariant Lagrangian presented
by Fradkin and Tseytlin. We use this algebra for constructing gauge invariant Lagrangian by BRST method. Lagrangian
constructed by BRST method does not have any o�-shell constraints or higher derivative terms as in the non-conformal
case. As an example for spin 2 case in four space-time dimension, our Lagrangian agrees with that of conformal gravity by
using gauge �xing and equations of motions of auxiliary �elds.

Keywords: higher-spin, BRST, conformal.

1 Introduction

Higher-spin �eld theory is expected to include par-
ticles with spin higher than two [1]. In particular, the
theory we consider here is a spin independent formal-
ism of particles. It is de�ned in the same form for
spin one vector gauge �eld, spin two gravitational �eld
and higher spin �elds those were not observed. To
construct Lagrangian of higher-spin �eld, we here use,
so called, BRST method. Free Lagrangian construc-
tion is well developed by using this method in the case
that the Poincare symmetry is space-time symmetry,
for bosonic case, fermionic case and mixed symmetric
case [2] [3].
A spin s conformal higher spin theory in a free La-
grangian form was proposed by Fradkin and Tseytlin
[4] in four space-time dimension1

L = φµ1···µs2
sPµ1···µs

ν1···νs φ
ν1···νs , (1)

where P is a projector for traceless and divergence free
�eld. The structure of P considered there was very im-
plicit.
Our motivation is to reproduce this Lagrangian with
explicit form. For that purpose BRST method may be
a good choice. In this paper we develop BRST method
for constructing gauge invariant Lagrangian with con-
formal symmetry.
In section 2 we start by a set of constraints suggested
from (1) and �nd a closed Higher-spin algebra. In sec-
tion 3, BRST operator and Lagrangian will be con-
structed. For example in section 4, the Lagrangian
agrees with that of linearized version of conformal grav-
ity in spin two and in four space-time dimension.

2 Higher spin algebra

Lagrangian(1) and [4] [5] suggest a set of con-
straints those the basic �eld must satisfy. They are
d'Alembertian constraint, divergence free constraint
and traceless constraint:

2s+
D−4

2 φµ1···µs = 0
∂µ1φµ1···µs = 0
ηµ1µ2φµ1µ2···µs = 0

. (2)

Last two constraints are the same to the constraint for
higher-spin �eld for Poincare symmetry. Only di�er-
ence from Poincare case is in the �rst one.
In BRST method we rewrite these constraints on a
Fock space by introducing several set of creation-
annihilation operators. In order to �nd a closed
algebra(higher-spin algebra) corresponding to (2), we
need to look for appropriate representation that de-
�nes algebra. Di�erence of the �rst equation of (2)
from Poincare case leads di�erent higher-spin algebra
and its representation.
As a result, we found them in the following. First de-
�ne Fock space:

|Φ〉 =

∞∑
{k}=0

c†+
k+
c†−

k−
b†1
k1
b†2
k2
a†µ1
· · · a†µk0

|0〉Φµ1···µk0

k−,k+,k0,k1k2
,

(3)

where
[aµ, a†ν ] = −ηµν , [bI , b

†
I ] = [c−, c

†
+] = [c+, c

†
−] =

1, aµ|0〉 = bI |0〉 = c±|0〉 = 0, (I = 1, 2).

1It is also given in arbitrary dimension by [5].
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Then de�ne representation of generators:

L0 = −p2 + c†−c−
L1 = ap+ c†−b1
L+

1 = a†p+ c−b
†
1

L2 = c−
a2

2 + c†−

(
− b

2
1

2 + (b†2b2 − s− D−5
2 )b2

)
L+

2 = c†−
a†2

2 + c−

(
− b
†2
1

2 + b†2

)
G0 = −a†a+ b†1b1 + 2b†2b2 − s+ 3

Lc = b†1b1 + 2b†2b2 + c†+c− + c†−c+ − s+ 4− D
2

.

(4)

These de�ne the following higher-spin algebra.

[L0, all] = 0[
L1, L

+
1

]
= L0

[
L2, L

+
1

]
= −c−L1[

L+
2 , L1

]
= c†−L

+
1[

L2, L
+
2

]
= c†−c−G0

[G0, L1] = −L1[
G0, L

+
1

]
= L+

1

[G0, L2] = −2L2[
G0, L

+
2

]
= 2L+

2

[Lc, L2] = −L2[
Lc, L

+
2

]
= L+

2

[Lc, L1] = 0
[Lc, G0] = 0

.

(5)

Constraints in Fock space are then written as:

L0|Φ〉 = L1|Φ〉 = L2|Φ〉 = G0|Φ〉 = Lc|Φ〉 = 0. (6)

Constraint by G0 and Lc are explained as �xing spin
and conformal weight of state respectively.
This algebra (5) is closed and found to be a natural
modi�cation of massive Poincare higher-spin algebra.
Structure constant depends on oscillators c− and c†−.
It is, however, not harmful because the right hand sides
of commutators in (5) do not give new constraints.
Algebra itself does not depend on spin or conformal
weight. Representation, however, depends on them
through two arbitrary parameters s and D and one
can choose them freely.

3 BRST construction of Lagrangian

BRST nilpotent operator is de�ned in the usual
manner [2] [3]:

Q̃ = η0L0 + η+
1 L1 + η1L

+
1 + η+

2 L2 + η2L
+
2

+ηGG0 + ηcLc − η1η
+
1 P0 − c†−c−η2η

+
2 PG

+(ηGη
+
1 + c−η

+
2 η1)P1 + (η1ηG + c†−η

+
1 η2)P+

1

+2ηGη
+
2 P2 + 2η2ηGP

+
2 + ηcη

+
2 P2 + η2ηcP

+
2

,

(7)

where {ηi, P †i } = {ηj , Pj} = 1, ηI |0〉 = PI |0〉 =
Pj |0〉 = 0, (I = 1, 2; j = 0, G, c).
BRST equation and gauge transformation are written

in the extended Fock space that is de�ned by mul-
tiplying anti-commuting ghost operators η's, P 's on
|Φ0···0〉 ≡ |Φ〉 of (3):

Q̃|χ0〉 = 0 , δ|χ0〉 = Q̃|χ1〉, δ|χ1〉 = Q̃|χ2〉, · · · (8)

|χI〉 =
∑

k3 + k4 + k6
−k5 − k7

=−I

ηk3
0 η†k4

1 P †k5

1 η†k6

2 P †k7

2 |Φk3···k7
〉,

(9)

where ghost number restriction is expressed in above
summation. To �nd Lagrangian we need a treatment of
Hermitian ghosts as in the bosonic Poincare case. Our
case has an additional pair of Hermitian ghosts. We
treat them as we did for Poincare case. Then BRST
equation (8) is divided to three parts:

Q|χI〉 = σg|χI〉 = σc|χI〉 = 0, (10)

where σg, σc and Q are de�ned by using number oper-
ators of corresponding creation-annihilation operators:

Q̃ ≡ Q+ ηGσs + ηcσc − c†−c−η
†
2η2PG, Q

2|χi〉 = 0
σg + s ≡ na + nb1 + 2nb2 + nη1 + nP1 + 2nη2 + 2nP2

σc + s+ D−6
2 ≡ nb1 + 2nb2 + nc+ + nc− + nη2

+ nP2

.

(11)

σg and σc �x spin and space-time dimension. La-
grangian and gauge transformation for �xed spin and
space-time dimension are then written, by introducing
some operator K for Hermiticity [2], as

L =

∫
dη0〈χ0|KQ|χ0〉 (12)

δ|χ0〉 = Q|χ1〉, δ|χ1〉 = Q|χ2〉. (13)

These have the same form to Poincare case. All di�er-
ences are included in the structure of BRST operator
and states.

4 Example: spin two in four space-time di-
mension

In this section we write down Lagrangian (12) for
spin two in four space-time dimension and show it re-
produces Lagrangian of linearized conformal gravity in
�at space-time.
The second and the third equation of (10) as well as
the ghost number restriction are, by setting s = 2 and
D = 4, solved for states as

|χ0〉 = |S0〉2,1 + η0|A0〉2,1
|χ1〉 = |S1〉2,1 + η0|A1〉2,1
|χ2〉 = 0

, (14)
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where lower indexes of states represent eigenvalues of
right hand sides of last two equations of (11). We ex-
pand these states by ghost's dependencies as:

|S0〉2,1 = |S1〉2,1 + η†1P
†
1 |S2〉0,1

|A0〉2,1 = P †1 |A1〉1,1 + P †2 |A2〉0,0
|S1〉2,1 = P †1 |S1

1〉1,1 + P †2 |S1
2〉0,0

. (15)

One can eliminate |A1〉1,1 by its equation of Motion:

|A1〉1,1 = L1|S1〉2,1 − L+
1 |S2〉0,1 . (16)

Then Lagrangian and gauge transformations are

L = 〈S1|K(L0 − L+
1 L1)|S1〉 − 2〈S2|KL0|S2〉

+
(
〈S1|KL+2

1 |S2〉 − 〈A2|K (L2|S1〉+ c−|S2〉) + c.c.
)

(17)

δ|S1〉 = L+
1 |S1

1〉+ L+
2 |S1

2〉
δ|S2〉 = L1|S1

1〉 − c+−|S1
2〉

δ|A2〉 = L0|S1
2〉

. (18)

We further expand them by c†± and b†1:

|S1〉2,1 = c†−|S−1 〉2,0 + c†+|S+
1 〉2,0 + b†1|S0

1〉1,0
|S2〉0,1 = c†−|S−2 〉0,0 + c†+|S+

2 〉0,0
|S1

1〉1,1 = c†−|S
1,−
1 〉1,0 + c†+|S

1,+
1 〉1,0 + b†1|S

1,0
1 〉0,0

.

(19)

Next we use equation of Motion of |A2〉0,0, then using

degrees of freedom of|S1,+
1 〉1,0 and |S1,0

1 〉0,0 we elimi-
nate |S0

1〉1,0 and |S+
2 〉0,0 respectively. By using equa-

tion of motion of 〈S+
1 |, higher derivative term appears:

L = 〈S−1 |
(
l0 − l+1 l1 − l

+2
1 l2

)
×

(
1− 2

3 l
+
2 l2
) (
l0 − l+1 l1 − l

+
2 l

2
1

)
|S−1 〉

δ|S−1 〉 = l+1 |S
1,−
1 〉+ l+2 |S1

2〉,
,

(20)

where lower case l's are the generators of massless
Poincare one. We can write usual �elds instead of
states and operators:

|S−1 〉 = (−i)2

2! a+µa+ν |0〉hµν(x)

|S1,−
1 〉 = −ia+µ|0〉λµ(x), |S1

2〉 = |0〉δ(x)
. (21)

Then Lagrangian is written by familiar form:

2L = hµν∂4hµν − 2(h∂)µ∂
2(∂h)µ

+
2

3
hλλ∂

2(∂∂h) +
2

3
(h∂∂)(∂∂h)− 1

3
hλλ∂

4hλλ. (22)

This agrees with the Lagrangian of linearised confor-
mal gravity in �at space-time and it can be written as
(1) with the projector.

5 Conclusion

We proposed a closed higher-spin algebra and its
representation that reproduces the conformal invari-
ant higher-spin Lagrangian presented by Fradkin and
Tseytlin [4].
We started a set of constraints (2) suggested by (1) and
found a closed higher-spin algebra (5).
Some properties of the algebra (5) are the following. It
looks like a natural modi�cation of massive Poincare
higher-spin algebra. It does not depend on spin or
conformal weight. It is de�ned for arbitrary spin in
any space-time dimension. It may correspond to a sub
algebra of full conformal algebra because, compared
to Poincare case, we have add only one additional con-
straint by Lc that may correspond dilatation. Since we
did not consider one for special conformal transforma-
tion, full conformal Higher-spin algebra will possibly be
modi�ed from (5). For spin one or two case, however,
di�erences will not be important. In fact, for spin two,
our higher-spin algebra is enough to reproduce known
Lagrangian of conformal gravity.
We have used this algebra for constructing free gauge
invariant Lagrangian by BRST method. The La-
grangian (12) constructed by BRST method does not
have any o�-shell constraints or higher derivative terms
as in the all Poincare cases. The structure of states in
our Lagrangian is similar to that of Metsaev [6]. The
number of terms in our states, however, are initially
not limited by de�nition (3). It is determined by BRST
equation of motion from Lagrangian.
In order to check the validity of higher-spin algebra
we proposed, we studied an example of spin two in
four space-time dimension. We wrote down gener-
ally de�ned Lagrangian for this case. By using gauge
�xing and equations of motions of auxiliary �elds, it
was reproduced that the known form of Lagrangian
of linearized conformal gravity (22) or of Fradkin and
Tseytlin's. It is also possible to study spin one case
in arbitrary space-time dimension and the known form
can be given too. We expect that the algebra (5) also
reproduces Lagrangian (1) and that of [5] for general
integer spin in arbitrary space-time dimension.
One of interesting future work is to clarify the relation
between the full conformal algebra and higher-spin al-
gebra.
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Õ. Òàêàòà

ÁÐÑÒ ÏÎÄÕÎÄ Ê ÊÀËÈÁÐÎÂÎ×ÍÎ-ÈÍÂÀÐÈÀÍÒÍÛÌ ÒÅÎÐÈßÌ
ÊÎÍÔÎÐÌÍÛÕ ÏÎËÅÉ ÂÛÑØÈÕ ÑÏÈÍÎÂ Â ÏËÎÑÊÎÌ ÏÐÎÑÒÐÀÍÑÒÂÅ

Ïðåäëàãàåòñÿ çàìêíóòàÿ àëãåáðà âûñøèõ ñïèíîâ è åå ïðåäñòàâëåíèå, êîòîðîå âîñïðîèçâîäèò êîíôîðìíî èíâàðèàíò-
íûé ëàãðàíæèàí, ïîëó÷åííûé Ôðàäêèíûì è Öåéòëèíûì. Ýòà àëãåáðà èñïîëüçóåòñÿ äëÿ ïîñòðîåíèÿ êàëèáðîâî÷íî
èíâàðèàíòíîãî ëàãðàíæèàíà ñ ïîìîùüþ ÁÐÑÒ ïîäõîäà. Ëàãðàíæèàí, ïîñòðîåííûé ñ ïîìîùüþ ìåòîäà ÁÐÑÒ-
êîíñòðóêöèè íå èìååò íè ñâÿçåé âíå ìàññîâîé îáîëî÷êè íè ÷ëåíîâ ñ âûñøèìè ïðîèçâîäíûì ïî ñðàâíåíèþ ñ íåêîíôîðì-
íûì ñëó÷àåì. Íà ïðèìåðå ñïèíà 2 â ÷åòûðåõ èçìåðåíèÿõ íàø ëàãðàíæèàí ñîãëàñóåòñÿ ñ òåì, ÷òî ñëåäóåò èç êîíôîðì-
íîé ãðàâèòàöèè ñ èñïîëüçîâàíèåì êàëèáðîâêè è óðàâíåíèé äâèæåíèé íà âñïîìîãàòåëüíûå ïîëÿ.

Êëþ÷åâûå ñëîâà: âûñøèå ñïèíû, ÁÐÑÒ, êîíôîðìíàÿ ñèììåòðèÿ.
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Non-compact symmetries of extended 4d supergravities involve duality rotations of vectors and thus are not manifest
o�-shell invariances in standard �second-order� formulation. To study how such symmetries are realised in the quantum
theory we consider examples in 2 dimensions where vector-vector duality is replaced by scalar-scalar one. Using a �doubled�
formulation, where �elds and their momenta are treated on an equal footing and the duality becomes a manifest symmetry
of the action (at the expense of Lorentz symmetry), we argue that the corresponding on-shell quantum e�ective action or
S-matrix are duality symmetric as well as Lorentz invariant. This contribution is based on [1].

Keywords: duality symmetry, supergravity.

Recent discussions of potential divergences in 4d
supergravities brought to light the question of how the
non-compact symmetries [2] of classical N ≥ 4 super-
gravity equations of motion (involving transformation
of scalars combined with a 4d duality rotation of vec-
tors) extend to quantum level and which constraints on
counterterms they impose (see [4,6] and refs. therein).
A prototypical example of a relevant scalar-vector sub-
sector of (N ≥ 4) supergravity theory is provided by
the following (Minkowski-space) action

S = − 1
2

∫
d4x
[
(∂mφ)2 + e4φ(∂mχ)2

+ 1
2e
−2φF 2

mn + 1
2χF

∗
mnF

mn
]
, (1)

where F ∗kl ≡ 1
2ε
klmnFmn and k, l,m, n = 0, 1, 2, 3.

The scalar part here is SO(1, 2)/SO(2) sigma model;
its global invariance under SL(2, R) ≈ SO(1, 2) is pro-
moted to the invariance of the full equations of mo-
tion (written in �rst-order form) when combined with
vector-vector duality transformation. The simplest ex-
ample of such a transformation is at χ = 0, when
φ → −φ, Am → Ãm with F̃mn = e−2φF ∗kl. As this
symmetry is not of a standard type, i.e. is not a mani-
fest local symmetry of the action (1), one may wonder
how it is re�ected in the corresponding quantum ef-
fective action or S-matrix. If one integrates out the
vector �eld, i.e. if one considers the e�ective action Γ
depending only on the scalars, then it is expected to be
SL(2) invariant. Indeed, performing the vector-vector
Am → Ãm duality in the path integral (by adding, as
usual, the Lagrange multiplier term, etc. [7]) one �nds
the same partition function with Ãm coupled to SL(2)
transformed scalars, implying that integrating out the
vector should give an invariant functional of the scalars.

A non-trivial question is what happens if one keeps
both the scalars and the vector as arguments of the

e�ective action or external states in the S-matrix. A
natural expectation is that this duality symmetry (in
its form as de�ned on the classical equations of motion)
should be present in the quantum e�ective action eval-
uated on the equations of motion or in the on-shell S-
matrix. A far less obvious possibility (discussed in [6])
is that the quantum e�ective equations derived from
an o�-shell e�ective action should be covariant under a
deformed version of this duality. A motivation is to try
to clarify these questions. The vector-vector duality in
4 dimensions, or more generally the p-form � p-form
duality in d = 2p + 2 dimensions, naturally acts on
the phase space: the corresponding �rst-order action
is duality-invariant [8]. Replacing momenta by spa-
tial derivative of a new (dual) �eld, one can rewrite
the phase-space action as an action for a �doubled�
set of �elds in which the duality acts locally (without
inverse spatial derivatives) and is a manifest o�-shell
symmetry. This is achieved at the expense of Lorentz
invariance; in its standard form, the Lorentz invari-
ance is recovered on the equations of motion. Such
a manifestly duality invariant action was �rst written
down in 2 dimensions (following earlier work on chiral
scalars [9] generalized to chiral p-forms in [10]) in [11].
This action for the �doubled� set of �elds is describing
the same number of degrees of freedom as the original
action (and an equivalent quantum theory) but is more
suitable for addressing the above questions about real-
ization of duality at the quantum level. Detailed study
of symmetry aspects of quantum theory based on this
�doubled� version of N = 8 supergravity (in particular,
the absence of SU(8) anomaly) appeared in [4] though
the crucial question of preservation of 4d Lorentz sym-
metry at the quantum level was not addressed.

As the general issues with quantum realization of
a symmetry involving the duality are the same in any
number d = 2p+ 2 of dimensions here we shall concen-
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trate on a technically simpler but still non-trivial case
d = 2, p = 0, i.e. the case when the 4d vectors are
replaced by scalars. The 2d analog of the action (1) is

S = − 1
2

∫
d2σ
[
(∂aφ)2 + e4φ(∂aχ)2

+e−2φ(∂axs)
2 + εabεrsχ∂axr∂bxs

]
, (2)

where a, b = 0, 1 and r, s = 1, 2. Like (1), this model
has the SL(2) symmetry of the (φ, χ) sector extended
to the full set of equations of motion provided it is com-
bined with 2d duality transformation on the scalars xs.
We need at least n = 2 scalars xs to have the O(n, n)
duality group (acting on xs and their �momenta�) big
enough to contain the SL(2) acting on (φ, χ). Inte-
grating out xs one �nds the SL(2) invariant quantum
theory for (φ, χ) modulo local dilaton shift term, but
the realization of the duality symmetry on the full set
of �elds at the quantum level is a priori non-trivial.

We shall consider the �doubled� formulation [11] in
which the duality in xs sector and thus the SL(2) sym-
metry of (2) is manifest but the Lorentz symmetry is
not (but is recovered on-shell). It turns out to be natu-
ral to split xs into its chiral parts so that in the simplest
case of χ = 0 the duality symmetry of the S-matrix
translates into a symmetry under �ipping the sign of
the anti-chiral part and the sign of φ. Similar transfor-
mation will apply to higher-dimensional models, e.g.,
in 4d one would need to �ip the sign of the anti-chiral
part of the vector �eld.

In [1] we considered examples of computations of
quantum e�ective actions for simple sigma models with
structure similar to (2) or its truncations and demon-
strating how the duality is realised at the quantum
level. We shall concentrate on the most non-trivial
discrete subgroup of the duality (φ → −φ for χ = 0)
as generalization to continuous transformations does
not bring new conceptual problems. Starting with
the manifestly duality symmetric formulation we shall
check the presence of the 2d Lorentz invariance in the
quantum on-shell e�ective action or in the S-matrix.

Let us consider the following extension of the χ = 0
truncation of the model (2):

S(φ, x) = 1
2

∫
d2σ
[
− (∂aφ)2 − e−2φ(∂axs)

2
]

→ S(φ, p, x) = 1
2

∫
d2σ
[
− (∂aφ)2 + 2psẋs

−e−2φx′2s − e2φp2
s

]
(3)

and introducing a new �eld x̃s such that ps = x̃′s we
get the following duality-invariant action [11]

Ŝ(φ, x, x̃) = 1
2

∫
d2σ
[
− (∂aφ)2 + ẋsx̃

′
s + ˙̃xsx

′
s

−e−2φx′2s − e2φx̃′2s

]
(4)

This action describes the same number of degrees of
freedom as (3) and is manifestly invariant under the
duality transformation

φ→ −φ , xs → x̃s , x̃s → xs

Introducing the combinations (that become free chiral
scalars for φ = 0)

xs = x+
s + x−s , x̃s = x+

s − x−s , x±s = 1
2 (xs ± x̃s) ,

we get (∂± = ±∂0 + ∂1)

Ŝ(φ, x+, x−) = −
∫
d2σ
[

1
2 (∂aφ)2 + x+

s
′
∂−x

+
s + x−s

′
∂+x

−
s

+f1(φ) (x+
s
′2

+ x−s
′2

)− 2f2(φ) x+
s
′
x−s
′
]
,

f1 = 2 sinh2 φ , f2 = sinh 2φ .

The corresponding duality symmetry of this action is

φ→ −φ , x+
s → x+

s , x−s → −x−s .

The equations of motion for x± are again Lorentz-
invariant.

Let us now turn to the quantum theory. The orig-
inal (3) and the doubled theory are expected to be
equivalent quantum mechanically when probed with
common observables. An example of such observables
are scattering amplitudes of x �elds, in which x̃ �elds
enter only through loops. Indeed, integrating out x̃
gives back (3). The doubled theory allows, however,
for a larger set of observables, e.g. scattering ampli-
tudes of both x and x̃ �elds which have duality acting
as a standard symmetry. Given the duality symme-
try (5) of the classical action, (5) one expects to �nd
the same symmetry in the quantum e�ective action,
Γ[φ, x, x̃] = Γ[−φ, x̃, x], i.e.

Γ[φ, x+, x−] = Γ[−φ, x+,−x−] . (5)

For this to happen one should maintain the symmetry
at the quantum level by a proper choice of quantization
prescription (i.e. regularization and path integral mea-
sure). This may not be automatic if other �elds and
symmetries are also present. For example, the sim-
plest special case to consider would be e�ective action
depending just on φ (found by integrating out both xs
and x̃s) which should be invariant (by standard path
integral transformation argument) under just φ→ −φ.
As we shall discuss in Appendix A, maintaining this
duality depends on assumptions about preservation of
other symmetries (like target space di�eomorphism in-
variance), i.e. on the choice of measure and regulariza-
tion scheme.

The central question, however, is if, like the clas-
sical action, the quantum e�ective action or S-matrix
will be Lorentz-invariant on-shell. This on-shell invari-
ance may a priori have two di�erent interpretations:

(I) Γ[φ, x, x̃] should be Lorentz-invariant once eval-
uated on a solution of the equations of motion, i.e., to
the leading order;
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(II) the quantum equations of motion following
from Γ[φ, x, x̃] should be Lorentz-invariant.
The property (I) should indeed be expected given
that the classical equations of motion are Lorentz-
invariant and that integrating over x̃ leads us back to
the Lorentz-invariant action (3). This may be veri-
�ed explicitly at 1-loop order, i.e. by expanding to
quadratic order in �uctuations near a classical solution
(φ(0), x(0), x̃(0)) and restoring the Lorentz invariance of
the �uctuation Lagrangian by a �eld rede�nition of the
�uctuation �elds which makes the Lorentz invariance
of the resulting e�ective action manifest. The property
(II) is likely to be true too if understood in a pertur-
bative sense, i.e. that the e�ective equations of motion
are solved order by order in loop expansion: then given
the classical Lorentz invariance, the 1-loop corrected
equations of motion should also be Lorentz-invariant,
etc. However, (II) is far from obvious if considered as
an exact property of the e�ective action: it is not a pri-
ori clear if one should expect (some deformed version
of) Lorentz invariance to apply to the full quantum
equations of motion. (II) is essentially equivalent to an
assumption that quantum equations of motion derived
from the original Lorentz-covariant action (3) should
admit an analog of the duality symmetry.

Since Γ[φ, x, x̃] evaluated on a general classical so-
lution with �in� (plane-wave) initial conditions at zero
coupling is the generating functional for the S-matrix,
(I) is equivalent to the condition of Lorentz invariance
of the the S-matrix for {φ, x+

s , x
−
s }. The key fact is that

the on-shell conditions for the chiral scalars implied by
(5) are Lorentz-invariant

∂−x
+
s = 0 , ∂+x

−
s = 0 . (6)

To demonstrate Lorentz invariance of the S-matrix one
should note also that:

(i) to any loop order, x± lines cannot �terminate":
they are either open (i.e. x± coming into a diagram
eventually exits it) or closed (representing a loop of
x± �elds with φ lines attached to it); (ii) a tree-level
Green's function with on-shell x± and o�-shell φ's is
Lorentz invariant; (iii) the determinant of the x± -
quadratic �uctuation operator depending on an o�-
shell φ is Lorentz invariant.
The observation (i) allows us to break up any S-matrix
element into parts of two types that appear in (ii) and
(iii) which are connected by (Lorentz-invariant) φ prop-
agators. Since each part is Lorentz invariant, the whole
S-matrix element is then also invariant.

The same observations (i) and (ii) will apply of
course in the 4d vector case of (1) where we can split
Fmn into selfdual and anti-selfdual parts that should
correspond at the S-matrix level to positive and neg-
ative helicity photons; the (discrete part of) duality
symmetry of the S-matrix will then mean a symmetry
analogous to (5).

We may also compute the 1-loop S-matrix elements
explicitly and check their invariance under the duality
transformations (5) as well as their Lorentz invariance.
As expected, they are Lorentz-invariant and renormal-
ize the trilinear interaction in (5). The matrix elements
with four external x±s are the simplest ones with non-
singular external momentum con�gurations. It is easy
to see that the Feynman rules following from the ac-
tion (5) do not allow four-point scattering amplitudes
with an odd number of external x−s . For the ones
with an even number of external x−s lines we �nd non-
trivial result [1]. As expected, these amplitudes are
also Lorentz-invariant provided that the regularization
scheme included in the integration measure is chosen
to preserve Lorentz symmetry.

To try to check the possibility (II), i.e. that the
quantum e�ective action may have a nonlinear analog
of the tree-level duality (cf. BI action vs. Maxwell ac-
tion) one may try to compute the 1-loop Γ = Γ1 for
a classically invariant theory like (1) or (3) in some
approximation (e.g. keeping only �eld strength depen-
dence but ignoring dependence on its derivatives). For
example, starting with (1) it is easy to �nd Γ1[F(0)]
for F(0)=const. To have a consistent classical solu-
tion we will need to require that φ = φ(0) =const
and thus (F(0))mn(F(0))

mn = 0. In this case Γ1 will

depend only on the traceless stress tensor or T kn =
e−2φ(0)(F(0))mn(F(0))

mk and thus is (an even) func-

tion of only one invariant e−2φ(0)(F(0))mn(F ∗(0))
mn. It

is then invariant under the classical duality symme-
try but this approximation is not su�cient to address
the question about possible duality symmetry of the
quantum equations following from Γ: for that we need
to know the dependence of Γ on both FmnF

mn and
FmnF

∗mn invariants.

Let us now turn to four-dimensional vector models.
Duality symmetries (in 2d or 4d) discussed above are
on-shell symmetries; it is not possible to promote them
to manifest symmetries of the action while preserving
all the other symmetries of the theory, in particular
Lorentz invariance. The �doubled� formalism provides
a framework in which the duality symmetry becomes a
manifest o�-shell symmetry; while the �doubled� action
is not invariant under the Lorentz transformations, it
nevertheless exhibits a symmetry which becomes the
standard Lorentz symmetry on shell. The advantage
of the �doubled� formalism is that details of the dual-
ity group are not important for its quantum realization
� the main features are the same for discrete or contin-
uous duality symmetries. Since the �doubled� action
is manifestly duality invariant it should be possible to
maintain it in the presence of a UV regularization. If
the regularization also preserves the o�-shell Lorentz-
type symmetry present in the classical action then the
on-shell observables, such as S-matrix elements, should
exhibit both the duality and the Lorentz invariance.
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For example, it is straightforward to construct the
�doubled� action for the theory (1) similar to the one
describing the scalar-vector sector of N > 4 supergrav-
ity in 4 dimensions. Dropping total derivatives (and
�xing A0 = 0), the result is [12] (i = 1, 2, 3)

Ŝ =

∫
d4x
[
− 1

2 (∂aφ)2 − 1
2e

4φ(∂aχ)2 + L̂(A, Ã;φ, χ)
]
,

L̂ = 1
2

(
ETi Ω̂Bi − BTi MBi

)
, (7)

where

Ei = ∂0Ai , Bi = εijk∂jAk , Ai = (Ai, Ãi)

In the case of χ = 0, this action is invariant under the
Z2 duality transformation

A′i = Ãi , Ã′i = −Ai , φ′ = −φ . (8)

The action (7) has also a modi�ed Lorentz-type sym-
metry [12] which becomes the standard Lorentz sym-
metry on the equations of motion; as in the 2d exam-
ples, the S-matrix elements should exhibit this symme-
try simultaneously with being invariant under (8).

Given that Ω̂2 = −I it is natural to introduce the
complex combinations

A±i ≡ Ai ± iÃi , Ā+
i = A−i , (9)

which transform under the duality (8) as

(A±i )′ = ∓iA±i , φ′ = −φ . (10)

For φ = 0 they become the (anti)self-duality condi-
tions: F±mn = ±iε kl

mn F±kl, where as before k, l,m, n =
0, 1, 2, 3. A±i will thus describe on shell photons of de�-

nite helicity. The Lagrangian L̂ in (7) written in terms
of A±i becomes

L̂ = 1
4

[
i(E+

i B−i − E−i B+
i )− 2 cosh 2φ B+

i B−i

− sinh 2φ (B+
i B+

i + B−i B−i )
]
, (11)

and is obviously invariant under (10). This symme-
try implies that the S-matrix elements without ex-
ternal φ lines labeled by A± �elds, (A+)n+(A−)n− ,
pick up a phase i−n++n− under the duality (10); since
they must be invariant, they are nonvanishing only if
n+ − n− = 4k.

Finally, let us comment on some implications for
extended supergravities. The N = 8 supergravity may

be obtained by compactifying type IIB 10d supergrav-
ity on a 6-torus; the corresponding O(6, 6) symmetry is
a subgroup of the full E7(7) duality group. The physical
states of the theory are in one-to-one correspondence
with the states of the doubleton multiplet of the maxi-
mally extended superconformal group in 4 dimensions,
SU(2, 2|8). While our discussion focussed on a simple
example of discrete Z2 duality similar considerations
should apply also to the full duality symmetry of the
N = 8 supergravity. Let us note that as was argued
in [3] and more explicitly in [4] the SU(8) chiral anoma-
lies that would imply [4] a breakdown of E7(7) duality
in the quantum theory (the E7(7) anomaly is deter-
mined by the SU(8) anomaly through a Wess-Zumino
consistency condition [4]) actually cancel out. Our fo-
cus here was not on the possible anomaly aspect but
rather on the realization of the duality in the quantum
theory.

Note that to relate the leading divergence of the ef-
fective action Γ =

∑
n Γn (�rst appearing at some n-th

loop order) to to the corresponding divergent term in
the S-matrix one needs to evaluate Γn on a �scatter-
ing� solution of just classical (un-corrected) equations.
For the same reason, being interested only in the du-
ality properties of the leading counterterms, one does
not need to worry about modi�cation of the duality
transformation by �nite quantum corrections. Our dis-
cussion suggests that the S-matrix and the associated
on-shell counterterms computed in perturbative loop
expansion should be invariant under the E7(7) trans-
formations of the scalar �elds together with duality
transformations acting on the chiral (anti/self-dual)
parts of the vector �elds. The latter symmetries are
manifest in the �doubled" formulation of the theory,
where the action is not invariant under the standard
(tangent-space) Lorentz symmetry; nevertheless, as we
have argued in examples above, the on-shell e�ective
action and/or the S-matrix should have this symme-
try along with the duality symmetry. It remains an
open question whether there may be some additional
implications of the E7(7) duality for the structure of
potential counterterms, as conjectured.
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À. À. Öåéòëèí

ÏÐÈÌÅÍÅÍÈÅ ÄÓÀËÜÍÎÉ ÑÈÌÌÅÒÐÈÈ Â ÏÅÐÒÓÐÁÀÒÈÂÍÎÉ ÊÂÀÍÒÎÂÎÉ
ÒÅÎÐÈÈ ÏÎËß

Íåêîìïàêòíûå ñèììåòðèè ðàñøèðåííîé ÷åòûðåõìåðíîé ñóïåðãðàâèòàöèè âêëþ÷àþò äóàëüíûå âðàùåíèÿ âåêòîðîâ è
òàêèì îáðàçîì íå ÿâëÿþòñÿ ÿâíûìè èíâàðèàíòíîñòÿìè âíå ìàññîâîé îáîëî÷êè â ñòàíäàðòíîé ôîðìóëèðîâêå âòîðîãî
ïîðÿäêà. Äëÿ èçó÷åíèÿ òîãî êàê òàêèå ñèììåòðèè ðåàëèçóþòñÿ â êâàíòîâîé òåîðèè ìû ðàññìàòðèâàåì ïðèìåðû
â äâóõ èçìåðåíèÿõ, ãäå âåêòîð-âåêòîðíàÿ äóàëüíîñòü çàìåíÿåòñÿ ñêàëÿð-ñêàëÿðíîé. Èñïîëüçóÿ "äóáëèðîâàííóþ"
ôîðìóëèðîâêó, ãäå ïîëÿ è îòâå÷àþùèå èì èìïóëüñû òðàêòóþòñÿ ðàâíîïðàâíî è äóàëüíîñòü ñòàíîâèòñÿ ÿâíîé ñèììåòðèåé
äåéñòâèÿ (ïëàòîé çà ÷òî ñëóæèò ëîðåíö-ñèììåòðèÿ), ìû ïðèâîäèì àðãóìåíòû, ÷òî ñîîòâåòñòâóþùåå ýôôåêòèâíîå
äåéñòâèå âíå ìàññîâîé îáîëî÷êè èëè S-ìàòðèöà äóàëüíî ñèììåòðè÷íî è ëîðåíö-èíâàðèàíòíî.
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A note about fermionic equations of AdS4 × CP3 superstring
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E-mail: d_uvarov@hotmail.com

It is proved that when 8 fermions associated with the supersymmetries broken by the AdS4 × CP3 superbackground are
gauged away by using the κ−symmetry corresponding equations obtained by variation of the AdS4×CP3 superstring action
are contained in the set of fermionic equations of the OSp(4|6)/(SO(1, 3)× U(3)) sigma-model.

Keywords: AdS4 × CP3 superstring, OSp(4|6)/(SO(1, 3)× U(3)) sigma-model, osp(4|6) superalgebra, equations of
motion.

1 Introduction

The motivation for studying IIA superstring the-
ory on the AdS4 × CP3 superbackground comes from
the AdS4/CFT3 correspondence in the formulation by
Aharony, Bergman, Ja�eris and Maldacena [1] conjec-
turing that in the limit k5 � N � 1 it describes grav-
ity dual of the D = 3 N = 6 superconformal Chern-
Simons-matter theory with U(N)k × U(N)−k gauge
symmetry. In contrast to the maximally supersymmet-
ric AdS5 × S5 superbackground on which propagates
the IIB superstring involved into the AdS5/CFT4 cor-
respondence [2] the AdS4×CP3 superbackground pre-
serves only 24 of 32 space-time supersymmetries that
complicates the structure of the superstring action [3]
and veri�cation of the duality conjecture (for recent
review see, e.g. [4]).

However, within the AdS4 × CP3 superspace there
exists a (10|24)−dimensional subsuperspace isomor-
phic to the OSp(4|6)/(SO(1, 3) × U(3)) supercoset
manifold on which the 2d sigma-model can be con-
structed [5], [6] using the supercoset approach elab-
orated to obtain the AdS5 × S5 superstring action
[7]- [10] 1. One of important properties of such a
OSp(4|6)/(SO(1, 3) × U(3)) sigma-model is that its
equations of motion are manifestly classically inte-
grable [5], [6] similarly to the AdS5 × S5 superstring
case [12]. The OSp(4|6)/(SO(1, 3) × U(3)) sigma-
model action is known to arise from the complete
AdS4 × CP3 superstring action [3] when 8 fermionic
coordinates associated with the broken supersymme-
tries are gauged away. As usual when imposing the
gauge conditions on the level of the action non-trivial
equations of motions for the gauged out variables
should not be lost. It was proved in [13] that to
leading order in the fermionic coordinates parametriz-
ing the OSp(4|6)/(SO(1, 3) × U(3)) supermanifold

corresponding equations of the AdS4 × CP3 super-
string constitute a subset of fermionic equations of
the OSp(4|6)/(SO(1, 3)×U(3)) sigma-model. Here us-
ing that the OSp(4|6)/(SO(1, 3)× U(3)) sigma-model
equations are formulated in terms of the osp(4|6) Car-
tan forms we give a parametrization independent proof
i.e. to all orders in the fermionic coordinates.

Organization of this note is the following. After
recalling the Z4−grading of the osp(4|6) superalgebra
that is relevant to constructing geometric constituents
of the OSp(4|6)/(SO(1, 3)×U(3)) superspace we prove
that equations of motion corresponding to variation of
the action of massless AdS4 × CP3 superparticle on
8 fermionic superspace coordinates associated with the
supersymmetries broken by the superbackground in the
limit when those coordinates are put to zero are con-
tained in the set of fermionic equations for the massless
superparticle on the OSp(4|6)/(SO(1, 3)×U(3)) super-
manifold. The proof is then generalized to the case of
AdS4 × CP3 superstring.

2 osp(4|6) superalgebra and OSp(4|6)/(SO(1, 3)×
U(3)) supermanifold

At the heart of group-theoretic approach to de-
scription of geometry of symmetric coset spaces G/H
lies identi�cation of the g/h coset Cartan forms with
the vielbein components and of the stability algebra
h Cartan forms with the connection 1-form of the
manifold G/H. For the supercoset manifolds like
OSp(4|6)/(SO(1, 3) × U(3)) one on which the clas-
sically integrable sigma-models can be de�ned [12],
[14]- [17] important role is played by Z4 automor-
phism of the isometry superalgebra g that general-
izes Z2 automorphisms of the isometry algebras of
corresponding bosonic coset manifolds. So that the
(anti)commutation relations of g can be cast into the

1Another approach to the description of OSp(4|6)/(SO(1, 3) × U(3)) sigma-model based on introduction of the pure spinor
variables was considered in [11].
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Z4−graded form

[g(j), g(k)} = g(j+k)mod4 (1)

with all the generators divided into 4 eigenspaces ac-
cording to their Z4 eigenvalues

Υ(g(k)) = ikg(k), k = 0, 1, 2, 3. (2)

For the osp(4|6) superalgebra relevant Z2−graded
form of so(2, 3) ∼ sp(4) and su(4) ∼ so(6) isome-
try algebras of AdS4 = SO(2, 3)/SO(1, 3) and CP3 =
SU(4)/U(3) manifolds is given by the relations

[M0′m′ ,M0′n′ ] = Mm′n′ ,
[Mm′n′ ,M0′k′ ] = ηn′k′M0′m′ − ηm′k′M0′n′ ,
[Mk′l′ ,Mm′n′ ] = ηk′n′Ml′m′ − ηk′m′Ml′n′

− ηl′n′Mk′m′ + ηl′m′Mk′n′ .

(3)

and

[Ta, T
b] = i(Va

b + δbaVc
c),

[Ta, Vb
c] = −iδcaTb, [T a, Vb

c] = iδabT
c,

[Va
b, Vc

d] = i(δbcVa
d − δdaVcb).

(4)

The so(2, 3) generators M0′m′ and Mm′n′ (m
′, n′ =

0, ..., 3) are related to the D = 3 conformal group gen-
erators as

M0′m = 1
2 (Pm +Km), M0′3 = −D,

M3m = 1
2 (Km − Pm).

(5)

Thus the g(0) eigenspace is spanned by the generators

Mm′n′ and Va
b, while g(2) by the generatorsM0′m′ and

Ta, T
a. Using the isomorphism between the osp(4|6)

superalgebra and D = 3 N = 6 superconformal alge-
bra that is the symmetry algebra of the ABJM gauge
theory [18] one can span g(1) and g(3) eigenspaces by

Q(1)
a
µ = Qaµ + iSaµ, Q̄(1)µa = Q̄µa − iS̄µa;

Q(3)
a
µ = Qaµ − iSaµ, Q̄(3)µa = Q̄µa + iS̄µa,

(6)

whereQaµ, Q̄µa and S
a
µ, S̄µa are the generators ofD = 3

N = 6 super-Poincare and superconformal symmetries
carrying SL(2,R) spinor index µ = 1, 2 and SU(3)
(anti)fundamental representation index a = 1, 2, 3 in
accordance with the decomposition of SO(6) vector on
the SU(3) representations 6 = 3⊕ 3̄.

Left-invariant osp(4|6) Cartan forms in conformal
basis are de�ned by the relation [19]

C(d) = G−1dG = ωm(d)Pm + cm(d)Km

+ ∆(d)D + Ωa(d)T a + Ωa(d)Ta

+ ωµa (d)Qaµ + ω̄µa(d)Q̄µa + χµa(d)Sµa

+ χ̄aµ(d)S̄µa +Gmn(d)Mmn + Ωa
b(d)Vb

a.

(7)

By analogy with the osp(4|6) generators they can be
arranged in the form

C(d) = C(0) + C(2) + C(1) + C(3), (8)

where each summand takes value in respective
eigenspace under the Z4 grading

C(0) = 2G3mM3m +GmnMmn + Ωa
bVb

a,

C(2) = 2G0′mM0′m + ∆D + ΩaT
a + ΩaTa,

C(1) = ω(1)
µ
aQ(1)

a
µ + ω̄(1)

µaQ̄(1)µa,

C(3) = ω(3)
µ
aQ(3)

a
µ + ω̄(3)

µaQ̄(3)µa.

(9)

So that the Cartan forms G0′m(d) = 1
2 (ωm(d)+cm(d)),

∆(d) and Ωa(d), Ωa(d) associated with the g(2) genera-
tors are identi�ed with the OSp(4|6)/(SO(1, 3)×U(3))
supervielbein bosonic components and fermionic Car-
tan forms

ω(1)
µ
a(d) = 1

2 (ωµa (d) + iχµa(d)),

ω(3)
µ
a(d) = 1

2 (ωµa (d)− iχµa(d))
(10)

and c.c. are identi�ed with the OSp(4|6)/(SO(1, 3) ×
U(3)) supervielbein fermionic components. Ac-
cordingly Cartan forms for the g(0) generators

G3m(d) = − 1
2 (ωm(d) − cm(d)), Gmn(d) and Ωa

b(d)
are identi�ed with the connection 1-form on the
OSp(4|6)/(SO(1, 3)× U(3)) supermanifold.

3 OSp(4|6)/(SO(1, 3)× U(3)) superparticle

Massless superparticle action on the OSp(4|6)/
(SO(1, 3)× U(3)) supercoset manifold [6]

Ssp =

∫
dτ

e
(Gτ

0′
mGτ

0′m + ∆τ∆τ + ΩτaΩτ
a), (11)

constructed out of the world-line pullbacks of Cartan
forms from the C(2) eigenspace, is by de�nition invari-
ant under the OSp(4|6) global symmetry acting as the
left group multiplication on G ∈ OSp(4|6)/(SO(1, 3)×
U(3)). Action variation w.r.t. Lagrange multiplier e(τ)
produces the mass-shell constraint

Gτ
0′
mGτ

0′m + ∆τ∆τ + ΩτaΩτ
a = 0. (12)

Applicability of the supercoset approach implies that
Ωτa 6= 0 [5], [3] so that Gτ

0′
mGτ

0′m + ∆τ∆τ ≡ Gτ ·
Gτ+∆2

τ 6= 0. Variation of the action (11) is contributed
by variations of the constituent so(2, 3)/so(1, 3) ⊕
su(4)/u(3) Cartan forms that can be obtained from
the general expression

δF(d) = diδF + iδdF (13)
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upon substitution in the second summand Maurer-
Cartan equations for C(2) Cartan forms [19]

dG0′m− 2G3m ∧∆− 2Gmn ∧G0′
n

+ 2iω(1)
µ
a ∧ σmµν ω̄(1)

νa + (1↔ 3) = 0,

d∆+ 2G3m ∧G0′
m

+ 2ω(1)
µ
a ∧ ω̄(1)

a
µ − (1↔ 3) = 0,

dΩa+ iΩb ∧ (Ωb
a + δabΩc

c)

− 2iεabcω(1)
µ
b ∧ ω(1)µc + (1↔ 3) = 0,

dΩa+ i(Ωa
b + δbaΩc

c) ∧ Ωb

− 2iεabcω̄(1)
µb∧ ω̄(1)µ

c+ (1↔ 3) = 0.

(14)

Then taking the contractions of the Cartan forms (8)
with the variation symbol iδ as independent param-
eters yields the set of superparticle equations of mo-
tion [20].

Here we concentrate on the fermionic equations
that can be brought to the form

M(1)τ
µ
â
b̂
ν

(
ω(1)τ

ν
b

ω̄(1)τ
νb

)
= 0 (15)

where the 12× 12 matrix M(1)τ
µ
â
b̂
ν of rank 8 equals(

δbamτ
µ
ν −iδµν εacbΩτ c

−iδµν εacbΩτc −δab m̄τ
µ
ν

)
(16)

and 2× 2 matrices

mτ
µ
ν = −iGτ 0′mσm

µ
ν + ∆τδ

µ
ν ,

m̄τ
µ
ν = iGτ

0′mσm
µ
ν + ∆τδ

µ
ν

(17)

obey the relation

mτ
µ
νm̄τ

ν
λ = δµλ(Gτ ·Gτ + ∆2

τ ). (18)

Similarly equations for Cartan forms corresponding to
the generators from the g(3) eigenspace read

M(3)τ
µ
â
b̂
ν

(
ω(3)τ

ν
b

ω̄(3)τ
νb

)
= 0 (19)

with

M(3)τ
µ
â
b̂
ν =

(
−δbam̄τ

µ
ν iδµν εacbΩτ

c

iδµν ε
acbΩτc δabmτ

µ
ν

)
. (20)

At the same time since the OSp(4|6)/(SO(1, 3) ×
U(3)) superparticle action comes about upon gauging
away 8 coordinates from the broken supersymmetries
sector in the action for massless superparticle on the
AdS4 × CP3 superbackground [20] that can be viewed
as the zero-mode limit of the AdS4×CP3 superstring [3]

or the mass-to-zero limit of the D0-brane [21] the equa-
tions of motion for gauged away fermions require spe-
cial attention. It appears that they are non-trivial and
can be brought to the form [20]

Ωτ
bω(1,3)τ

ν
b = Ωτbω̄(1,3)τ

νb = 0. (21)

Below we shall show that 8 equations (21) are con-
tained in the set of equations (15), (19).

Consider in detail the system of equations (15). Ap-
plying rank 8 projection matrix

Π(1) =

(
δbaδ

µ
ν −i mτ

µ
ν

Gτ ·Gτ+∆2
τ
εacbΩτ

c

i m̄τ
µ
ν

Gτ ·Gτ+∆2
τ
εacbΩτc δab δ

µ
ν

)
(22)

that satis�es Π3
(1) − 3Π2

(1) + 2Π(1) = 0 and recalling

that Gτ · Gτ + ∆2
τ 6= 0 allows to bring (15) to the

block-diagonal form(
mτ

µ
νΩτaΩτ

b 0

0 −m̄τ
µ
νΩτ

aΩτb

)(
ω(1)τ

ν
b

ω̄(1)τ
νb

)
=0. (23)

Further using (18) yields that the system (23) is equiv-
alent to 4 equations

Ωτ
bω(1)τ

ν
b = Ωτbω̄(1)τ

νb = 0 (24)

coinciding with (21). Analogously it can be shown that
the system (19) includes equations

Ωτ
bω(3)τ

ν
b = Ωτbω̄(3)τ

νb = 0. (25)

4 OSp(4|6)/(SO(1, 3)× U(3)) sigma-model

The OSp(4|6)/(SO(1, 3) × U(3)) sigma-model [5],
[6] action in conformal basis for the osp(4|6)/(so(1, 3)×
u(3)) Cartan forms can be written as [19]

Ss−m =

∫
d2ξ(Lkin + LWZ) (26)

with the kinetic and Wess-Zumino Lagrangians given
by

Lkin = − 1
2γ

ij
(
G0′m
i Gj

0′
m+∆i∆j+ΩiaΩj

a
)

= − 1
2γ

ij
(

1
4 (ωim + cim)(ωmj + cmj )

+ ∆i∆j + ΩiaΩj
a)

(27)

and

LWZ = −εij
(
ω(1)i

µ
aεµν ω̄(3)j

νa + (1↔ 3)
)

= − 1
2ε
ij
(
ωi
µ
aεµν ω̄j

νa + χiµaε
µν χ̄j

a
ν

)
.

(28)

Fermionic equations of the OSp(4|6)/(SO(1, 3) ×
U(3)) sigma-model [5], [6] can be cast into the follow-
ing form [19] generalizing superparticle equations (15),
(19)

V ij+ M(1)i
µ
â
b̂
ν

(
ω(1)j

ν
b

ω̄(1)j
νb

)
= 0 (29)
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and

V ij− M(3)i
µ
â
b̂
ν

(
ω(3)j

ν
b

ω̄(3)j
νb

)
= 0, (30)

where V ij± = 1
2 (γij±εij) are (anti)self-dual world-sheet

projectors and 12 × 12 matrices that now also bear
world-sheet vector index i = (τ, σ) are de�ned as

M(1)i
µ
â
b̂
ν =

(
δbami

µ
ν −iδµν εacbΩic

−iδµν εacbΩic −δab m̄i
µ
ν

)
(31)

and

M(3)i
µ
â
b̂
ν =

(
−δbam̄i

µ
ν iδµν εacbΩi

c

iδµν ε
acbΩic δabmi

µ
ν

)
. (32)

Apart from these equations similarly to the super-
particle case there remain non-trivial equations for 8
fermions from the sector of broken supersymmetries
that can be brought to the form [22]

V ij+ Ωi
bω(1)j

ν
b = V ij+ Ωibω̄(1)j

νb = 0,

V ij− Ωi
bω(3)j

ν
b = V ij− Ωibω̄(3)j

νb = 0.
(33)

In the remaining part of this section we shall show that
they are contained in the set of fermionic equations
(29), (30) of the OSp(4|6)/(SO(1, 3) × U(3)) sigma-
model. Recalling that the action of the projectors V ij±
on a vector can be factorized as

V ij± Fj = V i±F∓ : V i± = 1
2

(
1

γτσ∓1
γττ

)
,

F∓ = γττFτ + (γτσ ± 1)Fσ

(34)

one can write Eqs. (29), (30) in the form

M(1)+
µ
â
b̂
ν

(
ω(1)−

ν
b

ω̄(1)−
νb

)
= 0 (35)

and

M(3)−
µ
â
b̂
ν

(
ω(3)+

ν
b

ω̄(3)+
νb

)
= 0, (36)

where now

M(1)+
µ
â
b̂
ν =

(
δbam+

µ
ν −iδµν εacbΩ+

c

−iδµν εacbΩ+c −δab m̄+
µ
ν

)
(37)

and

M(3)−
µ
â
b̂
ν =

(
−δbam̄−µν iδµν εacbΩ−

c

iδµν ε
acbΩ−c δabm−

µ
ν

)
, (38)

that is similar to the superparticle equations (15), (19).
Note that application of the projectors V ij± to the Vi-
rasoro constraints gives [19]

G±
0′
mG±

0′m + ∆2
± + Ω±aΩ±

a = 0 (39)

generalizing the superparticle mass-shell condition (12)
so that the matrices m±

µ
ν can be shown to satisfy the

relations

m±
µ
νm̄±

ν
λ = δµλ(G± ·G± + ∆2

±) (40)

generalizing (18). Thus repeating the analysis
performed for the superparticle case we conclude
that Eqs. (33) are contained in the system of
OSp(4|6)/(SO(1, 3) × U(3)) sigma-model fermionic
equations (29), (30).

5 Conclusion

We have proved that in the partial κ−symmetry
gauge in which 8 fermionic coordinates correspond-
ing to the supersymmetries broken by AdS4 × CP3

superbackground are set to zero equations of motion
obtained by variation of the AdS4 × CP3 superstring
action w.r.t to such coordinates are contained in the
fermionic equations of the OSp(4|6)/(SO(1, 3)×U(3))
sigma-model generalizing the argument of Ref. [13].
This provides yet another necessary consistency check
of the OSp(4|6)/(SO(1, 3) × U(3)) sigma-model ap-
proach to the description of the certain sector of
AdS4 × CP3 superstring dynamics and shows that in
such a partial κ−symmetry gauge all the non-trivial
equations of AdS4 × CP3 superstring can be reduced
to those derivable from the OSp(4|6)/(SO(1, 3)×U(3))
sigma-model action.

The situation changes when the gauge condition
is relaxed to allow non-trivial dynamics in the sec-
tor of broken supersymmetries. This lifts restric-
tions on admissible string motions imposed in the
framework of the OSp(4|6)/(SO(1, 3) × U(3)) sigma-
model approach and also equations of motion for the
fermions related to the broken supersymmetries be-
come independent of those for the fermions associ-
ated with the unbroken supersymmetries of the back-
ground. Both sets are involved in proving integrabil-
ity of the AdS4 ×CP3 superstring/superparticle equa-
tions beyond the OSp(4|6)/(SO(1, 3) × U(3)) super-
coset [13], [23]2, [22], [20].
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ÇÀÌÅÒÊÀ Î ÔÅÐÌÈÎÍÍÛÕ ÓÐÀÂÍÅÍÈßÕ AdS4 × CP3 ÑÓÏÅÐÑÒÐÓÍÛ

Äîêàçûâàåòñÿ, ÷òî â ñëó÷àå, êîãäà 8 ôåðìèîíîâ, îòâå÷àþùèõ íàðóøåííûìAdS4×CP3 áåêãðàóíäîì ñóïåðñèììåòðèÿì,
îáðàùàþòñÿ â íóëü âûáîðîì êàëèáðîâêè äëÿ κ−ñèììåòðèè, óðàâíåíèÿ, ñëåäóþùèå èç äåéñòâèÿAdS4×CP3 ñóïåðñòðóíû
âàðüèðîâàíèåì ïî íèì, ñîäåðæàòñÿ â íàáîðå ôåðìèîííûõ óðàâíåíèé äâèæåíèÿ OSp(4|6)/(SO(1, 3) × U(3)) ñèãìà-
ìîäåëè.

Êëþ÷åâûå ñëîâà: ñóïåðñòðóíà òèïà IIA, AdS4 × CP3 ñóïåðáåêãðàóíä, OSp(4|6)/(SO(1, 3) × U(3)) ñèãìà-ìîäåëü,
óðàâíåíèÿ äâèæåíèÿ.
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On masses of accretion disks in Type Ia supernova progenitors
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Recent explanation [1] of high-velocity features in type Ia supernovae (SNIa) requires signi�cant mass of circumstellar
material (CSM) in SNIa progenitor system. If correct, it provides means of determining the mass of CSM along the line of
sight. We study the distribution of mass in accretion disk, a natural candidate for the needed CSM. Accurate equation of
state and Rosseland-mean opacities are used; several models for the latter are compared. We conclude that the standard
model of accretion disks in SNIa progenitors does not yield the needed mass distribution to agree with observations.

Keywords: accretion disk, supernova, circumstellar matter, radiative transfer, opacity.

1 Introduction

Circumstellar accretion disks (AD) have been sub-
ject of active research since 1970s. The ones accreting
onto compact stars are observed via characteristic X-
ray radiation from the hottest inner region (where the
plasma temperature reaches millions K, in the disks
around neutron stars and black holes [2]). Parts of the
disk with larger radial distance r from the central star
contribute less to the radiation; these farther parts in
larger disks (beyond R�, a solar radius, ∼ 1011 cm;
where the temperature drops to < 104 K) remained in-
visible despite containing most of the disk mass. In
2004 however there appeared a model [1] of the na-
ture of high-velocity features (HVF) in the spectra of
type Ia supernovae (SNIa), that in part provided means
of estimating the mass of the circumstellar material
(CSM) along the line of sight; AD is believed a major
part of that CSM. The phenomenon behind HVF could
suggest secondary parameters in SNIa observed data,
helping to constrain their absolute brightness, which
is desperately needed for cosmology (to improve the
accuracy of distance measurements based on SNIa).

HVF were �rst identi�ed in a CaII infrared triplet
near 800 nm, seen near maximum light, blueshifted at
velocities ∼ 17 000−29 000 km s−1, higher than the ex-
pansion velocity of the photosphere of the SN Ia ejecta
(≈ 11 000 km s−1). Similar HVF are sometimes seen
in other lines (OI, MgII, TiII), harder to observe due
to blending with background spectrum. HVF are now
considered ubiquitous [3, 4]. The model [1] explains
HVF as emission from a shell formed from CSM and
outermost SN Ia ejecta as the former is overrun by the
latter. The CSM is assumed of standard solar composi-
tion; calculations predict CaII triplet as the most pro-
nounced spectral feature due to the shell. The model
predicts a cuto� of (characteristic for SNIa) SiII lines
in velocity space, at the same velocity as the Doppler-

shift velocity of HVF; this was really observed [4]. Ac-
cretion disk (AD) is always present around the white
dwarf (WD) before its explosion as SNIa in a single-
degenerate scenario of SNIa (in which SNIa is a result
of thermonuclear explosion of a WD [5] that reached
nearly Chandrasekhar massM≈ 0.99MCh≈1.37M� by
accreting mass from a companion star, through Roche
lobe over�ow. AD is currently considered the most
likely candidate of the CSM needed for the HVF model.

In the model above the mass of the shell can be de-
termined kinematically: the Doppler shift velocity of
HVF is roughly estimated from momentum conserva-
tion in SNIa ejecta � CSM collision. This mass was
found 5÷7×10−3M� for SN 2005cg [4], ∼ 0.02M� for
SN 2003du [1], 0.2M� for SN 2005hj [6]; the model [1]
compared well with observations. Large fraction of
this shell mass originates from the CSM located in the
vicinity of the SN Ia center, at distances < 1.5×1015cm
( [1], from HVF timing considerations).

In case the shell is not spherical the above estimates
are for imaginary spherically-symmetric shell with the
same angular mass density as in the actual shell along
the line of sight (LoS) towards the observer. If most of
the shell is made of the material of an axially symmet-
ric AD with angular mass density dm/dθ the inferred
spherical shell mass would be msph = 2dm/(cos θdθ)
for the LoS forming angle θ with the AD equatorial
plane (EP). Thus the inferred shell mass for the same
AD will appear larger than its total mass mAD if
watched at close to its equatorial plane (along which
most of the mass is concentrated), and almost no mass
will be seen if watched from the polar direction. This
assumes no signi�cant mass redistribution takes place
in the AD between the explosion and getting hit (su-
personically) by the dense layers of the ejecta. We
show below that the total mass of AD is < 10−3M�
for the currently accepted models of SNIa progenitor,
however the inferred mass along LoS at θ = 0 could
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reach ∼ 10−2M� under extreme parameter values with
a red giant (RG) companion of the pre-explosion WD.

In this paper we study angular and radial distri-
bution of mass in circumstellar disks, with parame-
ters typical of the progenitor of SN Ia system. These
are characterized by high accretion rate and relatively
small size of the hot envelope of burning H on the WD
(Renv . 0.1R�), which turns out shielded for outer AD
by the bump at r ≈ 1011 cm on the disk. We therefore
neglect AD irradiation by the WD, and �nd tempera-
tures falling below 103K at r > 1AU = 1.5× 1013 cm.
We compare several prescriptions for AD opacity (dust-
dominated) at these low temperatures [7,8], as well as
several compositions of AD. Of the 3 SNIa progenitor
channels (in single-degenerate model: the progenitor
binary system consisting in these of a) WD and main-
sequence (MS) star, b) WD and RG, c) WD and a
helium star; see [9] for a review) only WD+RG disk
can possess su�cient mass if viewed close to its EP.

2 Theory and numerical method

Circumstellar disks around compact objects with
relatively low accretion rates are described by a thin
α-disk model [2]. In this model radial drift of elements
of the AD is much slower than their (highly-supersonic)
angular rotation around the central object (WD in our
case), vr � ωr. Radial pressure gradients can be ne-
glected, angular velocities are close to Keplerian at the
given radial coordinate r of each AD element (AD mat-
ter is loosely called �gas�; in reality it may be ionized,
or contain solid grains). Vertical (in z-direction) pres-
sure gradient is due to vertical component of the WD
gravity, dP/dz = −ρgz = −ρGMz(r2 + z2)−3/2; ther-
mal motion (with temperature T (r, z)) keeps the gas
from settling to equatorial plane. We assume the dust
(when present) having the same T (r, z) and the same
vertical distribution as the gas.

Parameter α of α-model de�nes e�ective kinematic
viscosity coe�cient, ν = αcsH, where cs is the sound
speed in the disk material, H is a characteristic scale
height of the disk. This prescription assumes that char-
acteristic turbulent velocity is αcs, and characteristic
turbulent eddy size is of order H. In original formula-
tion [2] the vertical structure of AD (i.e. distribution of
density ρ, pressure P , temperature T , heat �ux F , etc.
along vertical, z-direction) was not studied in detail.
Rough estimate H = cs/ω was made, where ω is the
Keplerian angular velocity at a given radius r in the
disk. We use ν = αP/(ρω) in this work, the prescrip-
tion used most often. For circumstellar disks around
compact stars α ∈ [0.01; 0.1] is normally used, as in-
ferred from observations. For protoplanetary disks,
conditions in which resemble those in ADs we study
at r & 1AU (except accretion rate Ṁ), α = 0.01 is
considered appropriate [10]; smaller α's are used some-

times. We use α = 0.035 as a base value in this work;
when di�erent α's are used that is mentioned explicitly.

The heat released due to viscous friction in the dif-
ferentially rotating disk is the only heat source we con-
sider; the (vertical) heat �ux F satis�es

dF

dz
=

9

4

GMνρ

r3
; (1)

radial heat �ux is neglected in thin disks considered
(all e�ects ∼ (z/r)2 are neglected). The heat is trans-
ported mainly by radiation and convection towards the
disk photosphere, and is radiated into space. We solve
exactly for the temperature gradient needed for trans-
porting F in the upper radiative region of AD [11],
in gray atmosphere approximation. Uns�old correction
procedure is used for getting T (z) iteratively at each
r. At large optical depth 1 � τ(z) ≡

∫∞
z
κρ dz this

simpli�es to di�usion approximation often used

dT

dz

∣∣∣∣
rad

=
−3κρF

16σSBT 3
, (2)

σSB being the Stefan-Boltzmann constant.
Rosseland mean opacity κ is used in our calcula-

tions; solving full frequency-dependent radiative trans-
fer equations is known to not change the results much
when the disk is not irradiated by external sources [12].
In the regions where the so found pure radiative dT/dz
exceeds adiabatic gradient Chandrasekhar instability
drives convection, which becomes the main channel of
heat transfer in such convective regions; we set convec-
tive temperature gradient in such regions as

dT

dz

∣∣∣∣
conv

= −γ2gzρ
T

P
, γ2 =

∂ lnT

∂ lnP

∣∣∣∣
S

. (3)

Rosseland mean opacities are taken from [7, 13] for
disks of solar composition [15]. At temperatures <
1500 K solid grains that condense become the main
absorber; several di�ering opacities are used by di�er-
ent groups at temperatures this low. To see how dif-
ferent opacities would change the results we perform
some of the computations with low-T opacities taken
from [8]. Equation of state (EOS), determining ρ and
γ2 for given {P , T} is taken from [14].

We solve numerically for each r a boundary-value
problem for equations above with boundary conditions:

F |z=0 = 0, F |z=z0 = F0 = 3GMṀ
8πr3 , values for Pz=z0 and

Tz=z0 consistent with F0 and τz=z0 = τ0 (found itera-
tively). τ0 was �xed at 10−9. z0 was found by requiring
F |z=0 = 0 when integrating from z0 towards z = 0.

3 Results

The results are shown in the �gures below. Quan-
tities varied were a) viscosity parameter α, shown
α ∈ [0.0022; 0.14]; b) accretion rate Ṁ ∈ [4× 10−8; 2×
10−6]M� yr−1 (also called dM/dt orM ′ in the graphs),
that covers (still controversial) rates typical of SN Ia
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progenitors [16�18]; c) AD composition: mutual pro-
portions of metals were kept solar [15], but the pro-
portions between H, He and metals were changed for
hands-on interpretation of the features in the disk
structure, and for a feel of the e�ect of composition
variations (for instance, for a He star as the compan-
ion). AD self-gravity is neglected (as mAD < 0.01M�
is found); as is the e�ect of the companion for the most
part. The accretor (WD) mass is taken M = 1.37M�.

Figure 1: Integral slope of AD photosphere zτ/r, at Ṁ =

10−6M� yr−1 and varied α.

Figure 2: Half surface mass density of AD,

1/2
∫∞
−∞ ρ(r, z) dz vs radius r, at Ṁ = 10−6M� yr−1.

Fig. 1 shows the pro�le of AD photosphere zτ (z
at which optical depth τ = 2/3), for solar composition
AD (mass fraction of hydrogen X=0.7, that of metals
Z=0.02, rest is helium, Y=0.28). zτ is plotted divided
by r; zτ/r = const would correspond to the conical
disk shape. The inner thick disk region (r < 2×109 cm
for base parameter values) is radiation pressure dom-
inated. The disk is convective through most of its
volume at r < 5 × 109 cm; 5 more bands in r are
observed at larger r in which the disk is convective.
Transitions between radiative and convective zones, as
well as sharp changes in zτ (r) and surface mass den-
sity dm/dS(r) shown in Fig. 2, occur in the regions
where abrupt chemical or phase transformations take
place, leading to abrupt changes in EOS (in inner disk)
and opacity. The dip after r ≈ 1.2 × 1011 cm is due
to HeIII recombining into HeII, as may be seen from

equatorial temperature pro�le in Fig. 3. Fig. 4 shows
zτ (r) at varied AD composition, and two models for
low-temperature opacity [7, 8]. The dip is seen to be
located at the same r for the disks di�ering only in
metallicity (Z).

Figure 3: Equatorial temperature and half-mass of AD at

Ṁ = 10−6M� yr−1. T (zτ ) is independent of α.

Figure 4: zτ (r)/r at α = 0.07, varied AD composition.

Ṁ = 10−6M� yr−1 except the last 2 curves. At low

temperature (T < 104 K) opacities [7] were used, except the

curves labeled �Semenov�, for which κ's were taken from [8].

The disk becomes radiative again at r ≈ 3×1012cm
after the broad region where H and He recombine and
H2 molecules form. The temperature at which this
transition occurs is ≈ 2000 K (see Fig. 3), opacity
increases rapidly (due to H2O molecules becoming
the major absorber [7]) as can be seen in Fig. 5. At
larger radii the photosphere slope zτ/r regains about
a half of its value at the bump prior to the dip at
r ≈ 1.2 × 1011 cm, however the WD stays shadowed
by that bump for the outer disk region. Therefore we
did not take irradiation by the WD into account; it
would start a�ecting the disk structure at r & a few
1013cm, at smaller distances from the WD viscous heat
in AD dominates over external irradiation heating. At
very large radii however irradiation by the WD light
scattered in the disk halo, and by the companion star
become important, thus our model becomes de�cient.
Irradiation is known (see e.g. [10]) to increase zτ , at
the same time decreasing dm/dS. Thus we expect our
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model to overestimate AD mass in its outer regions.

Figure 5: Opacity (in units cm2 g−1) averaged over gas mass

in radiative zone(s) at each r. Same α, Ṁ , compositions and

opacities used as in Fig. 4.

Figure 6: Equatorial temperature and half-mass of AD for

the same models as in Fig. 4.

AD mass as a function of r, and equatorial tem-
peratures for disks of di�erent compositions or opaci-
ties is shown in Fig. 6. The mass gets larger for less
opaque disks (with lower fraction of H or metals) than
for the base model (of solar composition, with [7, 13]
opacities). More accurate study is however required
in outer optically thin regions of AD: optical depth
τ(z = 0) drops to < 0.1 for both models with Z = 0
at r > 1012 cm. zτ/r drops rapidly with r in this
regime, making the mass more concentrated near EP,
con�icting with anisotropy in HVF observed not very
pronounced [19]. τ(z = 0) stays > 10 for the base
model at all r < 1015 cm. dm/dS and zτ increase with
Ṁ , however our base Ṁ = 10−6M� yr−1 is near its
maximum value allowing for mass loss from the com-
panion actually increasing the WD mass [16�18]. The
gravity of the companion could lead to a more massive
AD. Fig. 7 shows the density distribution, seen grossly
a�ected by the companion.

The density next to EP is however a�ected to a
smaller degree, and e�ect on dm/dS is nearly unnotice-
able up to distances a few percent from the companion
center.

Figure 7: Density in AD of base model with 4M� companion

6.02× 1013 cm away from the WD.

Figure 8: Angular mass distribution. Angle θ of the

line-of-sight is measured from the disk equatorial plane. Five

sets of disk parameters are shown, di�ering in Ṁ , indicated

in the legend at the respective curve (in units of M� yr−1.)

The group labeled �1e − 6α� corresponds to Ṁ = 10−6,

α = 0.0045; in the rest of the models α = 0.035. 3 curves are

shown per each model, for disk radii 1.55× 1011, 1.55× 1013

and 6.17× 1013 cm. Smaller radii correspond to lower curves.

The interstellar distance a in Fig. 7 is taken ≈
6 × 1013cm, i.e. about the maximal radius RG can
have; its mass was also taken near its maximal value in
a SNIa progenitor. Actual disk outer radius is usually
about a/5, so no companion e�ect on the disk mass is
expected.

Fig. 8 shows angular mass distribution, for 3 radii
chosen (smallest one may correspond to a real disk in
SNIa progenitor with very large MS or subgiant com-
panion, r = 1.55 × 1013 cm is about the disk radius
expected in a binary with the largest possible RG).
In Fig. 9 dm/dθ(θ = 0) is plotted as a function of r
for a range of α's and Ṁ . Equivalent spherical CSM
mass me(θ) = 2dm/dθ/ cos θ (approximately twice the
quantity shown at the ordinate axes) is seen to vary in
[4 × 10−3; 9 × 10−2]M� for AD parameters shown at
θ = 0, about the right range to explain HVF observa-
tions, at rAD ≈1 AU. However, anisotropy of the mass
distribution con�icts with observations [19].
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Figure 9: dm/dθ at θ = 0 as a function of radius. Note

that to get an inferred CSM mass of 10−2M� the disk ra-

dius must exceed 1012 cm even at very low α = 0.0022. For

the base model we study (α = 0.035, Ṁ = 10−6) the disk

radius should be 1013 cm, only possible with the largest RG

companions.

4 Conclusions

We studied possible masses of AD in SNIa progeni-
tors, and the spatial distribution of the mass. The work
was inspired by a model of HVF in SNIa [1], requiring
a few percent of M� of CSM universally present in
the immediate vicinity (r . 1015 cm) of the exploding
WD. We used accurate EOS and opacities of AD mat-

ter, used in stellar modelling, which led to a prediction
of certain features of the disk structure, in particular a
bump at r ≈ 1011 cm shielding the outer disk from the
WD radiation. A few simpli�cations made deserve fur-
ther study and can change the results. These are simple
treatment of convection and viscosity, gray radiative
transfer, neglecting irradiation of the outer disk from
the disk halo and the companion, possible dust set-
tling. The main conclusion however is robust, namely
that the HVF model [1] with AD as the principal ingre-
dient of CSM con�icts with observations. We saw that
AD in a WD+MS progenitor does not contain enough
mass even in the direction of its equatorial plane, at
α's as small as 0.001 and Ṁ up to 2 × 10−6M� yr−1,
by a large margin, a factor ∼ 103. Only progenitors
with largest RG companions may have su�cient mass;
these constitute a minority in progenitors population,
contradicting the universality of HVF [3, 4], as well as
facing di�culties in explaining only mild anisotropy
(∼ 40%) in HVF [19]. Either di�erent CSM source
should exist (e.g. a common envelope), or the HVF
model is incorrect, or at least not the whole picture.

I am grateful to Yu.L. Bolotin for computer re-
sources, to J.W. Ferguson for comments and references.
This research was partly supported by RFFD grant #
F40/14-2012.
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À. Â. Æèãëî

Î ÌÀÑÑÀÕ ÀÊÊÐÅÖÈÎÍÍÛÕ ÄÈÑÊÎÂ Â ÏÐÅÄØÅÑÒÂÅÍÍÈÊÎÂ
ÑÂÅÐÕÍÎÂÛÕ ÒÈÏÀ Ià

Íåäàâíåå îáúÿñíåíèå [1] âûñîêîñêîðîñòíûõ îñîáåííîñòåé â ñâåðõíîâûõ òèïà Ià (ÑÍIà) òðåáóåò çíà÷èòåëüíîé ìàññû
îêîëîçâ¼çäíîãî âåùåñòâà (ÎÇÂ) â ñèñòåìå ïðåäøåñòâåííèêà ÑÍIà. Åñëè âåðíî, ýòî îáúÿñíåíèå ïðåäîñòàâëÿåò âîçìîæíîñòü
îïðåäåëåíèÿ ìàññû ÎÇÂ âäîëü ëó÷à çðåíèÿ. Ìû èçó÷àåì ðàñïðåäåëåíèå ìàññû â àêêðåöèîííîì äèñêå, åñòåñòâåííîì
êàíäèäàòå ÎÇÂ. Èñïîëüçóþòñÿ äåòàëüíîå óðàâíåíèå ñîñòîÿíèÿ è Ðîññåëàíäîâñêèå ñðåäíèå êîýôôèöèåíòû ðàññåÿíèÿ
èçëó÷åíèÿ; äëÿ ïîñëåäíèõ ñðàâíèâàþòñÿ íåñêîëüêî ìîäåëåé. Ìû çàêëþ÷àåì, ÷òî ðàñïðåäåëåíèè ìàññû â àêêðåöèîííûõ
äèñêàõ, ñîãëàñíî èõ ñòàíäàðòíîé ìîäåëè, íå ñîãëàñóåòñÿ ñ íàáëþäåíèÿìè.

Êëþ÷åâûå ñëîâà: àêêðåöèîííûé äèñê, ñâåðõíîâûå, îêîëîçâåçäíîå âåùåñòâî, ïåðåíîñ èçëó÷åíèÿ, íåïðîçðà÷íîñòü.
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On massive higher spin interactions in Fradkin-Vasiliev approach

Yu. M. Zinoviev

Institute for High Energy Physics, Protvino, Moscow Region, 142280, Russia

E-mail: Yurii.Zinoviev@ihep.ru

Here we discuss Fradkin-Vasiliev approach for investigation higher spin �elds interactions. Initially this approach was
developed for investigation of massless �elds interactions, but using frame-like gauge invariant formalism for massive higher
spin �elds it can be straightforwardly applied to any combination of massive and/or massless �elds. After brief description
of such approach we consider the simplest possible examples � self-interaction and gravitational interaction for partially
massless spin 2 �eld.

Keywords: higher spins, gauge invariance, interactions.

1 Fradkin-Vasilev approach for massive �elds

First of all, let us brie�y recall what frame-like for-
malism for higher spins is [1�3]. Really it is just a nat-
ural and straightforward generalization of well-known
frame-like formalism for gravity

eµ
a, ωµ

ab =⇒ Φµ
a1...as−1,b1...bk , 0 ≤ k ≤ s− 1

where now instead of frame eµ
a and Lorentz con-

nection ωµ
ab one introduces a whole bunch of �elds

Φµ
a1...as−1,b1...bk , 0 ≤ k ≤ s − 1. It is very important

that all these �elds are gauge ones so that each �eld
has its own gauge transformation:

δΦµ
a1...as−1,b1...bk ∼ Dµξ

a1...as−1,b1...bk + . . .

where dots stand for the terms without derivatives.
Moreover, each one has its own gauge invariant �eld
strength (which we generally will call curvatures):

Rµνa1...as−1,b1...bk ∼ D[µΦν]
a1...as−1,b1...bk + . . .

where again dots stand for the terms without deriva-
tives. Remarkably that the free Lagrangian can be
rewritten in terms of these gauge invariant curvatures
as

L0 =
∑
RR

very similar to the usual Yang-Mills theories.
Now let us turn to the so-called constructive

approach to investigation of possible interactions.
Schematically it can be described as follows.

• Construct cubic vertex such that its free varia-
tions vanish on-shell:

L1 ∼ ΦΦΦ ⇔ δ0L1 ≈ 0

• Find corresponding corrections to gauge transfor-
mations such that now all variations in the linear
approximation vanish o�-shell:

δ1Φ ∼ Φξ ⇔ δ0L1 + δ1L0 = 0

Note that these two steps are completely general and
common to any constructive approach based on metric-
like, frame-like or any other formalism one uses. But
in a frame-like formalism there are two more steps.

• There exist quadratic deformations for all cur-
vatures such that deformed curvatures transform
covariantly:

∆R ∼ ΦΦ =⇒ δR̂ ∼ Rξ

• Moreover, interacting Lagrangian can be written
in terms of these deformed curvatures as

L ∼
∑
R̂R̂

Such approach is straightforward and do allows one
investigate possible interactions. But its �rst two (and
the most hard) steps do not take into account the ex-
istence of gauge invariant curvatures though it is clear
that in any gauge invariant theory the most simple and
elegant formulation is the one in terms of gauge invari-
ant objects. Roughly speaking, the Fradkin-Vasiliev
approach [4,5] modi�es the order of calculations to take
advantages of these curvatures existence. Schemati-
cally, it can be described as follows.

• Construct deformations for curvatures and corre-
sponding corrections to gauge transformations

∆R ∼ ΦΦ ⊕ δ1Φ ∼ Φξ =⇒ δR̂ ∼ Rξ

so that they transform covariantly. In this, there
is still some ambiguity because this guarantees
that the equations are gauge invariant, but not
necessarily Lagrangean.
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• Put them into the Lagrangian and require it to
be gauge invariant

L ∼
∑
R̂R̂ ⇔ δL = 0

thus �xing all remaining ambiguities.

As we have seen the main ingredients of such ap-
proach are frame-like formalism and gauge invariance.
But gauge invariant frame-like formalism exists for
massive higher spin particles as well [6, 7]. Thus such
approach can be used for investigations of interactions
for any combination of massless and/or massless �elds.
In the next section as an illustration we consider the
most simple example � self-interaction and gravita-
tional interaction for so-called partially massless spin
2 �eld.

2 Example: partially massless spin-2

First of all let us remind what is partially massless
spin 2 [8�10]. It is an exotic representation that exists
in de Sitter space only and has four physical degrees of
freedom � helicities (±2, ±1). In a frame-like gauge
invariant formalism it can be described by the following
free Lagrangian:

L0 =
1

2
{ µνab }Ωµ

acΩν
bc − 1

2
{ µναabc }Ωµ

abDνfα
c +

+
1

4
Bab

2 − 1

2
{ µνab }B

abDµBν +

+m[{ µνab }Ωµ
abBν + eµaB

abfµ
b]

which is invariant under the following gauge transfor-
mations:

δ0fµ
a = Dµξ

a + ηµ
a +meµ

aξ, δ0Ωµ
ab = Dµη

ab

δ0Bµ = Dµξ +mξµ, δ0B
ab = −2mηab

For all four �elds there exist gauge invariant curva-
tures:

Fµνab = D[µΩν]
ab − m

2
e[µ

[aBν]
b]

Tµνa = D[µfν]
a − Ω[µ,ν]

a +me[µ
aBν]

Bµab = DµB
ab + 2mΩµ

ab

Bµν = D[µBν] −Bµν −mf[µ,ν]

In this, free Lagrangian can be written in terms of these
curvatures as follows:

L0 ∼ 1

4

{
µναβ
abcd

}
FµνabFαβcd + 2 { µνab }Bµ

acBνbc +

+m { µναabc } Tµν
aBαbc

Self-interaction. By straightforward calculations
it is not hard to �nd quadratic deformations for cur-
vatures (note that we have already �xed all ambigui-

ties here taking into account the invariance of the La-
grangian):

∆Fµνab =
1

4
[B[µ

[aBν]
b] − e[µ

[aBb]cBν]
c] +

+Ω[µ
c[aΩν]

b]c

∆Tµνa = 2Ω[µ
abfν]

b −B[µ
aBν]

∆Bµab = Ωµ
c[aBb]c, ∆Bµν = −B[µ

afν]
a

In this, corresponding corrections to gauge transforma-
tions look like:

δ1Ωµ
ab = −2ηc[aΩµ

b]c

δ1fµ
a = −2ηabfµ

b + 2Ωµ
abξb −Bµaξ

δ1B
ab = −ηc[aBb]c, δ1Bµ = −Bµaξa

It is not hard to check that under such corrected gauge
transformations all curvatures transform covariantly:

δF̂µνab = 2ηc[aFµνb]c

δT̂µνa = 2ηabTµνb + 2Fµνabξb − B[µ,ν]
aξ

δB̂µab = ηc[aBµb]c, δB̂µν = −B[µ,ν]
aξa

Gravitational interaction It turns out that in
this case deformations for partially massless curvatures
are minimal, i.e. correspond to standard minimal grav-
itational interaction:

∆Fµνab =
m

2
[h[µ

[aBν]
b] − e[µ

[aBb]chν]
c]−

−ω[µ
c[aΩν]

b]c

∆Tµνa = −ω[µ
abfν]

b − Ω[µ
abhν]

b −mh[µ
aBν]

∆Bµab = −ωµc[aBb]c

∆Bµν = B[µ
ahν]

a +mf[µ
ahν]

a

where hµ
a and ωµ

a are usual gravitational frame �eld
and Lorentz connection. But to �nd deformation for
Riemann tensor and torsion requires much more work
with the result:

∆Rµν
ab = −1

2
Ω[µ

c[aΩν]
b]c − 1

4
B[µ

[aBν]
b] +

+
1

4
e[µ

[aBb]cBν]
c − m

2
B[µ

[afν]
b] +

+
m

2
e[µ

[aBb]cfν]
c − m2

2
f[µ

[afν]
b]

∆Tµν
a = −Ω[µ

abfν]
b +B[µ

aBν] +mf[µ
aBν]

Here we again take into account invariance of the com-
plete Lagrangian i.e. the sum of Lagrangian for mass-
less gravitational spin 2 and partially massless spin 2
�elds. Similarly to the self-interaction case, form the
formulas given it straightforward to �nd appropriate
corrections to gauge transformations and check that
all deformed curvatures do transform covariantly.
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Conclusion

Thus Fradkin-Vasiliev approach provides e�ective
framework for investigation of cubic vertices for mass-
less and massive �elds. It also allows investigate pos-
sibilities to go beyond linear approximation, though it

requires more work.
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Þ. Ì. Çèíîâüåâ

Î ÂÇÀÈÌÎÄÅÉÑÒÂÈÈ ÌÀÑÑÈÂÍÛÕ ÂÛÑØÈÕ ÑÏÈÍÎÂ Â ÏÎÄÕÎÄÅ
ÔÐÀÄÊÈÍÀ-ÂÀÑÈËÜÅÂÀ

Ìû îáñóæäàåì ïîäõîä Ôðàäêèíà-Âàñèëüâà ê èññëåäîâàíèþ âçàèìîäåéñòâèé ïîëåé ñ âûñøèìè ñïèíàìè. Èçíà÷àëüíî
ýòîò ïîäõîä áûë ðàçâèò äëÿ èññëåäîâàíèÿ âçàèìîäåéñòâèé áåçìàññîâûõ ïîëåé. Îäíàêî, èñïîëüçóÿ ðåïåðíûé êàëèáðîâî÷íî
èíâàðèàíòíûé ôîðìàëèçì äëÿ ìàñèâíûõ ïîëåé, åãî ìîæíî ïðèìåíÿòü äëÿ ëþáîé êîìáèíàöèè ìàññèâíûõ è/èëè
áåçìàññîâûõ ïîëåé. Ïîñëå êðàòêîãî îïèñàíèÿ òàêîãî ïîäõîäà ìû ðàññìòðèâàåì ïðîñòåéøèé âîçìîæíûé ïðèìåð �
ñàìîäåéñòâèå è ãðàâèòàöèîííîå âçàèìîäåéñòâèå äëÿ ÷àñòè÷íî áåçìàññîâîãî ñïèíà 2.
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